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Abstract: This paper presents a comprehensive study of geometric inversion with respect to central
conics in hybrid number planes, which unify complex, hyperbolic, and dual numbers within a single
algebraic structure. By employing the hybrid scalar product and the associated pseudo-Euclidean
metric, the hybridian planes were classified as elliptic, hyperbolic, or parabolic. Explicit inversion
formulas were derived for points, lines, and conics in each plane type. It was shown that lines passing
through the inversion center remain invariant, while others transform into conics. Homothetic conics
preserve their type under inversion, whereas non-homothetic conics yield cubic or quartic curves
depending on their relation to the inversion center. These results extend classical inversion geometry
into a unified hybrid setting, providing a new framework for geometric transformations in generalized
number systems.
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1. Introduction

Geometric transformations serve as a foundational theme in both classical and modern mathematics,
providing a robust framework for analyzing structure, symmetry, and motion. Among these, inversion
transformations are of particular interest due to their rich geometric, algebraic, and conformal
properties. Traditionally defined in the Euclidean plane with respect to circles, inversion generalizes
the concept of reflection and plays a fundamental role in the study of Mobius transformations and
complex analysis [1,2].


https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.2025651

14473

As a starting point, consider the classical notion of symmetry with respect to a line. In Figure 1, the
point B is the reflection of point A across the line ¢, such that the perpendicular distances from both
points to the line are equal.

Figure 1. Point B, which is the reflection of point A with respect to the line ¢.

Extending this idea leads to circular inversion, as illustrated in Figure 2, where for a fixed center O
and radius R, the points A and B satisfy the relation

|OA| - |10B| = R,

[3]. This transformation lies at the core of inversive geometry.

Figure 2. The point B is the circular inversion of the point A with respect to the circle € (in
black), centered at O with radius R.

As illustrated in Figure 2, the concept of circular inversion can also be characterized via
orthogonality: all circles passing through a point A and orthogonal to a fixed reference circle € intersect
at a second point B. According to this geometric principle, B is defined as the circular inversion of A
with respect to €. This interpretation offers an elegant and purely geometric understanding of inversion,
complementing the traditional metric definition.

In classical settings, inversion is elegantly expressed using complex numbers, where inversion with
respect to the unit circle is defined by z — % This concept has been extended to general conic sections
through analytical methods and Clifford algebra approaches [4-7]. However, these generalizations
largely remain confined to Euclidean or complex frameworks [8].

Meanwhile, hypercomplex number systems—such as complex, hyperbolic, and dual numbers—
have emerged as powerful algebraic tools for modeling distinct geometric behaviors [9-11]. These
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systems correspond, respectively, to elliptic, hyperbolic, and parabolic geometries and are closely
linked to transformation groups like S L,(R) via Mobius-type actions [12, 13]. These ideas align
with Klein’s Erlangen Program, which advocates for the classification of geometries based on their
invariance under transformation groups [14—-17].

To unify these distinct number systems within a single algebraic and geometric framework, hybrid
numbers were introduced [18]. Although recent studies have explored the algebraic properties and
applications of hybrid numbers [19-22], a comprehensive theory of inversion with respect to conics in
hybridian planes has yet to be developed. This gap presents an opportunity to extend classical inversive
geometry into a generalized pseudo-Euclidean setting, offering potential applications in physics,
computer graphics, and non-Euclidean modeling [23-26]. In a broader context, the techniques and
insights developed here may also support advances in inverse problems involving scattering phenomena
and conic singularities [27-29].

In this study, we propose a rigorous geometric formulation of inversion transformations with
respect to conic sections in hybrid number planes. Utilizing the hybrid scalar product and the
metric classification of planes, we derive explicit inversion formulas for points, lines, and conics.
Furthermore, we analyze the nature of inverse curves, identifying conditions under which inversions
yield conics, cubic curves, or quartic curves, motivated by the aim to generalize classical inversion
concepts into hybrid number systems and provide a unified framework that captures new geometric
behaviors not seen in traditional settings.

