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Abstract: The exceptional surface of the Doppler- and Zeeman-affected non-Hermitian Hamiltonian
of a three-level atomic medium, driven by one probe and two control fields, was controlled and
modified. Multiple exceptional surfaces of the second and third orders were reported based on the
real part of eigenstates and the real and imaginary parts of the eigenvalues of the non-Hermitian
Hamiltonian. The exceptional surfaces and degeneracy regions were studied with variations in
detunings, Rabi frequencies, decay rates, phases, and Doppler and Zeeman widths. The effect of the
Doppler shift was obtained by the average of A;(kv) and S ;(kv) over the Maxwellian distribution, while
the Zeeman shift was obtained by the average of A;,(uB) and S;(uB) over the Gaussian distribution.
The exceptional surfaces shift with both Zeeman and Doppler shift. The degeneracy increases with
an increase in the Zeeman effect. With an increase in Doppler width, the degeneracy in the real part
of the eigenvalues also increases but decreases in the imaginary part of eigenvalues. The maximum
range of degeneracy of Zeeman-affected exceptional surfaces was investigated with decay rates and
Rabi frequencies of the coupled driving fields, while for Doppler-affected exceptional surfaces, it
was investigated with detuning and Rabi frequencies. The modified results of exceptional surfaces
are useful for hybrid quantum systems, artificial intelligence, entanglement physics, quantum state
sensing, and optics.
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1. Introduction

When two or more eigenvalues and eigenstates in a non-Hermitian system become identical, this is
known as an exceptional point or surface. In contrast, a diabolic point occurs when the eigenvalues of
a Hermitian system coincide [1], while for an exceptional point, both the eigenvalues and eigenvectors
should coincide [2]. Doppler-affected exceptional points are found in systems where the Doppler
effect modifies the parameters of a non-Hermitian Hamiltonian, changing the location and behavior
of the exceptional point. Due to relative motion, the Doppler effect usually causes a shift in wave
frequency. In non-Hermitian systems, this shift can alter the eigenvalue structure and degeneracy
requirements related to exceptional points. Depending on how motion and non-Hermitian parameters
interact, the system can be broken, changed, or restored. The Doppler shift can decrease the number
of degenerate instances where the eigenvalues are the same by breaking the symmetry of the system.
Multiple eigenvalues may come together as a result of system adjustments induced by the Doppler
effect, increasing the system’s degeneracy. Applying the Zeeman effect to a non Hermitian system can
shift, modify, or create new exceptional points, with corresponding changes in system properties and
behaviors.

Exceptional points occur when eigenvalues and eigenvectors coalesce, and the Zeeman shift
modifies the Hamiltonian, potentially shifting, merging, or eliminating exceptional points. In the
context of exceptional points, the Zeeman effect does not cause the typical splitting of energy levels;
instead, in non-Hermitian systems, the Zeeman effect shifts the position of the exceptional point and
increases degeneracy [3]. This means that more eigenvalues and eigenstates coalesce at the exceptional
point, enhancing the system’s sensitivity to external perturbations.

The concept of exceptional points was introduced in the mid-20th century as researchers studied
non-Hermitian systems, which differ from traditional Hermitian operators in quantum mechanics.
They were initially identified in the context of complex energy spectra in nuclear and atomic physics.
Over time, the understanding of exceptional points grew, revealing their significance in the broader
field of physics [4—6]. The concept of non-Hermitian exceptional points has applications in a wide
range of disciplines such as laser enhancements [7], optical sensors [8], mode switching [9-11],
nonreciprocal light propagation [12, 13], quantum phase transitions [14], quantum state sensing [15],
enhanced plasmonic sensing [16], metamaterials [17], engineering [18, 19], tactile sensors and optical
gyroscopes [20], optomechanics [21], thermal mapping [22, 23], quantum process tomography [24],
optics [25], optical microcavities [8], electromagnetics [26], biological systems [27], photonics [28],
optical sensors [29], sensing limitations at an exceptional point [30] and hybrid quantum systems [31].
A number of researchers have focused on exceptional points and surfaces utilizing different strategies
and frameworks.

Goldzak et al. [32] studied light stops at exceptional points. Mandal et al. [33] examined higher-
order exceptional points. Zhang [34] studied dynamically encircling exceptional points in a three-mode
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waveguide system. Kawabata [35] performed two experiments on exceptional sensing and transport.
Ramezanpour et al. [36] studied the tuning of exceptional points with Kerr nonlinearity. Brandstetter
et al. [37] studied reversing the pump dependence of a laser at an exceptional point. Kodigala et al. [38]
studied exceptional points in three-dimensional plasmonic nanostructures. Chen et al. [39] studied,
revealing the missing dimension at an exceptional point. Zhang et al. [40] studied phonon laser
operating at an exceptional point. Cwolf et al. [41] analysed the time evolution of shifting exceptional
points. Even et al. [42] studied exceptional points in coupled pendulums by experimental observation.
Bulgakov et al. [43] studied exceptional points in a dielectric spheroid.

Here, we investigate the coherent manipulation of exceptional surfaces in Doppler- and Zeeman-
affected non-Hermitian hamiltonian in a three-level atomic medium. A three-level ladder-shaped
atomic medium coupled with three driving fields is used to control and manipulate the exceptional
surface by application of driving fields. The multiple exceptional surfaces are reported by real and
imaginary parts of the eigenvalues. This modified work may close a huge gap in the high-tech
application of photonics, hybrid quantum systems, optical gyroscopes, and thermal mappings.

2. Modeling and Kkinetics

Consider a three-level non-Hermitian ladder-shaped atomic system having one ground state, one
excited state, and one super excited state as shown in Figure 1(a). Figure 1(b) shows the Doppler
broadened system [44], and Figure 1(c) shows the Zeeman-affected system [3]. The ground state |1)
and state |2) are coupled by a controlled field E of Rabi frequency o-; with detuning A, and y,; showing
particle decay from state |2) to ground state |1). The states |2) and |3) are coupled by a controlled field
E, of Rabi frequency o, with detuning A, and y3, showing particle decay from state |3) to ground
state |2). The ground state |1) and state |3) are coupled by a probe field E,, of Rabi frequency op with
detuning Ap. The experimental setup [45] of exceptional points is shown in Figure 2.

The Doppler-affected Hamiltonian for a three-level atomic system is written as

H = h[(Al +iya1 + mkv)2)C2| + (g + iy31 + k)33 + 0| 1(2] + o121
+0p| D3] + o, I3)(1] + 021 2)(3] + U§|3><2l]- (2.1)
The Doppler-affected Hamiltonian matrix is described as

0 (O] O'p]

H=|o" E o, (2.2)

* *
op O, F

The Doppler-affected eigenvalues of non-Hermitian Hamiltonian are calculated by using the secular
equation |H — Al| = 0 as

21/3 _ 2_3

My = D+ (ZIQ “2)—3%/3, (2.3)
1+iV3)(-a? -3 1-iV3
1-iV3)(-al -3 1+iV3

As(kv) = %_( ’3_)2(2/f1Q @ | g_’zl‘//:)Q. 2.5)
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Figure 1. (a) Three-level ladder-shaped non-Hermitian medium. (b) Doppler broadened
system [44]. (c) Zeeman-affected system [3].

Figure 2. The experimental setup of exceptional points [45].

