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Abstract: Over the past decade, significant research has been conducted on the equation a* + b = 72
under various conditions imposed on @ and b or on x and y. Most studies focus on conditions where the
equation has no solution, while some explore cases with infinitely many solutions, often considering
scenarios where x or y is even. Motivated by this line of inquiry, we have been inspired to investigate
and analyze equations of the form p* + ¢ = z*" for two distinct primes p and ¢, and to present
explicit forms of their solutions (p, x, g, y, z, n). Recent studies on the exponential Diophantine equation
p* + ¢ = 7%, where p and g are primes, have addressed cases where p = 2 or p = ¢ (mod 4). In this
paper, we address the case where p # g (mod 4) and y is even. In addition, we explore special cases
where 7 is the prime and provide the complete set of solutions for p* + ¢g* = z*". We also show that the
equation has no solution when {2,3} Z {p, g,z}. In other words, we provide almost explicit solutions
to p* + ¢’ = z°" except for the case where both x and y are odd.
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1. Introduction

The solutions of the exponential Diophantine equation
a'+b =7",

where a, b, x,y, z are non-negative integers and »n is a positive integer, have been explored for a long
time. A significant number of articles have previously suggested the exact values of the parameters
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a and b, such as 2* + 5 = z? [1]. This equation served the role as the model of the other equations
from then until now. However, publications in the past five years have inspired us to realize that the
development of this field has been directed to the generalization of the equation a* + »” = 7". We have
provided some of them in Table 1.

Table 1. Examples of exponential Diophantine equations with prime bases and solution

techniques.
Year/Ref. Equations Solutions Techniques
2013/ pPr+(p+1y =7 (p,x,y,2) =(3,2,2,5) and (7,0, 1, 3) are the Applying Catalan’s
[2] only two solutions, where p is a Mersenne conjecture.
prime.
2017/ 2*+q=17" — Exactly one solution in which x is even Using the
[3] and ¢ is a prime. principles of
— Infinitely many solutions in which x is even  division and the
and ¢ is composite, or x is odd and g > 2. prime number
property.
pr+qg=7" — Exactly one solution in which x is even,
p =3, and g is a prime.
— Infinitely many solutions in which x is even
and ¢ is composite, or x is odd and g > 2.
2022/ 7F+32 =7 (x,y,2) = (2,1,9) is the unique solution. Applying Catalan’s
[4] conjecture.
254+ 7 = 72 (x,y,2) = (3,0,3),(5,2,9) are the only two
solutions, where x # 1.
2022/ (am®> + 1)* + (x,y,2) = (1, 1,2) is the unique solution, Using the Baker
[5] bm?> - 1y = provided that a, b, and c satisfy the stipulated method.
(cm)* conditions and m > max {108, ¢?}.
2022/ M*+ (M -1y = (M, x,y,2) =(3,1,0,2),(3,0,3,3), and Applying Catalan’s
(6] 7 (3,2,4,5) are all solutions, where M is a conjecture and
Mersenne prime. Euler’s criterion.
2024/ a+a =7" All solutions are (a,n, x,y,z) € AU B where Applying Catalan’s
[7] A is the set of all elements of the form conjecture.
(2.2.2k,2k +3,3 - 2) or
(2, 2,2k +3,2k,3 - 2") for all k € Ny and B is
the set of all elements of the form
(a,n,nk,nk +1,d"Va + 1) or
(a,n,nk + 1, nk,d*Va + 1) for all k € N,
under the conditions a,n > 2 and x # y.
a-a =7 All solutions are (a,n, x,y,z) €
{(3.3.3k + 2,3k,2- 3), (@ n.nk + 1k, " Va = 1) : k € Ny,
where a,n > 2 and x > y.
AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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Here and in the sequel, N, denotes the set of all non-negative integers.

Crucially, N. Burshtein [3], in 2017, demonstrated that the equation p* + g = z* has infinitely many
solutions in which x is odd and ¢ > 2. In the following year, the equation 2* + ¢ = z?, where ¢ is
an odd prime, was further examined [8]. In 2019, R. J. S. Mina and J. B. Bacani [9] focused on the
non-existence of solutions for Diophantine equations of the form p*+¢* = z*", where at least one of the
exponents is required to be odd. In 2021, Mina and Bacani [10] also studied the equation p* + ¢° = z°,
where p and g are odd primes with p = ¢ (mod 4). Together, these studies addressed almost all cases
of the equation p* + ¢* = z? for the arbitrary prime numbers p and g.