By bridging classical inversive geometry with hybrid number theory, this work establishes a unified
framework for geometric transformations in pseudo-Euclidean spaces, laying the foundation for future
research in generalized symmetry, metric transformations, and complex motion analysis.

The structure of the paper is as follows. Section 2 provides preliminary information about hybrid
numbers and the geometric structure of hybridian planes. In Section 3, we construct inversion
transformations with respect to central conics and derive explicit formulas for points, lines, and conics
in elliptic, hyperbolic, and parabolic hybrid planes. Section 4 concludes the paper with a summary of
results and directions for future work.

2. Preliminaries on hybrid geometry

To establish a comprehensive framework for inversion transformations, we begin by outlining the
algebraic structure of hybrid numbers and their associated geometric properties [18, 19].
A hybrid number is expressed as:

P = p1 + p2i + p3g + psh,

where the units satisfy the relations i> = —1, &> = 0, h> = 1, and ih = hi = i + £ [18]. Each hybrid
number can be decomposed into its scalar part S, = p; and vector part V, = psi + p3e + psh. The
conjugate of p is defined by p = S, — V. The multiplication of hybrid numbers adheres to the algebraic
rules established for these units [19,21].

The character of a hybrid number is given by

C() =pp = P’ + (p2 — p3)* — P — P
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Accordingly, a hybrid number is classified as spacelike if C(p) < 0, timelike if C(p) > 0, and lightlike
if C(p) = 0. The norm is defined by ||p|| = +/|C(p)|, and the inverse exists when ||p|| # O, given by

pl= %p) Lightlike hybrid numbers have no inverse.
The hybridian scalar product for two hybrid numbers q and p is defined as:
= oz
(,p)x = 2 > PA = g1p1 + (42— 432 — p3) — 43ps — qups,

where q = g1 + @21 + g3¢ + gsh and p = p; + psi + pse + psh [18]. This scalar product induces a
pseudo-metric structure on R* [30]. In this context, pure hybrid numbers are treated as vectors in the
hybridian 3-space H>. Let u = (u;,u, u3) and v = (v;,v,, v3) be hybrid vectors in H>, equipped with
the bilinear form

(u,v) = —(uy — uz)(vi — v2) + uava + usvs.

Vectors in H? are classified according to the discriminant
A) = —(uy — up)? + 1 + 142

as elliptic if A(u) < 0, hyperbolic if A(u) > 0, or parabolic if A(u) = 0. The discriminant A determines
the geometric type of the hybridian plane associated with a vector, analogous to how the sign of the
discriminant in conic sections characterizes ellipses, hyperbolas, or parabolas. Note that for any hybrid
vector v = (v1, V2, v3), the discriminant satisfies A(v) = v, where the square is taken under the hybrid
multiplication rules. Two vectors are pseudo-orthogonal when their scalar product is zero [22].

For any non-zero pure hybrid vector v, the associated plane is defined as P, = {O,v} C R*. The
nature of Py depends on the type of v: if v is elliptic, then Py is isomorphic to the complex plane
since v2 = —1 [31]; if v is hyperbolic, P, corresponds to a hyperbolic plane with v’ = 1; and if
v is parabolic, P, represents a dual plane where v> = 0. This classification provides the geometric
foundation necessary for extending classical inversion transformations into hybridian geometry [20,
32].

3. Inversion map in hybrid number planes

We begin by analyzing the general equations of conics within the hybrid plane Py. In hybrid
geometry, each point on a conic maintains a constant hybridian distance from its center. Utilizing this
property, the standard form of a conic in the plane Py, for a non-zero pure hybrid number v = (v{, v2, v3),
is given by

—A*(x—h)? +AB*(y-s)’ =r, ref{-1,1}, (3.1)

where A = —v? + 2v;v, + v3. The parameter r takes the value —1 for parabolic and elliptic planes, and
either +1 or —1 for hyperbolic planes. Based on the type of hybridian plane, conics centered at (A, s)
are classified as follows:

¢ Elliptic Plane P,: If v is unit elliptic, then
—A*(x—h)? - B*(y—s)*=-1

. . ) cosf sin 6
with parametric equation 1 +n, T + 5.
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e Hyperbolic Plane P,: If v is unit hyperbolic, then
~A*(x = h)’ + B*(y — 5)* = =1

) . . _[coshé@ sinh 6
with parametric equation + h, + 5.

