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Abstract: The use of competing risk frameworks for the analysis of reliability/survival data has gained
popularity in recent years, primarily because traditional techniques are inadequate for effectively
analyzing such data. In this study, we examined the independent competing risks model with lifetimes
of units distributed according to the Nadarajah–Haghighi distribution. Our focus was on estimating
the unknown parameters, as well as the reliability and failure rate functions, using both frequentist and
Bayesian estimation methods under an improved adaptive progressive Type-II censoring mechanism.
The frequentist estimation involved deriving point estimators and approximate confidence intervals
using the asymptotic properties of classical estimators. Bayes estimators were obtained through
symmetric squared loss and the Metropolis-Hastings algorithm, which generated samples from the joint
posterior distribution. Additionally, the highest posterior density credible intervals were calculated.
Given the complex nature of the acquired estimators, we conducted a comprehensive simulation
study to numerically compare the performance of the proposed estimates across various experimental
scenarios. To empirically validate the proposed inferential framework, we analyzed two real-world
competing risk datasets, highlighting the effectiveness of the applied techniques in reliability data
analysis.
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1. Introduction

In numerous empirical research domains, such as medical and engineering fields, the failure of
experimental units may be attributed to multiple underlying factors, for example, various triggers for
cancer relapse. In lifetime experiments, researchers typically concentrate on analyzing specific failure
modes when multiple risk factors exist. This methodological challenge is commonly referred to as the
competing risks framework in scholarly works. When analyzing competing risk datasets, the
information comprises both the time-to-event for failed specimens and a categorical marker denoting
the failure cause. Our methodology adopts the latent failure time paradigm, initially proposed by
Cox [1], which operates under the assumption of independence between potential failure times
associated with each distinct risk. Within existing research on competing risk analysis, numerous
studies utilize various lifetime probability distributions to model empirical datasets. A primary
emphasis in these works has been on parametric inference methodologies, while limited attention has
been directed toward examining reliability metrics or reliability measures. For instance, see Cramer
and Schmiedt [2], Ahmed et al. [3], Abushal et al. [4], Almuqrin et al. [5], Tian et al. [6], and Alotaibi
et al. [7], among others.

Researchers examining the field of statistical distribution theory will observe that numerous novel
probability models have been recently developed through either composite formulations of existing
distributions or by introducing additional parameters to classical models. Recent contributions in this
area include the works of Han et al. [8], Haddari et al. [9], Kouadriaand Zeghdoudi [10], and Kumar
et al. [11]. This trend aims to enhance distributional flexibility for improved empirical adaptability.
However, many contemporary distributions feature three or more parameters, creating implementation
challenges in reliability studies and lifetime experiments. This complexity becomes particularly
pronounced in competing risk frameworks, where parameter duplication occurs across failure modes.
Among notable exceptions, the Nadarajah–Haghighi (NH) distribution stands out as a flexible model
proposed by Nadarajah and Haghighi [12], balancing mathematical tractability with analytical utility.
The NH distribution is characterized by a scale parameter and a shape parameter. Nadarajah and
Haghighi [12] demonstrated that its probability density function (PDF) can exhibit decreasing or
unimodal forms, while the failure rate function (FRF) exhibits flexible failure patterns including
increasing, decreasing, or constant forms, similar to those of Weibull, gamma, and exponentiated
exponential models. Multiple studies have addressed the challenges in estimating both parameters and
related reliability metrics for the NH distribution, including but not limited to the work of Wu and
Gui [13], Dey et al. [14], Elbatal et al. [15], Almarashi et al. [16], Abushal [17], and Abd
Elwahab [18]. The subsequent section will detail structural properties of the independent NH
competing risks framework, encompassing its PDF, cumulative distribution function (CDF),
reliability function (RF), and FRF.

In life testing studies and reliability analysis involving multiple failure causes, researchers often
terminate tests before all units fail. This is done for practical reasons, such as reducing time and cost
or because some items have exceptionally long lifespan. When tests end early, only partial failure
data is collected. In statistical literature, such data is referred to as censored data. Researchers have
developed various censored data collection methods, known as censoring plans, each defined by a
specific condition to terminate the test. Common approaches include Type I censoring, where testing
stops after a fixed time, Type II censoring, which ends when a predetermined number of failures occur,
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and hybrid methods that combine both time-based and count-based criteria; see Balakrishnan and
Kundu [19] for more details. A more flexible approach known as progressive Type-II censoring (PTIIC)
enables researchers to eliminate functioning items during testing at multiple stages, rather than solely at
the final endpoint. This method generalizes traditional censoring by permitting the gradual removal of
unfailed units throughout the experiment. This censoring mechanism has been thoroughly investigated
in statistical literature, see for example Balakrishnan et al. [20], Rastogi and Tripathi [21], Abo-Kasem
et al. [22], and Hasaballah et al. [23].

A more adaptable censoring strategy developed by Ng et al. [24], called the adaptive PTIIC
(APTIIC), generalizes earlier methods by incorporating PTIIC, Type-II censoring, and complete
sampling as special cases. The APTIIC guarantees a fixed number of failures by test completion while
enabling experimenters to halt the removal of functional units once a predefined time threshold is
reached. This hybrid approach provides flexibility in experimental design and strengthens the
practical utility of censored data analysis. Some notable studies in this area include Sobhi and
Soliman [25], Panahi and Moradi [26], and Dutta et al. [27]. Ng et al. [24] highlighted that the
APTIIC strategy is most effective when there is no strict time constraint on testing. However, for
products that have high reliability, this methodology can lead to excessively lengthy experiments,
which may not be feasible. To address this challenge, Yan et al. [28] suggested a new version known
as the improved APTIIC (IAPTIIC) scheme. This new approach integrates concepts from PTIIC,
APTIIC, and various censoring plans while ensuring that the testing concludes by a predefined time.
Additionally, it maintains the total number of failures that researchers aim to observe. By effectively
balancing the aspects of time and failure count, the IAPTIIC presents a more practical solution. In the
subsequent section, we will clarify the framework of the IAPTIIC within the competing risks model.

Three key considerations that encourage us to complete this investigation are: (1) the operational
effectiveness of the IAPTIIC framework in achieving time-bound experimental outcomes, which is
particularly critical for studies involving high-reliability products; (2) the essential role of competing
risks methodology in reliability analysis, particularly in contexts where multiple failure causes exist;
and (3) the demonstrated flexibility of the NH distribution in modeling various failure patterns. The
NH distribution was selected due to its flexibility in modeling various shapes of hazard rates, making
it suitable for reliability studies with complex failure patterns. Its ability to accommodate both
increasing and decreasing hazard rates enhances its applicability under different experimental
conditions. Moreover, the NH distribution provided a suitable fit to the two real-world competing
risks datasets analyzed in this study, as discussed later in the real data section, further justifying its
use in the proposed inferential framework. Although other competitive models may yield a better fit
in specific scenarios, the NH distribution was selected due to its structural simplicity and its broad
recognition in the existing literature. Utilizing these factors, the primary objective of this work is to
develop estimation methodologies for the parameter, RF and FRF of the NH competing risks model
under IAPTIIC-censored data. This work offers several methodological and practical contributions to
the field of reliability analysis. First, it introduces the NH distribution into the context of competing
risks modeling under the IAPTIIC scheme, providing a more flexible and time-efficient approach to
reliability testing. Second, it develops both frequentist and Bayesian inference methods and compares
the effectiveness of the proposed methods through simulation studies and real-world reliability
applications, highlighting their ability to handle multiple causes of failure under constrained
experimental conditions.
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The detailed aims of this work are systematically structured as follows:

(1) Establish the statistical framework for the NH competing risks model, including the derivation of
the RF and FRF, as well as formalizing the joint likelihood under observed IAPTIIC data.

(2) Develop frequentist inference procedures to estimate the model parameters, RF, and FRF. These
procedures will encompass both maximum likelihood estimates (MLEs) and associated
approximate confidence intervals (ACIs).

(3) Implement Bayesian inference paradigms employing informative priors. Posterior estimates will
be computed under squared error loss, with posterior samples generated using
Metropolis-Hastings (MH) algorithms.

(4) Conduct comprehensive Monte Carlo simulations to evaluate the performance of the acquired
point and interval estimates across varying sample sizes, progressive censoring designs, and time
thresholds.

(5) Execute empirical validation through two reliability applications, demonstrating the practical
implementation of the proposed estimators besides assessing model adequacy.

This paper is structured as follows: Section 2 introduces the NH competing risks model under the
IAPTIIC scheme. Section 3 derives the MLEs and ACIs for model parameters, RF, and FRF. Section 4
develops Bayesian estimation procedures using squared error loss and constructs highest posterior
density (HPD) credible intervals. Section 5 outlines the simulation design and presents numerical
results. Section 6 applies the proposed methods to real-world data. Finally, Section 7 concludes the
paper with key findings.

2. Model description and notation

This study concentrates on analyzing reliability data characterized by two independent failure
mechanisms, and the methodological framework can be extended to encompass multiple competing
failure modes. Consider an experiment involving n units with lifetimes determined by independent
and identically distributed (iid) random variables Y1, . . . ,Yn. Each observed failure mechanism arises
from one of two mutually exclusive causes. Formally, for the i-th unit, we define:

Yi = min (Y1i,Y2i) , i = 1, . . . , n,

where Yci, with c ∈ {1, 2}, corresponds to the latent failure time of the i-th experimental unit subjected
to the c-th competing risk factor. Additionally, the latent failure durations Y1i and Y2i (i = 1, . . . , n) are
presumed statistically independent. For each observed failure event, we record both the lifetime Yi and
a categorical indicator δi ∈ {1, 2}, where δi = arg minc∈{1,2}Yci. Here, δi = 1 signifies failure attribution
to the first risk factor, and δi = 2 identifies termination due to the second risk factor. This failure-mode
labeling enables systematic categorization of experimental outcomes. Assuming each Yci (c = 1, 2;
i = 1, . . . , n) follows the NH distribution parameterized by scale parameter λc and shape parameter
σc, c = 1, 2, denoted Yci ∼ NH(λc, σc), then the PDF and CDF are, respectively, given by

fc(y; λc, σc) = λcσc[ω(y; λc)]σc−1e1−[ω(y;λc)]σc
, y > 0, λc, σc > 0, (2.1)

and
Fc(y; λc, σc) = 1 − e1−[ω(y;λc)]σc

, (2.2)
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where ω(y; λc) = (1 + λcy).
On the other hand, the RF of Yi at any distinct time, say t, can be obtained using the relation

S (t;Θ) = P(Y1 > t)P(Y2 > t), where S (t;Θ) denotes to the RF and Θ = (λ1, λ2, σ1, σ2)> represents the
full parameter vector, and the CDF in (2.2) through the independence assumption is

S (t;Θ) = exp
{
2 −

∑2

c=1
[ω(t; λc)]σc

}
. (2.3)

Consequently, the FRF of Yi can be obtained using (2.3) as

h(t;Θ) =
∑2

c=1
λcσc[ω(y; λc)]σc−1. (2.4)

The IAPTIIC sampling mechanism under competing risks operates as follows: Let m < n denote
the predetermined number of failures to observe, with Q = (Q1, . . . ,Qm) representing the prespecified
removal protocol. The experimenter establishes two critical time thresholds T1 < T2. These points
establish the limits of the experimental time frame: testing may continue beyond T1 but must conclude
by T2. At each observed failure time Yi:m:n (i = 1, . . . ,m), the experimenter removes Qi surviving units
from the remaining Qi = n − i −

∑i−1
j=1 Q j functional items. Concurrently, the failure mode indicator

δi ∈ {1, 2} is recorded. The experiment progresses until one of the following terminal scenarios is
observed:

• Case I (PTIIC scenario): If Ym:m:n < T1, the experiment terminates at Ym:m:n with removal of all
surviving units Qm = n − m −

∑m−1
i=1 Qi. This yields the conventional PTIIC sample.