In this article, we address the remaining case where p # ¢ (mod 4) and y is restricted to even
values. To achieve this, we rewrite the equation in the form

P =
where p and g are distinct primes, n is a positive integer, and x, y, and z are non-negative integers. We
organize our work into four sections as follows. In Section 2, we present the essential results needed to
prove the main results. Section 3 states all the results, divided into two parts. The first part presents our
main result: Theorem 8. Additionally, the equations from [8, 11, 12] are applied to the sets A through
E of Theorem 8, as discussed in Remarks 1 and 2. For the special case where 7 is a prime, we conclude
that the equation p* + g% = z?" has no solutions if {2,3} ¢ {p,q,z} (see Corollary 12). The second
part presents some consequences of Theorem 8, including an alternative proof of the equation in [8],
where we provide all explicit solution sets for 2* + ¢’ = z*" (see Proposition 13). Moreover, we provide
additional information in Propositions 13 and 16 and Corollaries 14 and 15. Finally, we discuss and
summarize all the results in Section 4.

2. Preliminaries
In this paper, we assume that all variables are non-negative integers. Here, we list some well-known

properties for the Legendre symbol.

Theorem 1. Let a, b be integers and p be an odd prime. Then

(
) = (—1)%%for any odd prime g # p.

The rest of this section focuses on the essential theorems for proving the main results.

Theorem 2. [13] The Diophantine equation 2x* + 1 = 3" has exactly three positive integer solutions,
namely (x,n) = (1,1),(2,2), and (11,5).

Theorem 3. [7] Let p be a prime and n > 2 be a positive integer. All solutions of the equation
p*+1=7"are
(pa X, 2, n) € {(2’ 35 39 2) ) (2’1 - 19 15 2, n)} .

AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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In particular, the equation has at the most one solution when p and n are fixed. Furthermore, if nis a
composite number, the equation has no solution.

Theorem 4. [7] Let p be a prime and n > 2 be a positive integer. All solutions of the equation
p*—=1=7"are

(p.x.2.m) €{(3,2,2,3),(p.0,0,1), (2,1, 1,m), (2v)* +1,1,2v,2) : v, L€ NJ.

In particular, this equation has at most two solutions when p and n are fixed.

Finally, we restate the results relevant to this paper from [8, 10] as follows: In 2018, Burshtein
studied the equation
2+ g =7 (2.1)

where ¢ is an odd prime and x, y, z are positive integers.
Theorem 5. [8]
(1) For g =1 (mod 4),

o [fyiseven, then Eq (2.1) has no solution;
e [fyis odd and x is even, then Eq (2.1) has no solution except when'y = 1;
e [fyand x are odd, then Eq (2.1) has no solution except when x # 1.

(2) Forg =3 (mod 4),

o [fyis even, then Eq (2.1) has no solution except when'y = 2;
o [fyis odd, then Eq (2.1) has no solution except when x =y = 1.

In 2021, Mina and Bacani studied the equation
P+q =2, 2.2)
where p and ¢ are odd primes with p = ¢ (mod 4) and x, y, z are non-negative integers.
Theorem 6. [10]
(1) If x and y are of the same parity, then Eq (2.2) has no solution.
(2) If x and y are of different parity, all solutions of Eq (2.2) are (p, x,q,y,2) € AU BU C, where

e A={(3,1,4,0,2): ¢ =3 (mod 4)};
e B={(3,5,11,4,122)};
o C={(p,2m,2p"+1,1,p"+1): p=3 (mod 4),m € Ny}.

Additionally, Burshtein provided a remark identifying all solutions to 2* + ¢* = z*", where g is an
odd prime, as stated in Theorem 5. Similarly, Mina and Bacani provided a remark on all solutions to
p*+¢q = 7*", where p and g are odd primes with p = g (mod 4), as stated in Theorem 6. However, the
explicit solutions for Theorem 5 were not provided. Therefore, we present Proposition 13 to determine
the explicit solutions in the cases where either x or y is even. We further extend the primes 2 and ¢
to the distinct primes p and ¢ in Theorem 8, where all explicit solutions are given, including the case
where p # g (mod 4).

AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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3. Results
In this section, we deliver our main result—Theorem 8—with Proposition 7 as the prelude.

3.1. Main results

From this section on, we concentrate on identifying all solutions to the equation
pr g =" (3.1)
where p and ¢ are primes with p # ¢ (mod 4).
First, we provide the crucial instrument to support the main result, Theorem 8.

Proposition 7. Let n be a positive integer, and p and q be two distinct primes. If @ > 2 such that
gcd (p, @) = 1, then all solutions of the equation p*+q® = z*" are of the form (p, x, q,y,z,n) € AUBUC,
where

* A= {(P, log, (¢ + D* —q%),q,y.¢" + 1, 1) :log, ((¢" + D — ¢*) is an integer};
e B= {(p, log, (32” - 23") ,2,3,3, 2) :log,, (32" - 23") is an integer};
o C= {(p, log, (2" — (2" - 1)%),2" - 1, 1,2, n) : nis prime and log, (2"* — (2" - 1)%) is an integer}.

