AIMS Mathematics, 10(7): 15206-15230.
DOI: 10.3934/math.2025682
ATMS Mathematics Received: 13 March 2025

Revised: 30 May 2025

Accepted: 04 June 2025
https://www.aimspress.com/journal/Math Published: 01 July 2025

Research article

The time-dependent attractor for beam equation with rotational inertia and
structural damping

Xuan Wang and Wei Wang*
College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 730070, China

* Correspondence: Email: 18845645963 @163.com; Fax: +8618845645963.

Abstract: In this paper, we discussed the asymptotic behavior of the solutions to the beam equation
with rotational inertia and structural damping:

)1 + (=AM u + Au+y(-A)’0u + f(u) = g(x),

where £(f) was a decreasing bounded function. We found a more optimized subcritical exponent p* =
%ﬁg depending on 8. Additionally, we showed that when the growth exponent p of nonlinear terms f(u)
was within the range 1 < p < p”, the well-posedness and regularity were established. Finally, within
the theory of process on time-dependent spaces, we investigated the existence of the time-dependent
attractor by using the contraction function method and more detailed estimates in the time-dependent
space H;*. The results refined and extended the model and the work in literature [Longtime behavior
for an extensible beam equation with rotational inertia and structural nonlinear damping, J. Math. Anal.

Appl., 496 (2021), 124785.] from general energy space to time-dependent space in some sense.
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1. Introduction

In this article, we are concerned with the long-time dynamics of a beam equation with rotational
inertia and structural damping

)1 + (=AM u + Au+y(-=A)’0u + f(u) = g(x), (x,1) € QX [r, +00), (1.1)
Ulga = Autlga = 0,  u(x,7) = up(x), Ou(x,7) =u(x), x€Q, (1.2)

where y > 0,60 € (%, %) is a dissipation index, a € [0,46 — 2] is a rotational inertia index, and Q is a

bounded domain of RY(N > 5) with smooth boundary 9Q.
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We presume that the time-dependent coefficient € and the nonlinear functions f satisfy the following
conditions.

Assumptions:

(i) € € C'(R) is a decreasing bounded function and satisfies

lim &(t) = 1. (1.3)

t—+00

In particular, there exists a constant L > 0, such that

sup(le(?)| + 1€’ (1)]) < L. (1.4)

teR
(ii) f € C'(R), f(0) =0, and for any s € R, f satisfies the dissipative condition

liminf& > -, (L.5)

lsloe0 8
and the growth condition

N+ 26
N -4

fOI<CA+Ish,  1<p<p'= (N > 5), (1.6)
where C > 0 and 4; > O is the first eigenvalue of —A.

(iii) g € LX(Q), (up, u;) € H satisfies [|(uo, uy)|lxe < R, where R is a positive constant (the definition
of function space H¢ can be found on page 5, line 7).

Remark 1.1. Formula (1.5) implies that there is a positive constant 3y, for % < Bo < 1, such that
I -Bo
2
(f),uy > —(1 = Bo)llull* = Cg,, Vue L7,

(Fw), 1) > llull® = Cg,»

where F(s) = fos f(r)dr and Cg, is a positive constant (the definition of {.,.) can be found on page 4,
line 24).

When the coefficient € in the Eq (1.1) is equivalent to a constant, there are many results for the beam
equation with rotational inertia. Neglecting the rotational inertia and taking @ = 0 in Eq (1.1), Silva
and Narciso [1] studied the well-posedness and longtime behavior of solutions for the extensible beam
equation with structural nonlinear damping

O%u + Nu— M(|Vull>)Au + N(|VulH)(~AYVou + f(u) = g(x), x€Q,t>0, (1.7)

with 0 < B8 < 1. They obtained the well-posedness of the weak and strong solutions, respectively,
and by using an approach on quasi-stable dynamical systems, they established the existence of global
attractor and generalized exponential attractor provided that the nonlinearity f(u) is of more optimised

subcritical growth: 1 <K p <0 if N<4;1 < p<p = ﬁ if N > 5. For the research achievements of
the related extensible beam models with @ = 0 in (1.1), one can refer to literatures [2—4].
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When @ > 0, Chueshov and Lasiecka [5] proposed the following Berger extensible beam/plate
model with rotational forces

(1 — wA)?u + A*u — yAdu + (Q + ||VulH)Au = p(u, u,), (1.8)

where the parameter w > 0 represents rotational forces, the parameter Q describes in-plane forces
applied to the plate, and the function p represents transverse loads which may depend on the
displacement u and the velocity d,u. They studied the well-posedness and longtime behavior of
model (1.8).

Recently, Niimura [6] investigated the following model with nonlocal structural damping:

(1 — aA)o?u + N u — ¢(|VulH)Au — M(|Vul>)Adu + f(u) = h, (1.9)

with the parameter a € [0, 1]. When the nonlinearity f(u) is of subcritical growth:

N

If/()I < C(L+|sIP™h), with1 < p < W=D

the author obtained the well-posedness of global solutions, as well as established the existence of a
global attractor and an exponential attractor for each @ € [0, 1]. At the same time, the family continuity
of the global and exponential attractors at the perturbed parameter @ = 0 were also achieved.

Ding and Yang [7] proposed the following extensible beam model with structural nonlinear
damping:

(1 + (=AN)0?u + A*u — M(||Vul>)Au + N(|Vul)(~A)*0u + f(u) = g(x), (1.10)

where 6 is called a rotational index and « is called a dissipative index, with 0 < 6 < a < 1. They
found an optimal critical exponent p§ = ! ?]3(_2;’):9) and showed that the model (1.10) has a strong global
attractor and a strong exponential attractor for each 8 € [0, a], when the nonlinearity f(u) satisfies the
optimal subcritical growth: 1 < p < py.

Sun and Yang [8] considered the more complex model with energy damping:

(1- a/A)atzu + Au— ¢(||Vu||2)Au - M(||§u||12q)A6tu + f(u) = h, Qx(0,00), (1.11)
where [I€,17, = [|(u, d)II7, = ||Aull* + [|0,ull* is the energy norm. The author found the more optimised
subcritical exponent p* = %—Jj, with N > 5 and showed that the equation is well-posed when the

growth exponent p of the nonlinearity f(u) is up to the range: 1 < p < p*. When 1 < p < p7,
the corresponding dynamical system possesses a global attractor and an exponential attractor for
each a € [0, 1]. Meanwhile, the attractors are continuous with respect to a € [0, 1].