• Case II (APTIIC scenario): When Yd1:m:n < T1 < Yd1+1:m:n for d1 < m, an adaptive adjustment
occurs:

– Removals stopped between T1 and Ym:m:n (Qr1+1 = · · · = Qm−1 = 0)
– Experiment continues until Ym:m:n

– Final removal Q∗m = n − m −
∑d1

i=1 Qi

This generates the APTIIC sample.
• Case III (Time-constrained scenario): If Ym:m:n > T2, the study concludes at T2 with:

– d2 observed failures where Yd2:m:n ≤ T2 < Yd2+1:m:n

– Removals stopped after T1: Qd1+1 = · · · = Qd2 = 0
– Final withdrawal Q∗ = n − d2 −

∑d1
i=1 Qi

Let y represent an IAPTIIC competing risks dataset collected from a continuous population with
the following observed sample structure

y =
{
(y1, δ1,Q1), . . . , (yd1 , δd1 ,Qd1), (yd1+1, δd1+1, 0), . . . , (yd2 , δd2 , 0), (T2, S ∗)

}
,

where yi ≡ yi:m:n simplifies notation. The corresponding likelihood function (up to proportionality)
becomes

L(Θ|y) =

 D∏
i=1

[
f1(yi; λ1, σ1)F̄2(yi; λ2, σ2)

]I(δi=1) [
f2(yi; λ2, σ2)F̄1(yi; λ1, σ1)

]I(δi=2)


×

 J∏
i=1

[
F̄1(yi; λ1, σ1)F̄2(yi; λ2, σ2)

]Qi

 [
F̄1(η; λ1, σ1)F̄2(η; λ2, σ2)

]S ∗
, (2.5)
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where F̄c(·) = 1 − Fc(·), and

I(δi = c) =

1 δi = c

0 otherwise
, D =

m Cases I/II
d2 Case III

, J =

m − 1 Case I
d1 Cases II/III

,

S ∗ =


Qm Case I
Q∗m Case II
Q∗ Case III

, η =

ym Cases I/II
T2 Case III

.

The subsequent sections develop frequentist inference methodologies and Bayesian paradigms to
derive both point estimates and confidence/credible intervals for the model parameters and reliability
metrics.

3. Maximum likelihood estimation

This section develops MLEs and ACIs for the NH distribution parameters Θ and their associated
reliability metrics. Under the IAPTIIC competing risks framework outlined previously, we derive these
estimates using an observed sample y drawn from an NH population with PDF and CDF as defined
in (2.1) and (2.2), respectively. Using these functions, the joint likelihood function in (2.5) can be
expressed as

L(Θ|y) =

 2∏
c=1

(λcσc)Dc

 exp
{ 2∑

c=1

Dc∑
i=1

(σc − 1) log[ω(yi; λc)] −
2∑

c=1

D∑
i=1

[ω(yi; λc)]σc

−

2∑
c=1

J∑
i=1

Qi[ω(yi; λc)]σc −

2∑
c=1

S ∗[ω(η; λc)]σc

}
, (3.1)

where Dc =
∑D

i=1 I(δi = c) quantifies the total number of recorded failure linked to risk factor c. The
log-likelihood function corresponding to (3.1), denoted by `(Θ|y), follows

`(Θ|y) =

2∑
c=1

Dc log(λcσc) +

2∑
c=1

Dc∑
i=1

(σc − 1) log[ω(yi; λc)] −
2∑

c=1

D∑
i=1

[ω(yi; λc)]σc

−

2∑
c=1

J∑
i=1

Qi[ω(yi; λc)]σc −

2∑
c=1

S ∗[ω(η; λc)]σc . (3.2)

The MLEs Θ̂ = (λ̂1, λ̂2, σ̂1, σ̂2)> of the model parameters are obtained by solving the system of
score equations derived from the log-likelihood function in (3.2). The normal equations are provided
in Appendix A. Due to the complex nature of these equations, closed-form solutions are analytically
intractable. This necessitates employing iterative numerical optimization techniques such as the
Newton-Raphson (NR) algorithm to approximate the estimates. By invoking the invariance property
of the MLE approach, we derive estimators for the RF as Ŝ (t) = S (t; Θ̂) and FRF as ĥ(t) = h(t; Θ̂) at
any time t > 0 through the substitution of the true parameters with their MLEs in (2.3) and (2.4),
respectively, as

Ŝ (t) = exp
{
2 −

∑2

c=1
[ω(t; λ̂c)]σ̂c

}
AIMS Mathematics Volume 10, Issue 7, 15131–15164.
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and

ĥ(t) =

2∑
c=1

λ̂cσ̂c[ω(y; λ̂c)]σ̂c−1.

The construction of confidence regions for the model parameters, and their associated RF and FRF
depends on estimating their asymptotic variance-covariance matrix. While classical theory derives

this through the expected Fisher information matrix I(Θ) = −E
[
∂2`(Θ|y)

∂Θ∂Θ>

]
, the analytical complexity of

evaluating these expectations leads us to employ the observed Fisher information matrix:

I(Θ̂) = −
∂2`(Θ|y)

∂Θ∂Θ>

∣∣∣∣∣∣∣
Θ=Θ̂

.

Given the independence of the two competing factors, the estimated variance-covariance matrix can
be simplified to

I−1(Θ̂) =



−
∂2`(Θ|y)

∂λ2
1

0 −
∂2`(Θ|y)

∂λ1∂σ1
0

−
∂2`(Θ|y)

∂λ2
2

0 −
∂2`(Θ|y)

∂λ2∂σ2

−
∂2`(Θ|y)

∂σ2
1

0

−
∂2`(Θ|y)

∂σ2
2



−1

Θ=Θ̂

=


V̂11 0 V̂13 0

V̂22 0 V̂24

V̂33 0
V̂44

 , (3.3)

where the second-order partial derivatives of `(Θ|y), for c = 1, 2, are presented in Appendix B.
Under the asymptotic properties of MLE methodology, it is known that the Θ̂ converges in

distribution to a multivariate normal distribution centered at the true parameter vector Θ, with
estimated variance-covariance matrix determined by the inverse observed Fisher information matrix,

i.e., Θ̂
d
−→ N(Θ, I−1(Θ̂)), as n → ∞. For practical inference, the 100(1 − α)% ACIs for individual

parameters λc and σc (c = 1, 2) are constructed as:

λ̂c ± zα/2
√

V̂cc, and σ̂c ± zα/2
√

V̂vv, v = c + 2, c = 1, 2,

where zα/2 is the upper α/2 quantile of the standard normal distribution.
To construct the ACIs for the RF S (t;Θ) and FRF h(t;Θ), we first need to approximate the variances

of the MLEs related to these functions using the delta method. This method employs a first-order Taylor
expansion around the MLEs of the parameters λc and σc, c = 1, 2. The partial derivatives of S (t;Θ)
and h(t;Θ) with respect to these parameters form gradient vectors that quantify their sensitivity to
parameter variations. Below are the gradients derived from the RF and FRF, respectively, evaluated at
MLEs by substituting λc → λ̂c and σc → σ̂c,

∇̂S = −S (t; Θ̂)


σ̂1t[ω(t; λ̂c)]σ̂1−1

[ω(t; λ̂c)]σ̂1 log[ω(t; λ̂c)]
σ̂2t[ω(t; λ̂c)]σ̂2−1

[ω(t; λ̂c)]σ̂2 log[ω(t; λ̂c)]


AIMS Mathematics Volume 10, Issue 7, 15131–15164.
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and

∇̂h =


σ̂1

(
1 + λ̂1t

)σ̂1−2 (
1 + λ̂1σ̂1t

)
λ̂1

(
1 + λ̂1t

)σ̂1−1 [
1 + σ̂1 ln

(
1 + λ̂1t

)]
σ̂2

(
1 + λ̂2t

)σ̂2−2 (
1 + λ̂2σ̂2t

)
λ̂2

(
1 + λ̂2t

)σ̂2−1 [
1 + σ̂2 ln

(
1 + λ̂2t

)]


.

Then, the estimated variances of the MLEs of the RF and FRF can be computed as

V̂S ≈ ∇̂
>
SI
−1(Θ̂)∇̂S and V̂h ≈ ∇̂

>
hI
−1(Θ̂)∇̂h.

As a result, the 100(1 − α)% ACIs for the RF and FRF can be obtained as

Ŝ (t) ± zα/2
√

V̂S and ĥ(t) ± zα/2
√

V̂h.

4. Bayesian estimation

In recent years, Bayesian methodology has emerged as a widely adopted framework across
disciplines such as engineering, biomedicine, and clinical research. Its ability to integrate existing
knowledge with observed data proves particularly advantageous in reliability analysis, where limited
datasets often constrain traditional approaches. This work develops Bayesian estimators and
associated HPD credible interval ranges for the parameters λc, σc (c = 1, 2), RF, and FRF of the NH
competing risks model. While alternative loss functions remain applicable, we prioritize the squared
error loss function for its analytical symmetry and widespread utility. Given the absence of conjugate
priors for λc and σc, c = 1, 2, and the computational impracticality of Jeffreys priors due to intricate
variance-covariance matrix, we utilize gamma distributions as priors for the various parameters. This
choice is motivated by three factors: (1) The gamma distribution naturally accommodates the support
of the parameters. (2) It simplifies calculations, simplifying implementation. (3) It reduces
mathematical complexity, especially with models that contain a large number of parameters. Assume
that λc ∼ Gamma(τc, κc) and σc ∼ Gamma(ac, bc). The joint prior distribution of Θ is then given by

π(Θ) ∝
2∏

c=1

λτc−1
c σac−1

c e−κcλc−bcσc , (4.1)

where τc, κc, ac, bc > 0 are the hyperparameters, and assumed to be known.

4.1. Posterior distribution and Bayes estimators

Applying Bayes’ theorem, the posterior distribution is obtained by combining the likelihood
function specified in (3.1) with the joint prior distribution defined in (4.1). This joint posterior
distribution satisfies the following proportionality relationship:

P(Θ|y) ∝ L(Θ|y) π(Θ),
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which expands to

P(Θ|y) ∝

 2∏
c=1

λDc+τc−1
c σDc+ac−1

c

 exp
{ 2∑

c=1

Dc∑
i=1

(σc − 1) log[ω(yi; λc)] −
2∑

c=1

D∑
i=1

[ω(yi; λc)]σc

−

2∑
c=1

J∑
i=1

Qi[ω(yi; λc)]σc −

2∑
c=1

S ∗[ω(η; λc)]σc −

2∑
c=1

(κcλc + bcσc)
}
, (4.2)

For any function of Θ, say g(Θ), the Bayes estimator under the squared error loss is obtained using
(4.2) as

g̃Bayes =

∫
g(Θ)P(Θ|y)dΘ. (4.3)

The Bayesian estimator defined in (4.3) involves solving analytically intractable integrals due to
the high-dimensional and non-conjugate nature of the posterior distribution. To overcome this
challenge, we employ Markov Chain Monte Carlo (MCMC) techniques to generate samples directly
from the posterior distribution specified in (4.2). These samples facilitate the approximation of
posterior expectations for Bayes estimates and enable the construction of the HPD credible interval
ranges. A critical component of the MCMC implementation involves deriving the full conditional
posterior distributions for each parameter. From the joint posterior in (4.2), the conditional
distributions for λc and σc (c = 1, 2) are given by

P1(λc|Θ−λc , y) ∝ λDc+τc−1
c exp

{
(σc − 1)

Dc∑
i=1

(σc − 1) log[ω(yi; λc)] −
D∑

i=1

[ω(yi; λc)]σc

−

J∑
i=1

Qi[ω(yi; λc)]σc − S ∗[ω(η; λc)]σc − κcλc

}
(4.4)

and

P2(σc|Θ−σc , y) ∝ σDc+ac−1
c exp

{
σc

Dc∑
i=1

log[ω(yi; λc)] −
D∑

i=1

[ω(yi; λc)]σc

−

J∑
i=1

Qi[ω(yi; λc)]σc − S ∗[ω(η; λc)]σc − bcσc

}
. (4.5)

An examination of the conditional distributions in (4.4) and (4.5) indicates that they diverge from
standard parametric forms. This lack of conjugacy prevents the application of conventional sampling
methods, such as inverse transform sampling, for direct sample generation. To address this
computational challenge, we employ the MH algorithm, a fundamental MCMC technique, to
iteratively approximate draws from these complex posterior conditionals.