In particular, the equation has at most one solution for fixed p,q and n # 1.

Proof. 1f x = 0, then we apply Theorem 3 to the equation 1 + ¢* = z*" and its solutions are
(C], a/y’ <5 an) = (29 35 37 2) ) (20”1 - 17 17 25 an) .

However, both of the solutions lead us to contradict the assumptions that @ > 2 and integer y. Hence,
there is no solution in the case where x = 0. Now, we assume that x # 0 and we consider the equation
p* =z — q" by separating into two cases.

Case 1: 7" — ¢¥ # 1. With the assumptions that p is a prime, x # 0, and the fact that

a-1
px — Zcm _ qay — (Zn _ qy) Z Zinq(a—i)y’
i=0

we have 7" = ¢’ (mod p). Next, we consider

a-1
1 < qay + Z’lq(a’_l)y < Z Zinq(a'—i)y = p)’ for some 1 < Y < X.
i=0

Then,

a-1 a—1 a-1
0= py — Z Zinq(a—i)y = Z qiyq(w—i)y = Z q(zy = a,qay (mod p)
i=0 i=0 i=0

Since p and g are distinct primes, we obtain p | @, which contradicts gcd (p, @) = 1. Hence, there is no
solution in this case.

AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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From this point onward, all solutions in this proposition are provided for Case 2 only.
Case2: 7" - ¢ = 1.
Case 2.1: n = 1. We have z = ¢ + 1, and this implies that

px — Za _ qay — (qy + 1)(1 _ q(ty'
Hence, in a straightforward manner, (p, x, q,y, z, n) :(p, logp (@ +D"=qg"),q,9,¢ + 1, 1).
Case 2.2: n > 2. Applying Theorem 3 with the equation 7" = ¢” + 1, we have (¢,y,z,n) = (2,3,3,2),
(2" - 1,1,2,n), where n is a prime. Hence, the solutions of p* + g* = z*" are

(P, x.4.y.2,n) = (p,log, (9" - 8"),2,3,3,2),(p.log, (2" - 2" = 1)*),2" = 1, 1,2,n),
where 7 is a prime. O

In this context, we focus on the case where p # ¢ (mod 4). For conciseness and comprehensiveness
of the references, we state Theorem 8 for two distinct primes p and g. However, from the results of this
theorem, the sets £ and F clearly contain the solutions for the case where p # g (mod 4), though not
all solutions are included. The remaining solutions are in AU BU C. Therefore, AU BU C encompasses
the case where either p or g equals 2. This indicates that the work in [8] specifically applies to our
case. Additionally, we provide explicit solutions that are not covered in [8]. For the case where p = ¢
(mod 4), the result is in set D of Theorem 8 following from Theorem 6.

Theorem 8. Let p and q be two distinct primes and n be a positive integer. All solutions to the equation

px + q2y — ZZn

are of the form (p, x,q,y,z,n) € AUBUCUDU EU F, where

e A={(2,5,7,1,3,2),(3,2,2,2,5,1),(3,5,11,2,122,1),(7,1,3,1,2,2),(17,1,2,3,3,2)};
¢ B={(3,1,4.0.2.D}U{(2¥ +1,1,2,20 - 1,221 + 1,1): € e N},

e C={12,3,4,0,3,1),(2,2+log, (g + 1),q, 1, +2,1) : q is an odd prime};

e D={2¢ +1,1,9,y,¢+1,1): qg=3 (mod 4) and y > 1};

e £E={(3,l0og; 2¢" +1),¢,y.,¢" + 1,1) : g = 1 (mod 12) and y is odd};

o r={(ptog, 0o+ D+ 10): LS NI 2R =L ed )Y

where all logarithmic values in each set must be integers. In particular, if n # 1, this equation has at
most one solution for fixed p, q.

Proof. First, we consider p = 2 with the equation
2=("-¢)"+¢q). (3.2)
Then, following the idea from [8, Eq (14)], we get
2¢" =2k * ~1).

Since g # 2, we getk = 1 and thus 2*2 —¢* = 1. If x —2 = 1, we get ¢’ = 1 and thus y = 0. Hence,
the solution is
(p.x,q,y,2,n) =(2,3,4,0,3,1).

AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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In the case where x — 2 > 2, if y > 2, by Theorem 3, the equation 2*~2 — ¢’ = 1 has no solution. From
this observation and the fact that the existence of Eq (3.2) is equivalent to the equation 22 — ¢* = 1,
so we can conclude that 2° + g% = z*" has no solution. In the case where y = 0, we have x = 3, which
contradicts x > 4. Now, it remains to consider the case y = 1. Again, we are back to Eq (3.2) and thus
we obtain 272 — g = 1. Hence, we have

(p,x,q,y,2,n) = (2,2+10g2 (g+1),q9,1,(g+ 2)%,11).

