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Abstract: In this paper, we study the numerous complex dynamics of the nonlinear partial differential
equations, namely the nonlinear Murray equation and nano-ionic currents along microtubules
dynamical equations. Research has focused on solitary wave solutions because they provide important
insights into nonlinear processes and have a variety of practical applications. Their exceptional
behaviours and reliability represent creative nonlinear models across numerous fields, including
physical, biological, and medical modeling. This research introduces Riccati subequation neural
networks to derive exact solutions for space-time partial differential equations. The suggested
technique integrates the solutions of the Riccati problem into neural networks. Neural networks are
multi-layer computational representations consisting of activation and weights functions connecting
neurons across input, hidden, and output layers. In this method, each neuron in the first hidden layer
is allocated to the solutions of the Riccati equation. Thus, the new trial functions are derived. The
suggested approach provides exact solutions of space-time partial differential equations. To validate
the mathematical framework of this technique, we examine the proposed equations, resulting in the
derivation of generalized hyperbolic function solutions, generalized trigonometric function solutions,
and generalized rational solutions. This research presents novel solutions, as the presented approach is
applied to the neural networks model for the first time. The dynamic properties of some solutions
related to waves are shown using various graphics. This study advances knowledge of nonlinear
dynamics in specific systems by demonstrating the method’s efficacy.
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1. Introduction

In today’s technological era, the study of nonlinear wave dynamics has gained increasing attention
among researchers. In many scientific fields, nonlinear partial differential equations (NLPDEs) [1]
are crucial for understanding nonlinear wave phenomena in numerous nonlinear problems arising in
various physical and industrial systems. NLPDEs have garnered a lot of attention in the nonlinear
sciences due to their many applications. Numerous scholars are attempting to develop novel methods
for solving NLPDEs in light of its numerous applications. In a wide range of fields, such as
ocean engineering, biology, geology, quantum physics, optical fibers, plasma physics, and fluid
mechanics, NLPDEs are regarded as an essential tool for characterizing nonlinear situations [2-5].
NLPDEs are important mathematical tools for representing the spatial and temporal development of
complex behaviours including pattern development, turbulence, and abrupt transitions by considering
the interactions of complex variables. In fluid dynamics, the Navier-Stokes equations’ nonlinear
components explain how air or water currents interact with one another to produce the chaotic flows
and vortices required for weather forecasting. Diffusion-reaction PDEs forecast the electrical and
diffuse propagation of nerve impulses or the patterns of animal coats caused by chemical gradients
(morphogens). Nonlinear science’s versatility is shown by its vast range of applications, from weather
forecasting and optical networking to biological processes and financial modelling. Since nonlinear
science has the fundamental principles governing self-organization, stability, and issues, it is essential
to theoretical and technological development. The use of nonlinear techniques to stability, bifurcations,
and natural phenomena may improve the prediction and control of many systems. Finding common
ground across seemingly unrelated domains of inquiry is the goal of nonlinear research. This approach
significantly improves our capacity to understand and handle complex, interrelated problems in the
fields of technology and the natural sciences.

Neural networks have replaced analytical and numerical methods for solving NLPDESs due to their
ability to solve complex, high-dimensional problems without discretization or solvability limits. They
can express complicated nonlinear relationships without assumptions and can solve NLPDEs and
infer the inverse case of unknown parameters. Despite challenges with stability and generalization,
their ability to handle irregular domains, adaptive refinement, and parallel computation make them
a versatile and scalable approach to scientific machine learning. Their combination with known
methods has advanced computational mathematics and engineering. Neural networks have transformed
several sectors, such as computer vision, natural language processing, generative adversarial networks,
reinforcement learning systems, banking, healthcare, and voice recognition. They can help forecast
market patterns, identify fraud, and help with drug discovery. Despite issues like processing costs and
interpretability, neural networks are fundamental to modern artificial intelligence as they automate
complexity and extract insights from large, dynamic data sets, revolutionizing sectors like voice
recognition, recommendation systems, and climate modeling.

Nonlinear waves that maintain their shape while moving are called solitary waves. Unlike solutions
to linear PDEs, which need a complicated balance between nonlinearity and dispersion, integrated
soliton solutions to diverse NLPDEs may propagate over extended distances without dispersion [6].
Solitons exist in optics, fluid dynamics, and quantum domains, therefore NLPDEs are essential for
modelling ocean waves or optical fiber pulse transmission. The integrability of certain NLPDEs allows
analytical soliton solutions using the inverse scattering transform, providing fundamental insights into
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wave dynamics. Beyond integrable systems, NLPDEs exhibit approximate soliton-like structures in
increasingly complex contexts, highlighting their importance in theory and practice. To advance soliton
theory and its applications in other domains, NLPDEs research is essential for numerous nonlinear
phenomena.