The Doppler-affected eigenstates of non-Hermitian Hamiltonian is described as

s (k ) 1 ( —i/llh(kv)t -|-IB 4/12}1(@): N i/l3h(kv)t) (2 6)
1kv) = —=\|aipe 1D€ Y1ip€ s .
V3
1 —idy (kv)t —idy (ko) N
Sokv) = $(awe i+ Bope ' 4+ ype h )’ (2.7)
1 —idy (k) —idy (k) N
S3(kv) = ﬁ(awe "+ fPipe ' +yspe f ) (2.8)

The Doppler affect for the three-level Hamiltonian is incorporated through the Maxwellian
distribution by integrating the term nkv, where n represents the direction of the applied field and v
is the velocity of the medium. This inclusion accounts for the velocity-dependent frequency shift
experienced by the atomic transitions due to the motion of the medium, effectively modifying the
detuning terms in the Hamiltonian. The effect of the Doppler shift for the eigenvalue is the average of
A;(kv) over the Maxwellian distribution and is described as

1 00 _ (k)?
A = VD\EIM Ai(kvye b d(kv). (2.9)

The effect of the Doppler shift for the eigenstate is the average of S;(kv) over the Maxwellian
distribution and is described as

1 00 _(k\gz
S, = Si(kv)e 'b d(kv), 2.10
VD\/EIOO (kv) (kv) (2.10)

AIMS Mathematics Volume 10, Issue 7, 15165-15192.




15169

where V), is the Doppler width and depends on the absolute temperature. Its value is written as V), =
KBTa)% /Mc?, where w, is the frequency of probe field, Kp is the Boltzmann constant, T is the

absolute temperature, M is the molecular mass, and c is the speed of light in vacuum. The supposition
in the above matrix and the equations of the Doppler system are

E = Ay +mkyv+iya, (2.11)
F = Ay +mkyv + iy, (2.12)
a = E+F, (2.13)
a, = oj+0;+0,—EF, (2.14)
a3 = 01020, + 0,00, — Eof, ~ Fo?, (2.15)

13
0 = (—2a? —9a,a, — 27a3 + 3 Vg\/—afag —4a3 + 4aja; + 18aa2a; + 27a§) , (2.16)

_ oButop,
alp = —/ll(kv) ; 2.17)
by = (o"[tfp) [A1(kv) + 0> (2.18)
P () k) + E - 4y '
_ Ofnto,
p = —/lz(kv) s (2.19)
5y = (o"[ap) [ A2 (kv) + 0> (2.20)
T (02) 1 ath) + E = oty '
_ OB+,
a3p = —/13(]0}) , (2.21)
(U’[O'p) [A3(kv) + 0>
Bsp (2.22)

(03) /23(kv) + E = A3(kv)’
where v1p = v2p = y3p = 1. Now, the Zeeman-affected non-Hermitian Hamiltonian can be written as

H = (A +uB+iy:)12)Q2 + (Ax + pB + iy3)I13)(3| + o1 [1){2] + 07112)(1] + 77, 1) (3]
+0, 131 + 02 [2)(3] + 0313)¢2I. (2.23)

The Zeeman-affected Hamiltonian matrix is given as

H=

0 o7 op
o A oy (2.24)
op 05, B

The eigenvalues of Zeeman-affected non-Hermitian Hamiltonian are given as

b 213(=b* - 3¢) S

U@B) = T+ S T (2.25)
b (1+iV3)(=b*-3c)  (1-iV3)S
LuB) = - 3 53s * e (2.26)
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b (- iV3)(=b*=3¢) (1+iV3)S

A3(uB) 3 3.7 + IE (2.27)
The Zeeman-affected eigenstates of non-Hermitian Hamiltonian are described as
1 —idj (uB)t —idy (uB)t —idy(uB)t
S1uB) = —= (cize™ T+ Brze™F 4y ) (2.28)
V3
1 —id (uB)t —idy (uB)t —id3(uB)t
SauB) = —= (caze™ F 4 B e ), (2.29)
V3
1 —id{ (uB) —idy (uB) —id3(uB)
S3uB) = %(0326 4 Paze T +ysze F ) (2.30)

The Zeeman effect is incorporated into the non-Hermitian Hamiltonian through Gaussian
distribution, where the integration is carried out over the term uB. Here, u represents the magnetic
dipole moment, and B is the external magnetic field. The effect of the Zeeman shift of eigenvalues is
the average of A;(uB) over the Gaussian distribution and is described as

_wB?

1 00
A = A(uB)e "= d(uB). 2.31

The effect of the Zeeman shift of the eigenstate is the average of S;(uB) over the Gaussian
distribution and is described as

1 o _ws?
S = 5 f Si(uB)e W d(uB), (2.32)
T J—o0

W, \2n

where W, is the Zeeman width and is associated with the spread of the distribution around its mean.
The supposition in the Zeeman system is

A= A] +/JB + i’)/21, (233)
B=A, + ,LLB + i’)/32, (234)
b=A+B, (2.35)
c=0]+0;+0,—AB, (2.36)
d =000, + 0,00, — AO'f, ~ Bo?, (2.37)
1/3
S = (—2[93 — 9bc — 27d + 3 V3 V=b2c2 — 4¢3 + 4b3d + 18bed + 27d2) , (2.38)
o1fn + o,
__r 2.39
aiz 4 (uB) ( )
(o507)) 141 (uB) + o3
Pz = — ; (2.40)
(03) /A1(uB) + A ~ A1(uB)
o1fn + 0,
e P 2.41
@2z L(uB) ( )
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(050)) 1 A2(uB) + o3

Bz = — : (2.42)
(03) /A2(uB) + A ~ A(uB)
O B33+ 0,
3z = —/13(113) , (243)

(0"[0'1,) [A3(uB) + o

. 2 | (2.44)
(gl) /A3(uB) + A — A3(uB)
where yiz = ¥,z = y3z = 1. Here, o; and 07} are
o = |ojlexpluy;l, (2.45)
7} = lojl expl-up;] (246)

where j=1, 2, p.
3. Results and discussion

The results are presented for exceptional surfaces of non-Hermitian Hamiltonian for three cases: in
the absence of any shift, in the presence of the Doppler shift, and in the presence of the Zeeman shift
in a three-level atomic medium. The decay rate is taken as y = 1GHz, and other parameters are scaled
to this decay rate y. Here, the Doppler width is taken as V, = 16y, and the Zeeman width is W, = 20y.
The red, green, and blue surfaces represent the first, second, and third eigenvalues or eigenstates of the
non-Hermitian Hamiltonian, respectively.

3.1. In the absence of shifts

In this section, plots are displayed for the real and imaginary parts of eigenvalues A; and the real
part of eigenstates S ;(f) versus Rabi frequency o, ,, detuning A, ,, decay rate y3,, and phases ¢/, , in
the absence of any shift.

Figure 3 shows the real and imaginary parts of eigenvalues of A;, where i = 1,2, 3, versus mode
of Rabi frequency |o|/y and probe field detuning A,/y. The imaginary parts of three eigenvalues
of non-Hermitian Hamiltonian coincide at the resonance surface || = 1.9y. This is a third-order
exceptional surface, and the exceptional surface values are 0 and |0,| = 1.9y. The three eigenvalues
show degeneracy in the range of Oy < |o,| < 1.9y and —10y < A, < 10y, as illustrated in Figure 3. The
real part of A; shows one third-order and two second-order exceptional surfaces. The three eigenvalues
A; coincide at resonance surface || = 5y, and exceptional surface values are 0 and |o| = 5y, showing
degeneracy in the range of —10y < A, < 10y and 5y < |o»| < 20y. The two eigenvalues A, and A3
coincide at the resonance surface |0, = 1.9y, and exceptional surface values are 0.5 and |o,| = 1.9y,
showing degeneracy in the range of —10y < A, < 10y. The two eigenvalues A; and A, coincide
at resonant point |o,| = 1.9y, and exceptional surface values are —0.5 and |o;| = 1.9y, showing
degeneracy in the range of =10y < A, < 10y, as illustrated in Figure 3. The same plot for the Doppler-
affected eigenvalues is shown in Figure 9, while the plot for Zeeman-affected eigenvalues is illustrated
in Figure 19.
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Figure 3. The real and imaginary parts of eigenvalues versus Rabi frequency o7, and detuning
A,. Other parameters values are, y,; = 0.89y, y» = 098y, A; = -0.5y, A, = 0.5y,
lopl =2y, o1l = 0.5y, ¢, = 2m,y = m, and Y, = /2.