If n > 2, it is easy to see that 28 — 1 = 7" — 2, where k = log, (g + 1). Then 2F + 1 = 7". Applying
Theorem 3, we get
p.x,q,y,2,m) =(2,5,7,1,3,2).

Consequently, all solutions are
(p,x,q,y,z,m) = (2,2 +1og, (g + 1),q,1,g+2,1),(2,5,7,1,3,2),
and then we have the set
C ={2,3,4,0,3,1),(2,2 +log, (g + 1),4,1,qg+2,1) : g is an odd prime} .

Next, we assume that p # 2. If n > 2, then it follows directly that the solutions of the equation
P+ g =7 are (p.x.q.y.z.n) € {(17,1,2,3,3,2), (p.log, (2" = 1),2" = 1,1,2,n) : nis a prime]
which are from the set B and C in Proposition 7. Note that x = log, (2”” - 1) must be an integer and
thus the Diophantine equation p* + 1 = 2"*! has a solution. Applying Theorem 3, the unique solution
is(p,x,n) = (2”“ -1,1, n) Since 2" — 1 and 2"*! — 1 are primes, we get n = 2. So, under the condition
that x = logp (2’“rl - 1) is an integer, we can simplify a solution (p, x,q,y,z,n) = (7,1,3,1,2,2).
Hence, for this case, we get all the solutions

(p9x’Q9y9Z’n) = (17’ 1’2’ 39372)5(7’ 1539 1’252)

Finally, we investigate the case of n = 1 to complete the proof. With the case of p # 2, Eq (3.2)
becomes

p=Gc-¢)z+q). (3.3)

This induces us to separate the proof into two cases as follows.
Case 1: ¢ = 2. Here, Eq (3.3) becomes p* + 2% = z2. By Proposition 7, the solutions are (p, x, y,7) =
(p,logp (2)’” + 1) 9,20 + 1). It suffices to determine all values y such that x = log, (2“1 + 1) is an

integer. This means that we have to solve the equation 2"*' + 1 = p*. Applying Theorem 4 for the case
y+ 1 > 2, we find that all solutions of this equation are

(pxy+1)=(3,2,3),(2% +1,1,29),

where ¢ € N. For the case y + 1 = 1, the solution includes in the case (p, x,y + 1) = (22€ +1, 1,2")
when ¢ = 0. These imply that all the solutions in this case are

(P % gy,5m) = (3,2,2,2,5,1), (2% +1,1,2,2' - 1,227 + 1,1),

AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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where £ € Ny.

Case 2: g is an odd prime. We consider Eq (3.3) in two cases as follows.

Case 2.1: If z —¢* # 1, thenz— ¢’ = p* and z + ¢ = p** for some k > 1. Consequently, 2¢° = 0
(mod p), and we have p | 2 or p | g. This leads to a contradiction, since p # 2 and ¢ are distinct primes.
Case 2.2: If z — ¢¥ = 1, then x = log, (2¢” + 1). Since p is an odd prime, p = 1,3 (mod 4). If p = 1
(mod 4), then ¢ is even, which is a contradiction. Thus, p = 3 (mod 4). Moreover, x must be odd;
otherwise x = 2k for some k € N, and thus 2¢* = p*—1 = 0 (mod 4), which is a contradiction. Hence,

(P, x.4:y,7.1) = (p.log, 2¢" + 1), q,y.¢" + 1, 1),

where p = 3 (mod 4) and ¢ is an odd prime. From now on, we would like to simplify the term
log, (2¢” + 1) to the solution above.
First, if y = 0, then the solution (p, x,q,y,z,n) is (3,1, ¢,0, 2, 1). Thus, the set

B=1{(3,1,4,0,2, )} U {(22‘ +1,1,220- 1.2 4 1)t e N}

has been done already. Next, we consider y > 1.
Case 2.2.1: ¢ = 3 (mod 4). Then, by Theorem 6, all solutions of the equation z> = p* + ¢ are in the
form

(p,x,q,v,z,n) = (3,5,11,2,122,1) or 2¢" +1,1,4q,y,¢" +1,1).

So, both of the sets
A=1{2,57132),@3,2,2,2,51),3,511,2,122,1),(7,1,3,1,2,2),(17,1, 2,3, 3,2)},

and
D={2q¢ +1,1,9q,y,¢ +1,1):g=3 (mod 4)andy > 1}

are completely collected. The remaining sets E and F are explored in the following case.
Case 2.2.2: g =1 (mod 4). Recall that x is odd and z — ¢* = 1. By Eq (3.3), we have

29 =p = 1=(p-D@" +-+p+1), (3.4)

and this leads us to conclude that p = 1 (mod g) if p > 3. If p = 3, then Eq (3.4) becomes 3* = 2¢” + 1
and it has no solution in the case where y is even by Theorem 2. Furthermore, for ¢ = 1 (mod 4),
(3) = 1 if and only if ¢ = 1 (mod 12). Though we can not simplify the logarithmic term, under
the condition ¢ = 1 (mod 4), we have additional information about the necessary condition for the
existence of solutions as follows:

(3,1og; 2¢" +1),¢,y,¢* + 1,1);yisoddandg =1 (mod 12)
p>3,p=1 (mod g),
g=1 (mod4)andy > 1.