Fundamental properties can be ascertained by deriving exact solutions for various physical
processes. These methodologies provide a basis for further study, underscoring their significance.
To acquire an exact solution, it is required to represent the fluctuations of the physical structure
as an ODE or a PDE. PDEs may serve as mathematical models for intricate industrial and
natural events. In recent decades, numerous methodologies have garnered significant attention
to explore the nonlinear systems: Such as improved generalized exponential rational function
approach [7], Adomian decomposition technique [8], truncated Painlevé technique [9], Lie symmetry
approach [10], multivariate exponential rational integral function method [11], Riccati equation
mapping approach [12], Darboux transformation [13], Bernoulli GEl—expansion method [14], modified
Sardar sub-equation technique [15], generalized Arnous approach [16], bifurcation analysis [17],
fractional subequation neural network technique [18], and neural network for nonlinear problems [19-
21], among others.

In this study, we apply the Riccati subequation neural network (RSENN) to solve NLPDEs such as
nonlinear Murray equation and nano-ionic currents along microtubules dynamical equations, which is
inspired by machine learning methods for solving PDEs and advancing the shortcomings of analytical
methods. In this way, the solution of the Riccati equation is embedded in a neural network. The
efficiency of the method used is crucial as well as the scope of their scientific and technological
impact. The method used to analyze the data highlights important implications in order to achieve
progress and propose viable alternatives in many scientific fields. We consider the RSENN method
superior compared to the above mentioned methods, as it can be applied directly to obtain solutions
of PDEs. In contrast, the other methods require converting the PDE into an ODE, which is not
always feasible—especially when a suitable homogeneous balance number cannot be determined. In
most cases, RSENN can be applied without such conversions, making it more versatile. The applied
technique is very useful in a variety of situations due to the intricate relationship between nonlinearity
and other factors while solving nonlinear problems.

The remaining sections of this article are organized as follows: Section 2 describes the Riccati
subequation method, the neural networks model, the Riccati subequation neural networks and their
graphical representation. Section 3 shows how the desired soliton solutions are computed applying the
Riccati subequation neural networks of the proposed NLPDEs. A detailed explanation of the solutions’
visual representation is given in Section 4. Section 5 provides concluding remarks.

2. Description of the Riccati subequation method

The key steps of the Riccati subequation method [22] for solving NLPDEs are summarized as
follows. For any given PDE with variables x, y, z, and ¢

ov dv dv 0
M V,V;,Vx,vy,vz, 4 4 4 Y = ) (2'1)

E,a—x,a—y,a—z,...
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where %, %, g—;, g—; are the partial derivatives of v with respect to ¢, x, y, ,z. The Riccati sub-equation

method may be used to solve the ordinary differential equation Dp(x) = @ + ¢(x)*. The solutions of
the proposed method are shown as follows:
Case-I: When @ < 0,

¢1(¢) = — V= tanh( V-w¢),
¢2(&) = — V= coth(V-w¢),
¢3(€) = — V=w tanh(2 V=a@¢) + i V= sech(2 V=w¢),
@a(&) = — V=w coth(2 V=wé) + V—w csch(2 V-w¥),

oo =~ (ﬁtanh(?f) R mcoth(?g)), 22)

V=0 + 0% @ - x V= cosh(2 V=at)
x sinh(2 V=a@¢é) + ¢
V- (@ -x) @ —x V=@ sinh@vV=w¢)
x cosh2 V=w¢) + o '

we(&) =

9

@1(6) =

Case-II: When @ > 0,

¢3(&) = Vo tan( Vwé),

@o(&) = — Vw cot(Vaw¥),

@10(é) = - Vo tan2 Voé) + Vo sec2 Vwé),
¢11(&) = — Vo cot2 Vwé) £ Vw cse2 Vwé),

P1a(é) = %(\/Etan(T\/af) - \/Ecot(gf)), (2.3)
o = 2V =) VT cos2 V)

prale) = SN VTE) + 0 ’
o - 2= @~ psinC T

e X cos2VTE) + 0 ’

where o, y are used with real numbers with y? — ¢*> > 0.
Case-III: When @ = 0,

e15() = —

Exm’ (2.4)

where m 1s a constant.