Figure 4 displays the real and imaginary parts of eigenvalues of A;, where i = 1,2, 3, versus mode
of Rabi frequency |o7|/y and phase angle ,. The imaginary parts of three eigenvalues of a non-
Hermitian Hamiltonian coincide at the resonance surface |o;| = 9y. This is a third-order exceptional
surface of a non-Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface
values are 0 and |o7;| = 9y. The three eigenvalues show degeneracy in the range of Oy < |oj| < 9y
and 0 < ¢, < 2n, as illustrated in Figure 4. The real part of A; shows one third-order and three second-
order exceptional surfaces. The three eigenvalues of a non-Hermitian Hamiltonian coincide at point
loy| = 4y. This is a third-order exceptional surface of a non-Hermitian Hamiltonian in a three-level
atomic medium, and the exceptional surface values are 0 and |o;| = 4y and show degeneracy in the
range of Oy < |o| < 4y and 0 < ¢, < 2n. The two eigenvalues A, and A3 coincide at resonance surface
|oy| = 14y, and the exceptional surface values are —10 and |o| = 14y, showing degeneracy in the range
of 14y < || £ 20y and 0 < ¢, < 2. The two eigenvalues A, and A3 again coincide at two resonance
surfaces |o1| = 7y and |o;| = 3y, and exceptional surface values are —5 and |oy| = 7y, and —1 and
loi| = 3y, showing degeneracy in the range of 0 < ¢, < 2n, as illustrated in Figure 4. The same
plot for Doppler-affected eigenvalues is illustrated in Figure 10, while the plot for Zeeman-affected
eigenvalues is illustrated in Figure 20.

Figure 4. The real and imaginary parts of eigenvalues versus Rabi frequency o and phase
. Other parameters values are, y»; = 0.9y, y3 = 0.08y, A; = =20y, A, = =20y, A, = 20y,
lop| = 0.1y, lo| = 10719y, ¢y = 0.57, and ¢, = 0.47.
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Figure 5 displays for real and imaginary parts of eigenvalues of 4;, where i = 1,2, 3, versus mod of
Rabi frequency |o,|/v and decay rate y,;. The imaginary part shows one third-order and two second-
order exceptional surfaces. The imaginary part of three eigenvalues of non-Hermitian Hamiltonian
coincides at the resonance surface |o,| = 9y. This is a third-order exceptional surface of a non-
Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface values are O and
lop| = 9. The three eigenvalues show degeneracy in the range of Oy < |o,| < 9y and 0 <y, < 2. The
two eigenvalues A, and A3 coincide at resonance surface |o,| = 18y, and exceptional surface values
are 4 and |o,| = 18y. The other two eigenvalues A, and 4, coincide at resonance surface |o,| = 20y,
and exceptional surface values are —4 and |o-,| = 20y, as illustrated in Figure 5. The real part of
A; shows five second-order exceptional surfaces. The two eigenvalues A, and A3 coincide at three
resonance surfaces |o,| = 4y, |o,| = 12y, and |o,| = 22y, and exceptional surface values are 6 and
lo,| = 4y and 3 and |o,| = 12y, and others are -5 and |o,| = 227y, which show degeneracy in the range
of 22y < |op| < 30y and 0 < y,; < 2. The two eigenvalues A; and A3 coincide at resonance surface
lop| = 19y, and exceptional surface values are 2 and |o,| = 19y. The other two eigenvalues A; and
A, coincide at resonance surface |o,| = 18y, and exceptional surface values are -5 and |o-,| = 18y, as
illustrated in Figure 5.

20 2.0
Figure 5. The real and imaginary parts of eigenvalues versus Rabi frequency o, and decay
rate y,;. Other parameters values are, y3, = 0.1y, A; = =2.5y, A, = =45y, A, = —1.5v,
loril = 12y, |oal = 15y, Y = /2, ¢ =7, Y = .

Figure 6 displays for real and imaginary parts of eigenvalues of A;, where i = 1,2,3, versus the
mod of Rabi frequency |o,|/y and decay rate y3,/y. The imaginary parts of three eigenvalues of non-
Hermitian Hamiltonian coincide at the resonance surface |o,| = 10y; this is a third-order exceptional
surface of non-Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface
values are 0 and |o,| = 10y. The three eigenvalues show degeneracy in the range of Oy < |o7,| < 10y
and Oy < y3, < ly, as illustrated in Figure 6. The real part of A; shows two second-order exceptional
surfaces. The two eigenvalues A, and A3 coincide at resonance surface |o-,| = 10y, and exceptional
surface values are 10 and |o-,| = 10y, showing degeneracy in the range of 10y < |o,| < 30y and Oy <
¥32 < ly. The two eigenvalues A; and A, coincide at resonance surface |o,| = 2y and exceptional
surface values are 0 and |o7,| = 2y, showing degeneracy in the range of Oy < |o,| < 2y and Oy <
v32<lv, as illustrated in Figure 6.
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Figure 6. The real and imaginary parts of eigenvalues versus Rabi frequency o, and decay
rate y3,. Other parameters values are, y,; = 0.001y, A; = 0.0001y, A, = 20y, A, = 2y,
lo1| = 0.02y, |os| = 3y, Y1 = n/104, = 2n/2, and ¢, = 7/2.

In Figure 7, plots demonstrate the real part of eigenstate S;(¢), where i = 1,2,3, against Rabi
frequencies o, ,/y and normalized time ¢/7. Figure 7(a) shows the real part of eigenstate against Rabi
frequency o ,/y and time /7. The eigenstate is the function of Rabi frequency o, and time coordinate
t/t. The three eigenstates show degeneracy, which increases along Rabi frequency o,. The three
eigenstates of S ;(¢) coincide at o, = 37, where the exceptional surface values are 0 and o, = 3y. The
three eigenstates of three-level non-Hermitian Hamiltonian show degeneracy in the region enclosed
by the range 3y < |o,| < 5y and Or < [f| < 57. The exceptional surfaces are controlled at Rabi
frequencies oy = 15y, o, = 0.2y, detuning A; = 8y, A, , = Oy, decay rates, y»; 3 = 0.1y, and phases
Y12, = 0. Figure 7(b) shows the real part of the eigenstate against Rabi frequency o,/ and time #/7.
The eigenstate is the function of Rabi frequency o, and time coordinate ¢/7. The exceptional surfaces
are controlled at Rabi frequencies o, = 0.1y, oy = 5y, detuning A, = 0.002y, A, = Oy, decay rates,
Y2132 = 0.001y and phases, ¢1,, = 0. The three eigenstates of S;(r) coincide at o, = 4y, where
the exceptional surface values are O and o, = 4y. The three eigenstates of three-level non-Hermitian
Hamiltonian show degeneracy in region enclosed by the range 3.5y < |0;| < 4y and Ot < |f| < 471. The
same plot for the Doppler-affected eigenstate is shown in Figure 12, while the plot for Zeeman-affected
eigenvalues is shown in Figure 23.

(b)
(@)

Relsiw]

Figure 7. The real part of eigenstate versus Rabi frequency o, and time t/r. Other
parameters values are, (a). o1 = 15y, 0 = 02y, Ay = 8y, Ay, = Oy, ya12 = 0.1y,
l//I,Z,p = O, (b) op = 01’)/, g = 5’)/, A] = 0002’}/, A1,2 = 0’)/, Y2132 = 0001’)/, l/’l,Z,p =0.
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In Figure 8, plots demonstrate the real part of eigenstate S;(¢), where i = 1,2,3, against Rabi
frequency o /7y, detuning A, /7y, and normalized time ¢/7. Figure 8(a) shows the real part of eigenstate
against Rabi frequency o7, /y and time t/7. The eigenstate is the function of Rabi frequency o and
time coordinate /7. The three eigenstates show degeneracy, which decreases along Rabi frequency o
and time coordinate. The three eigenstates of S () coincide at oy = 1y, where the exceptional surface
values are 0 and oy = ly. The three eigenstates of three-level non-Hermitian Hamiltonian show
degeneracy in the region enclosed by the range Oy < |o| < 3y and Ot < || < 471. The exceptional
surfaces are controlled at Rabi frequencies o, = 0.1y, o, = 0.2y, detuning A;,3 = Oy, decay rates,
Y21 = 0.4y, y3, = 0.3y and phases, i, , = 0. Figure 8(b) shows the real part of eigenstate against
the control field detuning A,/y and time #/7. The eigenstate is the function of detuning A, and time
coordinate /7. The exceptional surfaces are controlled at Rabi frequencies o », = 0.01y, detuning
Ay = 0.1y, A, = 2y, decay rates, y,; = 0.8y, y3» = 0.9y and phases, 1, , = 0. The three eigenstates
of §;(¢) coincide at A, = 1y, where the exceptional surface values are 0 and A, = 1y. The three
eigenstates of three-level non-Hermitian Hamiltonian show degeneracy in the range of 1y < |A;| < 4y,
which decrease along the time coordinate #/7. The same plot for the Doppler-affected eigenstate is
shown in Figure 13, while the plot for Zeeman-affected eigenstate is shown in Figure 24.