’x”’z’n:
(P o) (p.log, 2q" +1),4,y,¢" + 1,1);

Next, we select equations from [8, 11, 12] to apply to Theorem 8 in the remarks.

AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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Remark 1. Consider the equation
px +4 = Z2n’
where p > 3 is a prime and y > 1. Applying Theorem 8, all solutions of this equation contained in

AU B. We can then see that p must be 3, 17 or any prime in the form 22 + 1 where € € N. On the other
hand, this means that the equations

T4 =211+ 4 =213+ 4 =" and p* + 4 = 7
have no solution for any prime p € UZGN(ZZI +1,22" 4+ 1) =(5,17)U(17,257) U ...

Additionally, if we would like to use the explicit solutions of the equation
2*+ ¢ =7,

from Theorem 5, we must solve for them in the proof of those theorems in [8]. In this regard, Theorem 8
is more convenient to use than Theorem 5 when x or y is even.

Remark 2. Here, we present examples where we can apply Theorem 8 to solve certain equations.

(1) The equation 47* + 7% = 7% has no solution; see [11].
This article closely matches our solutions for the set

D={2¢ +1,1,q,y,¢ +1,1): g=3 (mod 4)andy > 1}.

We can let g = 7, and then we only consider whether the value 47 = 2(7”) + 1 is an integer or not,
to examine the existence of solutions for the equation 47" + 7% = z2. However, y = log;23 ¢ N,
so this equation has no solution.

(2) The equation 23 + 3% = 72 has no solution ifx,y,z>1; see [12].
With the assumption x,y,z > 1 for 2°* + 3% = 22, by considering p and q in Theorem 8, we only
have (p,x,q,y,7") = (2, 2 +log,(g+1),q,1,(g + 2)1) where q = 3 from the equation p* +q* = 7%
in Theorem 8. That is
D2+omG+D) 4 3200 — (3 4 2)2()

or
2'+3 =5
which does not match to 23 +3% = 7. This leads us to conclude that if x,y,z > 1, then 23* +3% =

2% has no solution. Actually, from the set C in Theorem 8, we know that (x,y,z) = (1,0,2) is the
only one solution of the equation 2°* + 3% = 22 for x,y,z > 0.

Although our primary goal is to consider the case where p # g (mod 4), an alternative result is
suggested by the following propositions.

gq-1
2

Proposition 9. Let p = 1 (mod 4) and q be an odd prime such that p= = —1 (mod q). If x or y is

odd, then the equation p* + ¢° = z*" has no solution.

Proof. Let p =1 (mod 4). By (1) and (4) from Theorem 1, the following are equivalent:

AIMS Mathematics Volume 10, Issue 7, 15720-15736.
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-1

= —1 (mod gq);
= —1’

Assume that x is odd. Since -1 = (-1)* = (p%)x = (’é)x = (%) (mod p), we see that 7" = p* + ¢’

(mod p) has no solution. Hence, the equation p* + ¢* = z*" has no solution. Similarly, if y is odd, then
-1=(-1)= (Q%)y = (%)y = (%’V) (mod p). Therefore, the equation p*+¢” = z*" has no solution. O

The following table (see Table 2) presents equations with no solutions, derived from applying
Proposition 9.

Table 2. Equations derived from Proposition 9.

Conditions Equations

p=1 (mod4)andg=7=3 (mod 4) 412540 4y = 20 7Ry = 2
892x+1 + 7V = ZZn, 1012}*+1 + 7 = Z2n'

p=5=1 (mod 4)and g =3 (mod 4) 5% 4 3L = 2 5% 4 7L = g2,

5% + 232y+1 — ZZn’ 5% + 432y+1 — ZZn.

It is well known that the generalized Diophantine equation can be applied in various ways. One
such form is a* + b” = ¢*. For instance, in 1956, W. Sierpinski [14] demonstrated that the equation
3* + 4" = 5% has no solution for any positive integers x, y, and z, except for the case x =y = z = 2. In
the same year, L. JeSmanowicz [15] published an article extending Sierpifiski’s work by considering
other equations, such as 5* + 12¥ = 13%, 7" + 24" = 25%, 9 + 40 = 41%, and 11* + 60’ = 61°. Notably,
the exponential numbers on the right-hand side of these equations, denoted by c, are nearly prime. In
2005, Acu [16] examined three cases:

ea=b=c=p;
ea=b=pandc=2p;
e a=p,b=gq,and c = pg, where p and g are prime numbers.