2.1. Neural networks model

The trial function of the neural networks (NNs) model is introduced to determine the precise
solutions of Eq (2.1). The solutions of Eq (2.1) are determined using the output of NNs as the trial
function. Next, the trail function of the suggested method is described by

Y =W,,F, &), (2.5)
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where the letter W, ,, represents the weight coefficient from the last hidden layer /, to the output layer
Y, F is the arbitrarily generalized activation function, and /,, = {l,_y +1,1,_; +2,--- , I,,}. The proposed
neural network model has the following parameters Weights W; ; and bias term (b;) from the (i)-th
neuron of the preceding layer, which also form the output of the output layer. In the lith layer, the
mathematical representation of &, is described by

& =by+ Wi F (é:li—l)’i =12,....n,
where
L={xy,....t}(p=2,3,...,n—1).

The operational mechanism of the neural network model is executed by forward propagation, a process
that transmits information from the input layer to the output layer, resulting in the final output via the
weighted sum and activation function of neurons.

The neural network model is illustrated by Figure 1.

Input Hidden Output
layer layers layer

I ], 1,

. l,

Figure 1. NNs model.

2.2. Riccati subequation neural networks

Riccati subequation neural networks (RSENNSs) is new technique that combines the NNs model
with the Riccati subequation method. There are two parts to the central concept of RSENNs. One
advantage of NNs models is that the activation functions of the first hidden layer is derived from the
solutions of Riccati subequation method. Further, it can be used as the trial function that will covert
the PDE into algebraic expressions. The activation functions of the first hidden layer in the NNs model
may be chosen as the solutions of the Riccati subequation when the Riccati subequation is coupled
with NNs. This allows for the extraction of additional and novel exact solutions of PDEs. The key
steps of the proposed method are the following:

Step-1: By using the Riccati subequation and activation functions of the first hidden layer on the NNs
model, we may choose the Riccati equation as the desired equation.

Step-2: The RSENNs model can be built using the activation function of the first hidden layer chosen
in Step 1. In this model, X, y, z, and t are input variables, and the selection of the subsequent hidden
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layer can be done based on the circumstances. The output is then possible to obtain by means of feed-
forward operation. Figure 2 provides a clear description of the NNs model.
Step-3: The trial functions of the solutions of PDEs may be obtained by using the forward propagation
of the RSENNs model.
Step-4: To get the algebraic equations, we substitute the trial functions of RSENNs into the PDEs.
Step-5: We seek solutions to algebraic equations including variables like x, y, z, ¢, as well as the
function F(x,y,z,1),--- . A set of algebraic equations may be derived by setting the coefficient of each
term to zero for the equations developed in Step 4.
Step-6: Choose the most suitable coefficients solutions among all the possible coefficient solutions
that satisfy the criteria after analyzing these algebraic equations. To find the first explicit solutions of
Y, insert these values back into the trial function. An exact solution to Eq (2.1) may be found by using
Eqs (2.2)-(2.4).

Assigning an appropriate number of neurons (Riccati subequation solutions) to the first hidden layer
of the NNs model allows this approach to accomplish find more exact solutions, which is an obvious
advantage.

Input Hidden Output
layer layers layer

Figure 2. RSENNs model.

3. Applications

In this section, we will investigate two PDEs: the nonlinear Murray equation and nano-ionic
currents along microtubules. We employ the 2-2-2-1 RSENNs model, which uses two neurons for
each of the three layers (input, hidden, and output) and uses the trial function ¥ to find solutions to
PDEs. We have

W = bs + Wsy F3(&3) + Wiy Faés), (3.1)
where

&1 =br+ Wi+ xWoy,

& =by +tWo + xW,,,

& =b3+ WisF1 (&) + WosF (&),

§4= by + WiaF1 (1) + WaaF> (&),

(3.2)
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where F; with (i = 1,2,3,4) denotes the activation function, b; with (I = 1,2,3,4,5), and W;,(j =
x,t,1,2,3,4, k=1,2,3,4,Y, j # k) are used to denote the real parameters to be determined later.

