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1. Introduction

Fractional calculus, a vibrant branch of mathematical analysis, extends the concepts of
differentiation and integration to non-integer orders, offering powerful tools for modeling complex
phenomena across diverse disciplines [15]. Fractional calculus has found diverse applications
across several domains. In physics and chemistry, it models systems with memory and hereditary
properties [7–9]. In biology and biophysics, it has been used to describe population dynamics and
biological processes with nonlocal behavior [32, 33]. Applications in economics and control theory
have leveraged fractional models for better optimization and stability analysis [17, 34]. Furthermore,
in signal processing and aerodynamics, it provides tools for capturing complex system dynamics and
wave propagation [18, 21, 31].

In particular, the Caputo fractional derivative has gained popularity in applications due to its
physically interpretable formulation and compatibility with classical initial conditions [16]. This
makes it especially suited for boundary value problems (BVPs) and initial value problems in applied
contexts. Recent studies have extended the reach of fractional models to a variety of scientific and
engineering domains. For instance, tempered and space-fractional reaction-diffusion models have been
explored for combustion-like problems [19]. High-dimensional and multi-term time-fractional models
with non-smooth solutions have also been addressed using advanced spectral techniques [19]. In the
context of optimization and control, operational approaches to fractional variational problems with
indefinite integrals have been proposed [12]. Furthermore, the preservation of physical properties, such
as the discrete maximum principle in sub-diffusion equations, has been addressed by novel numerical
methods [30].

Population dynamics and biological growth have also benefited from fractional formulations.
For example, fractional logistic population models provide better accuracy in capturing nonlinear
behaviors [11]. Similarly, recent advancements in the numerical treatment of multi-term time-
fractional diffusion-wave equations, particularly in two-dimensional and delayed systems, illustrate
the growing sophistication of numerical techniques [2].

Variable-order fractional differential equations, where the order of the derivative is a function rather
than a constant, have emerged as a critical area of study due to their ability to model systems with
evolving dynamics [1, 24, 25, 28, 29]. These equations generalize constant-order fractional differential
equations, enabling the description of processes with time-dependent or spatially varying memory
effects [14,26]. Despite their potential, the theoretical analysis of variable-order problems, particularly
concerning the existence and stability of solutions, remains underexplored compared to their constant-
order counterparts [6, 10].

This study builds on and extends the constant-order results of Benchohra et al. [5], who analyzed
implicit fractional differential equations using Caputo derivatives. Foundational definitions and
properties of variable order fractional calculus were established by Samko [17, 18], while more
recent contributions by Valério et al. [21] and Tavares et al. [20] have focused primarily on
numerical methods.

Their study provided foundational insights into BVPs for such equations, paving the way for
further exploration of implicit formulations. Building on this, recent studies have begun to address
the complexities of variable-order fractional differential equations, leveraging advanced mathematical
tools such as the Kuratowski measure of noncompactness and fixed point theorems. In this manuscript,
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we focus on the implicit BVP for Caputo fractional differential equations of variable order, a class
of equations that introduces additional challenges due to the implicit dependence on the fractional
derivative itself. {

cDω(s)
0+ ξ(s) = Ψ1(s, ξ(s),c Dω(s)

0+ ξ(s)), s ∈ Λ := [0,M],
ξ(0) = 0, ξ(M) = 0,

(1.1)

where Ψ1 : Λ × R × R → R is a Continuous functions (CF), 1 < ω(s) ≤ 2, and cDω(s)
0+ is the Caputo

fractional derivative of variable order (CFDVO).
The main contributions of this article are summarized as follows:
1. Existence of solutions: We establish novel existence results for solutions to BVP involving

Caputo fractional differential equations of variable order (VO-FDEs) within a Banach space of
continuous functions. This extends previous work primarily focused on constant-order equations.

2. Piecewise constant approach: We address the inherent complexity of the variable order ω(s) by
treating it as a piecewise constant function. This transforms the original problem into a sequence of
more tractable constant-order subproblems over partitioned intervals.

3. Noncompactness and fixed point theory: We utilize Darbo’s fixed point theorem combined with
the Kuratowski measure of noncompactness as the primary mathematical tools to prove the existence
results. This approach effectively handles the nonlinearity and implicit nature of the problem.

4. Stability analysis: We demonstrate the Ulam-Hyers stability of solutions to the considered VO-
FDE BVP. This ensures that small perturbations in the system lead to proportionally small deviations
in the solutions, a crucial property for robust modeling.

5. Numerical validation: We provide a concrete example supported by numerical simulations to
illustrate the applicability and validity of the derived theoretical results.

The paper is organized as follows: Section 2 introduces fundamental notations, definitions of
variable-order fractional operators, and essential preliminaries, including Darbo’s fixed point theorem
and the Kuratowski measure of noncompactness. Section 3 establishes the main existence results for
solutions to the BVP (1.1) under appropriate hypotheses, after which Section 4 investigates the Ulam-
Hyers stability of the solutions to ensure their robustness. Section 5 provides a concrete example
supported by numerical simulations to illustrate these theoretical findings, while Section 6 concludes
by summarizing the key conclusions and contributions of the study, highlighting its advancements in
the analysis of variable-order fractional differential equations.

2. Preliminaries

In this section, we collect a few notions and results to be used later in the paper.

2.1. Notations

Table 1 lists the main acronyms and their corresponding meanings used in this work for ease
of reference.
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Table 1. Notations used throughout the paper.

Acronym Meaning
BS Banach Space
CF Continuous Functions
CFICO Caputo Fractional Integral of Constant Order
CFIVO Caputo Fractional Integral of Variable Order
CFDCO Caputo Fractional Derivative of Constant Order
CFDVO Caputo Fractional Derivative of Variable Order
EC Equi Continuous
PWCF Piece Wise-Constant Function
UHS Ulam Hyers Stable

By C(Λ,R), we denote the Banach space (BS) of CF from Λ into R with the norm

‖κ‖ = sup
s∈Λ
|κ(s)|.