If Eq (1.1) contains the time dependent coefficient £(¢), and &(¢) is a bounded monotone decreasing
function when it approaches zero at infinity, then problems (1.1) and (1.2) will become more complex.
The energy functional of the dynamical system dependent on the time ¢ and the dissipation of &(-)
limits the existence of absorbing sets in the general sense. Some classical theories (global attractors or
uniform attractors) and conventional methods are not suitable for solving such problems. To overcome
this difficulty, Conti et al. [9—-11] proposed the concept of time-dependent attractor and established the
theory of time-dependent attractor. With the above theory, we found that the problems (1.1) and (1.2)
can be studied.

AIMS Mathematics Volume 10, Issue 7, 15206—-15230.



15209

However, as far as we know, when the parameter 6 € (%, %) and @ € [0,46 — 2], the long-term
dynamic behavior of the solution for the beam equation with rotational inertia and structural damping
in the time dependent spaces has not been studied. The structural damping term, nonlinear term
and rotational inertia term in the equation will bring some essential difficulties to the dissipative
estimation of the solution, the existence of the bounded absorbing set, and the verification of the
asymptotic compactness of the solution process. We will deal with problems (1.1) and (1.2) by
adopting the ideal of [12-14] and applying to the theory framework of [7,15,16]. By use of the
asymptotic regular estimation technique, the contraction function method, and the time-dependent
attractor theory, we prove the well-posedness and regularity of the solutions of the problems (1.1)
and (1.2), and establish Lipschitz-continuity of the solution. Furthermore, the asymptotic compactness
of the process is verified. Finally, when the growth exponent of the nonlinear terms satisfies 1 < p <
p* = %*_249, with N > 5, we show the existence of the time dependent attractor of problems (1.1)
and (1.2) in the time-dependent space H;".

This paper is organized as follows. In Section 2, we recall some preliminaries and abstract results. In
Section 3, we discuss the well-posedness and the regularity of weak solutions. Finally, in Section 4,

we establish the existence of the time dependent attractor.

2. Notations and preliminary results

In this section, we introduce some function spaces which will be used throughout this paper:
L’ = L/(Q), W™ =W"(Q), H"=W"?

Vi=Hy, Vo=H*0H}, |-llv, =" b

with p > 1. We denote the norm and the inner product by || - ||;2 and (-, -) in L*(Q), and C; or C(-, ) are
positive constants depending on the quantities appearing in the parenthesis. Let A = —A with domain
D(A) = H) N H?. For s € R, we define the Hilbert spaces

V, = D(AY), (u,v)s =(A%u, A2v), llull, = IAZull, u,ve V..
Applying Sobolev embedding theorem, we can obtain the compact embedding
Vi, ==V, as s; > sy, 2.1
and the continuous embedding
V, L5, 5> 0. (2.2)

At the same time, the Poincaré inequality that we will widely use
A f v]*dx < f AzyPdx, VveV, (2.3)
Q Q

also holds. Therefore, the problems (1.1) and (1.2) can be written in the following form:

et)(1 + AN u + A’u+yA®du+ fu) =g, t>1, (2.4)
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u(t) = up, Ou(t) = uy.
Define a family of Hilbert spaces H>*® as follows:
H = Vi X Vaya,

and the norm in this family of spaces is defined by the formula

2 2 2
(2, D)l oo = Ntlly + DNO:ul ]2,

Especially for the family of Hilbert spaces, H;* can be defined as
H =V, xV,,
and the norm in this space is defined by
G, Bao)ll3g0 = Mlully + e@I|Bull7.-

Moreover, when « > 0,
H? e HO.

(2.5)

(2.6)

2.7)

(2.8)

We introduce some abstract results to study the long-time dynamical behavior of solutions in time-

dependent spaces.

Definition 2.1. [11] Let X, be a family of normed spaces. A two-parameter family of operators {U(t, 1) :

X; — X,, 7 <t,7 € R} is said to be a process, if for any T € R,
(1) U(r, 1) = Id is the identity operator on X,;

(1) U, s)U(s,7)=U(t, 1), VT < s< L

Definition 2.2. [11] A family € = {C,},cr of bounded sets C, C X, is called uniformly bounded, if there

exists a constant R > 0 such that C;, C B,(R), Yt € R.

For every ¢ € R, the R-ball of X; is defined by:

B/(R) = {z € Xilllzllx, < R}.

Definition 2.3. [11] A uniformly bounded family B, = {B,(R)}.cr is called a time-dependent absorbing

set for the process U(t, 1), if for any R > 0, there exist a ty = to(R) < t and Ry > 0 such that
T<t—ty= U(t,7)B.(R) C B,(Ry).

The process U(t, 1) is said to be dissipative if it possesses a time-dependent absorbing set.

Lemma 2.1. [17] Let x,, be a bounded sequence, and also let y € C(R) be a monotone function. Then,

Y(liminf x,) < liminf ¢ (x,).

AIMS Mathematics
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Lemma 2.2. [18] Let X, B and Y be three Banach spaces. Forany T > 0, if X << B — Y, and
W ={ueL’(0,T]; X)|0uc L'([0,T];Y)}, with r>1, 1 < p < oo,

W, = {u e L0, T1; X)Idu € L'([0, T1; Y)}, with r> 1,

then,
W —<— LP([0,T]; B), W, =< C([0,T]; B).

Theorem 2.1. [11] If U(t, 1) is asymptotically compact, that is, the set
K = {8 = {K,};er| Each K, is compact in X,, K is attracting}

is not empty, then the time-dependent attractor W exists and coincides with W = {A,},cr. In particular,
it is unique.

Definition 2.4. [19] Let {X,},cr be a family of Banach spaces and {C,},cr be a family of uniformly
bounded subsets of {X;}.er. We call a function ®.L(-,-) defined on X, X X, a contractive function
on C. X C., if for any fixed t € R and any sequence {x,}," | C C., there exists a subsequence {x,};>, C
{xa}, such that

lim lim @.(x,, X,,) = 0,

k—o0 [>00

where T < t.