Additionally, works from 2015 to 2025, including [5, 17-24], have continued to explore these types of
equations.

Lastly, we discuss all solutions of Eq (3.1) when z is restricted to be a prime. We then introduce
a powerful theorem first proven by Z. F. Cao in 1986, which was later re-proven by R. Scott and R.
Styer [25] in 2004, as no published proof existed for the original version. The theorem is stated as
follows.

Theorem 10. [25] Let p, g be two distinct primes, y be an even positive integer, x be a positive integer,
and n > 1. The equation 2* + p* = ¢" has only four solutions, namely

2+5%=3%, 224+11°=5°, 2*+3* =57 29+7°=3"
If we combine our main theorems (Theorems 8 and 10), they yield our last theorem in this section.
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Theorem 11. Let p and q be two distinct primes. If z is a prime, all solutions of Eq (3.1) are
(p,x,q,y,2,n) € AU BU C, where

e A=1{(3,2,2,2,5,1),(7,1,3,1,2,2),(17,1,2,3,3,2)};

e B={(3,1,4,0,2,1),(5,1,2,1,3, D)};

e C=1{(2,43,1,51,2,5,7,1,3,2),(2,3,4,0,3, 1)}
Compared with Theorem 8, if z is a prime, Eq (3.1) has most one solution (x,y, z) for fixed p,q,n,
except (p,q,n) =(2,3,1),(3,2,1). For each exceptional case, there are exactly two solutions.

Proof. We will conclude all solutions of the equation p* + g® = z** when we restrict the condition z to
be a prime. For p # 2, by Theorem 8, all solutions of the equation p* + ¢g* = z*" are (p, x,q,y,z, 1) €
AUBUDUE U F where

e A=1{(3,2,2,2,5,1),(3,5,11,2,122,1),(7,1,3,1,2,2),(17,1,2,3,3,2)};
* B= {(3,1,q,0,2,1)}U{(22[ +1,1,2,20- 1,227 4 1, 1) : 5eN};
e D={Q2¢" +1,1,4,y,¢" +1,1) : ¢ =3 (mod 4) and y > 1};
e E=1{(3,log; 2¢" +1),¢,y,¢ + 1,1): g =1 (mod 12) and y is odd};
— y y _ p=3 (mod 4)withp # 3,g=1 (mod 4)
o F {(p,logp(Zq +1).q.5.¢" +1,1): rd p = 1 (mod g o 1 _

In the set A, (3,5,11,2,122,1) is impossible, since 122 is not a prime. Hence,
A={(3,2,2,2,51),(7,1,3,1,2,2),(17,1,2,3,3,2)}.
In the set B, since z = 22! + 1 is prime and 2¢ — 1 is odd, we obtain z = 3 and £ = 1. Hence,
B=1{@3,1,4,0,2,D}U{(5,1,2,1,3, D}.
In the sets D, E, and F, since z = ¢” + 1 is an even prime, we get z = 2, and then y = 0, which is
impossible.
For p = 2, by Theorem 10, for x # 0 and y # 0, we get (p,x,q,y,z,n) = (2,4,3,1,5,1) or

(2,5,7,1,3,2). For x = 0, by Theorem 3, there is no solution. Finally, for y = 0, by Theorem 3 again,
(pa -x9 q’ya Z’ n) = (2’ 3, q9 05 3, 1)' Hence’ C = {(29 49 33 19 59 l) E) (2’ 55 79 13 35 2) s (29 3’ C], 09 3’ 1)}' O

Table 3 highlights the key features of Theorem 11 under the condition that z is a prime, which
ensures that only eight forms of the equations have solutions. This implies that the other equations
of these eight forms have no solutions. For example, the equations 2 + 49 = 52, 3% 4 4¥ = 7%,
7%+ 9" = 11", and 11* + 169¥ = 17?* do not have solutions, and we state the result in Corollary 12.

Table 3. Eight equations derived from Theorem 11.

Equations Solutions
254V = 57 (x,y,n) = (4,1, 1) is the only one solution.
2% 4 49y = 3 (x,y,n) = (5, 1,2) is the only one solution.
2% + g = 3 (x,y,n) = (3,0, 1) is the only one solution for any prime g.
3+ 4 =57 (x,y,n) = (2,2, 1) is the only one solution.
34 g» =2 (x,y,n) = (1,0, 1) is the only one solution for any prime g.
55+ 4 =3 (x,y,n) = (1,1, 1) is the only one solution.
75+ 9y =22 (x,y,n) = (1,1, 2) is the only one solution.
17+ 4 =3 (x,y,n) = (1,3,2) is the only one solution.
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Corollary 12. Let p, g be two distinct primes and z be a prime such that {2,3} € {p, q.,z}. Then Eq (3.1)
has no solution.