For −∞ < ν1 < ν2 < +∞, we consider the mappings ω(s) : [ν1, ν2] → (0,+∞) and u(s) : [ν1, ν2] →
(n − 1, n). Then, the left CFDVO for function Ψ2(s) [22, 23, 27] is

Iω(s)
ν+

1
Ψ2(s) =

∫ s

ν1

(s − θ)ω(s)−1

Γ(ω(s))
Ψ2(θ)dθ, s > ν1, (2.1)

and the left CFDVO for function Ψ2(s) [22, 23, 27] is

cDu(s)
ν+

1
Ψ2(s) =

∫ s

ν1

(s − θ)n−u(s)−1

Γ(n − u(s))
Ψ

(n)
2 (θ)dθ, s > ν1. (2.2)

As anticipated, in case of ω(s) and u(s) are constant, then Caputo fractional integral of variable
order (CFIVO) and CFDVO coincide with Caputo fractional integral of constant order (CFICO) and
Caputo fractional derivative of constant order (CFDCO), (see, e.g., [15, 22, 23]).

Lemma 2.1. [4] Let ω1, ω2 > 0, ν1 > 0, Ψ2 ∈ L1(ν1, ν2), cDω1
ν+

1
Ψ2 ∈ L1(ν1, ν2). Then, the

differential equation
cDω1

ν+
1
Ψ2 = 0

has unique solution

Ψ2(s) = β0 + β1(s − ν1) + β2(s − ν1)2 + ... + βn−1(s − ν1)n−1,

and

1. Iω1
ν+

1

cDω1
ν+

1
Ψ2(s) = Ψ2(s) + β0 + β1(s − ν1) + β2(s − ν1)2 + ... + βn−1(s − ν1)n−1.

2. cDω1
ν+

1
Iω1
ν+

1
Ψ2(s) = Ψ2(s).

3. Iω1
ν+

1
Iω2
ν+

1
Ψ2(s) = Iω2

ν+
1

Iω1
ν+

1
Ψ2(s) = Iω1+ω2

ν+
1

Ψ2(s).

Here, β0, β1, ..., βn−1 ∈ R.
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Remark 2.1. [20, 32, 34] In the general case, note that

Iω(s)
ν+

1
Iu(s)
ν+

1
Ψ2(s) , Iω(s)+u(s)

ν+
1

Ψ2(s).

Example 2.1. Let

ω(s) = s, s ∈ [0, 4], u(s) =

{
2, s ∈ [0, 1],
3, s ∈ ]1, 4],

Ψ2(s) = 2, s ∈ [0, 4],

Iω(s)
0+ Iu(s)

0+ Ψ2(s) =

∫ s

0

(s − θ)ω(s)−1

Γ(ω(s))

∫ θ

0

(θ − α)u(θ)−1

Γ(u(θ))
Ψ2(α)dαdθ

=

∫ s

0

(s − θ)s−1

Γ(s)
[
∫ 1

0

(θ − α)
Γ(2)

2dα +

∫ θ

1

(θ − α)2

Γ(3)
2dα]dθ

=

∫ s

0

(s − θ)s−1

Γ(s)
[2θ − 1 +

(θ − 1)3

3
]dθ,

and

Iω(s)+u(s)
0+ Ψ2(s)| =

∫ s

0

(s − θ)ω(s)+u(s)−1

Γ(ω(s) + u(s))
Ψ2(θ)dθ.

So, we get

Iω(s)
0+ Iu(s)

0+ Ψ2(s)|s=3 =

∫ 3

0

(3 − θ)2

Γ(3)
[2θ − 1 +

(θ − 1)3

3
]dθ

=
21
10
,

Iω(s)+u(s)
0+ Ψ2(s)|s=3 =

∫ 3

0

(3 − θ)ω(s)+u(s)−1

Γ(ω(s) + u(s))
Ψ2(θ)dθ

=

∫ 1

0

(3 − θ)4

Γ(5)
2dθ +

∫ 3

1

(3 − θ)5

Γ(6)
2dθ

=
1
12

∫ 1

0
(θ4 − 12θ3 + 54θ2 − 108θ + 81)dθ

+
1

60

∫ 3

1
(−θ5 + 15θ4 − 90θ3 + 270θ2 − 405θ + 243)dθ

=
665
180

.

Therefore, we obtain
Iω(s)
0+ Iu(s)

0+ Ψ2(s)|s=3 , Iω(s)+u(s)
0+ Ψ2(s)|s=3.
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Lemma 2.2. [13] Let ω ∈ C(Λ, (1, 2]) and 0 ≤ σ ≤ 1; then for Ψ2 ∈ Cσ(Λ,R), where

Cσ(Λ,R) = {Ψ2(s) ∈ C(Λ,R), sσΨ2(s) ∈ C(Λ,R), 0 ≤ σ ≤ 1},

the Iω(s)
0+ Ψ2(s) exists for any s ∈ Λ.

Lemma 2.3. [9] If ω ∈ C(Λ, (1, 2]), then

Iω(s)
0+ Ψ2(s) ∈ C(Λ,R) for any Ψ2 ∈ C(Λ,R).

Definition 2.1. [14, 26, 33] Let I ⊂ R be a generalized interval (i.e., an interval, a singleton {b1}, or
the empty set ∅).
A partition P of I is a finite family of nonoverlapping generalized intervals {Πi}

n
i=1 such that every x ∈ I

belongs to exactly one Πi ∈ P.
A function ~ : I → R is called piecewise-constant with respect to P if ~ is constant on each Πi ∈ P.

2.2. Measure of noncompactness

Definition 2.2. [3] Let B be a BS and ΩB the bounded subsets of B. The Kuratowski measure of
noncompactness) is a mapping Φ : ΩB → [0,∞], which is constructed as follows:

Φ(D) = inf{ε > 0 : ∃(Dϑ)ϑ=1,2,...,n ⊂ B, D ⊆ ∪n
ϑ=1Dϑ, diam(Dϑ) ≤ ε},

where
diam(Dϑ) = sup{||ξ − y|| : ξ, y ∈ Dϑ}.

Proposition 2.1. [3, 4] Let B be a BS, and D, D1, D2 are bounded subsets of B, then

1. Φ(D) = 0⇐⇒ D is relatively compact.
2. Φ(φ) = 0.
3. Φ(D) = Φ(D) = Φ(convD).
4. D1 ⊂ D2 =⇒ Φ(D1) ≤ Φ(D2).
5. Φ(D1 + D2) ≤ Φ(D1) + Φ(D2).
6. Φ(λD) = |λ|Φ(D), λ ∈ R.
7. Φ(D1 ∪ D2) = Max{Φ(D1),Φ(D2)}.
8. Φ(D1 ∩ D2) = Min{Φ(D1),Φ(D2)}.
9. Φ(D + x0) = Φ(D) for any x0 ∈ B.