A B
e Parabolic Plane P,: If v is parabolic, then

—A*(x-h)? =-1
. . ) 1
with parametric equation (Z(Ah +1), t).

Let M be a point in the plane Py, and let k > 0 be a given scalar. The homothetic transformation F
with center M and ratio k is defined as the mapping that fixes M and sends any other point P to a point
Q such that

— —
MQ=k-MP,
where M, P, and Q are collinear and lie on the same side relative to M [33].
This transformation can be formally expressed as:

F:R*U{l} - R*U{l}, P—FP)=0Q
with the matrix representation given by

ai| |k O (I=bh|lp
F(P)=|q|=|0 k (A-ks||p2| (32)
1] [00 1 1

where P = (p1, p2), O = (q1,42), and M = (h, 5) [33].
Under the homothety transformation defined by

X=kx+(1-kh, Y=ky+(l-k)s,
where x and y denote the original coordinate variables in the conic J, we observe that
X—h=kix—-h), Y-s=k@-ys).
Substituting these expressions into the general conic equation
—A* (X —h? +AB*(Y —s)’ =r

yields
—A[k(x — W))* + AB*[k(y — 9)]* = r,

which simplifies to
—AY P (x - h)? + ABK*(y - s)* = 1.
Thus, the conic is transformed into an equivalent equation under the given homothety.
It is straightforward to verify that the eccentricity e of the conic remains invariant under homothety

Ak A2
e= 1+A—k =4/l +A—.
Bk B?
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Definition 3.1. [3,7,34] Two conics are said to be of the same semi-form if they have parallel axes
and equal eccentricities. Furthermore, if their principal axes are also parallel, then the conics are
homothetic.

Definition 3.2. [3,7,34] Let J be a conic and € a central conic (i.e., a conic centered at the origin).
The conic J’ is called the image of J under inversion with respect to € if 3" consists of all points that
are the images of the points of J.

Therefore, the inversion map in the hybridian plane with respect to a conic is defined as follows:

Definition 3.3. Let € be a conic with center M = (h, s) in the plane Py = span{1, v}. The inversion map
with respect to € is defined as:
¢Pv\{M}_>Pv\{M}’

such that ¢(P) = P’, where the points satisfy |MP|-|MP’| = |MQ|*. Here, P’ lies on the ray m and Q
is the intersection point of the conic € with the ray MP.

Theorem 3.1. Let P’ be the inverse of a point P = (xy,yo) with respect to the inversion conic
C:-A’(x—h’+B*(y—-s)’A=r,

centered at M = (h, s), where r € {—1, 1} depending on the type of the conic. The point P’ is the
intersection of the line M P and the polar line of P. Then,

—h _
pr=(f0=h) 0=, s), (3.3)
PP PP
where A = —v? + 2viv, + v3 and pp = —A*(xg — h)> + B*(yo — 5)*A.
Proof. The ray m = (xo — h,yo — s) intersects € at
Q = (n(xo —h) + h,n(yo — 5) + 5)
for n > 0. Since Q € €, we have
~A% (n(xo = W)’ + B> ((yo = )’ A = 1,
7 (-A%(xo - b + BX(o — )°A) = r. (3.4)

The polar of P is given by the line
Ip: —A*(x = h)(xg — h) + B*(y — 5)(yo — $)A = 7.
—
This line intersects the ray M P at the point