Theorem 2.2. [19] Let U(-, ) be a process on {X,};cr. Assume that U(-,-) possesses a time-dependent
absorbing set B, = {B/(Ro)}er. If for any € > 0 there exists a subsequence T(g) < t, ) €
C(B7(R)) such that

U@ T)x = U@ Tl < e+ Or(x, y), Vx, y € Br(R),
for any fixed t € R, then U(-,-) is asymptotically compact.

Theorem 2.3. [17] Let U(:,-) be a process in a family of Banach spaces. Then, U(-,-) has a time-
dependent global attractor W = {A}}er satisfying

A= Jue ),

st TS

if, and only if,
(1) U(:, ) has a time-dependent absorbing set family B, = {B,(Ry)};er;
(i1) U(-,-) is asymptotically compact.
Definition 2.5. [17, 20, 21] A time-dependent attractor W = {A,};cr is invariant, if for all T < t,
U, 1A = A,
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3. Well-posedness and regularity of solutions

First, we define the solution of the problems (2.4) and (2.5) as follows.

Definition 3.1. A binary y = (u, 0,u) is said to be a weak solution of the problems (2.4) and (2.5) on
an interval [1,T], fort € R, if

u€ L([t, T Vo) N L[, T); Vasg), O € L¥([7,T1; Vo) N LX([7. T V),
and satisfies

()1 + A")Btzu, W) + (U, w), + y0u, wyy + (f(un), w)y = (g, w), t>r,

u(t) = up, Ou(T) = uy,

forall T < tand any w € V,.

Theorem 3.1. If assumptions (i)-(iii) hold, then for every T > 1, 0 € (%, %), a € [0,40 2], there exists
a unique weak solution 'y = (u,0u) of the problems (2.4) and (2.5) with (u,0u) € C([t,Tl;H") N
L*([7, T1; Va_zg X Vy), (9,2M € L=([1,T1; Vasg) N L*([7, T1; Vi-30), and

lu(@)Il3 + eDNBu@|* + eDNOuDIL + & DI u(D)]5,_49
t+1

f
+ ()G 30 + EONOF U3, _30)ds + f l|0,u(s)|l5ds
t T

<CR, ligll, L, y), t > 7. (3.1

Moreover, the solution satisfies the following properties:
(1) Energy equation: For every T < s < t, the following energy identity

E(u(t), du(1)) + 2y f t B .u(r)llpdr = f TN + & (NNlou(r)|31dr
S +SE(u(s), 0:u(s)), 3.2)
holds, where
E(u(?), 8,u(t)) = s@0u@)|* + eOIdu®I + lu®dl + 2(F (@), 1) = 2(g, u(t)).

(i1) Lipschitz stability in weak topological space: The solution y = (u, 0,u) is Lipschitz continuous
on Vo_prq X Vou_s, that is,

II(ﬁ(t),azﬁ(t)llthzH_g < C(R,|igll, L, T)Il(ﬁ,azﬁ)(T)lliga_e, astT<t<T <oo, (3.3)
where y = (i1, 0,it) = yy — y» and y; = (u;, 0u;) (i = 1,2) are two weak solutions of the problems (2.4)
and (2.5) corresponding to the initial data (u;,, u;,) (i = 1,2), respectively.

(ii1) Dissipativity: There exists a positive constant Ry independent of a and 6 such that

(e, Bl < Ro, V12> 1(R), (3.4)
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where, T < t — t(R) and t(R) is a moment that is dependent on R.
(iv) Regularity when t > 1: Foranyt < ga <a <t < T (with0 < g < 1l,asa >0o0rq > 1, as
a<0),

(, Oy, 07u) € L™([a, TT; Vasga X Vagra X Vaa—g) N L2([a, T1; Vi X Va X V), 3.5)

satisfying
t+1
61134 6—q + 10:Ul13,qg + EDNO7ull54_ + f (lu(IG_q + 107 u(SII + 110;u(s)I3)ds
t
1 1
<(———F +1)[———= + 1), (3.6)
(t—qa)= (qa — 7)o

where,

36 36 30
=(— )0« R L -a |
Cl (k](e_a()) C( ’”g”a 77)9

Proof. (i) Existence of the weak solution: Taking the scalar product of (2.4) with 0,u, we have
d
d—tE(u(t), Auu(t)) + 2¥110,ully = & DOl + & OB ully., (3.7)
where
Eu(t), du(t)) = O0u@|” + eON0u@I; + u@I; + 2(F(u(®)), 1) = 2(g, u(1)). (3.8)

Taking into account &’(#) < 0 and integrating (3.7) over [s, t], we have

E(u(1), 0,u(n)) + 2y f t 10:u(s)ll5ds = f t[S’(r)Ilﬁtu(r)llz + & (NNIBu(r)|Z1dr + E(u(s), B,u(s))
T < Es(uo, ), ast>T. (3.9)
From Remark 1.1 and the embedding V, << L*1(Q), we can get
Kll(u(t),é’zu(t))llﬁ{g — C(R, |IglD) < E(u(?), 0u(t)) < C(R, L)Il(u(t),é‘tu(t))lli,;z + C(llglD, (3.10)

where « > 0 suitably small.
From (3.9) and (3.10), we obtain

!
G, (1) I30 +f 16.:u(s)llzds < CR,ligll, L, y), ast > . (3.11)

By use of the embedding LH%(Q) —<— V_, <> V, 49 and Eq (2.4), we can obtain that

gz(t)”atzu(t)”%a_w
< uO;_gp + YOOI 59 + 1L 45 + gl
< CR, Y)(lu()ll1_ag + 10:(D)]7 5 + ”f(”)”im +llgl®)

i
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< CR YY1 + @I + 18I 5 + lIgI)
< C(R, llgll, L, y). (3.12)

Taking the scalar product in L2(Q) of (2.4) with A>73%, we obtain
d _ _ _
&(s(t)« 1+ A"),u, A uy) + ull;_sp + (A B, A uy + (f(u), A u)
= e0:ull3_35 + OOl 3., + & O + A, A*u) + (g, A7 ). (3.13)

Next, we will handle each item of (3.13),

- 1
Kg, A% )| < llgll-sollulla—3p < leullﬁ_gg + C(llgll, A1),

- 1
(A% D, A*w) < YNOull ollulls—zs < leullﬁ_gg + C(y, A)0ullz,

(D1 + A", A u)| < Lllullaolldrtall + Lllulla—osolltelle < CR, lgll, L, ),
8" ()1 + AN, A u)| < LilullaeollO,uall + Lllullsepsalldrudle < C(R, lIgll, L, 7).