Lemma 2.4. [13] If U ⊂ C(Λ, B) is an Equi continuous (EC) and bounded set, then

(i) the function Φ(U(s)) is continuous for s ∈ Λ, and

Φ̂(U) = sup
s∈Λ

Φ(U(s)).

(ii) Φ

(∫ M

0
ξ(t)dt : ξ ∈ U

)
≤

∫ M

0
Φ(U(t))dt,

where
U(t) = {ξ(t) : ξ ∈ U}, t ∈ Λ.
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Lemma 2.5. (Darbo’s fixed point theorem) [3] Let T be convex, closed, bounded, and nonempty of a
BS (B) and z : T −→ T is a continuous operator satisfying

Φ(z(S )) ≤ kΦ(S ), f or any S (, ∅) ⊂ T, k ∈ [0, 1).

Then, z has at least one fixed point in T .

Lemma 2.6. [10] The (1.1) is Ulam Hyers stable (UHS) if there exists cΨ1 > 0, such that for any ε > 0
and for every solution z ∈ C(Λ,R) of the following inequality

|cDω(s)
0+ z(s) − Ψ1(s, z(s),c Dω(s)

0+ z(s))| ≤ ε, s ∈ Λ, (2.3)

there exists a solution ξ ∈ C(Λ,R) of (1.1) with

|z(s) − ξ(s)| ≤ cΨ1ε, s ∈ Λ.

3. Existence of solutions

To complete the main results, some assumptions are needed:

(H1) Let ℘ = {Λ1 := [0,M1],Λ2 := (M1,M2],Λ3 := (M2,M3], ...Λn := (Mn−1,M]} be a partition of
the interval Λ, and let ω(s) : Λ → (1, 2] be a piece wise-constant function (PWCF) with respect
to P, i.e.,

ω(s) =

n∑
ϑ=1

ωϑIϑ(s) =



ω1, i f s ∈ Λ1,

ω2, i f s ∈ Λ2,

.

.

.

ωn, i f s ∈ Λn,

where 1 < ωϑ ≤ 2 are constants, and Iϑ is the indicator of the interval Λϑ := (Mϑ−1,Mϑ], ϑ =

1, 2, ..., n, (with M0 = 0, Mn = M) such that

Iϑ(s) =

{
1, f or s ∈ Λϑ,

0, f or elsewhere.

Remark 3.1. [5, p 20] Under the condition (H2), the following inequality holds for any bounded sets
M1,M2 ⊂ T and for each s ∈ Λ :

Φ(sσ|Ψ1(s,M1,M2)|) ≤ ηΦ(M1) + γΦ(M2).

This inequality is equivalent to the Lipschitz-like condition in (H2), ensuring the applicability of the
Kuratowski measure of noncompactness in our analysis.
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In addition, let us indicate by for a given set U of functions u : Λ→ T ,

U(s) = {u(s), u ∈ U}, s ∈ Λ,

and
U(Λ) = {U(s) : u ∈ U, s ∈ Λ}.

For each ϑ ∈ {1, 2, ..., n}, the symbol Πϑ = C(Λϑ,R), indicated the BS of CF (ξ : Λϑ → R) equipped
with the norm

‖ξ‖Πϑ
= sup

s∈Λϑ

|ξ(s)|,

For any s ∈ Λϑ, ϑ = 1, 2, ..., n, the CFDVO for ξ(s) ∈ C(Λ,R), given by (2.2), is the sum of
CFDCO, i.e.,

cDω(s)
0+ ξ(s) =

∫ M1

0

(s − θ)1−ω1

Γ(2 − ω1)
ξ(2)(θ)dθ + ... +

∫ s

Mϑ−1

(s − θ)1−ωϑ

Γ(2 − ωϑ)
ξ(2)(θ)dθ. (3.1)

Thus, according to (3.1), (1.1) can be written for any s ∈ Λϑ, ϑ = 1, 2, ..., n in the form∫ M1

0
(s−θ)1−ω1

Γ(2−ω1) ξ
(2)(θ)dθ +...+∫ s

Mϑ−1

(s−θ)1−ωϑ

Γ(2−ωϑ) ξ
(2)(θ)dθ = Ψ1(s, ξ(s),c Dωϑ

0+ ξ(s)) s ∈ Λϑ.
(3.2)

Definition 3.1. BVP (1.1) has a solutio; if there are functions ξϑ, ϑ = 1, 2, ..., n, so that ξϑ ∈
C([0,Mϑ],R) fulfilling Eq (3.2) and ξϑ(0) = 0 = ξϑ(Mϑ).

Let the function ξ ∈ C(Λ,R) be such that ξ(s) ≡ 0 on s ∈ [0,Mϑ−1], and it solves integral Eq (3.2).
Then, (3.2) is reduced to

cDωϑ
M+
ϑ−1
ξ(s) = Ψ1(s, ξ(s),c Dωϑ

M+
ϑ−1
ξ(s)), s ∈ Λϑ.

We shall deal with following implicit BVPs of CFDCO cDωϑ
M+
ϑ−1
ξ(s) = Ψ1(s, ξ(s),c Dωϑ

M+
ϑ−1
ξ(s)), s ∈ Λϑ,

ξ(Mϑ−1) = 0, ξ(Mϑ) = 0.
(IBVPCFDCO)

Lemma 3.1. Assume that Ψ1 : Λϑ × R × R → R is CF, and there exists a number σ ∈ (0, 1) such that
sσΨ1 ∈ C(Λϑ × R × R,R). The solution of the integral equation, given by

ξ(s) = −(Mϑ − Mϑ−1)−1(s − Mϑ−1)IωϑM+
ϑ−1

y(Mϑ) + IωϑM+
ϑ−1

y(s), (3.3)

where

y(s) = Ψ1

(
s,−(Mϑ − Mϑ−1)−1(s − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(s), y(s)

)
, s ∈ Λϑ,

solves the (IBVPCFDCO).
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Proof. We presume that ξ ∈ Πϑ is a solution of IBVPCFDCO and we take cDωϑ
M+
ϑ−1
ξ(s) = y(s).

Employing the operator IωϑM+
ϑ−1

to both sides of IBVPCFDCO and regarding Lemma 2.1, we find

ξ(s) = β1 + β2(s − Mϑ−1) + IωϑM+
ϑ−1

y(s), s ∈ Λϑ.

By ξ(Mϑ−1) = 0, we get β1 = 0.
Let ξ(s) satisfy ξ(Mϑ) = 0. So, we observe that

β2 = −(Mϑ − Mϑ−1)−1IωϑM+
ϑ−1

y(Mϑ).