4.2. Steps for implementing MH algorithm and Bayes estimates

The MH algorithm is a widely recognized MCMC procedure for sampling from complex or non-
standard probability distributions. This algorithm employs a proposal distribution to generate candidate
samples. In the context of this analysis, the normal distribution, characterized by its mean and variance,
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is initialized using the MLEs of the parameters. The algorithm iteratively proposes new parameter
values derived from this distribution and evaluates their acceptance probability, thereby ensuring that
the generated Markov chain converges to the target posterior distribution. Key steps in the process
include: (1) drawing a candidate sample from the normal proposal distribution; (2) computing the
ratio of the candidate sample relative to the current state; and (3) accepting the candidate sample with
a probability determined by the computed ratio; if the candidate is not accepted, the current state is
retained. Subsequently, the MCMC iterative process constructs a dependent sequence of samples that
asymptotically approximates the posterior distribution.

To justify and determine the validity of the posterior analysis, the use of normal proposal
distributions for all parameters in the MH algorithm is examined by generating one independent
IAPTIIC competing risks dataset (when (n,m) = (100, 50), (T1,T2) = (2, 5), and Qi = 1, i = 1, ...,m)
from NH(λi, σi), i = 1, 2 distribution at (λ1, λ2, σ1, σ2) = (1.5, 0.5, 0.5, 1.5); see Figure 1. It shows
that the fully conditional distributions of λi and σi (for i = 1, 2) provided in (4.4) and (4.5),
respectively, using this collected sample behave similarly to the normal density.
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Figure 1. The normal and posterior density curves of λi and σi (for i = 1, 2).
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The complete steps to generate the MCMC samples are given as

(1) Set initial values of λ(0)
c and σ(0)

c using the associated MLEs.
(2) Perform the following MH steps: For each iteration k = 1, . . . ,K :

• For c = 1, 2:
(a) Simulate λ∗c ∼ N(λ̂c, V̂cc).
(b) Compute the acceptance probability:

ξλc = min

1, P1(λ∗c|Θ
(k−1)
−λc

, y)

P1(λ(k−1)
c |Θ

(k−1)
−λc

, y)

 .
(c) Accept/reject: λ(k)

c =

λ∗c with probability ξλc

λ(k−1)
c otherwise

.

(d) Simulate σ∗c ∼ N(σ̂,
cV̂vv).

(e) Compute the acceptance probability:

ξσc = min

1, P2(σ∗c|Θ
(k)
−σc
, y)

P2(σ(k−1)
c |Θ

(k)
−σc
, y)

 .
(f) Accept/reject: σ(k)

c =

σ∗c with probability ξσc

σ(k−1)
c otherwise

.

(3) Obtain the RF and FRF as:

S (k) = exp

2 −
2∑

c=1

[ω(t; λ(k)
c )]σ

(k)
c

 and h(k) =

2∑
c=1

λ(k)
c σ

(k)
c [ω(y; λ(k)

c )]σ
(k)
c −1.

(4) Discard the first B samples as burn-in to assure the convergence of the chain. Then, store the
remaining sequence as {

λ(k)
1 , λ

(k)
2 , σ

(k)
1 , σ

(k)
2 , S

(k), h(k)
}
, k = B + 1, . . . ,K .

The Bayesian inference results for the parameter λ1, as an example, including both the point
estimate and the HPD credible interval are derived from the acquired MCMC samples. Under the
squared error loss function, the Bayes estimate of λ1 is calculated as the posterior mean, obtained by

λ̂1 =
1

K − B

K∑
k=B+1

λ(k)
1 .

The 100(1 − α)% HPD credible interval is computed as follows:

(1) Arrange {λ(B+1)
1 , . . . , λ(K)

1 } in ascending order to get λ[B+1]
1 ≤ λ[2]

1 ≤ · · · ≤ λ
[K]
1 .

(2) Calculate the number of samples to exclude r = [α(K − B)], .
(3) Obtain the HPD interval as

{
λ[i]

1 , λ
[i+(K−B−r)]
1

}
with the smallest range:

arg min
1≤i≤r

(
λ[i+(K−B−r)]

1 − λ[i]
1

)
.
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5. Monte Carlo comparisons

This section conducts a comprehensive Monte Carlo simulation study to rigorously evaluate the
efficacy of the theoretical inferences of λi, σi (for i = 1, 2), S (t), and h(t) derived in preceding sections.
The focus is on assessing the accuracy and precision of both point and interval estimators for the
NH(λi, σi), i = 1, 2 competing risk model parameters, alongside the RF S (t) and FRF h(t). To achieve
that, we simulate 1,000 independent IAPTIIC competing risks datasets from the NH(λi, σi), i = 1, 2
distribution, when (λ1, λ2, σ1, σ2) = (1.5, 0.5, 0.5, 1.5). At a predetermined time point, t = 0.1, the
estimated values of (S (t), h(t)) are computed and compared against their respective true values of
0.86216 and 0.53749. The simulation framework is done utilizing various experimental configurations,
incorporating different values of the threshold levels Ti, i = 1, 2, the total number of units under
study n, the effective sample size m, and the removal strategy Q. To analyze the impact of different
censoring schemes Q on the estimator performance, besides several combinations of T1 ∈ {0.5, 1.0}
and T2 ∈ {1.0, 1.5}, different removal patterns Q are taken into account; see Table 1. To distinguish,
Q = (210, 010) (for instance) means that two survivors are randomly removed during the first ten stages
of censoring, and removal stops in the remaining stages.

Table 1. Different patterns of Q in Monte Carlo simulations.

Design no. Style

(n,m)→ (40,20) (40,30)

1 (210, 010) (25, 025)
2 (05, 210, 05) (012, 25, 013)
3 (010, 210) (025, 25)

(n,m)→ (80,40) (80,60)

1 (220, 020) (210, 050)
2 (010, 220, 010) (025, 210, 025)
3 (020, 220) (050, 210)

To get IAPTIIC competing risk data from the NH(λi, σi), i = 1, 2 competing risk populations,
beyond assign the corresponding values for Ti, i = 1, 2, n, m, and Q, do the following steps:

Step 1. Define the true values of NH model parameters λi and σi for i = 1, 2.

Step 2. Simulate a conventional PTIIC competing risk dataset as follows:

(a) Draw m independent random samples, say g1, g2, . . . , gm, from a uniform U(0, 1) model.

(b) Set vi = g
(
i+

∑m
j=m−i+1 Q j

)−1

i , i = 1, 2, . . . ,m.
(c) Set Ui = 1 − vmvm−1 · · · vm−i+1, i = 1, 2, . . . ,m.
(d) Set Yi = F−1(Ui; λi, σi), j = 1, 2, i = 1, 2, . . . ,m.

Step 3. Identify the truncation point d1 at T1, and for cases II and III, discard all failure times beyond
this threshold, i.e., Yi, i = d1 + 2, . . . ,m.
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Step 4. Generate the first m − d1 − 1 order statistics from a truncated PDF, given by f (y)
[
S

(
yd1+1

)]−1,
where the sample size is determined as n − d1 − 1 −

∑d1
i=1 Qi, resulting in ordered observations

Yd1+2, . . . ,Ym.

Step 5. Assign a cause-of-failure indicator for each observation, using the indicator δi, i = 1, 2 to
classify risks as cause 1 or 2.

For each simulated dataset, the MLEs and the associated ACIs at a nominal 95% confidence level
are computed for the NH distribution parameters λi and σi (for i = 1, 2), as well as the reliability
features S (t) and h(t). Following Henningsen and Toomet [29], the NR method is employed for MLE
computation, using the maxLik package in R version 4.2.2. Moreover, Bayesian analysis—both point
estimates and 95% HPD intervals—are obtained via MCMC simulations using the coda package
suggested by Plummer et al. [30].

For the Bayesian analysis, two informative prior groups for (τi, κi) (of λi) and for (ai, bi) (of σi) for
i = 1, 2, are considered as follows:

• Group A: (τ1, τ2, a1, b2) = (7.5, 2.5, 2.5, 7.5) and κi = bi = 5, i = 1, 2;
• Group B: (τ1, τ2, a1, b2) = (15, 5, 5, 15) and κi = bi = 10, i = 1, 2.

It is better to mention here that the values assigned in prior groups A and B ensure that their means
align with the true values of the NH competing risk parameters λi and σi for i = 1, 2. In practical
applications, if prior knowledge regarding parameter values is unavailable, frequentist estimates are
often preferred due to the computational burden of Bayesian methods. Following the MCMC approach
outlined in Section 4, a total of K = 12, 000 MCMC samples are generated, with the first iterations
B = 2, 000 discarded as the burn-in phase. Subsequently, the remaining 10,000 samples are then used
to derive Bayesian point estimates and the corresponding 95% HPD intervals.

For performance evaluation, the average estimates (AEs) of λi, i = 1, 2, σi, i = 1, 2, S (t), or h(t)
(say, %) are computed as follows:

AE%̌ =
1

1000

1000∑
i=1

%̌[i],

where %̌[i] represents the estimate of % from the ith simulated dataset.
The precision of the point estimates is assessed using the root mean squared error (RMSE) and the

average relative absolute bias (ARAB), defined as:

RMSE (%̌) =

√
1

1000

∑1000

i=1

(
%̌[i] − %

)2,

ARAB (%̌) =
1

1000

∑1000

i=1
%−1

∣∣∣%̌[i] − %
∣∣∣,

respectively.
Interval estimates are evaluated based on their average interval lengths (AILs) and coverage

probabilities (CPs), defined as:

AIL95% (%) =
1

1000

∑1000

i=1

(
U%̂[i] − L%̂[i]

)
,
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CP95% (%) =
1

1000

∑1000

i=1
q(

L%̂[i] ;U%̂[i]
) (%) ,

where q(·) denotes the indicator function, and L(·) and U(·) correspond to the lower and upper bounds
of the 95% ACI (or HPD) interval for %.

Tables 2–7 present the AEs, RMSEs, and ARABs of λi, i = 1, 2, σi, i = 1, 2, S (t), or h(t) in the first,
second, and third columns, respectively. Likewise, the AILs and CPs of the same unknown subjects
are reported in the first and second columns, respectively; see Tables 8–13.

Several observations on the behavior of λi, i = 1, 2, σi, i = 1, 2, S (t), and h(t), from Tables 2–13,
in terms of minimum RMSE, ARAB, and AIL values as well as maximum CP values, are presented as
follows:

• The proposed point estimates and 95% interval estimators for λi, i = 1, 2, σi, i = 1, 2, S (t), or
h(t) demonstrate good and reliable performance.
• As n increases, the accuracy of all estimates derived from the likelihood or Bayes approach

improves. A similar trend is observed when the total number of failures
∑m

i=1 Qi (or, equivalently,
n − m) is reduced.
• When Ti, i = 1, 2, increases, it is noted that:

– The RMSEs and ARABs for all estimates of λi and σi (for i = 1, 2) as well as of S (t) and h(t)
decrease;

– The AILs for 95% ACI (or HPD) estimates of λi, i = 1, 2, σi, i = 1, 2, S (t), or h(t) decrease;
– The CPs corresponding to λi, i = 1, 2, σi, i = 1, 2, S (t), and h(t) generally increase.