By use of the Sobolev embedding based on the facts 4—660+a < 1+a < 2,2-360 < 6,and 2—-360+a < 6,
we have

K (), A w)] < Cf(lul + [ul”)IA* > uldx

Q
2N N+660 2N N-660
<ajhm+wwwmm%{fm2%mmew
Q Q
2 2
< C(llul} + Null)lull_s)

1
< leullﬁ_w +CR, ligll, L, y). (3.14)

Inserting the above estimates into (3.13), we find
d @ 2-30 Lo 2
a(s(t)«l +ANOu, A" u)) + Z||u||4_39 < CR, ligll, L, y)(1 + |0ully)-

Therefore,
1+1
f lu(s)II3_34ds < CR, llgll, L, y). (3.15)
t

Using the embedding Lo < V_39 and (3.14), we obtain

If @255 < Cllf(u)lli%

4 2
<C(lull”? 5y + 1™y, )
L N+66 LN+60

< Cllull3 + 2
< CR, ligll, L, y).
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Hence, f(u) € L*([1,T];V_3). By use of the embedding L%(Q) —— V,39 —— V_3 and

Eq (2.4), we can obtain that

EDNTu)5,_39 < @G35 + YN0, + IfF @25 + llglP5,
< CR, Y (Iu@)IP_35 + 10a(ONZ + +lul3 + s + gl
< CR, lIgll, L, Y)(lu(O)3_s4 + 110:u(D13).

Combining (3.11) with (3.15), we have
0iu € L*([7, T1; Vaa-30).

Finally, from (3.11), (3.12), (3.15), and (3.17), we gain the estimate (3.1).

(3.16)

(3.17)

Next, we will prove the existence of solutions for the problems (2.4) and (2.5) in the space

C(lr, TI, H) N L7, T1; Vazzg X Vo).

Let y, = (u,, 0;u,) be the solutions of approximation equation corresponding to the problems (2.4)
and (2.5). It is easy to see that estimate (3.1) holds for the Galerkin approximation subsequence
{y.}. Thus, there exist a binary y = (u,0u) € L ([r,T];HY) N L*([1,T]; Va_ze X Vp), 0’u €

L>([1,T); Va-ag) N L*([1, T1; V4-36), such that

(tty, Oputy) — (u, O,u) weakly” in L¥([7, T]; H;),

(U, Ogty) — (u, ) weakly in L2([1, T1; Va_zg X Vy),
0?u, — 0%u weakly” in L([1, T1; Vay_40),

6,2un - 8,2u weakly in L*([1, T1; Vau_30).

Applying Lemma 2.2, we can deduce that

(tty, Opup) — (u, 0;u) in C([7,T]; Vouy X Vo) withp : 0 < p < 1,

u, — win L*([t, T1; V») and u,(x, 1) = u(x, 1), ae.(x,t) € Qx[r,T],
Aty — Ou in L*([1,T1; V),

fuy) — fQu) weakly in L' 5 ([r, T1; L' (Q).

Hence, for any & € C;7(€2), we have
T T
f (A’u, — A’u, &)dt < f |A(u (2) — u(@)IIIAE]d2
T
- f atn(t) = @)t — 0.

Besides, for any & € C;7(€2), we have

T T
f (flun) = fw), )dr < Cf (ltalla + oally + Helly ™ + el ™ Moty — o€l

< CR, lIgll, Ly Yy — ull2r.yv,) — 0.

(3.18)
(3.19)
(3.20)

(3.21)
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As a result, we gain that the limiting function y = (u, d,u) is a weak solution of the problems (2.4)
and (2.5) satisfying estimate (3.1).

Recall that (u(t), 0,u(t)) € C([t,T1; Vouy X Vo ) N L (z, T; HY). Therefore, (u, 0,u) € C,([7, T1; H")
and [IGe, Do)l < liminf [[Ga(5), Bu(s)lys

For any 7 € [1, T], it follows from (3.2) that

lintl E(u(s), 0u(s)) = E(u(t), 0,u(t)). (3.22)

Additionally from (3.19), we deduce that u(x, s) — u(x,t) a.e. x € Q as s — t, and by Lemma 2.1,
Remark 1.1, and the Fatou lemma, we have

1ee(0), Buaa() < Timinf [IGuCs), raaCs)l-
lim (g, u(s)) = 2(g. u(0).
f QFu®) + (1 = Bo) A [u(t)]* + C(Bo))dx
Q

< liminf f QFu(s)) + (1 - Bo)2u(s)P + C(Bo))dx
s—t O

< lim inf j; 2F (u(s))dx + (1 = Bo)Alull® + C(B)IC.
That is,
f 2F (u(t))dx < liminf f 2F (u(s))dx.
From (3.21) and the above estima?tes, we get ’
lim jpf[S(S)llazu(S)llz + &(s)0u()I] + lim inf [le(s)I3] + 2F (u(s)), 1)]
< lsigftl[e?(S)IIﬁtu(S)II2 + ()OI, + (I3 + 2(F(u(s)), 1)]

= eOuDI + eI + lu(@)ll5 + 2(F (), 1)
< eDIOuDI + e@ldu@)|I} + lim itnf[llu(S)H%] + lim inf 2(F (u(s)), 1)

< eIuOIF + s@louI; + Hm inf[lu(II; + 2(F w(s)), 1)]
< liminf[e(|Gu()” + e()Gu(s)ll3] + Him inflllu(s)I5] + 2 F (u(s)), D]
Then,
eWIOuOI? + eO0uDll; = imle(DO(SIF + &()lIdus)I;]-
Similar to the above estimate, we have
o)1z = Tim [fuCs)]l. (3.23)

In the light of the uniform convexity of the space H, (3.22), (3.23), and (u, d,u) € C,,([, T]; H),
we conclude that (u, d,u) € C([r,T]; H;*). Up to now, the proof of the existence of the solutions have
been completed. O
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(i1) Lipschitz stability: Let y;(#), i = 1,2 be the corresponding solutions of the problems (2.4)
and (2.5) with y,(7) € H satisfying |[y(D)llne < R, i =1,2. Let§ = (&, 0,@t) = y1 — y,. Substituting §
into (2.4) and (2.5), we have

et)(1 + A%t + A%t + yA"0,ii + fi — o = 0, t € [1, ), (3.24)

i(t) = uy, — Uz, 0,(T) = uy, — Uy, (3.25)

where f; = f(u;), i = 1, 2. In the following, let § be sufficiently small. Multiplying (3.24) by 2A*~%9,i1 +
200 , we obtain

d . _ . . .
5, K@ 0,) + 26ljall3 + 2y 10l — 26eN|d,all; — 260l

4
= > T+ OO + & OO, -, (3.26)

Jj=1
where
K(it, 0,it) =20&(t){A“0,it, ity + 25&(t)it, 8,it) + (0|0l _,

+ &Nl + I3, o + YOl
I, = 268 ()00, i), T, = 26&' (1)(A°0,i1, @),

[ = =2(f(u)) = f(ur), A" 8,01y, Ty = =2(f(wr) = f(u), 6.