Here, we use the 2-2-2-1 RSENNs model for the sake of simplicity. The first hidden layer’s
activation functions are the solutions of the Riccati equation ¢(), and the second layer’s activation
functions are the identity function (-) and the square function (-)?>, and hence, the inputs are x and .
The following is the output of these NNs, which is used as the trial function of PDEs:

W = bs + Ws (&) + Way(&) (3.3)

where
fl = bl + l‘Wt,l + XWx,l,

é‘:z = b2 + th’Q + XWx’z,
& =by + Wizp (&) + Wosp (&),
&y = by + Wiap (&) + Wasp (&)

Figure 3 provides a simple explanation of the 2-2-2-1 RSENNs model. Let b; = 0 fori = 1,2, 3,4 and
set bs = b in the actual computation to simplify the calculation. Hence, the 2-2-2-1 RSENNs model’s
formula reads:

(3.4)

¥ =b+ Wiy (W30 (tW,1 + xWy1) + Waszp (tW5 + xW,5))

(3.5)
+ W4,\y (W1’4(,0 (IWt,l + XWx,l) + W2,4(,0 (l‘W,’z + XWx,z))z .
Input Hidden Output
layer layers layer
I, I I

v v S | &
A A & | (8

Figure 3. 2-2-2-1 RSENNs model of Eq (3.3).

3.1. Nonlinear Murray equation

In this subsection, we calculate the desired solutions for the nonlinear Murray equation. The
proposed equation is an important concept in medical theory, known as Murray’s law or principle,
explains how the diameter of an artery affects the rate of blood flow. The nonlinear Murray equation
serves as mathematical model that takes into account, among other things, the impact of fluid dynamics
and blood flow geometry, and is described by:

R = (%)2 +D, (%) (3.6)
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whereas L represents the vessel’s length, and the parameters w, Cy, and D, are real constants. The flow
rate of blood through the vessel is denoted by Q, while the blood vessel radius is represented by the
letter R. The convection term is incorporated into the nonlinear reaction-diffusion equation [23, 24],
which is presented as follows:

Y, = AW)Y., + B(P)Y, + C(P), (3.7)

where ¥ = W(x, 1) is unknown and A(Y), B(Y), C,(\¥) are chosen as arbitrary smooth functions. Taking
A(P) = 1, B(¥) = GY and C»(¥) = HY — K¥?, then Eq (3.7) reads [25,26] as:

¥, -, -GYY, - HY + K¥* =0, (3.8)

where the parameters G, H, K are determined later. By substituting Eq (3.5) in Eq (3.8) and
simplifying the results, we obtain the following solutions:

Case-I: When w < 0, and W1’4 = 0, W1’3 = —%, W2,3 = 0, W2,4 = 0, b = Z\/Zﬂ, H =

4wW}i1 +2V-oW,,, K = S _ G V=@ W, ;. The soliton solutions are calculated as follows:

2VV.\',I
The kink-type soliton solution:

2V=aW,, tanh (V= (tW,; + xW.1)) 2 v=mW,,
+ —.

Yiix, 0= e G (3.9)
The singular soliton solution:
2+/-wW,, coth ( V- (tW,; + xWx,l)) 2\—aW,,
Yio(x, 1) = + —. (3.10)
G G
Bright-dark soliton solution:
2V-wW, (tanh (2 V- (tW,; + xWy, )) + isech (2 V= (tW,; + xW,, ))) 2V=aW,
Wis(x, 0 = + . (3.11)
G G
The soliton solution:
W (nh) = 2vV-oW, (COth (2 V—w (Z‘W,’l + )CWXJ)) + csch (2 V—w (IW,J + XWX’1)>) . 2 ‘/_wWX’l . (3.12)

G G

When Wi = —2p, Wy3 = 0, b = 2% W,y = 0, H = 4aW?, +2V=aW,, K = 9 -
G V—w@W,, we obtain the solutions as follows:

The soliton solution:

Wt ( ﬁ(— tanh (% V=@ (tW,; + xWX,l))) + (— \/:U) coth (% V=@ (tW,; + xWx,l))) . 2V=aWy,
G

¥ s(x, 1) = — - .(3.13)
The singular soliton solutions:
2Woi (V=@ (x? + 0%) —x V—wcosh (2 V- (tW,; + xW, ) 2V—TW
1ot = - ( ’ ), 2

G (i sinh (2 V=a (tW, + xW.1)) + o) G
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2W..1 (V=@ (@@ = x?) — x V=@ sinh (2 V= (W, + xW..,))) L2V
G