• Evaluating the performance of different censoring scenarios Qi, i = 1, 2, . . . ,m, it reveals that:

– All estimates of σi, i = 1, 2 achieve optimal performance when censoring occurs in the
earlier stages, i.e., design #1;

– All estimates of λi, i = 1, 2, and h(t) achieve optimal performance when censoring occurs in
the late stages, i.e., design #3;

– All estimates of S (t) achieve optimal performance when censoring occurs in the middle
stages, i.e., design #2.

• Bayesian estimators (or HPD intervals) for λi, i = 1, 2, σi, i = 1, 2, S (t), or h(t) outperform their
maximum likelihood (or ACI) counterparts due to the use of informative gamma priors.
• Since prior group B has lower variance than its competitors A, Bayesian estimates derived using

group B exhibit efficient results.
• Finally, for an improved Type-II adaptive progressive censored competing risks framework, the

Bayesian MH approach is recommended for estimating both the model competing risk parameters
λi and σi (for i = 1, 2) and reliability characteristics S (t) and h(t) of the NH lifespan model.

As a summary, the simulation finds that the proposed point and interval estimators for λi, σi, S (t),
and h(t) perform reliably, with improved accuracy as sample size (n) increases or the number of failures
(m) decreases. Performance also improves with higher Ti, i = 1, 2 values, as RMSE, ARAB, and
AIL values decrease while CP increases, and optimal censoring designs vary for different parameters.
Bayesian methods, especially those using informative priors from group B, consistently outperform
likelihood-based approaches, with the Bayesian MH method recommended for enhanced estimation in
the adaptive progressive censoring framework.
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Table 2. The maximum likelihood and Bayesian estimation results of λ1.

(n,m) Design MLE Bayes

AE RMSE ARAB AE RMSE ARAB AE RMSE ARAB

Group→ A B

(T1 ,T2) = (0.5, 1.0)

(40,20) 1 1.8578 1.3535 0.8758 1.3851 0.7183 0.4430 0.8494 0.4148 0.2609
2 2.0144 1.2343 0.8691 1.3695 0.7057 0.4338 0.8355 0.3514 0.2141
3 1.6456 1.1848 0.8058 1.8656 0.3282 0.1642 1.5251 0.2941 0.1601

(40,30) 1 1.5485 0.6423 0.7513 1.5330 0.2359 0.1433 1.3851 0.2310 0.1287
2 1.4723 0.6955 0.7819 1.5740 0.3147 0.1552 1.4238 0.2498 0.1411
3 1.8994 0.5791 0.5722 1.5241 0.2340 0.1317 1.6589 0.2250 0.1130

(80,40) 1 1.2113 0.5243 0.5303 1.6079 0.2330 0.1231 1.6763 0.2203 0.1063
2 1.3230 0.5031 0.5071 1.5834 0.2210 0.1106 1.6701 0.2122 0.0996
3 1.6923 0.4710 0.4838 1.3433 0.2077 0.1026 1.5353 0.1946 0.0950

(80,60) 1 1.4136 0.4445 0.3595 1.6326 0.1878 0.0932 1.6144 0.1550 0.0770
2 1.2274 0.4488 0.4207 1.6505 0.1988 0.1016 1.6162 0.1783 0.0892
3 1.9921 0.3538 0.3135 1.8184 0.1507 0.0817 1.3114 0.1380 0.0726

(T1 ,T2) = (1.0, 1.5)

(40,20) 1 1.5071 1.2634 0.8346 1.4085 0.6957 0.3770 0.8880 0.4829 0.2959
2 1.7100 1.1427 0.8037 1.4136 0.6673 0.3141 0.8586 0.4377 0.2668
3 1.8677 0.8440 0.6696 1.8293 0.4494 0.2813 1.4645 0.3914 0.2470

(40,30) 1 1.2617 0.4847 0.4958 1.5836 0.2610 0.1481 1.4236 0.2389 0.1434
2 1.3270 0.6317 0.5078 1.5817 0.4414 0.2631 1.4137 0.3326 0.2016
3 1.5992 0.4628 0.4261 1.5384 0.2359 0.1361 1.6528 0.2328 0.1306

(80,40) 1 1.4830 0.4108 0.4020 1.2996 0.2264 0.1208 1.8763 0.1958 0.1016
2 1.7962 0.3926 0.3678 1.3101 0.2143 0.1108 1.8814 0.1759 0.0907
3 1.3698 0.2842 0.3275 1.6140 0.2013 0.1063 1.2934 0.1685 0.0835

(80,60) 1 1.3879 0.2427 0.3004 1.8670 0.1707 0.0894 1.3730 0.1541 0.0800
2 1.8717 0.2556 0.3153 1.9193 0.1877 0.0933 1.4186 0.1579 0.0801
3 1.6396 0.2200 0.2817 1.7819 0.1529 0.0803 1.6031 0.1505 0.0764

Table 3. The maximum likelihood and Bayesian estimation results of λ2.

(n,m) Design MLE Bayes

AE RMSE ARAB AE RMSE ARAB AE RMSE ARAB

Group→ A B

(T1 ,T2) = (0.5, 1.0)

(40,20) 1 0.6893 1.2878 1.3380 0.5654 0.5343 0.8462 0.4754 0.3819 0.6347
2 0.7125 1.0307 1.1972 0.6016 0.5174 0.7798 0.5138 0.3642 0.5190
3 0.5062 0.9570 0.9698 0.6520 0.3485 0.5222 0.7473 0.3141 0.4726

(40,30) 1 0.6309 0.7844 0.8948 0.6606 0.2995 0.3985 0.7054 0.2942 0.3686
2 0.6794 0.8489 0.9244 0.7557 0.3075 0.4431 0.7996 0.3058 0.3903
3 0.8536 0.6327 0.8243 0.5271 0.2903 0.3264 0.5652 0.2656 0.3014

(80,40) 1 0.4999 0.6040 0.7541 0.6321 0.2574 0.2894 0.6197 0.2373 0.2882
2 0.5287 0.5523 0.7487 0.6030 0.2523 0.2778 0.5934 0.2211 0.2694
3 0.4713 0.4616 0.6748 0.4385 0.2466 0.2525 0.4476 0.1786 0.2402

(80,60) 1 0.5314 0.4171 0.6686 0.9206 0.1737 0.2227 0.7214 0.1572 0.2042
2 0.5861 0.4449 0.6722 0.8870 0.2429 0.2296 0.6988 0.1616 0.2252
3 0.9666 0.4093 0.6273 0.5481 0.1665 0.1925 0.4901 0.1512 0.1884

(T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.5558 1.1159 0.7663 0.7112 0.4220 0.6497 0.5686 0.3732 0.6160
2 0.4947 0.9036 0.7466 0.6154 0.3631 0.5957 0.5158 0.3549 0.5311
3 0.3996 0.7290 0.6746 0.5386 0.3540 0.5175 0.6508 0.3113 0.3934

(40,30) 1 0.4975 0.5233 0.6417 0.7609 0.3420 0.4121 0.7913 0.2669 0.3238
2 0.5865 0.5722 0.6613 0.7532 0.3493 0.4245 0.7802 0.2817 0.3852
3 0.7114 0.4109 0.5762 0.5940 0.3121 0.3536 0.6313 0.2515 0.3179

(80,40) 1 0.3922 0.4098 0.5362 0.6254 0.2809 0.3416 0.4730 0.2190 0.3107
2 0.3434 0.3503 0.4750 0.6112 0.2557 0.3142 0.4593 0.2105 0.2557
3 0.6227 0.3378 0.4286 0.8110 0.2543 0.3062 0.5069 0.2020 0.2358

(80,60) 1 0.4386 0.3205 0.3118 0.6512 0.2214 0.2493 0.6474 0.1623 0.2116
2 0.5239 0.3234 0.4184 0.6937 0.2218 0.2902 0.6902 0.1975 0.2216
3 0.7229 0.2266 0.2934 0.6228 0.1922 0.2304 0.5045 0.1565 0.2075
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Table 4. The maximum likelihood and Bayesian estimation results of σ1.

(n,m) Design MLE Bayes

AE RMSE ARAB AE RMSE ARAB AE RMSE ARAB

Group→ A B

(T1 ,T2) = (0.5, 1.0)

(40,20) 1 0.5041 0.9142 1.1432 0.6142 0.2159 0.4071 0.6879 0.2024 0.3720
2 0.6484 0.9646 1.3523 0.6293 0.2467 0.4468 0.6764 0.2288 0.4084
3 0.7189 0.9500 1.2738 0.7740 0.2320 0.4191 0.6347 0.2106 0.3861

(40,30) 1 0.4270 0.8206 0.7696 0.6431 0.1980 0.3648 0.4200 0.1627 0.3089
2 0.7220 0.8527 0.8211 0.8021 0.2038 0.3727 0.4456 0.1792 0.3261
3 0.5804 0.8945 0.9865 0.5272 0.2134 0.3872 0.5241 0.1942 0.3471

(80,40) 1 0.4972 0.6573 0.5041 0.5300 0.1386 0.2421 0.3192 0.1210 0.2011
2 0.4858 0.7770 0.6260 0.4012 0.1706 0.2691 0.4146 0.1320 0.2239
3 0.6890 0.7944 0.6738 0.5402 0.1975 0.3125 0.4551 0.1466 0.2866

(80,60) 1 0.6131 0.4215 0.2456 0.4314 0.1149 0.1780 0.3704 0.0792 0.1473
2 0.6286 0.5886 0.4851 0.6324 0.1278 0.2204 0.3345 0.1123 0.1711
3 0.5827 0.4801 0.3242 0.4339 0.1190 0.1852 0.3435 0.0983 0.1665

(T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.4040 0.5898 1.1078 0.4871 0.1825 0.4193 0.5560 0.1792 0.3158
2 0.6741 0.6122 1.1730 0.3356 0.2547 0.4525 0.7070 0.1959 0.3472
3 0.7167 0.6798 1.2564 0.3608 0.2877 0.4953 0.7473 0.2194 0.3846

(40,30) 1 0.6989 0.3469 0.7423 0.5389 0.1460 0.2001 0.5170 0.1119 0.1811
2 0.3814 0.5697 0.8135 0.4914 0.1652 0.3236 0.5594 0.1362 0.2340
3 0.4898 0.3775 0.9267 0.5055 0.1525 0.2344 0.5720 0.1218 0.1907

(80,40) 1 0.6810 0.1963 0.4894 0.3660 0.1073 0.1726 0.4180 0.1000 0.1534
2 0.7160 0.2499 0.5932 0.5291 0.1184 0.1763 0.4523 0.1013 0.1685
3 0.5125 0.3194 0.6055 0.5347 0.1217 0.1826 0.4626 0.1039 0.1763

(80,60) 1 0.5621 0.1067 0.2195 0.4563 0.0837 0.1365 0.4422 0.0816 0.1233
2 0.7024 0.1621 0.4554 0.6036 0.1037 0.1668 0.6614 0.0987 0.1462
3 0.4767 0.1338 0.3080 0.5525 0.0949 0.1594 0.6151 0.0847 0.1343

Table 5. The maximum likelihood and Bayesian estimation results of σ2.