(a) (b)

Reflsi®]

Figure 8. The real part of the eigenstate versus Rabi frequency o, detuning A,/ and time
t/7. Other parameter values are (a) oy = 15y, 0o = 0.2y, A = 8y, Ay, = 0y, ¥2132 = 0.1y,
lﬂl’z’p = O, (b) O'p = Ol‘y, g = 5’)/, Al = 0002’)/, Al’z = O’)/, Y2132 = 0001’)/, lﬂl’z’p =0.

3.2. In the presence of the Doppler shift

In this section, plots are displayed for the real and imaginary parts of eigenvalues and the real part of
eigenstates versus Rabi frequency o, ,, detuning A, ,, decay rate y3,, and phases ¥ , in the presence
of the Doppler effect.

Figure 9 shows the plots of the real and imaginary parts of the Doppler-affected eigenvalues of 4;,
where i = 1,2, 3, versus the mod of Rabi frequency |o|/y and probe field detuning A, /vy, Figure 3
shows the same plot without any shifts. The imaginary parts of three eigenvalues of non-Hermitian
Hamiltonian coincide at the resonance surface |0;| = 2.4y, which is a second-order exceptional surface
of non-Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface values are 1
and |o,| = 2.4y. The two eigenvalues A; and A3 show degeneracy in the range of 1y < |0;| < 2.4y and
—10y < A, < 10y. The imaginary part of three eigenvalues coincides at exceptional surface values of 0
and |o,| = 1y and shows degeneracy in the range of Oy < |o5| < Iyand —10y < A, < 10y, as illustrated
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in Figure 9. The real part of A; shows one third-order exceptional surface. The three eigenvalues A;
coincide at resonance surface |0;| = 17y, and exceptional surface values are 0 and |o,| = 17y, showing
degeneracy in the range of 17y < |o»| < 20y and —10y < A, < 10y, as illustrated in Figure 9.

99 10

Figure 9. The real and imaginary parts of eigenvalues versus Rabi frequency o7, and detuning
A,. Other parameter values are y,; = 0.89y, y3 = 0.98y, A = =0.5y, Ay = 0.5y, |o,| = 2y,
loil = 0.5y, ¥, =21, ¢y =7, ¥ = /2.

Figure 10 shows the plots for real and imaginary parts of Doppler-affected eigenvalues of A;, where
i =1,2,3, versus the mod of Rabi frequency |o|/y and phase angle y,,. Figure 4 shows the same plot
without any shift. The imaginary parts of three eigenvalues of a non-Hermitian Hamiltonian show two
second-order exceptional surfaces. The two eigenvalues A; and A3 coincide at the resonance surface
lory| = 3.8y, and exceptional surface values are 1 and |o| = 3.8y, showing degeneracy in the range
of 0 < ¢, < 2m. The two eigenvalues 4; and A, coincide at resonance surface |o;| = 5y, and exceptional
surface values are 0 and |o{| = 5y showing degeneracy in the range of 4y < |oj| < 5y and 0 < ¢, < 2m,
as illustrated in Figure 10. The real part of A; shows two second-order exceptional surfaces. The two
eigenvalues A, and A3 coincide at resonance surface |o7;| = 4y, and exceptional surface values are 0 and
loi| = 4y, showing degeneracy in the range of 0 <, < 2. The two eigenvalues A; and A3 coincide
at resonance surface |o;| = 2.2y, and exceptional surface values are —20 and |o-y| = 2.2y, showing
degeneracy in the range of Oy < |oy| < 2.2y and 0 < ¢, < 2, as illustrated in Figure 10.

Figure 10. The real and imaginary parts of eigenvalues versus Rabi frequency o; and phase
p. Other parameter values are y>; = 0.09y, y3, = 0.08y, A; = =20y, A, = 20y,A; = =20y,
loa| = 0.1y, lop| = 0.1y, Yy = 7/2, Y, = 0.47.
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Figure 11 shows the plots for the real and imaginary parts of Doppler-effected eigenvalues of A;,
where i = 1,2, 3, versus the mod of Rabi frequency |o-,|/y and decay rate ;. Figure 5 shows the same
plot without any shift. The imaginary part shows one third-order and one second-order exceptional
surface. The imaginary part of three eigenvalues of a non-Hermitian Hamiltonian coincides at the
resonance surface |o-,| = 16y. This is a third-order exceptional surface of a non-Hermitian Hamiltonian
in a three-level atomic medium, and the exceptional surface values are 0 and |o,| = 16y. The three
eigenvalues show degeneracy in the range of Oy < |o,| < 16y and 0 < y,,;<2. The two eigenvalues 4,
and A3 coincide at resonance surface |o7,| = 21y, and exceptional surface values are 4 and |o-,| = 21y,
showing degeneracy in the range of 16y < |o,| < 21v, as illustrated in Figure 11. The real part of A;
shows six second-order exceptional surfaces. The two eigenvalues A, and A3 coincide at four resonance
surfaces: |o7,| = 5y, lop| = 11y, |op| = 16y, and |o,| = 267, and exceptional surface values are 6 and
loy| = 5y and 3 and |o7,| = 11y and 2 and |o,| = 16y, and others are —5 and |o-,| = 267y, which show
degeneracy in the range of 26y < |o,| < 30y and 0 < y,; < 2. The two eigenvalues A; and A3 coincides
at resonance surface |o,| = 21y, and exceptional surface values are —2 and |o,| = 217y. The other two
eigenvalues A; and A, coincide at resonance surface |o,| = 23y and exceptional surface values are —4
and |op| = 23y, as illustrated in Figure 11.

2.0

Figure 11. The real and imaginary parts of eigenvalues versus Rabi frequency o, and decay
rate y,;. Other parameter values are y,; = 0.89y, y3 = 098y, A; = 0.5y, A, = 0.5y,
lopl = 2y, lo1] = 0.5y, ¥, = 27, 4y = m, ¥y = 7/2.

Figure 12 shows the plots for the Doppler-affected real part of eigenstate S (), where i = 1,2, 3,
against Rabi frequency of probe and control fields o, ,/y and normalized time ¢/7, where as the same
plot without any shift is shwon in Figure 7. Figure 12(a) is plotted for the real part of the eigenstate
against Rabi frequency o,/y and time t/7. The eigenstate is the function of Rabi frequency of probe
field o, and time coordinate #/7. The three eigenstates of S,(f) coincide at o, = 37y, where the
exceptional surface values are 0 and o, = 3y. The eigenstate one and eigenstate three coincide at
resonance point o, = Oy, where the exceptional surface values are 0 and o, = Oy, while the other
two eigenstates, one and two coincide at resonance point o, = 0.5y, where the exceptional surface
values are —5 and o, = 0.5y. The exceptional surfaces are controlled at Rabi frequencies oy = 15y,
o, = 0.2y, detuning A, 3 = Oy, A; = 8y, decay rates, y»; 3 = 0.1y and phases, ¢, , = 0. Figure 12(b)
shows the real part of the eigenstate against control field detuning o, /y and time ¢/7. The eigenstate is
the function of Rabi frequency of probe field 0, /y and time coordinate ¢/7. The exceptional surfaces
are controlled at Rabi frequencies o = 5y, 0, = 0.1y, detuning A, = Oy, A, = 0.002y, decay rates,
Y2132 = 0.001y and phases, ¢1,, = 0. The three eigenstates of §;(f) coincide at multiple points and
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show multiple exceptional surfaces and maximum degeneracy.
(@)

Relsit)]

Figure 12. The real part of eigenstate versus Rabi frequency o, and time t/7. Other
parameter values are (a) oy = 15y, 05 = 0.2y, Ay =8y, Ay, = Oy, v2130 = 0.1y, Y15, =0,
(b) o, = 0.1y, 01 =5y, Ay =0.002y, A5 = 0y, y213 = 0.001y, 15, = 0.