Yia(x 0 = - G (X cosh (2 V-w (tW,; + xWx,l)) + Q)

. (3.15)

Case-I: When @ > 0,and Wiy = 0, Wis = 2l W,y = 0, Wau = 0, b = 22 =

_GW3,\;J G ’
4wWi1 +2iVaW,,, K = % —iG V@wW, . The periodic soliton solutions are calculated as follows:
2\aW,tan (V@ (tW,1 + xW.1))  2iaW
W00 = - GG ), 2w, (3.16)
G G
2 \/EWXJ cot \/E(tw,l + XWx,l) 2i 1%
Wio(x, 1) = ( : ) + iN@ iy (3.17)

G G

2\aW,, (tan (2 V@ (tW1 + xWx,l)) + sec (2 V& (W1 + xWx,l))) N 2iNaW,
G

lPl.l()(x’ Z‘) = - G 7(318)
2\@W, (cot (2 Vo (tW,; + xWx,l)) + csc (2 V@ (tW,; + xWx’l))) 2iNaW,,
W(x 1) = - + e (319)
When Wis = —gpit, Wy = 0, b = 220wy = 0, H = 4oW?, + 2iNaW,, K =
GW,, ’

W iG VoW, ;, we obtain the periodic solutions as follows:

Vo (B0 2 ¥ We) B3+ )iy
o,

Yl =- G (3.20)
S 2W,, (\/w (¢ — 02) — x V@ cos (2 Vo (tW,1 + xWx,1))) .\ 2iaW,, G21)
13X, 1) = — , .
G ()( sin (2 Vo (tW,; + xWxJ)) + Q) G
2W,i (Vo (2 = %) —x Vo sin(2V@ (tWoy + 2We)))  2i VoW,
Wiy, 1) = + , (3.22)

G ()( cos (2 Vo (tW, 1 + xWx’l)) + Q) G
where o, y are used to represent real numbers with y? — 0> > 0.

3.2. Nano-ionic currents along microtubules dynamical equations

Microtubules (MTs), the most important part of each cell’s structure, are cylindrical polymers
derived from tubulin. The functional role of MTs is determined by their ability to transition across
a wide range of sizes [27]. The transport and movement of cells are aided by the 13 parallel
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protofilaments that comprise MTs [28]. The transmission line models of nano ionic currents along
MTs [29, 30] are as follows:

Wy + yPY, + 29, + AP, + 0¥ =0, (3.23)

where W = W(x, f) represents the complex wave profile, and parameters «, vy, A, 0 are determined later.
By substituting Eq (3.5) in Eq (3.23) and simplifying the results, we obtain the solutions as follows:

a 3 2 aw 2
Case-I: When w < 0, and W1,4 = O, W1,3 = O, W2,3 = O, W,"z = oW = 7W2'4W4’ly(4 WX'2+1)

oW Waw? T 6aW?,
by, 6 = 0. The soliton solutions are calculated as follows:
The dark soliton solution:

12atW?
W, 1(x,1) = ~@ W3, Way tanh? | V=& | xW, 5 — ———2 |1, (3.24)
’ YW Waw
The singular soliton solution:
120t W?
Yoor(x, 1) =b— TD'W224W4’\11 COth2 V—w XWX’Z - 2—x,2 . (3.25)
| YW Wy
The bright-dark soliton solution:
, 126tW3, )} 12atW3, Y’
Yys3(x,t) =b— 7D'W2’4W4’\y tanh|2 V—w xWx)g - W +isech|2 V-w xWx)z - m . (3.26)

The soliton solution:

1220W3, 1200W3, )Y
Wou(x,t) = b — wW22,4W4,q; coth|2V-w|xW,» — ——— ||+ csch|2V-w | xW,p - ———— . (3.27)

7W224 W4,‘}’ ’)’W224 W4’\y
12aW3 | yW2, Waw(4amW? +1)
When W1’3 = 0, W2’3 = 0, W2,4 = 0, W,’l = —W, Wx,z = 0, A= 6aW§1 , b= 0, 6= 0,

we get solutions:
The dark-singular soliton solution:

v 1, H (! 12atW? |
x,t) = -Wi, ,W. V—w|—-tanh| - V-w|xW,| - —————
2.5( ) 4 14 4,‘{’( ) 1 ’}/W12,4W4,\}t