Then, we find

ξ(s) = −(Mϑ − Mϑ−1)−1(s − Mϑ−1)IωϑM+
ϑ−1

y(Mϑ) + IωϑM+
ϑ−1

y(s),

where

y(s) = Ψ1

(
s,−(Mϑ − Mϑ−1)−1(s − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(s), y(s)

)
, s ∈ Λϑ.

Conversely, we can easily show that ξ solves the (IBVPCFDCO) CF of sσΨ1 and Lemma 2.1.
The following result is based on the Kuratowski measure noncompactness and Darbo’s fixed

point theorem.

Theorem 3.1. Let the conditions of Lemma 3.1 be satisfied, and there exist a constants η, γ > 0,
such that

sσ|Ψ1(s, y1, z1) − Ψ1(s, y2, z2)| ≤ η|y1 − y2| + γ|z1 − z2|, for any yi, zi ∈ R, i = 1, 2, s ∈ Λϑ,

and the inequality

2(Mϑ − Mϑ−1)ωϑ−1(M1−σ
ϑ − M1−σ

ϑ−1 )
(1 − σ)Γ(ωϑ)

(2η
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ) < 1, (3.4)

holds.
Then, IBVPCFDCO possesses at least one solution in Πϑ.

Proof. Consider the operator
S : Πϑ → Πϑ

defined by:
S y(s) = −(Mϑ − Mϑ−1)−1(s − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(s) + IωϑM+

ϑ−1
y(s), (3.5)

where

y(s) = Ψ1

(
s,−(Mϑ − Mϑ−1)−1(s − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(s), y(s)

)
, s ∈ Λϑ.

Let the set
Brϑ = {y ∈ Πϑ, ‖y‖Πϑ

≤ rϑ},
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where

rϑ ≥
2Ψ?(Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1)

1−
2(Mϑ−Mϑ−1)ωϑ−1(M1−σ

ϑ
−M1−σ

ϑ−1 )
(1−σ)Γ(ωϑ) (2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) +γ)
,

and
Ψ? = sup

s∈Λϑ

|Ψ1(s, 0, 0)|.

Clearly Brϑ is convex, closed, bounded, and nonempty.
Step 1. Claim: S (Brϑ) ⊆ (Brϑ).
For y ∈ Brϑ , we have

|(S y)(s)|
≤

(Mϑ−Mϑ−1)−1(s−Mϑ−1)
Γ(ωϑ)

∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ)

+IωϑM+
ϑ−1

y(θ), y(θ)
)∣∣∣∣dθ

+ 1
Γ(ωϑ)

∫ s

Mϑ−1
(s − θ)ωϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
≤ 2

Γ(ωϑ)

∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
≤ 2

Γ(ωϑ)

∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)
−Ψ1(θ, 0, 0)

∣∣∣∣dθ + 2
Γ(ωϑ)

∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1|Ψ1(θ, 0, 0)|dθ

≤ 2
Γ(ωϑ)

∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1θ−σ(η| − (Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ)

+IωϑM+
ϑ−1

y(θ)| + γ|y(θ)|)dθ + 2Ψ?(Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1)

≤
2(Mϑ−Mϑ−1)ωϑ−1

Γ(ωϑ)

∫ Mϑ

Mϑ−1
θ−σ(η|IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ)| + γ|y(θ)|)dθ +

2Ψ?(Mϑ−Mϑ−1)ωϑ
Γ(ωϑ+1)

≤
2(Mϑ−Mϑ−1)ωϑ−1

Γ(ωϑ) (2η‖IωϑM+
ϑ−1

y‖Πϑ
+ γ‖y‖Πϑ

)
∫ Mϑ

Mϑ−1
θ−σdθ +

2Ψ?(Mϑ−Mϑ−1)ωϑ
Γ(ωϑ+1)

≤
2(Mϑ−Mϑ−1)ωϑ−1(M1−σ

ϑ
−M1−σ

ϑ−1 )
(1−σ)Γ(ωϑ) (2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) + γ)rϑ +
2Ψ?(Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1)
≤ rϑ.

Step 2. Claim: S is continuous.
Let’s consider (yn) as a sequence converging to y in Πϑ. Then,

|(S yn)(s) − (S y)(s)|
≤

(Mϑ−Mϑ−1)−1(s−Mϑ−1)
Γ(ωϑ)

∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
yn(Mϑ)

+IωϑM+
ϑ−1

yn(θ), yn(θ)
)
− Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
+ 1

Γ(ωϑ)

∫ s

Mϑ−1
(s − θ)ωϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
yn(Mϑ) + IωϑM+

ϑ−1
yn(θ), yn(θ)

)
−Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
≤

(Mϑ−Mϑ−1)−1(s−Mϑ−1)
Γ(ωϑ)

∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1θ−σ

(
η| − (Mϑ − Mϑ−1)−1(θ − Mϑ−1)

×IωϑM+
ϑ−1

(yn(Mϑ) − y(Mϑ)) + IωϑM+
ϑ−1

(yn(θ) − y(θ))| + γ|(yn(θ) − y(θ))|
)

+ 1
Γ(ωϑ)

∫ θ

Mϑ−1
(s − θ)ωϑ−1θ−σ

(
η| − (Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
(yn(Mϑ) − y(Mϑ))

+IωϑM+
ϑ−1

(yn(θ) − y(θ))| + γ|(yn(θ) − y(θ))|
)
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≤
2(Mϑ−Mϑ−1)ωϑ−1

Γ(ωϑ)

∫ Mϑ

Mϑ−1
θ−σ

(
η|IωϑM+

ϑ−1
(yn(Mϑ) − y(Mϑ)) + IωϑM+

ϑ−1
(yn(θ) − y(θ))|

+γ|(yn(θ) − y(θ))|
)

≤
2(Mϑ−Mϑ−1)ωϑ−1

Γ(ωϑ) (2η‖IωϑM+
ϑ−1

(yn − y)‖Πϑ
+ γ‖yn − y‖Πϑ

)
∫ Mϑ

Mϑ−1
θ−σdθ

≤
2(Mϑ−Mϑ−1)ωϑ−1(M1−σ

ϑ
−M1−σ

ϑ−1 )
(1−σ)Γ(ωϑ) (2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) + γ)‖yn − y‖Πϑ
.