P’ = (E(xo —h) + h, &y — 5) + 5)

for & > 0. Since P’ € Ip, it follows that
—A% (£(xo = ) (xo = B) + B> (£(vo = ) (o = )A = 1,
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£(-A’(xo =0’ + B'(Go — s1’A) = r. (3.5)

From (3.4) and (3.5), we obtain & = n?>. Therefore, we have

IMP| = = (x0— h)? = (3o — $)?A,
IMP'| = & ~l-(x0—h?2 =y — 5)*Al,
MOl = 1+ +]-(xo—h)? - (o — 5)*Al

Thus, |MP| - |MP'| = [MQJ*. Using the equations of the polar line of € and the line MP,

y=5_JYo=S
x—-h xo—h

the point P’ given in (3.3) is obtained. O

Remark 3.1. The quantity pp represents the square of the distance between the inversion center M
and the point P, according to the hybridian metric. Its sign and magnitude depend on the value of
the scalar parameter A, which functions as a discriminant classifying the type of the hybrid plane.
Specifically, A = —1 corresponds to elliptic, A = 0 to parabolic, and A = 1 to hyperbolic geometries.
These distinctions directly affect the behavior of the inversion, as illustrated in Figure 3.

7
=BT |

M P

X v

=

ol 1 Real axis of 1 Real axis ol 1 Real axis

vi=-1 vi=0 vi=1

Figure 3. Visualization of the square of the hybridian distance between the inversion center
and a point P in elliptic, parabolic, and hyperbolic planes.

Remark 3.2. Let P’ = (x1,y,) be the inverse of the point P = (xo, yo) with respect to the conic
C:-A’(x—h’+B*(y-s) A=r.

Theorem 3.1 can be expressed using the homothety matrix (3.2) as follows:

LA (1—i)h
X1 pp pp X0

FP)y=n|=1q 2 (12| (3.6)
1 PP PP 1
0 O 1

where pp = —A%(xo — h)> + B*(yo — 5)*A.
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Theorem 3.2. An inversion maps a line € passing through the center of inversion M to itself.

Proof. The result is obvious from the definition of inversion, since any line passing through the center
of inversion remains invariant. O

Theorem 3.3. Let € be a central conic of inversion in the plane Py. The inverse of a line € that does
not pass through the center of inversion O (the origin) with respect to € is a conic J passing through
the center of inversion of the same form as the central conic of inversion, and conversely. The type of
the conic J is given in the table below according to the type of the plane Py.

Py ¢ 3

Elliptic Ellipse Ellipse

Hyperbolic Hyperbola Hyperbola

Parabolic Dual circle For x = ¢, line
Parabolic Dual circle For y = ax + b, parabola

Proof. Consider the line y = ax + b. The image of a point P = (x,y) = (x, ax + b) under inversion is

, (x y) (x ax+b)
P:r_’_ =r{—, s
pPr Pr pPp  pPpr

where r = —1 for parabolic and elliptic planes, and r = +1 for hyperbolic planes.
It can be verified that the point P’ satisfies the following equation:

—A%X* + AB* = r(ax _ y).

Rearranging this equation using P’, we obtain the equation of the conic, which is the inverse of the
liney = ax + b:

—Az(x+ ra )2+AB2 + ar 2——(L)Z+A L2 forA#0
2A%h YT o) T T \240 2Bb .

a \? a \ vy
_AZ(_ ):_( _)+_ for A = 0.
T 2a% 24b) T b o
It is clear that these conics are of the same form. If the line is of the form x = ¢, then
A2y ARy =2
-
Since A = 0 in the dual plane, the inverse of x = ¢ is
1
xX=—.
A?c
Conversely, under the same conditions, the inverse of these conics is a line. O

Example 3.1. The conic J’ (in red) shown in the table below represents the inversion of the line
y = 3x + 1 (in blue), which does not pass through the origin, with respect to the conic € (in black)
(Figure 4).
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¢ Ry

2x* +3y? =1 232 +3x+3y?—y=0
—2x2 432 =1 2x* =3x-3y?+y=0
—2x2 =-1 (4x+3)72=8y+9

/

/

! L\ | Il | |
| 00,0 ]| = * | | 0(0,0)
20 I © 1 2 2 -1

+2

Figure 4. Inversion of a line with respect to the elliptic, hyperbolic, and dual circles,

respectively.