Figure 13 shows the Doppler-affected real part of the eigenstate S,(z), where i = 1,2, 3, against
Rabi frequency o/, detuning A,/y and normalized time #/7, where as the same plot without any
shifts is shown in Figure 8. Figure 13(a) shows the real part of the eigenstate against Rabi frequency
o1/y and time t/7. The eigenstate is the function of Rabi frequency o and time coordinate #/7. The
three eigenstates show degeneracy, which decreases along Rabi frequency o, and time coordinate.
The three eigenstates of S;(f) coincide at o; = 1y where the exceptional surface values are 0 and
o1 = ly. The three eigenstates of three-level non-Hermitian Hamiltonian show degeneracy in the
region enclosed by the range Oy < |o7;| < 3y and Ot < [f| < 47. The exceptional surfaces are controlled
at Rabi frequencies o, = 0.1y, o, = 0.2y, detuning A;,3 = Oy, decay rates, y»; = 0.4y, y3» = 0.3y
and phases, ¢;,, = 0. Figure 13(b) shows the real part of the eigenstate against the control field
detuning A, /v and time #/7. The eigenstate is the function of detuning A, and time coordinate #/7. The
exceptional surfaces are controlled at Rabi frequencies o, = 0.01y, detuning A; = 0.1y, A, = 2y,
decay rates, y2; = 0.8y, y3» = 0.9y and phases, ¢,, = 0. The three eigenstates of S;(¢) coincide at
A, = 1y, where the exceptional surface values are O and A, = 1y. The three eigenstates of three-level
non-Hermitian Hamiltonian show degeneracy in the range of 1y < |A;| < 4y, which decrease along
time coordinate #/7.

(a)

Re[Si(t)]

Figure 13. The real part of eigenstate versus Rabi frequency oy, detuning A, /v and time #/7.
Other parameter values are (a). oy = 15y, 0o = 0.2y, Ay = 8y, Ay, = Oy, y213 = 0.1y,
l//1727p = O, (b) op = 01’)/, g1 = 5’)/, Al = 0002’}/, Al,l = O)/, Y2132 = 0001’)/, l/’l,Z,p =0.

AIMS Mathematics Volume 10, Issue 7, 15165-15192.



15179

3.3. Smaller and larger Doppler width Vp

For comparison, consider the plot for the real and imaginary parts of eigenvalues of A;, where
i=1, 2, 3, versus the mod of Rabi frequency |o,|/y and decay rate v,,, at a smaller value of Doppler
width, at a larger value of Doppler width, and in the absence of the Doppler-affect. The latter is
illustrated in Figure 5, whereas the other two cases are discussed here.

Figure 14 shows the imaginary parts of eigenvalues of A;, where i = 1, 2, 3, versus the mod of Rabi
frequency |o,|/y and decay rate y,; at larger and smaller Doppler width V. The imaginary parts of
three eigenvalues of a non-Hermitian Hamiltonian are studied at a smaller Doppler width V,=0.1vy. The
imaginary part shows one third-order and two second-order exceptional surfaces. The three eigenvalues
coincide at the resonance surface |op| = 13y. This is a third-order exceptional surface of a non-
Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface values are 0 and
lo,| = 13y. The three eigenvalues show degeneracy in the range of Oy < |o,| < 13y and 0 < y,; < 2.
The two eigenvalues A, and A3 coincide at resonance surface |o-,| = 18y, and exceptional surface values
are 4 and |o,| = 18y. The other two eigenvalues A, and A, coincide at resonance surface |o,| = 20y,
and exceptional surface values are —3 and |o7,| = 20y, shown in Figure 14. Again, the imaginary parts
of three eigenvalues of a non-Hermitian Hamiltonian are studied at a larger Doppler width V, = 11y.
The imaginary part shows one third-order exceptional surface. The three eigenvalues coincide at the
resonance surface |o,| = 17y. This is a third-order exceptional surface of a non-Hermitian Hamiltonian
in a three-level atomic medium, and the exceptional surface values are 0 and |o,| = 17y. The three
eigenvalues show degeneracy in the range of Oy < || < 17y and 0 < 5, < 2, as shown in Figure 14.
Here, the overall results show that the degeneracy increases in the imaginary part of eigenvalues with
an increase in Doppler width V.

@ l/D§0, 7

Figure 14. The imaginary part of eigenvalues versus Rabi frequency o, and decay rate y»;.
Other parameter values are y3 = 0.1y, A; = =2.5y, Ay = =4.5y, A, = =1.5y, || = 12y,
loa| = 15y, Y1 =7/2, ¢ =7, 2 = 7.

Figure 15 shows the real parts of eigenvalues of A;, where i = 1,2,3 versus the mod of Rabi
frequency |op|/y and decay rate y,; at larger and smaller Doppler width V. The real parts of three
eigenvalues of a non-Hermitian Hamiltonian are studied at a smaller Doppler width V, = 0.1y. The
real part of A; shows five second-order exceptional surfaces. The two eigenvalues A, and A3 coincide
at three resonance surfaces, |o,| = 4y, |o,| = 10y, and |o7,| = 21y, and exceptional surface values
are 6 and |o,| = 4y and 3 and |op,| = 10y, and others are -5 and |o,| = 21y, which show degeneracy
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in the range of 21y < |op| < 30y and 0 < y,; < 2. The two eigenvalues 4; and A3 coincide at
resonance surface |o-,| = 19y, and exceptional surface values are 2 and |o-,| = 19y. The other two
eigenvalues 4; and A, coincide at the resonance surface |o-,| = 17y, and exceptional surface values
are =5 and |op| = 17y, as shown in Figure 15. Again, the real parts of three eigenvalues of a non-
Hermitian Hamiltonian are studied at a larger Doppler width V), = 11y. The real part of A; shows six
second-order exceptional surfaces. The two eigenvalues A, and A3 coincide at four resonance surfaces
lopl = 5y, lop| = 11y, |o,| = 16y, and |o,| = 237, and exceptional surface values are 6 and |o-,| = 5y, 3
and |o,| = 11y, and 2 and |op,| = 16y, and others are -5 and |o-y| = 24y, which show degeneracy in
the range of 24y < |o,| < 30y and 0 < y,; < 2. The two eigenvalues A; and A3 coincide at resonance
surface |o-,| = 207, and exceptional surface values are —2 and |o-,| = 20y. The other two eigenvalues 4,
and A, coincide at resonance surface |o,| = 23y, and exceptional surface values are —1 and |o,| = 23y,
as shown in Figure 15. Here, the overall results show that the degeneracy decreases in the real parts of
eigenvalues with an increase in Doppler width V.

Figure 15. The real part of eigenvalues versus Rabi frequency o, and decay rate y,;. Other
parameter values are y,; = 0.9y, y3, = 0.08y, A = =20y, A, = =20y, A, = 18y, |o,| = 0.1y,
lo| = 0.1y, ¢y =7/2, ¢, = 041, Vp = 11y.