By (3.4), the coefficient is finite, and ‖yn − y‖Πϑ
→ 0 implies ‖(S yn) − (S y)‖Πϑ

→ 0 as n→ ∞.
Ergo, the operator S , is a continuous on Πϑ.
Step 3. Claim: S is relatively compact.
By Step 1, we have ‖S (y)‖Πϑ

≤ rϑ for each y ∈ Brϑ , which gives the boundedness of S (Brϑ). Now we
will show that S (Brϑ) is EC. For s1, s2 ∈ Λϑ, s1 < s2, and y ∈ Brϑ , estimate

|(S y)(s2) − (S y)(s1)|

=
∣∣∣∣−(Mϑ − Mϑ−1)−1(s2 − Mϑ−1)

Γ(ωϑ)

∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ)

+IωϑM+
ϑ−1

y(θ), y(θ)
)
dθ +

(Mϑ − Mϑ−1)−1(s1 − Mϑ−1)
Γ(ωϑ)∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)
dθ

+
1

Γ(ωϑ)

∫ s2

Mϑ−1

(s2 − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)
dθ

−
1

Γ(ωϑ)

∫ s1

Mϑ−1

(s1 − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)
dθ

∣∣∣∣
≤

(Mϑ − Mϑ−1)−1

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1
∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
+

1
Γ(ωϑ)

∫ s1

Mϑ−1

(
(s2 − θ)ωϑ−1 − (s1 − θ)ωϑ−1)

)
∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
+

1
Γ(ωϑ)

∫ s2

s1

(s2 − θ)ωϑ−1
∣∣∣∣Ψ1

(
s,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
≤

(Mϑ − Mϑ−1)−1

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1
∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
+

(s2 − s1)ωϑ−1

Γ(ωϑ)

∫ s1

Mϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
+

(s2 − s1)ωϑ−1

Γ(ωϑ)

∫ s2

s1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
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≤
(Mϑ − Mϑ−1)−1

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1
∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
+

(s2 − s1)ωϑ−1

Γ(ωϑ)

∫ s2

Mϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)∣∣∣∣dθ
≤

(Mϑ − Mϑ−1)ωϑ−2

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
∫ Mϑ

Mϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ), y(θ)

)
− Ψ1(θ, 0, 0)

∣∣∣∣dθ
+

(Mϑ − Mϑ−1)ωϑ−2

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

) ∫ Mϑ

Mϑ−1

|Ψ1(θ, 0, 0)|dθ

+
(s2 − s1)ωϑ−1

Γ(ωϑ)

∫ s2

Mϑ−1

∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ)

+IωϑM+
ϑ−1

y(θ), y(θ)
)
− Ψ1(θ, 0, 0)

∣∣∣∣dθ +
(s2 − s1)ωϑ−1

Γ(ωϑ)

∫ s2

Mϑ−1

|Ψ1(θ, 0, 0)|dθ

≤
(Mϑ − Mϑ−1)ωϑ−2

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
∫ Mϑ

Mϑ−1

θ−σ
(
η| − (Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ)| + γ|y(θ)|)

)
dθ

+
Ψ?(Mϑ − Mϑ−1)ωϑ−1

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
+

(s2 − s1)ωϑ−1

Γ(ωϑ)

∫ s2

Mϑ−1

θ−σ
(
η| − (Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
y(Mϑ)

+IωϑM+
ϑ−1

y(θ)| + γ|y(θ)|)
)
dθ +

Ψ?(s2 − s1)ωϑ−1

Γ(ωϑ)
(s2 − Mϑ−1)

≤
(Mϑ − Mϑ−1)ωϑ−2

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

) ∫ Mϑ

Mϑ−1

θ−σ
(
η|IωϑM+

ϑ−1
y(Mϑ)

+IωϑM+
ϑ−1

y(θ)| + γ|y(θ)|)
)
dθ +

Ψ?(Mϑ − Mϑ−1)ωϑ−1

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
+

(s2 − s1)ωϑ−1

Γ(ωϑ)

∫ s2

Mϑ−1

θ−σ
(
η|IωϑM+

ϑ−1
y(Mϑ) + IωϑM+

ϑ−1
y(θ)| + γ|y(θ)|)

)
dθ

+
Ψ?(s2 − s1)ωϑ−1

Γ(ωϑ)
(s2 − Mϑ−1)

≤
(Mϑ − Mϑ−1)ωϑ−2

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
(2η‖IωϑM+

ϑ−1
y‖Πϑ

+ γ‖y‖Πϑ
)
∫ Mϑ

Mϑ−1

θ−σdθ

+
Ψ?(Mϑ − Mϑ−1)ωϑ−1

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
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+
(s2 − s1)ωϑ−1

Γ(ωϑ)
(2η‖IωϑM+

ϑ−1
y‖Πϑ

+ γ‖y‖Πϑ
)
∫ s2

Mϑ−1

θ−σdθ +
Ψ?(s2 − s1)ωϑ−1

Γ(ωϑ)
(s2 − Mϑ−1)

≤
(Mϑ − Mϑ−1)ωϑ−2(M1−σ

ϑ − M1−σ
ϑ−1 )

(1 − σ)Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
(2η

(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ)‖y‖Πϑ

+
Ψ?(Mϑ − Mϑ−1)ωϑ−1

Γ(ωϑ)

(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
+

(s2 − s1)ωϑ−1(s1−σ
2 − M1−σ

ϑ−1 )
(1 − σ)Γ(ωϑ)

(2η
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ)‖y‖Πϑ

+
Ψ?(s2 − s1)ωϑ−1

Γ(ωϑ)
(s2 − Mϑ−1)

≤
[ (Mϑ − Mϑ−1)ωϑ−2(M1−σ

ϑ − M1−σ
ϑ−1 )

(1 − σ)Γ(ωϑ)
(2η

(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ)‖y‖Πϑ

+
Ψ?(Mϑ − Mϑ−1)ωϑ−1

Γ(ωϑ)

]
(
(s2 − Mϑ−1) − (s1 − Mϑ−1)

)
+
[ s1−σ

2 − M1−σ
ϑ−1

(1 − σ)Γ(ωϑ)
(2η

(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ)‖y‖Πϑ

+
Ψ?(s2 − Mϑ−1)

Γ(ωϑ)

]
(s2 − s1)ωϑ−1.

Hence, ‖(S y)(s2) − (S y)(s1)‖Πϑ
→ 0 as |s2 − s1| → 0. It implies that S (Brϑ) is EC.