0(0,0)

41

12

Theorem 3.4. Let € and J be homothetic conics, where € is a central conic in the plane Py. If J does

not pass through the center of inversion O, then the inverse of J with respect to € is a conic J’

is homothetic to J.

Proof. Let

<

—A% + ABZy2 =r,

. —AXNx—-h?+ABy(y-s)=r,
AQ = kA, B() = kB, ke R,

pp = —A2X*+ BY?A.

P (rx ry)
Ppr pr

Substituting P’, along with (3.8) and (3.9), into equation (3.7), we get

R

Consider the point

2
— (Ak) (——h) + A(Bk) (’ s) —r
P pPp

P

2
— —Az(ﬂ—h) ABZ(—— )
PP

1
= — (—Azrz)c2 + AB*r*y? ) + — (Azhx - Asty) — AW + AB’s* =
pPp

Pp
1 —2/(-A’hx + AB?
— L CAEAEW) gy g = L
PP pPp k

, which

(3.7)
(3.8)
(3.9)
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- .
i (—A%h? + AB?s?)
Thus, the equation represents a conic that is homothetic to J. O

Example 3.2. The conics J’ (in red) shown in the table below represent the inversion of the conics J (in
blue), which do not pass through the origin, with respect to the central conics € (in black) (Figure 5).

¢ R) RY
2 2 12 1 2 7 2 7 2
f—5+yz:1 LGl Y —%—);—%:15(2—y)—4x
x? 2 12(x = 1)? 3 x?
_E+yZ:1 - 30 - 1P = L—g:IS(y—Z)—4x
12 48x
22 =1 24(x—1)* = -1 P
. =1 Y33
|
(5) Xt = 4y =4 — (x — 1) 12y = x> + 6x — 27
y y y
10 + 10 + L5+
1_
5<A / T Ry 0,5
ﬁ& Y c 3 3
-1}0 ; \\0(20/ 5I 10 i )Il/ I5 0.8 Nx —1},5 —1‘ —0=,5 G D,Is 1} 1,‘5 i
17 /N =
T
+110 -10 +-15

0(0,0)

g skl

Figure 5. Inversion of a conic with respect to the elliptic, hyperbolic, and dual circle,
respectively.

LN+

Theorem 3.5. Let P : —Aj(x — h)* = a +y be a parabola and € : —A*x* = r be a dual circle. The
inversion of the parabola P with respect to the dual circle € is
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e aline, if P passes through the center of inversion;
e a parabola, if P does not pass through the center of inversion.

Proof. Let
€ : -A’’=r,
P . —Aix—hl=a+y, (3.10)
pp = —A%X (3.11)
The inversion point is
P = (z Q)
pr pr)

Substituting P’ and (3.11) into (3.10), we obtain

This simplifies to
A (AFR? + a) ¥ = 2A%AGhx + A%y + A] = 0.

If P passes through the center of inversion, then —A(z)h2 = a, yielding

2

Ag
= 24%h —(—) .
y 0 X A

If P does not pass through the center, then

A 2
= A2 (A2 + a) 2 + 2A%h —(—0) .
y ( 5 a)x ohx =~

O

Theorem 3.6. Let 3 and € : —A%x*>+AB%*y* = r be two non-homothetic conics, where  passes through
the center of inversion. If the plane Py is non-parabolic, then the inverse of the conic J with respect to
C is a third-degree curve. If the plane Py is parabolic, the inverse of J is a line.