H (! 12atW3 )\ 208
+|(—V—w)coth| = V-w|xW,| - ———— . .
( ) 2 ! YW, Waw ) 628

The singular soliton solutions:

120t W3 2
W2 W (Vo O )~ V= cosh (2 V7 (xWs - 220 )

Yoe(x, 1) = — 3
. @ x,1
()( sinh (2 V-@ (xWx,l = W Wy )) + Q)

, (3.29)
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] 12atW? 2
W Waw ( ~@ (0* ~x*) — x V-wsinh (2 V"o (XW’C’l - VWff;W:L" )))

Wo7(x,0) = (3.30)
n(a 12a1W3 2
pecosh (2= (2 - 5+
a 3
Case-ll: When @ > 0, and Wiy = 0, Wiz = 0, Wa3 = 0, W = -t 1 =
2474,
> awW? . . .
YWZ"‘WZ(;‘VZ Wiatt) _ by, 6 = 0. The periodic soliton solutions are calculated as:
x,2
) . 12a1W3,
Wye(x, 1) = WW2’4W4,\{1 tan \/E XWx72 - W + b, (3.31)
24 774Y
. . 120W3,
Yoo(x,t) = WW2’4W4,\F cot \/E XWX’Z - ’)W +b, (3.32)
2474
, 12atW?, 1202, )\
W 10(x, 1) = wW2’4W4,\p tan|2 \/E xWx’z - W +sec|2 \/E )CWx’z - %—Ww + b, (3.33)
, 12a1W3, 12arW?, W\
Yo (x,t) = TD'WZ’4W4‘\{/ cot|2 \/E xWx,g - W +csc|2 \/E )CWX,Q - ')/VVZZA—W“, + b. (334)
122W3 | YW, Waw(damW? +1)
When Wi3 =0, W3 =0, W4, =0, W,; = —m, Wi =0, 1= — 67, —. b=0, =0,

we obtain the periodic solutions as follows:

1, 1 12atW?, | 12arW? | )Y
lP2.12(.X, t) = ZW1’4W4’\P \/Etan E \/5 xWx’] - %—Ww - \/ECOt E \/E AWyl — )/VV124—W4"{, ) (335)

12aW? 2
W1274W4,\p ( V@ (2 — 0%) — x V@ cos (2 @ (xWx,l - ny:vglp )))

Pou3(x, 1) = — > , (3.36)
()( sin (2 Vo (xWx,l - VWIZAWZ,ILP )) + Q)
. 1203, \\\?
W, Wy ( Vo (x* — 0%) — x Vw sin (2 @ (xWxJ - YWIZ:WZ‘P )))
Vo 14(x, 1) = S , (3.37)

5 12212, 2
pecos (2 v v = 7)) o)
where o, y are used to represent real numbers with y? — o? > 0.
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4. Discussion and graphs