Proof. This corollary follows directly from Theorem 11. O

3.2. Consequences of Theorem 8

In this section, we focus on the equation
2+ g =77, (3.5)

where ¢ is an odd prime. This equation was previously considered in [8], which is restated as
Theorem 5 in Section 2. However, the explicit form of the solutions was not clearly established.
With our main theorem, we have addressed almost all cases, except for those where both x and y are
odd numbers, as shown in the following proposition.

Proposition 13. Let x be even or let y be even. All solutions of Eq (3.5) are as follows:
(1) If n =1, then (x,q,y,7) € AUBUC U D, where

{(0,3,1,2),(4,3,2,5), (5 7,2,9)};

{21 -2.2% +1,1,2 1+ 1) £ eNJ;

{(3,4,0,3) : g is an odd prime},

{(2 +k,2K—1,2,2F + 1) : 28 — 1 is a Mersenne prime with k > 3}.

A
B =
C
D =

(2) If n > 2, then (x,q,y,z,n) € E ={(5,7,2,3,2),(6,17,1,3,2)}.
Proof. This follows directly from Theorem 8 by focusing only on the sets A, B, and C. O

By applying Proposition 13, we can solve the equations p* + (p + 1)’ = 72 [2] and 2* + 7¥ = 7% [4],
in Table 1, as follows.

Corollary 14. The equation
P+l =27

has only three solutions (p,x,y,z) = (3,1,0,2),(3,2,2,5), and (7,0,1,3) where p = 2" — 1 is a
Mersenne prime.

Proof. Since p = 2' — 1 is a Mersenne prime, we get t > 2. If both x and y are odd, then 7> =
p*+(p+1) =3 (mod 4), which is impossible. Then x is even or y is even. Applying Proposition 13
to the equation

F=p +(p+1Y =Q - 1) +27,
where ¢ > 2, we have only seven possibilities as follows:
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Proposition 13 (ty,2" = 1,x,2) The value of ¢ (p,x,y,2)
A 0,3,1,2) 2 (3,1,0,2)
A 4,3,2,5) 2 (3,2,2,5)
A E (5,7,2,9) Impossible
B (241 -2,2% +1,1,2° " + 1) Impossible
C (3,4,0,3) 3 (7,0,1,3)
D (2+k2-1,2,20+1) 2 (3,2,2,5)
E (6,17,1,9) Impossible
Hence, p* + (p + 1)’ = 7% has exactly three solutions. |

Corollary 15. The equation
2+ 7 =7
has only two solutions (x,y,z) = (3,0,3),(5,2,9) where x # 1.
Proof. Assume that x # 1. For an odd x and an odd y, we have 22 =2+ 7" = 3 (mod 4), which

is impossible. Hence, x is even or y is even. Then, focusing the value ¢ = 7 in Proposition 13, all
solutions will be in the sets A, C, D with k = 3, and E. O

The following proposition displays all explicit solutions of the results in [8] for g # 1 (mod 8).
Proposition 16. All solutions of Eq (3.5) are as follows:
(1) If g = 3 (mod 8), then all solutions are (x,q,y,z,n) = (0,3,1,2,1),(4,3,2,5,1), (3,4,0,3, 1).
(2) If g =5 (mod 8), then all solutions are (x,q,y,z,n) = (2,5,1,3,1),(3,4,0,3, 1).

(3) If g =7 (mod 8), x # 1, and y is an odd positive integer, then the equation has no solution.

In other words, if g =7 (mod 8), y is an odd positive integer, and the equation has a solution, then
x =1

(4) If ¢ = 7 (mod 8) and y is an even positive integer, then all solutions are (x,q,y,z,n) =
(5,7,2,9,1),(3,¢,0,3,1) ,(2 +k2F—1,2,2k+1, 1) ,(5,7,2,3,2), where 2¥ — 1 is a Mersenne
prime with k > 3.

Proof. To prove the first two statements, we assume that ¢ = +3 (mod 8). If x = 0, then 1 + ¢’ = 7*",
and then ¢ = (z" — 1)(z" + 1). It forces the case that 2 = ¢*(¢"~2* — 1) for some k € Ny. If k > 1,
then ¢*(¢*%* — 1) > 3, which is impossible. Thus, k = 0 and thus (x,q,y,z,n) = (0,3,1,2,1). If
x =1,then 2 + ¢ = 7*", which implies that z is odd, and thus ¢* = z" — 2 = 7 (mod 8), which
contradicts ¢ = +3 (mod 8). If x = 2, then 4 + ¢ = z*", and then ¢* = (2" — 2)(z" + 2). It follows that
4 = gF(¢"=* — 1) for some k € Ny. If k > 1, then g | 4, which is a contradiction. Thus, k = 0 and hence,
(x,q,y,2,n) = (2,5,1,3,1). If x > 3, then z is odd and then ¢* = z*" = 2* = 1 (mod 8). This means
that y is even. Applying Theorem 8, we obtain