By using the Young inequality, Poincaré inequality, and assumption (1.4), we obtain

o 46°L g(t)
2300 < gm0+ WO
46°L &(t)

126(t)(A" 3,1, )| < Wllftllim_g + T”atﬁ”%a_g-
1

Hence, there are some proper constants 5, us such that

(O34 + EDONOAD,—g) < K(@t, 88) < g3 (D34 + EONDEDI5,-4); (3.27)

1 48°L 48°L _
where p, = min{3, 1 - - T W} M3 = max{
1

46°L 46°L
/{a’ 1 + /12+(y —26 + /124-3{1 260 + /l2+:y 29} NOte (3'1) and

the interpolation inequality. Then

26°L
Il <z Sl oo + S 10,0 g,

26°L
| 2| /12+a/ 29”””2+a 0 + ||0,l/t||za 9>

|15 <2f|f(u1)—f(uz)|-IAHazﬁldx

4+2n

<C(f(lu1|+|uz|+|u1|” Lt gl ) (f @i dx)

Q
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N-2a-2

( f A, 1|7 dx)
Q

-1 -1 ~112 —049 ~112
SC(lluy |l + leeally + o157 + Naaall3 Nl + 1A* 0yl )

o . . .
<Z(|Iu||§ +118:a1l13) + C(R, llgll, L, ), o + 118815, ),

ITL4| <2f|f(u1)—f(uz)|-l5ﬁldx
Q

prl o pel - 2
<C5(f(|bt1| e el G T L Y R (f |7+ dox) 7T
Q Q

-1 -1 ~12
<CS(lurllprs + Nl + iy + Nuall7 DG

Lp+1

<C(R, llgll, L, y)llal3,

e -
<leu||§ + C(R, llgl, L YNll5 g, o

where Sobolev embedding: V,_, <> LP*1(Q) with 0 < 17 < 1 has been used.

Inserting the above estimates into (3.26), we get

d

where k = min{3,2y — 26L — 6 — 2L5+}.
1
Applying the Gronwall inequality, we obtain

(@), ata(t)”.i{tz(z—e < CRlIgll, L, TlIGGt, B,) (DIl pa-o-

Consequently, this implies (3.3).

(iii) Dissipativity: Taking the scalar product of (2.4) with 0,u + du, we obtain

d
51(‘ (u, 0u) + 2A(u, 0,u) = 0,

where ¢ > 0 is sufficiently small,

Ki(u, 0,u) = E(u, 0,u) + 6e(t){(1 + A")u, u),

A(u, ) = ||0,ully + Ollull3 + 5 (w), u + A°du, uy — 6(g, u) — 5&(t)(|0,ull* + 10.ull2)
— & @10l + 10.ull>) — &' ()1 + A%)O,u, u).

From (3.9) and (3.10), we get

i, 3ol — CR, ligl) < Ki(u, du0) < C(R, DI, du)ll3,0 + C(llgl)-

Remark 1.1 and (3.1) implies

llull; + (fQ), u) > llull5 + (Bo — Dllull; — Cg,
>

2
Bollull; = Cg,

AIMS Mathematics

3 K@ A,y + k(|3 + 10,12) < C(R,llgll, L, )K (@, 0,i),

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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A Do )] < @nunz

< P2l + R, gl o), (333)

2
W”WHQ,

(g, )| <

hence, we get

5 N 5B
———— — AL — L)\ + 7°||u||2 SC(R, llgll Bo)
ﬁO/ll

> sll((®), u @)z — sCR, llgll, Bo, L),

A, up) > (A7 -

where ¢ > 0 and ¢ = min {97 - — 6L - 6L, %, 5.

ﬁ /erZ 20 > 2
Based on the above estimates, we obtain

d
d—tKl (u, 0u) + cK(u, 0,u) < ¢C(R, lIgll, Bo, L). (3.34)

Applying the Gronwall inequality to (3.34), we get
Ki(u, d,u) < Ky (u(7), 8,u(1))e™*"™ + C(R, llgll, Bo, L)- (3.35)

From (3.35), the dissipativity of solutions of the problems (2.4) and (2.5) can be achieved.
(iv) Regularity when ¢ > 7: We differentiate (2.4) with respect to ¢ and substitute into v = d,u. Then

et)(1 + AN + £ (1)1 + A% + A% + yA%dv + f (u)v = 0. (3.36)

Multiplying (3.36) by A*%9,v + év and integrating over Q , we have
d 2
3 K20, 0v() + 261vll3 + 2(y = se)lIdvll; — 260> = Z M;, (3.37)

where

K>(v,0,v) =26&(t){0,v, v) + 20e(t){A%0,v, V) + 8(t)||0tv||§a_6
+8D0VI5_g + YOIVIIG + VI3, s
M, = =2 ()(A%,v + d,v, A%,v),
My = = 2(f" (v, A" %0, + 6v).