Step 4. Claim: S is K-set contractions.
For U ∈ Brϑ , s ∈ Λϑ, we get

Φ(S (U)(s)) = Φ((S y)(s), y ∈ U)
≤

{
(Mϑ−Mϑ−1)−1(s−Mϑ−1)

Γ(ωϑ)

×
∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1ΦΨ1(θ,−(Mϑ − Mϑ−1)1−ωϑ(θ − Mϑ−1)ωϑ−1IωϑM+

ϑ−1
y(Mϑ))

+IωϑM+
ϑ−1

y(θ), y(θ))dθ

+ 1
Γ(ωϑ)

∫ s

Mϑ−1
(s − θ)ωϑ−1ΦΨ1(θ,−(Mϑ − Mϑ−1)1−ωϑ(θ − Mϑ−1)ωϑ−1IωϑM+

ϑ−1
y(Mϑ))

+IωϑM+
ϑ−1

y(θ), y(θ))dθ, ξ ∈ U
}
.

For each s ∈ Λϑ, Remark 3.1 implies that

Φ(S (U)(s)) ≤
{

(Mϑ−Mϑ−1)−1(s−Mϑ−1)
Γ(ωϑ)∫ Mϑ

Mϑ−1
(Mϑ − θ)ωϑ−1

[
2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) Φ̂(U)
∫ Mϑ

Mϑ−1
θ−σdθ + γΦ̂(U)

∫ Mϑ

Mϑ−1
θ−σdθ

]
+ 1

Γ(ωϑ)

∫ s

Mϑ−1
(s − θ)ωϑ−1

[
2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) Φ̂(U)
∫ s

Mϑ−1
θ−σdθ

+γΦ̂(U)
∫ s

Mϑ−1
θ−σdθ

]
, ξ ∈ U

}
.

≤
{

(Mϑ−Mϑ−1)ωϑ−2(s−Mϑ−1)
Γ(ωϑ)

∫ Mϑ

Mϑ−1

[
2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) Φ̂(U)
∫ Mϑ

Mϑ−1
θ−σdθ

+γΦ̂(U)
∫ Mϑ

Mϑ−1
θ−σdθ

]
+

(s−Mϑ−1)ωϑ−1

Γ(ωϑ)

∫ s

Mϑ−1

[
2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) Φ̂(U)
∫ s

Mϑ−1
θ−σdθ

+γΦ̂(U)
∫ s

Mϑ−1
θ−σdθ

]
, ξ ∈ U

}
.

≤
(Mϑ

1−σ−Mϑ−1
1−σ)(Mϑ−Mϑ−1)ωϑ−2(s−Mϑ−1)

(1−σ)Γ(ωϑ)

(
2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) + γ
)
Φ̂(U)

+
(s1−σ−Mϑ−1

1−σ)(s−Mϑ−1)ωϑ−1

(1−σ)Γ(ωϑ)

(
2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) + γ
)
Φ̂(U)

≤
2(Mϑ

1−σ−Mϑ−1
1−σ)(Mϑ−Mϑ−1)ωϑ−1

(1−σ)Γ(ωϑ)

(
2η (Mϑ−Mϑ−1)ωϑ

Γ(ωϑ+1) + γ
)
Φ̂(U).
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Thus,

Φ̂(S U) ≤
2(Mϑ

1−σ − Mϑ−1
1−σ)(Mϑ − Mϑ−1)ωϑ−1

(1 − σ)Γ(ωϑ)

(
2η

(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ

)
Φ̂(U).

Consequently, by (3.4), S is a K-set contraction.
Thus, by Theorem 2.5, the IBVPCFDCO possesses a solution ξ̃ϑ in Brϑ . Since Brϑ ⊂ Πϑ, the claim of
Theorem 3.1 is verified.

We impose the following assumption:

(H2) Let Ψ1 ∈ C(Λ × R × R,R); there exists a number σ ∈ (0, 1) such that sσΨ1 ∈ C(Λ × R × R,R)
and there exist a constants η, γ > 0, such that
sσ|Ψ1(s, y1, z1) − Ψ1(s, y2, z2)| ≤ η|y1 − y2| + γ|z1 − z2|, for any y1, y2, z1, z2 ∈ R and s ∈ Λ.

Theorem 3.2. Let (H1) and (H2) and inequality (3.4) be satisfied. Then, the problem (1.1) possesses
at least one solution in C(Λ,R).

Proof. According to Theorem 3.1, the IBVPCFDCO possesses at least one solution ξ̃ϑ ∈ Πϑ.
We define the function

ξϑ =

{
0, s ∈ [0,Mϑ−1],
ξ̃ϑ, s ∈ Λϑ,

Thus, the function ξϑ ∈ C([0,Mϑ],R) solves the integral equation (3.2) for s ∈ Λϑ with
ξϑ(0) = 0, ξϑ(Mϑ) = ξ̃ϑ(Mϑ) = 0.

Then, the function

ξ(s) =



ξ1(s), s ∈ Λ1,

ξ2(s) =

{
0, s ∈ Λ1,

ξ̃2, s ∈ Λ2,

.

.

.

.

ξn(s) =

{
0, s ∈ [0,Mϑ−1],
ξ̃ϑ, s ∈ Λϑ

(3.6)

is a solution of (1.1) in C(Λ,R).

4. Ulam Hyers stability

Theorem 4.1. Let the conditions (H1), (H2) and inequality (3.4) be satisfied. Then, (1.1) is UHS.

Proof. Let ε > 0 an arbitrary number and the function z(s) from z ∈ C(Λϑ,R) satisfy inequality (2.3),
where

zϑ(s) =

{
0, s ∈ [0,Mϑ−1],
z(s), s ∈ Λϑ.
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We have
cDω(s)

Mϑ−1
+zϑ(s) =

∫ s

Mϑ−1

(s − θ)1−ωϑ

Γ(2 − ωϑ)
z(2)(θ)dθ.

We obtain∣∣∣∣zϑ(s) +
(Mϑ − Mϑ−1)−1(s − Mϑ−1)

Γ(ωϑ)∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
zϑ(Mϑ) + IωϑM+

ϑ−1
zϑ(θ), zϑ(θ)

)
dθ

−
1

Γ(ωϑ)

∫ s

Mϑ−1

(s − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
zϑ(Mϑ)

+IωϑM+
ϑ−1

zϑ(θ), zϑ(θ)
)
dθ

∣∣∣∣
≤ ε

∫ s

Mϑ−1

(s − θ)ωϑ−1

Γ(ωϑ)
dθ

≤ ε
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
.