x,q,y,z,n) =(3,¢,0,3,1),(2+1log, (g + 1),4,2,(g+2),1).
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Since log, (¢ + 1) must be an integer, it implies that g = 2¢ — 1 for some a € Ny. If a > 3, then g = -1
(mod 8), which is a contradiction. So a has to be 0, 1, or 2. Since ¢ is a prime, we get g = 3. Thus,
(x,q,y,2,n) = (3,4,0,3,1),(4,3,2,5,1).

Next, we assume that g = 7 (mod 8) and y is odd. If x > 2, then, 72 =25+ ¢ =0+ 3 (mod 4),
which is a contradiction. In the case where x = 0, the equation becomes to 1 +¢’ = z2". By Theorem 3,
this equation has no solution and then we have (3), as desired.

Finally, assume that ¢ = 7 (mod 8) and y is even. By Proposition 13, all solutions follow from the
sets A,C,D, and E. O

Remark 3. From Proposition 16, we provide the open problem for the case 2* + ¢ = z*", where g = 1
(mod 8).

4. Conclusions and discussions

To summarize, we investigate the equation
2
prrq =z
where x, y, 7 are non-negative integers as follows.

(1) The explicit solutions of 2* + ¢© = z*", where ¢ is any odd prime and xy is an even integer (see
Proposition 13).

(2) All solutions of p* + g® = z*", where p and g are two distinct primes and n € N (see Theorem 8).

(3) p*+ ¢ = z*" has no solution if p = 1 (mod 4), p% = —1 (mod g), ¢ is an odd prime, and x or y
is odd (see Proposition 9).

(4) All solutions of p* + g* = z*", where p, ¢, and z are prime numbers with p # ¢ (see Theorem 11).

(5) p* + ¢¥ = Zz*" has no solution if p,g, and z are prime numbers with {2,3} ¢ {p,q,z} (see
Corollary 12).

We aim to contribute by identifying all explicit solutions to the equation p* + ¢* = z?", where p and
q are primes and x, y, z € Ny, n € N. Some cases for p and ¢ have been addressed in [8, 10]. However,
in [8], the results for the equation 2*+¢” = 7> are presented in terms of the existence or non-existence of
solutions. In contrast, we seek to provide the exact solutions for 2* + ¢” = 72, as detailed in Section 3.2.
We have successfully solved almost all cases, except when both x and y are odd.

Building on this foundation, we now shift our focus to a broader class of equations, specifically
p*+¢q’ = z*", where p and q are distinct odd prime numbers. To gain deeper insights into this equation,
we categorize the analysis into two primary cases based on the congruence of p and ¢ modulo 4.

To analyze the equation p* + ¢’ = z*", where p and ¢ are distinct odd prime numbers, we consider
two cases based on their congruence modulo 4.

Case 1: p =¢q (mod 4).
All solutions for this case are completely known for n = 1 (Theorem 6 or [10]). Applying
Theorems 3 and 6, it is not difficult to show that

(p.x.q.y.zm) = (2" = 1,2,2"" = 1,1,2,n) = (3,2,7,1,2,2)
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is a unique solution for n > 2.

Case 2: p # g (mod 4).
When xy is even, Theorem 8 can be applied directly. For an odd xy, we investigate the nature
of solutions—whether none, finitely many, or infinitely many exist. In Proposition 9, assuming
p = 1 (mod 4), we establish the following: If p% = —1 (mod ¢g) with x being odd or with y
being odd, then the equation has no solution.

Under the condition that xy is odd and p = 1 (mod 4), which p‘%l # —1 (mod g) does not satisfy,
we reveal the intriguing behaviors of the solutions in the equation p* + ¢© = z*", as shown by the
following examples.

No solution: The equation 173 + 19¥ = z? has no solution for an odd xy. In fact, the Diophantine
equation n* + 19 = z? admits only one solution, (1, x,y,z) = (2,3,0,3), under the condition n = 2
(mod 57) with n being a positive integer and x, y, 7 being non-negative integers (see [26]).

Solutions exist: Interestingly, the equation 5* + 117 = z? has at least three solutions, and at least two
of them satisfy the condition of an odd xy, as discussed in [27, Theorem 3.2].

These contrasting outcomes—ranging from no solutions to finitely or even infinitely
many—underscore the delicate interplay between the primes involved and their congruence properties.
Therefore, the case where xy is odd presents intriguing challenges that merit further exploration. This
motivates our focus on the special case where p # g (mod 4) and xy is even, providing a more tractable
framework for analysis while leaving exciting directions open for future research.
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