3.4. Plots against Doppler width Vp

Figure 16 displays the plots for the real and imaginary parts of eigenvalues of A;, where i = 1, 2, 3,
versus Doppler width V. The imaginary parts show three second-order exceptional points. The two
eigenvalues A; and A3 coincide at resonance point V, = Oy, and the exceptional point values are 0.4
and Vp = Oy. The other two eigenvalues A4; and A, coincide at resonance point V, = 7y, which show
degeneracy in the range of 7y < Vp < 40y, and exceptional point values are 0.1 and V, = 7y. The
other two eigenvalues A, and A3 coincide at resonance point V), = Oy, and exceptional point values
are 0 and Vp = Oy. The imaginary part of three eigenvalues shows that degeneracy increases with
increasing Doppler width, as illustrated in Figure 16. The real parts of three eigenvalues of a non-
Hermitian Hamiltonian coincide at the resonance point V), = Oy; this is a third-order exceptional point
of a non-Hermitian Hamiltonian in a three-level atomic medium, and the exceptional point values are 0
and Vp = Oy. The three eigenvalues show degeneracy in the range of Oy < Vp < 3y. The real part
of three eigenvalues shows that degeneracy decreases with increasing Doppler width, as illustrated in
Figure 16.
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Figure 16. The real and imaginary parts of eigenvalues versus Doppler width V,. Other
parameter values are y,; = 0.5y, y3» = 0.5y, Ay = =0.15y, A, = -0.005y, A, = -0.15y
lo1| = 0.015y, |o| = 0.015y, |op| = 0.015y, ¥, =, ¢y = m, ¥ = 7.

Figure 17 shows the plots for the real and imaginary parts of eigenvalues of A;, where i =1, 2, 3,
versus Doppler width Vj,. The imaginary parts show one second-order and one third-order exceptional
point. The imaginary parts of three eigenvalues of a non-Hermitian Hamiltonian coincide at the
resonance point Vp = Oy; this is a third-order exceptional point of a non-Hermitian Hamiltonian in a
three-level atomic medium, and the exceptional point values are O and V), = Oy. The two eigenvalues A,
and A3 coincide at resonance point V, = 18y, which show degeneracy in the range of 18y < Vj, < 40y,
and exceptional point values are 1.7 and V, = 18y. The imaginary part of three eigenvalues shows
that degeneracy increases with increasing Doppler width, as illustrated in Figure 17. The real parts
show two second-order exceptional points. The two eigenvalues A, and A3 coincide at resonance point
Vb = Oy, and exceptional point values are 0 and V|, = Oy. The other two eigenvalues A; and A3 coincide
at resonance point V = 6y, which show degeneracy in the range of Oy < V), < 6y, and exceptional
point values are —3 and V) = 6y. The real part of three eigenvalues shows that degeneracy decreases
with increasing Doppler width, as illustrated in Figure 17.
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Figure 17. The real and imaginary parts of eigenvalues versus Doppler width V,. Other
parameter values are yy; = 2y, vz = 2y, Ay = =215y, A, = -2.5y, A, = -0.0015y

lor1] = 1.0015y, |05 = 0.00015y, o] = 1.015y, ¢, = 71/2, ¥y = 27, = 7/2.

Figure 18 shows the plots for the real and imaginary parts of eigenvalues of A;, where i = 1, 2, 3,
versus Doppler width V. The imaginary parts of three eigenvalues of a non-Hermitian Hamiltonian
coincide at the resonance surface V, = Oy; this is a third-order exceptional point of a non-Hermitian
Hamiltonian in a three-level atomic medium, and the exceptional point values are 0 and V), = Oy. The
imaginary part of three eigenvalues shows that degeneracy decreases with increasing Doppler width, as
illustrated in Figure 18. The real parts of three eigenvalues of a non-Hermitian Hamiltonian coincide at
the resonance point V, = 15y; this is a third-order exceptional point of a non-Hermitian Hamiltonian
in a three-level atomic medium, and the exceptional point values are 0 and V), = 15y. The three
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eigenvalues show degeneracy in the range of Oy < V), < 15y. The real part of three eigenvalues shows
that degeneracy decreases with increasing Doppler width, as illustrated in Figure 18.
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Figure 18. The real and imaginary parts of eigenvalues versus Doppler width V,. Other
parameter values are y,; = 2y, y3» = 2y, Ay = 0.1y, A, = 0.2y, A, = =82y |oy| = 10.5v,
loa| = 9.1y, |opl = 2.1y, ¥, = 7/2, Y1 = 2n/4, Yy = 21 /4.

3.5. In the Presence of the Zeeman shift

In this section, plots are displayed for the real and imaginary parts of eigenvalues versus Rabi
frequency o, p,, detuning A; ,, decay rate y3,, and phases i , in the presence of the Zeeman effect.
The Zeeman width is taken as W, = 20y.

Figure 19 shows the plots for the real and imaginary parts of eigenvalues of A;, where i = 1,2, 3,
versus Rabi frequency |o|/y and probe field detuning A, /y, whereas the same plot without any shift
is shown in Figure 3. The imaginary parts of three eigenvalues of a non-Hermitian Hamiltonian show
one third-order and one second-order exceptional surface. The two eigenvalues 4; and A, coincide at
resonance surface |o,| = 1y, and exceptional surface values are 0 and |0,| = 1y, showing degeneracy
in the range of Oy < |o»| < 1y and —10y < A, < 10y. The imaginary parts of three eigenvalues
coincide at the resonance surface |0,| = Oy; this is a third-order exceptional surface of a non-Hermitian
Hamiltonian in a three-level atomic medium, and the exceptional surface values are 0 and |0,|=0y. The
three eigenvalues show degeneracy in the range of —10y < A, < 10y, as illustrated in Figure 19. The
real part of A; shows one third-order and three second-order exceptional surfaces. The three eigenvalues
A; coincide at resonance surface |0,| = 7.5y, and exceptional surface values are 0 and |o| = 7.5y,
showing degeneracy in the range of 7.5y < |o,| < 20y and —10y < A, < 10y. The two eigenvalues
A, and A3 coincide at resonance surface |o;| = 6y, and exceptional surface values are 0 and |o;| = 6y,
showing degeneracy in the range of 6y < |o»| < 7.5y and —10y < A, < 10y. The two eigenvalues 4,
and A5 coincide at resonant point |o;| = 1.5y, and exceptional surface values are 0.001 and |o,| = 1.5y
and show degeneracy in the range of =10y < A, < 10y. The two eigenvalues A; and A, coincide
at resonant point |o;| = 0.5y, and exceptional surface values are —0.002 and |o,| = 0.5y, showing
degeneracy in the range of =10y < A, < 10y, as illustrated in Figure 19.

Figure 20 shows he plots for the real and imaginary parts of eigenvalues of A;, where i = 1,2,3,
versus Rabi frequency |o|/y and phase angle ¢,, whereas the same plot without any shift is
demonstrated in Figure 4. The imaginary parts of three eigenvalues of a non-Hermitian Hamiltonian
coincide at the resonance surface |o-|| = 9y. This is a third-order exceptional surface of a non-Hermitian
Hamiltonian in a three-leve atomic medium, and the exceptional surface values are O and |o| = 9y.
The three eigenvalues show degeneracy in the range of Oy < |o7j| < 9y and 0 < ¢, < 2n, as illustrated
in Figure 20. The real part of A; shows four second-order exceptional surfaces. The two eigenvalues
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Ay and A3 coincide at resonance surface |o| = 137y, and exceptional surface values are —0.10 and
lo| = 13y, showing degeneracy in the range of 13y < |oy| < 20y and 0 < ¢, < 2n. The two
eigenvalues A, and A3 coincide at resonance surface o] = 9.5y, and exceptional surface values are
—0.025 and |oy| = 9.5y, showing degeneracy in the range of 0 < , < 2n. The two eigenvalues
A, and A; coincide at resonance surface |oy| = 3.9y, and exceptional surface values are —0.025 and
lo1| = 3.9y, showing degeneracy in the range of 0 < ¢, < 2x. The two eigenvalues A; and A3 coincide
at resonance surface |o;| = 2.9y, and exceptional surface values are —0.045 and |o7;| = 2.9y, showing
degeneracy in the range of Oy < |o| £ 2.9y and 0 < ¢, < 2, as illustrated in Figure 20.

o0 10

Figure 19. The real and imaginary parts of eigenvalues versus Rabi frequency o, and
detuning A,. Other parameter values are y>; = 0.89y, y3, = 0.98y, A} = -0.5y, A, = 0.5y,
lopl = 2y, o] = 0.5y, ¢, = 2m, ¢y = 7, ¢, = /2.