According to Theorem 3.2, (1.1) has a solution ξ ∈ C(Λ,R) defined by ξ(s) = ξϑ(s) for s ∈ Λϑ, ϑ

= 1, 2, ..., n, where

ξϑ =

{
0, s ∈ [0,Mϑ−1],
ξ̃ϑ, s ∈ Λϑ,

(4.1)

and ξ̃ϑ ∈ Πϑ is a solution of IBVPCFDCO. According to Lemma 3.1, the integral equation

ξ̃ϑ(s) = −
(Mϑ − Mϑ−1)−1(s − Mϑ−1)

Γ(ωϑ)
.

∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
ξ̃ϑ(Mϑ) + IωϑM+

ϑ−1
ξ̃ϑ(θ), ξ̃ϑ(θ)

)
dθ

+
1

Γ(ωϑ)

∫ s

Mϑ−1

(s − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
ξ̃ϑ(Mϑ) + IωϑM+

ϑ−1
ξ̃ϑ(θ), ξ̃ϑ(θ)

)
dθ, (4.2)

holds.
Let s ∈ Λϑ, ϑ = 1, 2, ..., n. Then, by Eqs (4.1) and (4.2), we get

|z(s) − ξ(s)| = |z(s) − ξϑ(s)| = |zϑ(s) − ξ̃ϑ(s)|

=
∣∣∣∣zϑ(s) +

(Mϑ − Mϑ−1)−1(s − Mϑ−1)
Γ(ωϑ)

∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)

×IωϑM+
ϑ−1
ξ̃ϑ(Mϑ) + IωϑM+

ϑ−1
ξ̃ϑ(θ), ξ̃ϑ(θ)

)
dθ

−
1

Γ(ωϑ)

∫ s

Mϑ−1

(s − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
ξ̃ϑ(Mϑ)
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+IωϑM+
ϑ−1
ξ̃ϑ(θ), ξ̃ϑ(θ)

)
dθ

∣∣∣∣
≤

∣∣∣∣zϑ(θ) +
(Mϑ − Mϑ−1)−1(s − Mϑ−1)

Γ(ωϑ)

∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)

×IωϑM+
ϑ−1

zϑ(Mϑ) + IωϑM+
ϑ−1

zϑ(θ), zϑ(θ)
)
dθ

−
1

Γ(ωϑ)

∫ s

Mϑ−1

(s − θ)ωϑ−1Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
zϑ(Mϑ)

+IωϑM+
ϑ−1

zϑ(θ), zϑ(θ)
)
dθ

∣∣∣∣
+

(Mϑ − Mϑ−1)−1(s − Mϑ−1)
Γ(ωϑ)

∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1
∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
zϑ(Mϑ)

+IωϑM+
ϑ−1

zϑ(θ), zϑ(θ)
)
dθ − Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
ξ̃ϑ(Mϑ) + IωϑM+

ϑ−1
ξ̃ϑ(θ), ξ̃ϑ(θ)

)∣∣∣∣dθ
+

1
Γ(ωϑ)

∫ s

Mϑ−1

(s − θ)ωϑ−1
∣∣∣∣Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
zϑ(Mϑ) + IωϑM+

ϑ−1
zϑ(θ), zϑ(θ)

)
dθ

−Ψ1

(
θ,−(Mϑ − Mϑ−1)−1(θ − Mϑ−1)IωϑM+

ϑ−1
ξ̃ϑ(Mϑ) + IωϑM+

ϑ−1
ξ̃ϑ(θ), ξ̃ϑ(θ)

)∣∣∣∣dθ
≤ ε

(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+

(Mϑ − Mϑ−1)−1(s − Mϑ−1)
Γ(ωϑ)∫ Mϑ

Mϑ−1

(Mϑ − θ)ωϑ−1θ−σ
(
η
∣∣∣∣(Mϑ − Mϑ−1)−1(θ − Mϑ−1)(IωϑM+

ϑ−1
(zϑ(Mϑ) − ξ̃ϑ(Mϑ)))

+(IωϑM+
ϑ−1

(zϑ(θ) − ξ̃ϑ(θ)))
∣∣∣∣ + γ

∣∣∣∣(zϑ(θ) − ξ̃ϑ(θ))
∣∣∣∣)dθ

+
1

Γ(ωϑ)

∫ s

Mϑ−1

(s − θ)ωϑ−1θ−σ
(
η
∣∣∣∣(Mϑ − Mϑ−1)−1(θ − Mϑ−1)(IωϑM+

ϑ−1
(zϑ(Mϑ) − ξ̃ϑ(Mϑ)))

+(IωϑM+
ϑ−1

(zϑ(θ) − ξ̃ϑ(θ)))
∣∣∣∣ + γ

∣∣∣∣(zϑ(θ) − ξ̃ϑ(θ))
∣∣∣∣)dθ

≤ ε
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+

2(Mϑ − Mϑ−1)ωϑ−1

Γ(ωϑ)

∫ Mϑ

Mϑ−1

θ−σ
(
η
∣∣∣∣(IωϑM+

ϑ−1
(zϑ(Mϑ) − ξ̃ϑ(Mϑ)))

+(IωϑM+
ϑ−1

(zϑ(θ) − ξ̃ϑ(θ)))
∣∣∣∣ + γ

∣∣∣∣(zϑ(θ) − ξ̃ϑ(θ))
∣∣∣∣)dθ

≤ ε
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+

2(Mϑ − Mϑ−1)ωϑ−1

Γ(ωϑ)
(2η‖IωϑM+

ϑ−1
(zϑ − ξ̃ϑ)‖Πϑ

+ γ‖zϑ − ξ̃ϑ‖Πϑ
)
∫ Mϑ

Mϑ−1

θ−σdθ

≤ ε
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+

2(Mϑ − Mϑ−1)ωϑ−1(Mϑ
1−σ − Mϑ−1

1−σ)
(1 − σ)Γ(ωϑ)

(2η
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
‖zϑ − ξ̃ϑ‖Πϑ

+γ‖zϑ − ξ̃ϑ‖Πϑ
)

≤ ε
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+

2(Mϑ − Mϑ−1)ωϑ−1(Mϑ
1−σ − Mϑ−1

1−σ)
(1 − σ)Γ(ωϑ)

(2η
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ)‖zϑ − ξ̃ϑ‖Πϑ

≤ ε
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ µ‖z − ξ‖,
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where

µ = max
ϑ=1,2,...,n

2(Mϑ − Mϑ−1)ωϑ−1(Mϑ
1−σ − Mϑ−1

1−σ)
(1 − σ)Γ(ωϑ)

(2η
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
+ γ).