(n,m) Design MLE Bayes

AE RMSE ARAB AE RMSE ARAB AE RMSE ARAB

Group→ A B

(T1 ,T2) = (0.5, 1.0)

(40,20) 1 1.3267 0.9831 1.3767 1.3615 0.5438 0.3387 0.9856 0.3835 0.1939
2 1.8744 1.2025 1.4704 1.2084 0.5516 0.3430 1.3997 0.4778 0.2746
3 1.7625 1.0695 1.4150 1.2291 0.5549 0.3602 1.4543 0.4830 0.2769

(40,30) 1 1.8045 0.7225 1.2195 1.3619 0.3408 0.1766 1.3117 0.3112 0.1364
2 1.6446 0.7918 1.2829 1.1947 0.3659 0.1845 1.1494 0.3138 0.1413
3 1.4407 0.8738 1.3479 1.2714 0.3799 0.1999 1.2199 0.3258 0.1548

(80,40) 1 1.6272 0.3821 0.8999 1.3985 0.3132 0.1458 1.4223 0.2890 0.1071
2 1.8717 0.4367 1.0043 1.2398 0.3236 0.1547 1.3028 0.2928 0.1138
3 1.4034 0.5883 1.1883 1.2537 0.3301 0.1659 1.3155 0.3010 0.1279

(80,60) 1 1.6291 0.2850 0.6460 1.4794 0.2542 0.0988 1.5636 0.2427 0.0846
2 1.7382 0.3429 0.8385 1.3001 0.3050 0.1280 1.3502 0.2751 0.1011
3 1.5277 0.3152 0.7691 1.2974 0.2887 0.1142 1.3615 0.2653 0.0867

(T1 ,T2) = (1.0, 1.5)

(40,20) 1 1.6722 0.9204 1.0088 1.2491 0.4063 0.2100 1.0517 0.3615 0.1884
2 1.9203 1.0142 1.1309 1.2366 0.4883 0.2989 1.3822 0.4160 0.2123
3 1.6357 1.1435 1.2110 1.2597 0.4184 0.2354 1.3789 0.4105 0.2078

(40,30) 1 1.2765 0.6775 0.7032 1.4775 0.3466 0.1753 1.4045 0.3426 0.1572
2 1.2864 0.7923 0.9422 1.2634 0.3640 0.1837 1.2272 0.3783 0.1834
3 1.7853 0.7228 0.8796 1.2773 0.3558 0.1781 1.2360 0.3648 0.1737

(80,40) 1 1.7651 0.3826 0.2807 1.0868 0.3259 0.1463 1.4638 0.2302 0.1010
2 1.3203 0.4133 0.3513 1.2710 0.3397 0.1548 1.9200 0.2842 0.1121
3 1.3232 0.6105 0.4266 1.2781 0.3412 0.1686 1.9094 0.2957 0.1240

(80,60) 1 1.5971 0.1584 0.1283 1.0885 0.1318 0.0906 1.2438 0.1175 0.0671
2 1.8682 0.2754 0.2158 1.5744 0.2731 0.1185 1.4607 0.2110 0.0803
3 1.4591 0.1966 0.1931 1.4953 0.1882 0.0949 1.3911 0.1766 0.0771

AIMS Mathematics Volume 10, Issue 7, 15131–15164.



15147

Table 6. The maximum likelihood and Bayesian estimation results of S (t).

(n,m) Design MLE Bayes

AE RMSE ARAB AE RMSE ARAB AE RMSE ARAB

Group→ A B

(T1 ,T2) = (0.5, 1.0)

(40,20) 1 0.8088 0.1259 0.1081 0.9009 0.0505 0.0559 0.8886 0.0401 0.0440
2 0.8045 0.0866 0.0715 0.8231 0.0441 0.0452 0.8358 0.0326 0.0326
3 0.8225 0.1013 0.0916 0.8981 0.0482 0.0493 0.8875 0.0374 0.0382

(40,30) 1 0.7922 0.0760 0.0668 0.8536 0.0420 0.0420 0.8466 0.0309 0.0310
2 0.7542 0.0738 0.0583 0.8789 0.0290 0.0291 0.8728 0.0239 0.0226
3 0.8075 0.0724 0.0598 0.8801 0.0409 0.0335 0.8723 0.0290 0.0242

(80,40) 1 0.8165 0.0671 0.0569 0.8672 0.0270 0.0266 0.8590 0.0218 0.0206
2 0.8140 0.0559 0.0495 0.9103 0.0205 0.0212 0.9001 0.0189 0.0163
3 0.8286 0.0592 0.0523 0.8776 0.0216 0.0221 0.8689 0.0201 0.0194

(80,60) 1 0.7956 0.0584 0.0479 0.8542 0.0190 0.0194 0.8684 0.0173 0.0153
2 0.7706 0.0454 0.0366 0.8820 0.0145 0.0137 0.8872 0.0122 0.0109
3 0.8123 0.0520 0.0420 0.8485 0.0157 0.0150 0.8637 0.0146 0.0133

(T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.8117 0.0904 0.0755 0.8729 0.0523 0.0648 0.8652 0.0396 0.0423
2 0.8477 0.0747 0.0592 0.8641 0.0398 0.0572 0.8694 0.0287 0.0301
3 0.8274 0.0798 0.0722 0.8881 0.0452 0.0602 0.8798 0.0324 0.0364

(40,30) 1 0.7878 0.0696 0.0548 0.8488 0.0328 0.0521 0.8443 0.0233 0.0282
2 0.8265 0.0556 0.0455 0.8496 0.0260 0.0317 0.8460 0.0190 0.0206
3 0.8087 0.0602 0.0525 0.8449 0.0277 0.0415 0.8404 0.0209 0.0246

(80,40) 1 0.8179 0.0550 0.0434 0.8658 0.0251 0.0267 0.8462 0.0179 0.0178
2 0.8535 0.0415 0.0340 0.8732 0.0227 0.0230 0.8853 0.0170 0.0157
3 0.8342 0.0514 0.0412 0.8682 0.0240 0.0252 0.8497 0.0176 0.0167

(80,60) 1 0.7901 0.0399 0.0314 0.8063 0.0215 0.0208 0.8258 0.0165 0.0155
2 0.8358 0.0280 0.0214 0.8711 0.0179 0.0177 0.8823 0.0159 0.0140
3 0.8100 0.0357 0.0276 0.8265 0.0202 0.0192 0.8430 0.0161 0.0151

Table 7. The maximum likelihood and Bayesian estimation results of h(t).

(n,m) Design MLE Bayes

AE RMSE ARAB AE RMSE ARAB AE RMSE ARAB

Group→ A B

(T1 ,T2) = (0.5, 1.0)

(40,20) 1 0.7531 0.8980 0.8071 0.8934 0.3977 0.4444 0.7408 0.3159 0.4198
2 0.9252 0.9029 0.8834 0.2476 0.6513 0.6948 0.9099 0.3578 0.2350
3 1.0868 0.8560 0.6035 0.2477 0.2712 0.4128 0.6993 0.2500 0.3818

(40,30) 1 1.0946 0.8283 0.5871 0.5844 0.3105 0.5403 0.6683 0.2318 0.3815
2 0.9233 0.7140 0.5483 0.3786 0.2300 0.3793 0.4441 0.1990 0.3314
3 1.8780 0.6879 0.4725 0.4006 0.2204 0.3583 0.4346 0.1849 0.3125

(80,40) 1 0.7200 0.6186 0.4300 0.4024 0.1707 0.2679 0.4702 0.1572 0.2543
2 0.8606 0.6352 0.4498 0.4824 0.1718 0.2769 0.5528 0.1690 0.2710
3 0.9517 0.4992 0.3734 0.2081 0.1621 0.2549 0.2574 0.1559 0.2400

(80,60) 1 1.0777 0.4844 0.3630 0.5073 0.1619 0.2532 0.4347 0.1477 0.2265
2 0.8955 0.4814 0.3271 0.5507 0.1601 0.2486 0.4660 0.1254 0.1742
3 1.3425 0.3417 0.2462 0.3665 0.1530 0.2449 0.3271 0.1026 0.1477

(T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.9444 0.7456 0.6444 1.1369 0.3384 0.4259 0.3440 0.2893 0.4121
2 1.1667 0.8718 1.1162 0.4108 0.4090 0.6622 0.3469 0.3973 0.5259
3 1.1746 0.6306 0.4312 0.6388 0.3117 0.5405 0.7847 0.2624 0.3917

(40,30) 1 0.5718 0.6106 0.3606 0.4166 0.2355 0.3185 0.3535 0.2040 0.2438
2 0.9515 0.5256 0.3498 0.5051 0.2311 0.2743 0.7204 0.1833 0.1961
3 0.8780 0.5176 0.3459 0.6771 0.2282 0.3440 0.6856 0.1638 0.2579

(80,40) 1 0.7525 0.4499 0.3125 0.8828 0.2025 0.2179 0.3722 0.1530 0.1498
2 0.8309 0.4685 0.3602 0.4523 0.2158 0.3436 0.6686 0.1600 0.2475
3 0.7212 0.3391 0.3055 0.4869 0.1890 0.3045 0.6517 0.1410 0.2174

(80,60) 1 0.7534 0.3200 0.6322 0.6448 0.1818 0.2975 0.4046 0.1404 0.2132
2 0.5693 0.2652 0.4404 0.4949 0.1809 0.2824 0.4678 0.1378 0.2109
3 0.9056 0.2028 0.6546 0.3228 0.1540 0.2465 0.5145 0.1341 0.2087
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Table 8. The 95% ACI/HPD estimation results of λ1.

(n,m) Design ACI HPD ACI HPD

Group A Group 2 Group A Group B

AIL CP AIL CP AIL CP AIL CP AIL CP AIL CP

(T1 ,T2) = (0.5, 1.0) (T1 ,T2) = (1.0, 1.5)

(40,20) 1 1.960 0.902 0.962 0.925 0.913 0.927 1.854 0.907 0.893 0.928 0.819 0.929
2 1.794 0.907 0.913 0.927 0.872 0.929 1.651 0.912 0.828 0.930 0.758 0.931
3 1.657 0.909 0.900 0.927 0.727 0.931 1.368 0.914 0.713 0.931 0.709 0.934

(40,30) 1 1.255 0.916 0.695 0.935 0.616 0.937 0.983 0.921 0.637 0.936 0.603 0.938
2 1.414 0.912 0.766 0.932 0.664 0.935 1.176 0.917 0.694 0.934 0.637 0.936
3 1.177 0.920 0.653 0.937 0.587 0.939 0.851 0.926 0.605 0.939 0.579 0.941

(80,40) 1 1.092 0.922 0.640 0.939 0.562 0.941 0.787 0.928 0.577 0.941 0.547 0.943
2 0.854 0.926 0.581 0.941 0.548 0.943 0.707 0.932 0.565 0.942 0.506 0.944
3 0.765 0.929 0.528 0.942 0.521 0.945 0.651 0.935 0.515 0.944 0.471 0.946

(80,60) 1 0.607 0.935 0.496 0.943 0.483 0.946 0.516 0.940 0.475 0.945 0.442 0.948
2 0.687 0.933 0.515 0.943 0.493 0.946 0.585 0.938 0.484 0.945 0.467 0.947
3 0.559 0.938 0.479 0.945 0.459 0.948 0.476 0.942 0.445 0.948 0.412 0.950

Table 9. The 95% ACI/HPD estimation results of λ2.