Figure 20. The real and imaginary parts of eigenvalues versus Rabi frequency o, and phase
Y. Other parameter values are y,; = 0.9y, y3, = 0.08y, A} = =20y, A, = =20y A, = 18y,
lopl = 0.1y, o2 = 0.1y, ¢y = 0.5, Yo = 0.4n7.

Figure 21 shows the plots for the real and imaginary parts of eigenvalues of A;, where i = 1,2,3,
versus Rabi frequency |o,|/y and decay rate y3,/y. The imaginary parts of three eigenvalues of non-
Hermitian Hamiltonian coincide at the resonance surface |o,| = 10y; this is a third-order exceptional
surface of non-Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface
values are 0 and |o,| = 10y. The three eigenvalues show degeneracy in the range of Oy < |o,|<10y
and Oy < y3, < lvy, as illustrated in Figure 21. The real part of A; shows two second-order exceptional
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surfaces. The two eigenvalues A, and A3 coincide at resonance surface |o,| = 10y, and exceptional
surface values are 10 and |o,| = 10y, showing degeneracy in the range of 10y < |o,| < 30y and Oy <
¥32 < ly. The two eigenvalues 4; and A, coincide at resonance surface |o,| = 2y, and exceptional
surface values are 0 and |o,| = 2y, showing degeneracy in the range of Oy < |o,| < 2y and Oy <
v32<1y. In this case, the Zeeman shift does not change the exceptional surface value or degeneracy but
changes the shape of eigenvalues, as illustrated in Figure 21.
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Re(i) 0.02
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Figure 21. The real and imaginary parts of eigenvalues versus Rabi frequency o, and decay
rate y3. Other parameter values are y,; = 0.001y, A; = 0.0001y, A, = 20y, A, = 2y,
loi| = 0.02y, |oa| = 3y, ¥y = n/104, = 21/2, 4, = /2.

Figure 22 shows the plots for the real and imaginary parts of eigenvalues of A;, where i = 1,2, 3,
versus controlled field detuning A; and phase angle ;. The imaginary parts of three eigenvalues
show two second-order exceptional surfaces. The two eigenvalues A, and A3 coincide at the resonance
surface A; = Oy and exceptional surface values are 0.0025 and A; = Oy, showing degeneracy in the
range of 0 < y; < 2x. The other two eigenvalues A, and A, coincide at the resonance surface A; = 0.7y,
and exceptional surface values are 0 and A; = 0.7y, showing degeneracy in the range of 0<y; < 2n
as illustrated in Figure 22. The real part of A; shows two second-order exceptional surfaces. The two
eigenvalues A, and A3 coincide at resonance surface A; = 1.5y, and exceptional surface values are 0.02
and A; = 1.5y, showing degeneracy in the range of 1.5y < A; < 10y and 0 < ¢; < 27. The other
two eigenvalues A; and A, coincide at resonance surface A; = —1.5y, and exceptional surface values
are 0 and A; = —1.5y, showing degeneracy in the range of —1.5y < A; < -10y and 0 < ¢, < 27, as
illustrated in Figure 22.

0.02
Re(M) 0,00

10 10 0
Figure 22. The real and imaginary parts of eigenvalues versus Rabi frequency A; and phase
1. Other parameter values are y,; = 0.3y, y3» = 0.6y, A, = 10y,A; = 15y, |o1] = 1y,
lopl = 6.5y, lo2| = 0.05y, ¥, = 7/2, Yo = 7/2.
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Figure 23 shows the plots for the Zeeman-affected real part of eigenstate S;(¢), where i = 1,2, 3,
against Rabi frequency of probe and control fields o, ,/y and normalized time #/7, whereas the same
plot without any shift is shown in Figure 7. Figure 23(a) plots the real part of eigenstate against Rabi
frequency o,/y and time /7. The eigenstate is the function of Rabi frequency of probe field o,
and time coordinate #/7. The three eigenstates of §;(f) coincide at two resonance points o, = 1.2y,
and o, = 2.1y where the exceptional surface values are 0 and o, = 1.2y and the others are 0 and
o, = 2.1y. The eigenstate S ;(¢) and eigenstate S 3(¢) coincide at resonance point o, = 3.2y, where the
exceptional surface values are 0 and o, = 3.2y, while eigenstate S (7) and eigenstate S,(7) coincide at
resonance point o, = 4y, where the exceptional surface values are 0 and o, = 4y. The exceptional
surfaces are controlled at Rabi frequencies oy = 15y, o, = 0.2y, detuning A3 = Oy, A; = 8y, decay
rates, ¥2132 = 0.1y and phases, 15, = 0. Figure 23(b) shows the real part of eigenstate against
Rabi frequency of control field o, /y and time #/7. The eigenstate is the function of Rabi frequency
of control field o, /y and time coordinate #/7. The eigenstates of S;(f) coincide at seven resonance
points 0, = 0.9y, 0 = 1.1y, 0 = 1.9y, 0 = 2.2y, 0, = 3.1y, 0, = 3.3y, and 0, = 3.9y and show
seven second-order exceptional surfaces. The exceptional surfaces are controlled at Rabi frequencies
o1 = 5y, 0, = 0.1y, detuning A, = Oy, A, = 0.002y, decay rates, ;3 = 0.001y and phases,
Y12, =0.

(a) (b)

Figure 23. The real part of eigenstate versus Rabi frequency o,, and time ¢/7. Other
parameter values are (a) oy = 15y, 05 = 0.2y, Ay = 8y, Ay, = Oy, v2130 = 0.1y, Y12, = 0
(b) Op = 0.1y, oy = 5y, A; =0.002y, A2 = Oy, y2132 = 0.001y, Yipp = 0.

Figure 24 presents the plots for the Zeeman-affected real part of eigenstate S;(¢), where i = 1,2, 3,
against Rabi frequency o /7y, detuning A,/y, and normalized time /7, whereas the same plot without
any shifts is shown in Figure 8. Figure 24(a) shows the real part of eigenstate against Rabi frequency
o1/y and time t/7. The eigenstate is the function of Rabi frequency o and time coordinate #/7. The
two eigenstates of S,(¢) and S 3(¢) coincide at oy = 0.2y, where the exceptional surface values are 0 and
o1 = 0.2y. The exceptional surface are controlled at Rabi frequencies o, = 0.1y, 0> = 0.2y, detuning
A3 = Oy, decay rates, v, = 0.4y, y3» = 0.3y and phases, ¢;,, = 0. Figure 24(b) shows the real
part of the eigenstate against control field detuning A,/y and time ¢/7. The eigenstate is the function
of detuning A, and time coordinate #/7. The exceptional surfaces are controlled at Rabi frequencies
o12p = 0.0ly, detuning Ay = 0.1y, A, = 2y, decay rates, y»; = 0.8y, y3» = 0.9y and phases,
Y12, = 0. The three eigenstates of §;(#) coincide at A, = 0.3y where the exceptional surface values
are 0 and A, = 0.3y. The three eigenstates of three-level non-Hermitian Hamiltonian show degeneracy
in the range of 0.3y < |A;| < 1y, which decrease along the time coordinate #/7.
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Figure 24. The real part of eigenstate versus Rabi frequency o, detuning A, /y and time ¢/7.
Other parameter values are (a). oy = 15y, o = 0.2y, Ay = 8y, Ay, = Oy, y2130 = 0.1y,
lﬁl’z’p = O, (b) O'p = 01’)/, g = 5’)/, Al = 0002’)’, Al’z = 0’)/, Y2132 = 0001’)/, lﬁl’z’p =0.