We can obtain from the Holder inequality

2
1
26610, ) <~z lMB g + 78OIGNE, .
1

46°L
205D < o O R+ s(t)uatvnm ,

Then, there are the appropriate constants u and 7, such that

161, g + EDNOVIG,—g) < Ko (v, 0v) < pr(VI, g + EDNIB VI, ), (3.38)
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48°L 4521

482L
/12+"4ar 20 + /12+ar 20 + /12+(y 20

/12+a—20
1

— min ]l 46°L
where Me = MIN {5» 1- 2320
1

get

+Tw1+

), 7 = max {3 }. From (1.4), we

IMiI < 2LV, -0 + 2LIBVIIE -

= N+20 N > 5, we obtain

Having in mind the growth exponent 1 < N

p<p =

M| < Cf(|u|+|u|”1)|V||5VIdX+Cf(|u|+|u|”1)|V||A”9(9NIdx

< Co(lullrr + Neall? VI o + Cllully + Ny~ DAV, + 14° DI, )

< SOV + 6IvIE + CR, ligh L YAV g, + 19,7115,-0), (3.39)
where we have used interpolation inequality and (1.6).
We substitute the above estimate into (3.37), then
d
3, K200, 0v(0)) + ki (VI3 + 1180v112) < CR, lgll, L, y) Ko (v(8), (1)), (3.40)

where k; = min{6, 2y — 20L — 26LA|* — 6}.

For any ¢ > 7, multiplying (3.40) by (t — )% , we obtain

d 46-0 46-a
=D KD, v + k(1 = 1) (VI + 110.V112)

<C(R.IIgll L. y)(t = )55 Kx(v(1), 8,v(1))

L 40—
5o (t — )i ”#7(|IVI|2+Q o+ EDNOVI3,_p)

<C(R ||g|| Ly)t = 1) Kx(v(2), dyv(1))

46—«

+ —(t =)= (VI + 19v15) + Ci,

where we have used

40 — 0—«a 30 _
o <r = D eI,y < 5 ——(t = D IO 10M5, )
< 510 — D) 0l + Cy
and
460 — 46 - -
- Lt =D IRy < o (r — )75 eIV
k 40-a
<=0+ Cr,
witho = 2= < I and
C) = (———)"5C(R, llgll, L, y)**.
| = (k1(0 ) (R, llgll, L, )7
AIMS Mathematics Volume 10, Issue 7, 15206—-15230.



15221

That is,

49—

d 40-0 k o
E((l — 1) Kp(v(1), 0v(1))) + é(f — 7)o (V3 + 10v11)

40—-a
SC(R, lIgll, L, y)( — 7) 7= K (v(2), 9,v(1)).
Integrating (3.41) over [7, t], we obtain
VI3, + €ONOMVIE, 4 < jcl, ast<t< 1.
— T) 0-«a

From (3.42), and integrating (3.40) over [1, 7], we get
IVI3,0p + DIOME, o < C1, as 1 < 1.

Integrating (3.40) over [¢, ¢ + 1], and taking account of (3.42)—(3.43), we have

1+1
1
f (||V||§ + ”atvlli)ds < (W + 1)C1, as 7 < .
t

(t—T1)o=e

Combining with (3.42)—(3.44), we get

r+1
2 2 2 2
V31 q—g + EDNOVI54—g + f (Ivllz + llovllp)ds < Cy, V7 <18,
t

where C, = (% + I)Cl.

(1-1) o~
Taking the scalar product in L? of (2.4) and A*>~®u, we can obtain

d
Vgtllullﬁ_wg + 2llulli_ = 2(s(0)(1 + AN u, A>uy + 2(g, A¥u) = 2(f (), A" ).

It is easy to get
1
4

- 4
12(g, A “u)| < Fllgll2 + 3

1
2

o 2L 1
2e(t)((1 + A")0?u, A*“uy| < (ﬁ + 2L9)|10%ul>. + 5||u||§_(,.

1

When the growth exponentis 1 < p < p* = 522 N > 5, we can know that

| — 2(f(u), A>uy| <C( f (1 + ul + |ul?) 7% dx) "5 ( f Ay 5 dix)
Q Q

<CQ + llully + Nul)IA>ull,
1
<C(R, ligll, L, y) + leullﬁ_a.

Based on the above estimates, we obtain

d
5IIM|I§_Q+9 + I3, < CR, llgll, L, )(I&7ull; + 1)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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Foranyt <ga<a <t withO<g<l1l,asa>0orq>1,asa <0, wemultiply (3.49) by (¢ — qa)ﬁ
and use the interpolation inequality. Then,

d e e
31— qa) Fllul2,.p) + (¢ — ga) ol
1 0 2 L 2112
<——(t— qa) ™ |ul3_,., + CRR, lIgll, L, y)(t — qa) ™ (182ull> + 1)

1-6
(t—qa)%

<C(R.Igll, L Y)(t — q@) = (182ul2 + 1) + (t — qa) = |ull3_, + C(R) o Il 3
— -6
<C(R, ligll, L, )t = gay= (167ull} + 1) + (¢ = ga) 7 ully_. (3.50)
where
O+a—ab
1 0 1 1 (t — qa)(l—ﬁ)(z—a)
m(f - qa)“9||bt||%_a+g < E(l - qa)l-ﬂllulli_a + C(R)WHMH%-
Integrating (3.50) over [ga, t] and making use of (3.44), we obtain
1 1
(DI p < : o +1)Cl asqa<t<ga+1. (3.51)
(t — ga)™ \(ga — )%
From (3.51), and integrating (3.49) over [ga + 1, t], we get
1
lu@®IE s, < (———= + 1)C1. asqa+ 1 <. (3.52)
’ (qa — 7)o
Integrating (3.49) over [t,t + 1], and taking account of (3.51)—(3.52), we have
r+1 5 1 1
lu()lly_,ds < (———— + 1){———= + 1)C}, asga < t. (3.53)
fr s < (02 ga) )(<qa & e
Combining with (3.51)—(3.53), we get
5 1+1 ) 1 1
e (Oll5— o0 +f llu()ll;_,ds <( —+1 — l)Cl, Vr <t
t (t—gqa)s  \ga-1)F

Finally, (3.6) can be obtained.
According to Theorem 3.1, a process U(t, ) corresponding to the problems (2.4) and (2.5) can be
defined as follows:
y(®) = U, 0)y(7) : HY — HY,

which is continuous from H¢ to H?.
4. The existence of time-dependent global attractor in "

4.1. Time-dependent absorbing set in H
By Theorem 3.1 (iii), we can obtain the following result.

Theorem 4.1. Assume that the assumption of Theorem 3.1 holds. For any initial data y(t) €
B.(R) c H?, there exists a positive constant Ry, such that the process U(t, T) corresponding to the
problems (2.4) and (2.5) possesses a time-dependent absorbing set, namely, the family B, = {B,(Ry)}/cr.
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4.2. A priori estimates

The following estimations will be used to establish the asymptotic compactness of the process

U, ).