By meeting different analytical demands, 3D, 2D, and density graphs all play a significant role in
data visualization. Although 3D graphs require careful interpretation to prevent perceptual distortions,
they excel at depicting complicated, multidimensional data sets, therefore enabling researchers to
observe interactions among three variables, such as spatial relationships in engineering, molecular
structures in chemistry, or atmospheric patterns in meteorology. 2D graphs, such as line charts,
scatter plots, or bar graphs, provide simplicity and clarity, making them perfect for showing trends,
correlations, or comparisons over time or across categories, especially in sectors like economics, social
sciences, and education, where clear communication is vital. Density graphs, like heatmaps or contour
plots, draw attention to data concentration and distribution patterns, hence facilitating the detection of
clusters, gradients, or anomalies in huge datasets. This is especially useful for population research,
risk assessment, or machine learning. Taken together, these visualization tools offer complementary
viewpoints: 2D graphs make data more accessible; 3D graphs provide depth for complex analysis;
density graphs expose hidden structures; all three types of graphs improve decision-making, hypothesis
testing, and narrative across scientific, industrial, and educational spheres. A variety of graphs are
presented in Figures 4—12. Figure 4 has been sketched for the parametric values w = —0.02, W, ; =
1.7,W,; = 0.2, and G = 2 to the solution (3.9). The dynamics of the solution (3.11) has been plotted
in Figures 5 and 6 by the assistance of the parametric values w = -0.02,W,; = 7,W,; = 2,G = 2
and w = —0.05, W, ; = 2.89,W,; = 2.5,G = 2.1, respectively. Moreover, Figure 7 is depicted for the
parameters @w = —0.225, W, ; = 1.2, W,; = 0.5,G = 5 to the solution (3.13). Figure 8 is plotted to the
solution (3.18) for the values w = 3.5,W,; = 0.6, W,; = 0.5,G = 0.2. Furthermore, the parameters
w=-0.02,Wyy =2, Wyyp =12,y = 0.3, = 2.3, W,, = 0.05 have been used for Figure 9 of the
solution (3.24). Figures 10 and 11 have been plotted for the values @ = —0.01, W4 = 2, W4y =
22,y =13, = 0.03,W,, = 2.1,b = .1 to the solution (3.26). Figure 12 is sketched for the values
w = 0.06,W,; =05 W4 =02,Wyy =0.002,y =3, =03, W4 =05,y =.2,0 = 0.1 to the
solution (3.37). A variety of shapes like kink, dark, bright, combined as well as the periodic solitary
waves have been observed in the plotted figures. In nonlinear research and applied physics, kink,
dark, bright, mixed, and periodic solitary waves are of great relevance because of their exceptional
qualities and resilience in preserving shape and stability across great distances. Offering insights into
symmetry-breaking events, kink waves (topological solitons) model phase transitions, domain walls
in materials, or energy transmission in biological systems. While bright solitary waves (localized
intensity peaks) allow consistent signal transmission in optical fibers and model self-trapped quantum
states, dark solitary waves (intensity dips in nonlinear media) are essential in optics and Bose-Einstein
condensates for controlling light pulses or investigating quantum superfluidity. Bridging localized
and wavelike behaviours, periodic solitary waves such as cnoidal waves or soliton trains—describe
repeated structures in oceanography, nonlinear optics, and transmission lines. These waves taken
together support developments in photonics, quantum technologies, and atmospheric modelling by
offering frameworks to govern energy, information, and matter in nonlinear environments vital for
current communication systems, medical imaging, and fundamental physics research.
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Figure 4. Dynamics of kink type solution (3.9) for the parameters w =

1.7,W;; =0.2,and G = 2.
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Figure S. Dynamics of the real part of solution (3.11) for the parameters @ = —0.02, W, ; =

T,Wii=2,and G = 2.
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Figure 6. Dynamics of the imaginary part of solution (3.11) for the parameters @ =
-0.05,W,; =2.89,W,; =2.5,and G = 2.1.
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Figure 7. Dynamics of the soliton solution (3.13) for the parameters w = —0.225,W,; =
1.2,W,; =05,and G =5.
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Figure 10. Dynamics of the real part of the solution (3.26) for the parameters @ =
001, Wy =2, Wyyp =22,y=13,=0.03,W,, =2.1,and b = .1.
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Figure 11. Dynamics of the imaginary part of the solution (3.26) for the parameters @ =
001, Wy =2, Wyyp =22,y=13,=0.03,W,, =2.1,and b = .1.
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Figure 12. Dynamics of periodic waves of solution (3.37) for the parameters @ =
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5. Concluding remarks

In conclusion, this work introduces a novel approach known as RSENNSs for computing analytical
solutions of complex PDEs. By means of the forward propagation of the NNs model, we are able
to acquire the trial functions by inserting the solutions of the Riccati equation into the first hidden
layer of the model. Each term’s coefficients are combined and adjusted to zero using trial functions.
The coefficients are found in an algebraic equation system using this procedure. These coeflicients
may be found by solving these algebraic equations. To get novel exact solutions, this innovative
approach combines the traditional Riccati subequation method with the recently developing field of
machine learning, helping to study complex mathematical and physical problems. Investigating the
exact solutions of the nonlinear Murray equation and the nano-ionic currents along MTs dynamic
equations has enabled us to confirm the applicability and adaptability of RSENNSs to finding the exact
solutions of NLPDEs. A comparison between studied method and other analytical methods have been
provided in the Table 1. Researchers may use these equations to examine events related to nonlinear
propagation. New exact solutions found in this work may serve as additional guidelines for future
studies in this field. Analyzing wave dynamics via multidimensional plots (3D, 2D, contour, and
density) can clarify complex mathematical and physical interactions in solutions.

Table 1. Comparison between RSENN and traditional analytical methods.

Method ODE Conversion | Non-integrable PDEs | Solves PDEs Directly | Needs Balance Number
RSENN No Yes Yes No
Tanh Method | Yes Limited No Yes
SEM Yes Limited No Yes
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