(n,m) Design ACI HPD ACI HPD

Group A Group 2 Group A Group B

AIL CP AIL CP AIL CP AIL CP AIL CP AIL CP

(T1 ,T2) = (0.5, 1.0) (T1 ,T2) = (1.0, 1.5)

(40,20) 1 1.501 0.921 1.280 0.927 0.936 0.934 1.274 0.930 0.906 0.934 0.816 0.938
2 1.454 0.923 1.079 0.930 0.871 0.938 1.138 0.934 0.879 0.937 0.782 0.941
3 1.383 0.926 0.919 0.932 0.769 0.941 1.032 0.936 0.810 0.939 0.752 0.944

(40,30) 1 1.108 0.930 0.805 0.938 0.713 0.941 0.916 0.939 0.761 0.945 0.684 0.947
2 1.215 0.928 0.841 0.936 0.741 0.941 0.977 0.938 0.786 0.943 0.712 0.944
3 1.041 0.931 0.786 0.939 0.637 0.944 0.884 0.941 0.729 0.946 0.586 0.949

(80,40) 1 0.970 0.932 0.712 0.941 0.613 0.945 0.824 0.942 0.686 0.947 0.565 0.950
2 0.842 0.935 0.656 0.942 0.601 0.945 0.715 0.944 0.643 0.949 0.543 0.950
3 0.806 0.937 0.635 0.943 0.563 0.947 0.684 0.945 0.613 0.950 0.533 0.951

(80,60) 1 0.692 0.942 0.554 0.946 0.511 0.948 0.588 0.950 0.516 0.953 0.486 0.954
2 0.752 0.939 0.604 0.944 0.524 0.948 0.639 0.947 0.579 0.952 0.514 0.953
3 0.635 0.943 0.486 0.948 0.468 0.950 0.554 0.951 0.488 0.954 0.436 0.955

Table 10. The 95% ACI/HPD estimation results of σ1.

(n,m) Design ACI HPD ACI HPD

Group A Group 2 Group A Group B

AIL CP AIL CP AIL CP AIL CP AIL CP AIL CP

(T1 ,T2) = (0.5, 1.0) (T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.763 0.946 0.446 0.963 0.414 0.966 0.625 0.949 0.458 0.965 0.416 0.968
2 0.830 0.941 0.539 0.957 0.497 0.961 0.749 0.945 0.486 0.961 0.434 0.964
3 0.783 0.944 0.499 0.961 0.454 0.964 0.811 0.942 0.523 0.958 0.471 0.961

(40,30) 1 0.579 0.954 0.392 0.971 0.353 0.974 0.514 0.955 0.362 0.971 0.339 0.975
2 0.625 0.951 0.402 0.968 0.388 0.971 0.585 0.952 0.412 0.968 0.383 0.972
3 0.668 0.950 0.422 0.967 0.394 0.970 0.534 0.953 0.391 0.969 0.364 0.973

(80,40) 1 0.514 0.956 0.357 0.973 0.321 0.975 0.363 0.963 0.337 0.976 0.281 0.979
2 0.533 0.955 0.367 0.972 0.333 0.975 0.400 0.960 0.347 0.974 0.290 0.977
3 0.544 0.955 0.374 0.972 0.347 0.975 0.468 0.957 0.355 0.973 0.314 0.976

(80,60) 1 0.412 0.959 0.265 0.976 0.213 0.980 0.297 0.969 0.285 0.979 0.208 0.982
2 0.443 0.958 0.343 0.975 0.317 0.977 0.346 0.964 0.322 0.977 0.268 0.979
3 0.433 0.958 0.286 0.975 0.291 0.978 0.313 0.967 0.313 0.977 0.235 0.980
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Table 11. The 95% ACI/HPD estimation results of σ2.

(n,m) Design ACI HPD ACI HPD

Group A Group 2 Group A Group B

AIL CP AIL CP AIL CP AIL CP AIL CP AIL CP

(T1 ,T2) = (0.5, 1.0) (T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.954 0.935 0.815 0.943 0.602 0.949 0.885 0.939 0.806 0.944 0.574 0.951
2 1.191 0.932 0.932 0.938 0.696 0.944 0.970 0.938 0.823 0.942 0.613 0.948
3 0.999 0.934 0.859 0.941 0.639 0.947 0.986 0.936 0.914 0.939 0.659 0.946

(40,30) 1 0.825 0.940 0.754 0.946 0.540 0.952 0.791 0.944 0.720 0.949 0.453 0.956
2 0.874 0.939 0.776 0.945 0.564 0.951 0.830 0.941 0.779 0.946 0.543 0.952
3 0.919 0.937 0.797 0.944 0.597 0.949 0.819 0.942 0.753 0.947 0.496 0.954

(80,40) 1 0.767 0.943 0.706 0.949 0.500 0.953 0.746 0.946 0.609 0.955 0.313 0.961
2 0.801 0.941 0.713 0.947 0.513 0.953 0.780 0.945 0.689 0.952 0.345 0.960
3 0.811 0.941 0.723 0.947 0.533 0.952 0.790 0.944 0.694 0.951 0.414 0.958

(80,60) 1 0.657 0.948 0.583 0.954 0.328 0.960 0.615 0.953 0.516 0.958 0.229 0.964
2 0.712 0.945 0.681 0.951 0.437 0.956 0.706 0.949 0.575 0.957 0.301 0.962
3 0.706 0.945 0.623 0.952 0.386 0.958 0.674 0.951 0.547 0.957 0.295 0.962

Table 12. The 95% ACI/HPD estimation results of S (t).

(n,m) Design ACI HPD ACI HPD

Group A Group 2 Group A Group B

AIL CP AIL CP AIL CP AIL CP AIL CP AIL CP

(T1 ,T2) = (0.5, 1.0) (T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.221 0.941 0.144 0.944 0.089 0.950 0.209 0.943 0.132 0.945 0.077 0.952
2 0.200 0.943 0.126 0.946 0.074 0.954 0.170 0.945 0.111 0.948 0.069 0.954
3 0.216 0.942 0.134 0.945 0.081 0.951 0.193 0.944 0.125 0.946 0.072 0.952

(40,30) 1 0.194 0.945 0.102 0.948 0.072 0.954 0.168 0.947 0.104 0.950 0.063 0.955
2 0.158 0.948 0.095 0.953 0.061 0.957 0.147 0.950 0.092 0.954 0.057 0.957
3 0.186 0.946 0.098 0.951 0.064 0.956 0.154 0.948 0.096 0.953 0.060 0.955

(80,40) 1 0.151 0.948 0.092 0.954 0.059 0.957 0.139 0.950 0.091 0.955 0.055 0.959
2 0.145 0.949 0.088 0.955 0.050 0.960 0.122 0.951 0.081 0.956 0.047 0.962
3 0.149 0.949 0.091 0.955 0.054 0.959 0.130 0.951 0.088 0.956 0.051 0.961

(80,60) 1 0.140 0.949 0.085 0.955 0.048 0.960 0.112 0.951 0.078 0.957 0.045 0.962
2 0.111 0.953 0.066 0.958 0.040 0.961 0.082 0.955 0.063 0.959 0.038 0.964
3 0.136 0.951 0.079 0.956 0.045 0.961 0.090 0.953 0.072 0.958 0.043 0.963

Table 13. The 95% ACI/HPD estimation results of h(t).

(n,m) Design ACI HPD ACI HPD

Group A Group 2 Group A Group B

AIL CP AIL CP AIL CP AIL CP AIL CP AIL CP

(T1 ,T2) = (0.5, 1.0) (T1 ,T2) = (1.0, 1.5)

(40,20) 1 0.859 0.943 0.698 0.946 0.216 0.956 0.954 0.941 0.735 0.947 0.215 0.955
2 1.138 0.939 0.770 0.943 0.221 0.953 0.655 0.948 0.524 0.953 0.170 0.961
3 0.716 0.946 0.584 0.949 0.200 0.959 0.820 0.945 0.646 0.950 0.193 0.958

(40,30) 1 0.685 0.948 0.525 0.951 0.194 0.961 0.539 0.951 0.448 0.955 0.168 0.963
2 0.629 0.950 0.502 0.953 0.186 0.963 0.485 0.953 0.409 0.957 0.154 0.965
3 0.611 0.951 0.473 0.954 0.166 0.964 0.462 0.954 0.396 0.958 0.141 0.966

(80,40) 1 0.563 0.955 0.453 0.959 0.149 0.968 0.425 0.957 0.367 0.960 0.125 0.970
2 0.605 0.952 0.462 0.955 0.151 0.965 0.460 0.954 0.379 0.959 0.134 0.968
3 0.519 0.957 0.445 0.961 0.145 0.968 0.414 0.959 0.359 0.962 0.122 0.970

(80,60) 1 0.453 0.960 0.437 0.963 0.144 0.969 0.384 0.962 0.330 0.964 0.118 0.971
2 0.399 0.962 0.382 0.966 0.136 0.971 0.295 0.965 0.274 0.969 0.090 0.972
3 0.375 0.963 0.282 0.970 0.111 0.973 0.272 0.965 0.214 0.971 0.082 0.973
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6. Real competing applications

This section looks at two applications that show how the proposed approaches may be applied in
practice, utilizing independent real-world competing risk datasets from the engineering and clinical
sectors.

6.1. Electrical appliances

This part investigates an examination of real-world data containing the failure times for electrical
appliances that were submitted to an autonomous test using eighteen modes; see Lawless [31].
Following the failures in mode 11, the lifespan of these electrical appliances was assigned to one of
three causes: “1” (failure in mode 11) or 2 (failures by other modes). The total number of recorded
observations for electrical appliances (reported in Table 14) owing to causes 1 and 2 are 8 and 13,
respectively. Later, this set of data has been reanalyzed by Abushal [32]. The failure causes were
defined operationally: mode 11 failures were classified as cause 1, while all other modes were
grouped as cause 2. This classification was made in a mechanical study, where each device is
associated with a single failure cause and time, and the data display does not indicate dependence of
failure times.

Table 14. Failure times of electrical appliances.

Time[Cause]

12[2] 16[2] 16[2] 46[2] 46[2] 52[2] 98[1] 98[2] 270[2] 413[1] 495[1]
495[2] 557[2] 616[2] 692[1] 1065[1] 1107[2] 1193[1] 1467[1] 1467[2] 1937[1]

Table 15. Fitting the NH model from electrical appliances data.

Cause Par. MLE(SE) 95% ACI KS(P-value)

Cause 1 λ1 0.0020(0.0005) (0.0011,0.0029) 0.2780(0.4835)
σ1 0.7355(0.1781) (0.3329,1.0311)

Cause 2 λ2 0.0241(0.0240) (0.0007,0.0712) 0.1776(0.8069)
σ2 0.3697(0.1364) (0.1023,0.6370)

Before evaluating the validity of the proposed estimation results, it is crucial to determine whether
the NH distribution provides an appropriate fit for the electrical appliances dataset. For this reason, the
goodness-of-fit is examined using the Kolmogorov–Smirnov (KS) test, where both the KS statistic and
its associated significance level (P-value) are evaluated; see Table 15. In Table 15, the MLEs (along
with their standard errors (SEs)) and associated 95% ACI bounds for the parameters NH(λi, σi), i =

1, 2, as well as the KS statistic and its P-value, are obtained. It shows that the null hypothesis, which
states that the electrical appliances dataset follows the NH model, cannot be rejected.

To further fitting assessment, graphical representations of the empirical and estimated RF (R(y)),
probability-probability (PP) plots, and profile log-likelihood curves of λi and σi (for i = 1, 2) are
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depicted in Figure 2. These visual diagnostics indicate a strong agreement between the fitted and
empirical RF and PP curves for electrical appliance datasets. It also confirms the fitted estimates of
λ̂i and σ̂i (for i = 1, 2) as presented in Table 15 and demonstrates their existence and uniqueness.
Henceforward, we propose adopting the frequentist estimates of λi and σi (for i = 1, 2) as the initial
guesses for subsequent computational iterations involving electrical appliances data.
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Figure 2. Fitting diagrams of the NH(λi, σi), i = 1, 2 model from electrical appliances data.

Table 16. Several IAPTIIC competing risk samples from electrical appliances data.