Let y;(t) = (u;(1), 0,u;(t)) (i = 1,2) be the solutions for the problems (2.4) and (2.5) with the initial

data (u;(1),0,u;(1)) € {B:(R)}.cr. The difference ¥(¢) = y;(¢) — y2(¢) = (w(t), 0,w(t)) satisfies

()1 + A")0w + A’w + yAOw + fi — o =0, t € [1, ),

CL)(T) = ulo - u209 atw(T) = ul] - uzla

where, f; = f(u;), i=1,2.
Define
H(t) = eIo,w@)I + DN}, + lw®)]3.

We will make a priori estimation in the following four steps.
Step 1. We multiply (4.1) by 20,w and integrate over [s, t] X Q. Then,

H@) — H(s) + 2yf f |Ag6,a)(r)|2dxdr + 2f f(f(ul) — f(up))0,w(r)dxdr
K Q K Q

= f f & (P|d,w(r)*dxdr + f f & (N|A2d,w(r)|*dxdr,
s Q s Q

where 7 < s < 1.
By assumption (1.4), we obtain

eD|0,w]* + ()| A2 00> < L0, +|A20,0) — & (0,0 + |A%d,0]),

then
fT [ L (eMNdw (NI’ + &(r)|A? 8,w*)dxdr
<L f t f (10,0 + |A2d,wP)dxdr — f t f & (r)(10,w(r)P +|A%0,w*)dxds
r Jo r Jo
<SHT)+L fT t fg (10,0(r)P + |A29,wP)dxdr — 2 fT t fg (f(ur) = f(u2))8,w(r)dxdr.
Step 2. Multiplying (4.1) by w and integrating over [T, 1] X Q, we get

fg eM[0ww(t) + (A"9,w(D))w(n)]dx + %Ilw(t)llﬁ
- fg &(D)[8,w(T)w(T) + (A%0,w(T))w(T)]dx + fT t fQ |Aw(r)dxdr
+ fT t fg (f (1) = f(u2))w(r)dxdr — fT ts(r)(llﬁfw(r)llz + 18, (r)i3)dr

:%/||w(T)||§+f fs'(r)[@tw(r)w(r)+(A“6tw(r))w(r)]dxdr.
T Ja

AIMS Mathematics Volume 10, Issue 7, 15206—
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Estimates (4.4) and (4.5) imply that
Lﬁmwwif@mw@mW+dmmmmﬁHMQMMr
<H(T) + Lf; L(|5,w(r)|2 + |A%8ta)(r)|2)dxdr -2 Lt fg(f(ul) — f(u2))0,w(r)dxdr
iﬁme—mwmmmumemmm+wmmmwm
ﬂﬁdﬂ%w@WHﬂmm®m+LdﬂﬂMDMD+M%MUMMNM
+Li£ammwmmn+mmwmmmmmn+wam.
Step 3. Integrating (4.3) over [T, 7] with respect to s, we have
HH(-T) < j: H(s)ds — Z‘th ft f(;(f(ul) — f(up))0,w(rydxdrds
<H(T) + L\f; j;(k')tw(rﬂz + |A%5,w(r)|2)dxdr -2 f; L(f(ul) — f(up))0,w(rydxdr
1Equ%ﬂmmmmm1£wm@wwwM%MWWMx
ﬁfdmwmeﬂnmm©m+Ldnmmnmm+M%mnmamu

+ f fs’(r)[@,a)(r)a)(r) + (AY0;w(r))w(r)]dxdr + %lIw(T)llg
T

Q
-2 f t f t f (f (u1) = f(u2))0,w(r)dxdrds.
T Js Q

Step 4. Set
C(M) = H(T) + %Ilw(T)Ilﬁ + L e(MN0w(T)(T) + (A"0,(T))w(T)]dx, (4.6)
and
@r(i(T), 0, (T)), (ux(T), dux(T))) = ¥y + ¥, 4.7)
where

1
(t=T)

- f eD[dw(Nw(?) + (A*d,w(1))w(1)]dx
Q

T]Z

(L f f (10,0 + A2 8,w(r)*)dxdr
T Q

+fdmmmm%wwmwm
T
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+ f f ' (N[d,w(r)w(r) + (AY0,w(r))w(r)]dxdr],
T Ja

1 !
¥ 2 fT fg ()~ fu)deo(s)dxds
, f f (Flun) - Fam)(s)dxds
T Q
2 f f f (F) = Fu))deo(r)dxdrds].
T K Q
Therefore,
1
H(@) < ——Coy + @ (@ (D), 80 (T, (x(T), Bs(T)). 4.8)

4.3. Asymptotic compactness

In this subsection, we will verify that the process U(t,7) corresponding to the problems (2.4)
and (2.5) is asymptotically compact by using method of the contraction function.

Theorem 4.2. If the assumptions hold, for any fixed t € R and any bounded {7} | C (—oo,t]witht, —
—oo as n — oo, and for any bounded sequence {x,},.  C B (R) C 7-[;2 , then sequence {U(t,7,)x,} .,
possesses a convergent subsequence.

Proof. For any & > 0 and fixed ¢, there exists 7 < ¢ such that IC_—”; < &. Thanks to Theorem 2.2, we also
need to show that ®). € €(B7(R)), for every fixed ¢.

Let (u,, d,u,) be the solution for the problems (2.4) and (2.5) with initial data (u,,, u, ) € Br(R).
According to Theorem 3.1, we can know that |ju,[l3 + &(&)l|du,|2 is bounded, and |ju,ll3 is also
bounded. For any fixed ¢ and V¢ € [T,1], in view of (1.4) and the boundedness of %ﬁ)’ we gain the
boundedness of ||8;u,||.