Then,

‖z − ξ‖(1 − µ) ≤
(Mϑ − Mϑ−1)ωϑ

Γ(ωϑ + 1)
ε.

We obtain, for each s ∈ Λϑ,

|z(s) − ξ(s)| ≤ ‖z − ξ‖ ≤
(Mϑ − Mϑ−1)ωϑ

(1 − µ)Γ(ωϑ + 1)
ε := cΨ1ε.

Therefore, (1.1) is UHS.

5. Example

Consider the following fractional problem,
cDω(s)

0+ ξ(s) = s−
1
3 e−s

(ee
s2

1+s +4e2s+1)(1+|x(s)|+|cDω(s)
0+ ξ(s)|)

, s ∈ Λ := [0, 2],

ξ(0) = 0, ξ(2) = 0.
(5.1)

Let

Ψ1(s, y, z) =
s−

1
3 e−s

(ee
s2

1+s + 4e2s + 1)(1 + y + z)
, (s, y, z) ∈ [0, 2] × [0,+∞) × [0,+∞).

ω(s) =

{ 3
2 , s ∈ Λ1 := [0, 1],
9
5 , s ∈ Λ2 :=]1, 2].

(5.2)

Then, we have

s
1
3 |Ψ1(s, y1, z1) − Ψ1(s, y2, z2)| =

∣∣∣∣∣∣∣∣ e−s

(ee
s2

1+s + 4e2s + 1)

(
1

1 + y1 + z1
−

1
1 + y2 + z2

)∣∣∣∣∣∣∣∣
≤

e−s(|y1 − y2| + |z1 − z2|)

(ee
s2

1+s + 4e2s + 1)(1 + y1 + z1)(1 + y2 + z2)

≤
e−s

(ee
s2

1+s + 4e2s + 1)
(|y1 − y2| + |z1 − z2|)

≤
1

(e + 5)
|y1 − y2| +

1
(e + 5)

|z1 − z2|.
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Thus, assumption (H2) is satisfied with σ = 1
3 and η = γ = 1

e+5 .
According to IBVPCFDCO, by (5.2) we consider two auxiliary implicit BVPs of CFDCO

cD
3
2
0+ξ(s) = s−

1
3 e−s

(ee
s2

1+s +4e2s+1)(1+|ξ(s)|+|cD
3
2 ξ(s)|)

, s ∈ Λ1,

ξ(0) = 0, ξ(1) = 0,

(5.3)

and 
cD

9
5
1+ξ(s) = s−

1
3 e−s

(ee
s2

1+s +4e2s+1)(1+|ξ(s)|+|cD
9
5 ξ(s)|)

, s ∈ Λ2,

ξ(1) = 0, ξ(2) = 0.

(5.4)

We shall check that assumption (3.4) is fulfilled for ϑ = 1. Indeed,

2(M1
1−σ − M0

1−σ)(M1 − M0)ω1−1

(1 − σ)Γ(ω1)

(2η(M1 − M0)ω1

Γ(ω1 + 1)
+ γ

)
=

1
2
3 (e + 5)Γ(3

2 )

( 2
Γ( 5

2 )
+ 1

)
' 0.3664 < 1.

Hence, assumption (3.4) is satisfied. By Theorem 3.1, the problem (5.3) has a solution ξ̃1 ∈ Π1.
We prove that the condition (3.4) is fulfilled for ϑ = 2. Indeed,

2(M2
1−σ − M1

1−σ)(M2 − M1)ω2−1

(1 − σ)Γ(ω2)

(2η(M2 − M1)ω2

Γ(ω2 + 1)
+ γ

)
=

2
2
3 − 1

2
3Γ( 9

5 )
1

e + 5

( 2
Γ( 14

5 )
+ 1

)
' 0.2682 < 1.

Thus, the condition (3.4) is satisfied.
According to Theorem 3.1, the implicit BVPs of CFDCO (5.4) possess a solution ξ̃2 ∈ Π2.

Then, by Theorem 3.2, (5.1) has a solution

ξ(s) =


ξ̃1(s), s ∈ Λ1,

ξ2(s), s ∈ Λ2,

where

ξ2(s) =


0, s ∈ Λ1,

ξ̃2(s), s ∈ Λ2.

According to Theorem 4.1, (5.1) is UHS.
In Figures 1–3, we presented the plot of the function Ψ1(s, y, z) in the two intervals [0, 1] and [1, 2].
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Figure 1. A plot 3D of Ψ1(s, y, z) with s ∈ [0, 1] and s ∈ [1, 2].

Figure 2. A plot of Ψ1(s, y, z) for different s ∈ [0, 1].
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Figure 3. A plot of Ψ1(s, y, z) for different s ∈ [1, 2].

The figures visualize the function Ψ1(s, y, z) for a Caputo fractional differential equation of variable
order over s ∈ [0, 2]. Figure 1 is a 3D plot showing Ψ1’s behavior across s ∈ [0, 1] (ω(s) = 3

2 ) and
s ∈ (1, 2] (ω(s) = 9

5 ), highlighting its decay with s, y, and z. Figure 2 plots Ψ1 for fixed s ∈ [0, 1],
showing larger values near s = 0 that decrease with y and z. Figure 3 focuses on s ∈ (1, 2], displaying
smaller values due to further decay and the higher fractional order. These figures support the existence
and stability results by illustrating Ψ1’s smooth, bounded behavior.

6. Conclusions

In this paper, we investigated a class of BVPs involving (VO-FDE), a model framework that allows
the fractional order to vary over the domain. By employing Darbo’s fixed point theorem in conjunction
with the Kuratowski measure of noncompactness, we derived new existence results under appropriate
conditions. A piecewise constant approximation of the variable order allowed us to reduce the problem
to a series of manageable subproblems with constant fractional orders. This approach effectively
addressed the analytical challenges associated with variable-order operators.

In addition to proving existence results, we established the Ulam-Hyers stability of the solutions,
ensuring robustness with respect to perturbations—an essential property for practical applications.
Theoretical findings were further validated through a numerical example, demonstrating both the
applicability and accuracy of the proposed method.

Compared to existing literature, this work significantly advances the theoretical understanding of
VO-FDEs by integrating noncompactness measures and fixed-point theory in a novel framework.
While the current analysis focuses on Caputo derivatives, future work may explore broader classes of
variable-order operators, nonlinear perturbations, and systems defined on multidimensional domains.
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Furthermore, the development of more efficient numerical schemes tailored for variable-order systems
remains an important avenue for future research.
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