Sample Q T1(d1) T2(d2) (D1,D2) η S ∗ Time[Cause]

S1 (25, 06) 50(4) 700(10) (4,6) 700 3 12[2] 16[2] 46[2] 52[2] 98[1]
98[2] 270[2] 413[1] 495[1] 692[1]

S2 (03, 25, 03) 100(6) 600(9) (2,7) 600 6 12[2] 16[2] 16[2] 46[2] 52[2]
98[1] 270[2] 413[1] 557[2]

S3 (06, 25) 100(7) 300(8) (1,7) 300 11 12[2] 16[2] 16[2] 46[2] 46[2]
52[2] 98[1] 270[2]

In Table 16, three IAPTIIC competing risk samples (with m = 12) from electrical appliances data
are generated based on different choices of Ti, i = 1, 2, and Q. Using each Si for i = 1, 2, 3, maximum
likelihood and Bayesian MCMC estimations with corresponding SEs of λi, σi (for i = 1, 2), S (t), and
h(t) (at t = 50) are computed; see Table 17. In the same table, two estimated limits of 95% ACI/HPD
along with their interval lengths (IL) are computed for λi, σi (for i = 1, 2), S (t), and h(t). In Bayesian
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MCMC estimation, assuming the absence of prior knowledge for λi and σi (for i = 1, 2) in the electrical
appliances dataset, the hyperparameters (τi, κi) (of λi) and (ai, bi) (of σi) for i = 1, 2, are assigned to
be 0.001. Making use of K = 12, 000 and B = 2, 000, the MCMC or 95% HPD intervals estimates
of λi, σi (for i = 1, 2), S (t), and h(t) are computed. The results, presented in Table 17, reveal that the
Bayesian MCMC estimates of λi, σi (for i = 1, 2), S (t), or h(t) yielded superior performance, exhibiting
the lowest SEs and narrowest interval widths. This trend is consistent when comparing asymptotic and
credible interval estimates.

Table 17. Estimates of λi, σi (for i = 1, 2), S (t), and h(t) from electrical appliances data.

Sample Par. MLE MCMC ACI HPD

Est. St.E Est. St.E Lower Upper IL Lower Upper IL

S1 λ1 0.00002 0.00001 0.00002 0.00010 0.00003 0.00003 0.00003 0.00002 0.00002 0.00004
λ2 0.04001 0.04691 0.03824 0.00966 0.00519 0.13194 0.12675 0.01961 0.05658 0.03697
σ1 41.3512 5.08890 40.6998 0.35084 30.7375 50.6857 19.9481 40.0093 41.3792 1.36990
σ2 0.14379 0.07856 0.14336 0.00995 0.00017 0.29759 0.30794 0.12399 0.16288 0.03890

S (t) 0.81111 0.06802 0.81773 0.02538 0.67780 0.94442 0.26662 0.77115 0.86711 0.09596
h(t) 1.7E-06 1.1E-06 1.6E-06 2.6E-07 0.0E+00 3.7E-06 4.0E-06 1.1E-06 2.1E-06 9.9E-07

S2 λ1 0.00023 0.00122 0.00022 0.00005 0.00022 0.00261 0.00239 0.00013 0.00031 0.00019
λ2 0.05040 0.06028 0.05040 0.00005 0.00068 0.16855 0.16787 0.05030 0.05050 0.00020
σ1 1.54881 7.67592 1.51526 0.24761 1.49572 3.5933 2.09750 1.03303 1.99442 0.96139
σ2 0.13137 0.06723 0.13137 0.00005 0.00040 0.26313 0.26273 0.13127 0.13146 0.00020

S (t) 0.82076 0.06808 0.82164 0.00377 0.68731 0.95420 0.26689 0.81428 0.82855 0.01427
h(t) 7.9E-07 6.6E-07 7.4E-07 2.1E-07 0.0E+00 2.1E-06 2.6E-06 3.7E-07 1.2E-06 7.8E-07

S3 λ1 0.00456 0.01864 0.00456 0.00010 0.00032 0.04109 0.04077 0.00436 0.00475 0.00040
λ2 0.06318 0.07139 0.06194 0.00992 0.00077 0.20311 0.20234 0.04210 0.08061 0.03850
σ1 0.08351 0.24874 0.07901 0.02037 0.00040 0.57104 0.57064 0.04090 0.11852 0.07762
σ2 0.12858 0.06389 0.12803 0.00974 0.00336 0.25380 0.25043 0.10890 0.14686 0.03796

S (t) 0.80377 0.07108 0.80815 0.02039 0.66446 0.94307 0.27861 0.76883 0.84669 0.07785
h(t) 7.4E-07 8.7E-07 6.9E-07 1.9E-07 0.0E+00 2.5E-06 3.4E-06 3.2E-07 1.1E-06 7.5E-07

To determine optimal initial values and assess the uniqueness of the fitted estimates of λ̂i and σ̂i

(for i = 1, 2), the profile log-likelihood functions from Si for i = 1, 2, 3 are depicted in Figure 3. It
states that the estimated values of λ̂i and σ̂i (for i = 1, 2) derived from all Si for i = 1, 2, 3, existed and
are unique. Consequently, these values are recommended as initial inputs for subsequent numerical
procedures.

To assess the behavior of the 40,000 simulated MCMC samples of λi, σi (for i = 1, 2), S (t), and h(t),
density plots (by a Gaussian kernel) and trace plots are plotted (using S1 as an example); see Figure 4.
In each subplot, the sample mean is represented by a black solid line, while the two bounds of the 95%
HPD are marked with black dashed lines. The results demonstrate that the MCMC-generated samples
exhibit adequate mixing, ensuring proper convergence. Moreover, the estimated marginal densities of
λi, σi (for i = 1, 2), S (t), or h(t) are observed to be approximately symmetric, supporting the validity of
the posterior distributions. Furthermore, the chosen burn-in period is sufficiently large to mitigate the
influence of initial parameter values, thereby facilitating an efficient and well-mixed sample collection.
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Figure 3. Profile log-likelihoods for λi and σi (for i = 1, 2) from electrical appliances data.

AIMS Mathematics Volume 10, Issue 7, 15131–15164.



15154

(a) λ1 (b) λ2

(c) σ1 (d) σ2

(e) S (t) (f) h(t)

Figure 4. MCMC plots of λi, σi (for i = 1, 2), S (t), and h(t) from electrical appliances data.

6.2. Multiple myeloma

This example focuses on the analysis of a clinical dataset consisting of observations from 35
patients diagnosed with multiple myeloma. Among these cases, 19 patients experienced disease
relapse, while 10 cases were attributed to transplant-related mortality, which serves as a competing
risk; see Donoghoe and Gebski [33]. The patients received treatment at the Clinic for Stem Cell
Transplantation, University Hospital Hamburg-Eppendorf, Hamburg, Germany.

To investigate the influence of donor haplotypes on relapse time, a proportional sub-distribution
hazards model was employed. This model utilizes transplant recipient data categorized based on donor
haplotypes: type ‘AA’ versus type ‘AB’ or ‘BB’. The model specifically quantifies the extended time to
relapse associated with donors carrying category ‘B’ killer immunoglobulin-like receptor haplotypes.
For analytical purposes, relapse events are designated as cause 1, while transplant-related mortality is
classified as cause 2; see Table 18. Further methodological details can be found in Nassar et al. [34].

Following the same fitting scenarios discussed in Subsection 6.1, Table 19 and Figure 5 evaluate
whether the Weibull distribution can provide an acceptable fit or not to multiple myeloma datasets.
The fitting outcomes reported in Table 19 indicate that the proposed entire multiple myeloma datasets
follow the NH distribution satisfactorily. This fact has also been supported by Figure 5, which reveals
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that the fitted RFs match the corresponding empirical RFs for both multiple myeloma datasets.
Additionally, it also shows that the fitted values of λ̂i, i = 1, 2 and σ̂i, i = 1, 2 (reported in Table 19)
exist and are unique.

Table 18. Multiple myeloma dataset.

Time[Cause]

0.26[2] 0.66[2] 1.81[2] 1.94[2] 1.97[2] 3.45[1] 3.55[2] 3.58[1] 3.81[1] 3.91[2]
4.14[1] 4.57[1] 5.03[1] 6.21[2] 6.70[2] 9.33[1] 9.92[1] 10.68[1] 12.35[1] 14.72[1]

14.82[2] 15.74[1] 17.31[1] 22.31[1] 28.29[1] 41.17[1] 41.17[1] 45.96[1] 80.46[1]

Table 19. Fitting the NH model from myeloma data.

Cause Par. MLE(SE) 95% ACI KS(P-value)

Cause 1 λ1 0.0494(0.0430) (0.0000,0.1336) 0.1594(0.7197)
σ1 1.0184(0.5412) (0.0000,2.0792)

Cause 2 λ2 0.2233(0.2795) (0.0000,0.7711) 0.1465(0.9621)
σ2 1.0443(0.8058) (0.0000,2.6236)
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Figure 5. Fitting diagrams of the NH(λi, σi), i = 1, 2 model from myeloma data.
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Table 20. Several IAPTIIC competing risk samples from myeloma data.

Sample Q T1(d1) T2(d2) (D1,D2) η S ∗ Time[Cause]

S1 (27, 08) 4(5) 15(14) (7,7) 15 5 0.26[2] 1.81[2] 1.94[2] 3.55[2] 3.91[2]
4.14[1] 4.57[1] 5.03[1] 6.70[2] 9.33[1]
9.92[1] 10.68[1] 12.35[1] 14.82[2]

S2 (04, 27, 04) 3.6(7) 10(12) (5,7) 10 11 0.26[2] 0.66[2] 1.81[2] 1.94[2] 1.97[2]
3.55[2] 3.58[1] 3.81[1] 4.14[1] 5.03[1]
6.21[2] 9.33[1]

S3 (08, 27) 4(9) 5(10) (4,6) 5 17 0.26[2] 0.66[2] 1.81[2] 1.94[2] 1.97[2]
[1] 3.55[2] [1] 3.81[1] 4.57[1]

Now, for specified m = 15 and different options of Q and Ti, i = 1, 2, three different IAPTIIC
competing risk samples under different choices of Ti, i = 1, 2 are generated; see Table 20. In Table 21,
based on each dataset in Table 20, the proposed point estimates and respective interval estimates of the
unknown NH competing risk parameters λi and σi (for i = 1, 2) and of the reliability operators S (t) and
h(t) at distinct time t = 2 are calculated. Table 21 shows that, in terms of minimal SE and IL values, the
Bayesian point and 95% HPD interval estimates outperform those derived using the likelihood setup.
All Bayes evaluations developed from myeloma data are done using the same Bayes setups discussed
from electrical appliances data (in Subsection 6.1). Profile log-likelihood curves (depicted in Figure
7), based on all created samples Si for i = 1, 2, 3, are unimodal and show that the MLEs of them are
close to their frequentist estimates listed in Table 21. Figure 6, from S1 as an example, shows that the
obtained 40,000 MCMC variates of λi, σi (for i = 1, 2), S (t), or h(t) converge well, and their simulated
marginal density estimates behave largely symmetrically.

The two predefined thresholds, T1 and T2, play an important role in estimating any parametric
function of unknown parameters. Thus, the results gathered from the electrical appliances or myeloma
dataset provide a good overview of the NH competing risks model. It should be noted that the proposed
estimates calculated here will not be sufficient to determine which statistical approach provides better
estimates, because we do not know the actual values of the unknown parameters.