By the Alaoglu theorem, Lemma 2.2, and Theorem 3.1, for any 7 < T < ¢, without loss of generality

(at most by passing subsequence), we presume that

u, — u weakly” in L*([T, t]; V,), 4.9)
o, — Ou weakly” in L*([T,t]; V,), (4.10)
02u, — 07u weakly* in L¥([T, t]; Vaq_40), (4.11)
u, — u weakly in L*([T, 1]; Va_sg), (4.12)
du, — O weakly in L*([T, 1]; Vy), (4.13)
d?u, — 0ru weakly in L*([T, t]; Vaq_30), (4.14)
u, = u in LPY([T,1]; L)), (4.15)
u, = u in L*([T,1]; Va), (4.16)
u,(t) = u(t) and u,(T) — w(T) in L”*(Q), 4.17)
Ay, — Ou in L*([T,1]; V,), (4.18)

where we have used the Sobolev embedding V, << L7*1(Q).
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By virtue of (3.54), we know that
{(un(s), Oun(s))} € C([T, t];H) is a Cauchy sequence,
and there exists a binary (u(s), d,u(s)) € C([T, t]; H), such that
(tn(5), Orttn(8)) = (u(s), Bu(s)) in C([T, 1]; HY).

Next, we will handle each term of (4.7). First, we obtain from (4.16), (4.17), and (4.18),

!
lim lim L f 10:tt, — Bethll* + 110,18, — Byl 1ds = 0,
T

n—00 m—00

lim lim | &()(0u, — Ou,)(u, — u,,)dx

n—00 M—00 Q

< lim lim L||0,u,, — Osun|||ltty — thl|

nN—00 Mm—00

< lim lim L(||0ull + l0;ut| Dllet, — ]l = O,

n—oo m—

lim lim | &()(A20,u, — A20,u,)(A%u, — A u,)dx

—00 —00
n m Q

< lim lim Lllatun - atum”a”l/tn - um”a

n—00 m—00
<lim lim L(||0unlle + 10:ttmllo)tn = thmlle = O,
n—00 Mm—00

s
lim lim | &(s)[[|0,u — Ottnll* + 10,1, — Oyta|21dss
T

n—00 M—00

!
<lim lim L f [10:tt, — Ota|* + 110514, — s |21ds = 0,
T

n—00 m—oo
!
lim lim ' (s)0uy — Oty Uy — Uy, )ds
T

n—00 Mm—00

t

3
<Llim im (| 18, — duealPds) - ( f ity = unlPds)? =0,
T

—00 Mm—00
n m T
t

lim lim | &(s)}{A2,u, — A2du,,, AZu, — A%u,)ds

—00 —00
n m T

!

!
<Llim lim( | (18, — B,ul>ds)? - f ity = tnlds)? = 0.
T

—00 —00
n m T

Synthesizing (4.21)—(4.26), we get

lim lim ¥, = 0.

n—00 Mm—0o0

Second, from (4.16), we have

lim lim f (f (un) = f ()t — up)dxds
7 Jo

n—>00 M—>00

!
< C lim lim f f (ttn] + |thn] + |t4? ™" + |ttl” Dty = 14,)*dxd s
T Q

n—00 Mm—00

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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t

1 2
<Clim Em | (luallper + latllen + etall75h + 50 < Nt = w70 ds

n—oo —00
m T

. . -1 -1 2
< Clim lim f(”unHZ +umlly + leally” + letll5) - ity — wnllyds
n—00 m—eo Jr

t
< Clim lim | |lu, — w,ll5ds

—00 —00
n m T

=0.

It is easy to know

f t f (f(un) = f(un))(Osuty, — Ostt,,)dxds
T Q

:f ff(u,,)a,undxds+fff(um)ﬁtumdxds—fff(um)atundxds
T Ja T Ja T Jo
—f ff(u,,)atumdxds

T Jo

:fF(un(t))dx—fF(un(T))dx+fF(um(t))dx—fF(um(T))dx
Q Q Q Q

—fff(”m)at“ndXdS—fff(un)azumdxds.
T Q T o

By (1.6) and the embedding V, << LP*1(Q), we get
| f (F(uy(1)) — F(u()))dx|
Q
< fQ f (@) + F(un(t) — u())l|un(2) — u(o)ldx

<C f (an (D) + 1@ + (DI + 1O it (1) = u(t)|dx

< CllunON e + NI s + Nt ONF 1+ Nt O et (8) = (Ol 1

< Ce.

Because f(u,) € L*([1, T1; V_3¢) and d;u,, € L*([1, T1; Vy) as n — oo, m — oo, we have

lim hm (f(u,,) Ouy,yds = lim f (f(u,),0u)ds
e Jr

= f (f(u), du)ds
T

:fF(u(t))dx—fF(u(T))dx.
Q Q

Similarly,

lim lim (f(um) Oty )ds = fF(u(t))dx—fF(u(T))dx.
Q Q

Nn—00 m—0o0

(4.28)

(4.29)

(4.30)
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Therefore,

n—00 m—oo

lim lim f(f(un) — f(un)(Ouy,, — Oty )dxds = 0. (4.31)
T Jo

For each fixed 7, | [ ' J,(fun) = fua)@uy — Biuy)dxdr| is bounded. Then, thanks to the
Lebesgue dominated convergence theorem, we get

lim lim f f f(f(u,,) — f(uy,))(0u, — 0,u,,)dxdrds

n—00 m—oo

fhm hmff(f(un) f(un))(0u, — Ou,,)dxdrds
T

!
= f 0ds=0. (4.32)
T
Consequently, we obtain from (4.28)—(4.32) that

lim lim ¥, = 0. (4.33)

n—00 Mm—00

Therefore, we conclude that ®.((u;(T), 0,ui(T)), (u(T), 0,ux(T))) € €(B7(R)). O

4.4. The time-dependent global attractors

Theorem 4.3. If the assumptions of Theorem 4.2 hold, then the dynamical system (U(t,7), H)
corresponding to the problems (2.4) and (2.5) possesses an invariant time-dependent global
attractor A = {A;}ier.

Proof. According to Theorem 3.2, Theorem 3.3, and Theorems 4.1 and 4.2, there exists a time-
dependent global attractor A = {A,}cr-

From Remark 5.5 and Theorem 5.6 in [11], we know that if the process U(t, 7) is continuous,
then the corresponding time-dependent global attractor is invariant. Hence, the time-dependent global
attractor A = {A,},er 18 Invariant. O

5. Conclusions

This paper investigated the long-time dynamical behavior of solutions for the beam equation with
rotational inertia and structural damping. By using the Faedo-Galerkin approximation method, the
contraction function method, and the time-dependent attractor theory, the well-posedness and the
existence of a time-dependent global attractor were obtained in the time-dependent space H,".
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