3.6. Smaller and larger Zeeman width W,

For comparison, consider the plot for the real and imaginary parts of eigenvalues of A;, where
i = 1,2,3, versus the mod of Rabi frequency |o7;|/y and Phase i, at a smaller value of Zeeman width,
at a larger value of Zeeman width, and in absence of Zeeman effect. The latter is shwon in Figure 4,
whereas the other two cases are discussed here.

Figure 25 shows the plots for the imaginary parts of eigenvalues of A;, where i = 1,2, 3, verses
the mod of Rabi frequency |o|/y and phase angle ¢, at larger and smaller Zeeman width W..
The imaginary parts of three eigenvalues of a non-Hermitian Hamiltonian are studied at a smaller
Zeeman width W, = 0.1y. The imaginary parts of three eigenvalues coincide at the resonance surface
|oy| = 5y. This is a third-order exceptional surface of a non-Hermitian Hamiltonian in a three-level
atomic medium, and the exceptional surface values are O and |o;| = 5y. The three eigenvalues
show degeneracy in the range of Oy < |oq| < Sy and 0 < ¢, < 2, as viewed in Figure 25(a).
Again, the imaginary parts of three eigenvalues of a non-Hermitian Hamiltonian are studied at a larger
Zeeman width, W, = 10y. The imaginary parts of three eigenvalues coincide at the resonance surface
o] = 9y. This is a third-order exceptional surface of a non-Hermitian Hamiltonian in a three-level
atomic medium, and the exceptional surface values are 0 and |o7;| = 9y. The three eigenvalues show
degeneracy in the range of Oy < |oy] < 9y and 0 < ¢, < 2, as viewed in Figure 25(b). Here, the
overall results show that the degeneracy increases in the imaginary part of eigenvalues with an increase
in Zeeman width W,.

o
Figure 25. The imaginary part of eigenvalues versus Rabi frequency o-; and phase i,,. Other

parameter values are y»; = 0.9y, y3, = 0.08y, A = =20y, Ay = =20y,A, = 18y, |op| = 0.1y,
loa| = 0.1y, ¥y = /2, ¥, = 0.47.
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Figure 26 shows the plots for the real parts of eigenvalues of A;, where i = 1, 2, 3, versus the mod of
Rabi frequency ||/ and phase angle ¢, at larger and smaller Zeeman width W,. The real part of three
eigenvalues A; of a non-Hermitian Hamiltonian is studied at a smaller Zeeman width W, = 0.1y. The
real part of eigenvalues shows three second-order exceptional surfaces. The two eigenvalues A, and A3
coincide at resonance surface |o;| = 16y, and exceptional surface values are —1000 and |o| = 16y,
showing degeneracy in the range of 16y < |oj| < 20y and 0 < ¢, < 2n. The two eigenvalues A, and
A; coincide at resonance surface |o| = 3.9y and exceptional surface values are —1000 and |o-;| = 3.9y,
showing degeneracy in the range of 0 < ¢, < 2. The two eigenvalues A, and A3 coincide at resonance
surface |o7;| = 2.9y, and exceptional surface values are —2000 and |o7| = 2.9y, showing degeneracy in
the range of Oy < |oy| < 2.9y and 0 < ¢, < 2n, as illustrated in Figure 26(a). Now, the real part of three
eigenvalues A; of a non-Hermitian Hamiltonian is studied at a larger Zeeman width W, = 10y. The
real part of A; shows four second-order exceptional surfaces.The two eigenvalues A, and A3 coincide
at resonance surface |oy| = 137y, and exceptional surface values are —0.10 and |o| = 13y, showing
degeneracy in the range of 13y < |o| < 20y and 0 < ¢, < 2x. The two eigenvalues A, and A3 coincide
at resonance surface |o;| = 9.5y, and exceptional surface values are —0.10 and |o-;| = 9.5y, showing
degeneracy in the range of 9.5y < |o7i| < 20y and 0 < ¢, < 2m. The two eigenvalues A, and A3 coincide
at resonance surface |o;| = 3.9y, and exceptional surface values are —0.10 and |o-;| = 3.9y, showing
degeneracy in the range of 0 < i, < 2x. The two eigenvalues A, and A3 coincide at resonance surface
lor1| = 2.9y, and exceptional surface values are —0.20 and |o7;| = 2.9y, showing degeneracy in the range
of Oy < |oy| £2.9y and 0 < ¢, < 2, as illustrated in Figure 26(b). The overall results shows that the
degeneracy increases with increasing Zeeman width in the real part of eigenvalues.

Figure 26. The real part of eigenvalues versus Rabi frequency o; and phase y,. Other
parameter values are y»; = 0.9y, y3» = 0.08y, A; = =20y, A, = =20y, A, = 18y, || = 0.1y,
loa| = 0.1y, ¥y =n/2, ¥, = 0.4n.

3.7. Plots against Zeeman width W,

Figure 27 displays the real and imaginary parts of eigenvalues of A;, where i = 1,2,3, versus
controlled field detuning A; and Zeeman width W. The imaginary parts of three eigenvalues of non-
Hermitian Hamiltonian coincide at the resonance surface W, = 10vy; this is a third-order exceptional
surface of non-Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface
values are 0 and W, = 10y. The three eigenvalues show degeneracy in the range of 10y < W, < 20y
and —10y < A, < 10y. The imaginary part of three eigenvalues shows that degeneracy is increases

AIMS Mathematics Volume 10, Issue 7, 15165-15192.



15188

with increasing Zeeman width, as illustrated in Figure 27. The real parts of three eigenvalues of a non-
Hermitian Hamiltonian coincide at the resonance surface W; = 10vy; this is a third-order exceptional
surface of a non-Hermitian Hamiltonian in a three-level atomic medium, and the exceptional surface
values are 0 and W; = 10y. The three eigenvalues show degeneracy in the range of 10y < W; < 20y
and —10y < A, < 10y. The real part of three eigenvalues shows that degeneracy is increasing with
increasing Zeeman width, as illustrated in Figure 27.

Figure 27. The real and imaginary parts of eigenvalues versus detuning ¢, and Zeeman width
W,. Other parameter values are y,; = 0.98y, y3, = 0.98y, A; = 0.05y, A, = 0.05y, |oy| = 4y,
loa| = Ty, lopl = 0.1y, ¥, = 21/2, ¢y = 7, ¢y = /2.

4. Conclusions

The exceptional surface of a Doppler- and Zeeman-affected non-Hermitian Hamiltonian in a three-
level atomic medium is investigated in this manuscript. The eigenvalues and eigenstates of a non-
Hermitian Hamiltonian are calculated by using the secular equations |H — Al| = 0, and |[H — Al|lv = 0
respectively. The interception of eigenstates and real and imaginary parts of eigenvalues is related to
exceptional surfaces. Multiple exceptional surfaces of the second and third orders of non-Hermitian
Hamiltonian are reported by real and imaginary parts of the eigenvalues. The exceptional surfaces and
degeneracy regions are studied with variations in detuning, control and probe field Rabi frequencies,
decay rate, and phases in the absence and presence of the Zeeman effect. The exceptional surfaces
are reported to shift with Zeeman and Doppler shifts. The degeneracy increases with an increase
in the Zeeman effect. With increase in Doppler width, degeneracy also increases in real part of
eigenvalues but decreases in their imaginary part. The maximum range of degeneracy of Zeeman-
affected exceptional surfaces is investigated with decay rates and Rabi frequencies of coupled driving
fields; Doppler-affected exceptional surfaces are investigated with detuning and Rabi frequencies. The
degeneracy of the exceptional surface remains in the range of Oy < |o,| < 1.9y and -10y < A, < 10y
on the imaginary part and 5y < |o»| < 20y and —10y < A, < 10y on the real part of eigenvalues
in the absence of any shifts. In the presence of Doppler or Zeeman shift, exceptional surfaces shift
and changes occur in degeneracy. The modified results of exceptional surfaces are useful for hybrid
quantum systems, tactile sensors, artificial intelligence, entanglement physics, optical gyroscopes,
thermal mappings, and optics.
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