The comprehensive applications analysis demonstrates the practical utility of the proposed
methods by applying them to independent, real-world competing risk datasets drawn from both
engineering and clinical domains, specifically involving electrical appliances and multiple myeloma
cases. Through the findings of these applications, the effectiveness and adaptability of the proposed
approaches in addressing complex, real-life reliability challenges are validated. The estimated
parameters of the NH competing risks model provide meaningful insights into the failure process,
with scale and shape parameters reflecting the intensity and variability of failures from each cause.
The presented analysis revealed that certain causes dominate the failure mechanism, which is crucial
for understanding and improving system reliability. The inclusion of an improved adaptive censoring
scheme further enhanced estimation accuracy, especially under complex or incomplete data scenarios.
Overall, the proposed method demonstrates strong practical value and flexibility in modeling
competing risks data from real-world applications.
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Table 21. Estimates of λi, σi (for i = 1, 2), S (t), and h(t) from myeloma data.

Sample Par. MLE MCMC ACI HPD

Est. St.E Est. St.E Lower Upper IL Lower Upper IL

S1 λ1 0.00037 0.00011 0.00037 0.00001 0.00025 0.00060 0.00045 0.00035 0.00039 0.00004
λ2 0.60941 0.87440 0.60923 0.01001 0.00438 2.32320 2.31884 0.58946 0.62854 0.03908
σ1 103.864 7.07589 103.811 0.75752 89.9960 117.733 27.7370 102.321 105.278 2.95715
σ2 0.17190 0.12230 0.17144 0.00998 0.00678 0.41160 0.40479 0.15215 0.19111 0.03896

S (t) 0.79640 0.06637 0.79685 0.00762 0.66631 0.92649 0.26018 0.78193 0.81167 0.02974
h(t) 0.00227 0.00117 0.00226 0.00017 0.00002 0.00457 0.00455 0.00195 0.00260 0.00065

S2 λ1 0.00067 0.00040 0.00067 0.00001 0.00012 0.00146 0.00138 0.00065 0.00069 0.00004
λ2 0.70343 0.97077 0.70326 0.00995 0.01992 2.60610 2.58620 0.68444 0.72342 0.03898
σ1 40.0371 17.8417 39.9665 0.75351 5.06806 75.0062 69.9381 38.5069 41.4512 2.94432
σ2 0.14238 0.10340 0.14181 0.00977 0.00028 0.34504 0.34471 0.12301 0.16126 0.03825

S (t) 0.82829 0.05410 0.82887 0.00821 0.72225 0.93432 0.21207 0.81260 0.84469 0.03209
h(t) 0.00134 0.00076 0.00133 0.00011 0.00015 0.00282 0.00267 0.00111 0.00154 0.00042

S3 λ1 0.00064 0.00032 0.00064 0.00001 0.00002 0.00126 0.00124 0.00062 0.00066 0.00004
λ2 0.57752 1.00049 0.57731 0.00995 0.01383 2.53845 2.52470 0.55851 0.59752 0.03901
σ1 51.3575 9.04009 51.2905 0.75327 33.6392 69.0757 35.4365 49.8272 52.7715 2.94435
σ2 0.15951 0.16537 0.15898 0.00983 0.00165 0.48362 0.48200 0.13965 0.17817 0.03852

S (t) 0.82028 0.05670 0.82077 0.00724 0.70915 0.93141 0.22227 0.80663 0.83493 0.02829
h(t) 0.00169 0.00111 0.00168 0.00012 0.00049 0.00388 0.00344 0.00144 0.00193 0.00048

(a) λ1 (b) λ2

(c) σ1 (d) σ2

(e) S (t) (f) h(t)

Figure 6. MCMC plots of λi, σi (for i = 1, 2), S (t), and h(t) from myeloma data.

AIMS Mathematics Volume 10, Issue 7, 15131–15164.



15158

0e+00 2e−04 4e−04 6e−04 8e−04 1e−03

−
7

0
−

6
5

−
6

0
−

5
5

λ1

lo
g

−
lik

e
lih

o
o

d

4e−04 6e−04 8e−04 1e−03

−
5

2
.0

−
5

1
.8

−
5

1
.6

−
5

1
.4

−
5

1
.2

−
5

1
.0

−
5

0
.8

λ1

lo
g

−
lik

e
lih

o
o

d

4e−04 6e−04 8e−04 1e−03

−
4

1
.8

−
4

1
.6

−
4

1
.4

−
4

1
.2

−
4

1
.0

−
4

0
.8

λ1

lo
g

−
lik

e
lih

o
o

d

(i) λ1

0.4 0.5 0.6 0.7 0.8 0.9

−
5

2
.2

5
−

5
2

.2
0

−
5

2
.1

5
−

5
2

.1
0

λ2

lo
g

−
lik

e
lih

o
o

d

0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90

−
5

0
.8

4
−

5
0

.8
2

−
5

0
.8

0
−

5
0

.7
8

−
5

0
.7

6

λ2

lo
g

−
lik

e
lih

o
o

d

0.4 0.5 0.6 0.7 0.8 0.9

−
4

1
.1

5
−

4
1

.0
5

−
4

0
.9

5
−

4
0

.8
5

λ2

lo
g

−
lik

e
lih

o
o

d

(ii) λ2

90 100 110 120

−
5

2
.3

5
−

5
2

.3
0

−
5

2
.2

5
−

5
2

.2
0

−
5

2
.1

5
−

5
2

.1
0

σ1

lo
g

−
lik

e
lih

o
o

d

30 35 40 45 50

−
5

0
.9

5
−

5
0

.9
0

−
5

0
.8

5
−

5
0

.8
0

σ1

lo
g

−
lik

e
lih

o
o

d

45 50 55 60

−
4

0
.9

0
−

4
0

.8
8

−
4

0
.8

6
−

4
0

.8
4

σ1

lo
g

−
lik

e
lih

o
o

d

(iii) σ1

0.1 0.2 0.3 0.4

−
6

0
−

5
8

−
5

6
−

5
4

−
5

2

σ2

lo
g

−
lik

e
lih

o
o

d

0.05 0.10 0.15 0.20 0.25

−
5

4
.0

−
5

3
.5

−
5

3
.0

−
5

2
.5

−
5

2
.0

−
5

1
.5

−
5

1
.0

σ2

lo
g

−
lik

e
lih

o
o

d

0.10 0.15 0.20 0.25

−
4

2
.5

−
4

2
.0

−
4

1
.5

−
4

1
.0

σ2

lo
g

−
lik

e
lih

o
o

d

(iv) σ2

(a) Sample S1 (b) Sample S2 (c) Sample S3

Figure 7. Profile log-likelihoods for λi and σi (for i = 1, 2) from myeloma data.
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7. Concluding remarks

This research established a comprehensive statistical framework for analyzing the NH competing
risks model under an improved adaptive progressively Type-II censored scheme. Various point
estimations of model parameters, reliability/survival, and failure rate functions were explored using
maximum likelihood and Bayesian estimation methods with independent gamma priors. Additionally,
approximate confidence intervals and highest posterior density credible intervals were constructed.
Monte Carlo simulations were conducted across different parameter configurations, censoring
schemes, and time thresholds. From an applied perspective, two real-world competing risks datasets
were analyzed, demonstrating the model’s flexibility in capturing diverse failure patterns. The
integration of the NH distribution within a competing risks framework enhanced its adaptability for
various reliability studies. Meanwhile, the improved adaptive progressive Type-II censoring scheme
efficiently balanced the need for timely experimental conclusions with adequate failure data
collection, particularly benefiting the assessment of highly reliable products. A comparative analysis
of frequentist and Bayesian estimation approaches showed that both methods performed well, with
precision improving as sample size increased. When evaluating the performance of different
censoring scenarios Qi, i = 1, 2, . . . ,m, it reveals that: (i) all estimates of σi, i = 1, 2 achieve optimal
performance when left censoring occurs; (ii) all estimates of λi, i = 1, 2 and h(t) achieve optimal
performance when right censoring occurs; and (iii) all estimates of S (t) achieve optimal performance
when middle censoring occurs. The Bayesian approach, utilizing informative priors, proved
especially advantageous for small-sample scenarios, yielding more stable estimates. Analysis of two
real-world datasets representing electrical device failures or multiple myeloma demonstrated how the
NH competing risks model effectively captured multi-cause failure data, enabling more accurate
reliability assessments than traditional single-cause models. While the independent assumption
between the latent failure times significantly simplifies the derivation of the likelihood function and
facilitates parameter estimation, it is indeed a strong condition that may not hold in many practical
applications. For instance, if the failure mechanisms are influenced by shared environmental stressors
or unobserved heterogeneity, the independence assumption may lead to biased estimates of reliability
characteristics. See, for more details, Moeschberger and Klein [35], Du and Gui [36], and
Michimae [37]. Extending the current framework to accommodate dependent competing risks
represents a natural and valuable direction for future research. One promising approach involves
modeling the joint distribution using copula functions, which allow for flexible dependence structures
while preserving the interpretability of marginal distributions. Such approaches would further
enhance the applicability of the NH competing risks model in complex reliability systems.
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Appendix

Appendix A

The normal equations obtained from the log-likelihood function in (3.2) are as follows:

∂`(Θ|y)

∂λ1
=

D1

λ1
+ (σ1 − 1)

D1∑
i=1

yi

ω(yi; λ1)
− σ1

D∑
i=1

yi[ω(yi; λ1)]σ1−1 − σ1

J∑
i=1

yiQi[ω(yi; λ1)]σ1−1

− σ1ηS ∗[ω(η; λ1)]σ1−1 = 0,

∂`(Θ|y)

∂λ2
=

D2

λ2
+ (σ2 − 1)

D2∑
i=1

yi

ω(yi; λ2)
− σ2

D∑
i=1

yi[ω(yi; λ2)]σ2−1 − σ2

J∑
i=1

yiQi[ω(yi; λ2)]σ2−1

− σ2ηS ∗[ω(η; λ2)]σ2−1 = 0,

∂`(Θ|y)

∂σ1
=

D1

σ1
+

D1∑
i=1

log[ω(yi; λ1)] −
D∑

i=1

[ω(yi; λ1)]σ1 log[ω(yi; λ1)]

−

J∑
i=1

Qi[ω(yi; λ1)]σ1 log[ω(yi; λ1)] − S ∗[ω(η; λ1)]σ1 log[ω(η; λ1)] = 0

and

∂`(Θ|y)

∂σ2
=

D2

σ2
+

D2∑
i=1

log[ω(yi; λ2)] −
D∑

i=1

[ω(yi; λ2)]σ2 log[ω(yi; λ2)]

−

J∑
i=1

Qi[ω(yi; λ2)]σ2 log[ω(yi; λ2)] − S ∗[ω(η; λ2)]σ2 log[ω(η; λ2)] = 0.

Appendix B

The second-order partial derivatives of the log-likelihood function in (3.2) are as follows:

∂2`(Θ|y)

∂λ2
c

= −
Dc

λ2
c
− (σc − 1)

Dc∑
i=1

y2
i

[ω(yi; λc)]2 − σc(σc − 1)
D∑

i=1

y2
i [ω(yi; λc)]σc−2

− σc(σc − 1)
J∑

i=1

Qiy2
i [ω(yi; λc)]σc−2 − σc(σc − 1)S ∗η2[ω(η; λc)]σc−2,
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∂2`(Θ|y)

∂σ2
c

= −
Dc

σ2
c
−

D∑
i=1

ω(yi; λc)σc[logω(yi; λc)]2 −

J∑
i=1

Qiω(yi; λc)σc[logω(yi; λc)]2

− S ∗ω(η; λc)σc[logω(η; λc)]2

and

∂2`(Θ|y)

∂λc∂σc
=

Dc∑
i=1

yi

ω(yi; λc)
−

D∑
i=1

yiω(yi; λc)σc−1[1 + σc logω(yi; λc)]

−

J∑
i=1

Qiyiω(yi; λc)σc−1[1 + σc logω(yi; λc)] − S ∗ηω(η; λc)σc−1[1 + σc logω(η; λc)].
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