Proof. Let us consider

C : A%+ ABzy2 =7,

I . —AI(x—h)?+ABI(y—-s) =1, (3.12)
A # kA, B, #kB, keR,
ppr = —-A2X*+ AB*. (3.13)

Since J passes through the center of inversion, we have
~AIh* + AB3s* = 1.
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The inversion of a point P = (x,y) is given by
P = (E Q) .
pp pp
Substituting P’ and (3.13) into equation (3.12), we get
rx g r ?
() am (2 <
pPr pPr

This can be rewritten as:

2 2
2 rx 2 ry _ 212 22
—Aj (—A2x2 AR h) + AB; (—A2x2 AR s) = —ATh” + ABjs".

Clearing denominators and simplifying leads to the following cubic equation:
2AZA%hx3 - 2AZB%sAx2y - ZBZAthxy2 + ZBZstA2y3 + rA%x2 - rB%Ay2 =0.

Therefore, the inverse of J with respect to € is a third-degree curve in non-parabolic planes.
If the plane Py is parabolic (i.e., A = 0), this equation reduces to a linear equation, representing a
line. m|

The following table summarizes the information stated in Theorem 3.6.

Conic € Inverse of 3

Ellipse 2A2A%hx3 + 2AZB%sx2y + ZBZA%hxy2 + 2BZB%sy3 - A%x2 — B% 2=0
Hyperbola 2A2A%hx3 - 2AZB%sx2y - 2BZAfhxy2 + 2Bzsty3 + rA%x2 - rB%y2 =0
Dual circle 2A%hx = 1

Theorem 3.7. Let J and € : —A%x* + AB*y? = r be two non-homothetic conics, where 3 does not pass
through the center of inversion. Then the inverse of 3 with respect to € is a fourth-degree curve with a
singular point at the center of inversion.

Proof. Consider the following conics:

€ : A2’ +ABY =r,

I ¢ —ANx-h?+ABi(y-s) =r, (3.14)
A, # kA, B, #kB, keR,
pp = —A’X*+ ABH. (3.15)

Since J does not pass through the center of inversion, we have
—Ah* + ABjs* # 1.
The inversion of a point P = (x, y) with respect to € is given by

p - (__y)
PP pr

AIMS Mathematics Volume 10, Issue 6, 14472-14487.
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Substituting P’ into equation (3.14) yields
rx g r ?
—A%(—— ) +AB%(—y—s) =r.
pPr 19
By replacing pp from (3.15), we get

2 2
2 rx 2 ry _
—A (—Azx2 + AB?y? - h) +AB (—Azx2 + AB?%y? B s) -

Clearing denominators and simplifying, we obtain the fourth-degree equation

AYWPAT - Bis*A + r)x* + 2rA’AThx® + BY(ATh? — Bis*A + r)A%y*
+2(AB)*(Bis*A — ATh*A — rA)x*y* — 2rAA*Bisx*y + 2rA* B*Bisy’
- 2rAB*Athxy’ + ATX* — BiAy’ = 0.

Therefore, the inverse of J with respect to € is a fourth-degree curve featuring a singular point at
the center of inversion. ]

The following table summarizes the results stated in Theorem 3.7. These findings suggest a
classification of fourth-degree equations as inverse images of conics. However, it should be noted
that not all fourth-degree curves can be categorized in this manner.

Conic € Inverse of 3
(A21% + B2s? — 1) (A'x* + B'y') - 2((AA,)” hx’ + (BB, 5°)
Ellipse +2(AB)* (A2h? + B3s? — 1) X% - 2(AB) )’ sx%y

— 2(BA)* hxy? + B3y + A%x* = 0
(Afh2 - B%s2 + r) (A4x4 + B4y4) +2r ((AA1)2 hx® + (BB;)? sy3)

Hyperbola +2(AB) (AI1? - B3s® + r) X2 = 2r (AB))’ sx’y+
—2r(BA))’ hxy* + A2x* - B%? =0
Dual circle A (A2 — 1) x2 - 2(AA)) hx + A3 =0

4. Conclusions

In this paper, we developed a comprehensive framework for inversion transformations with respect
to central conics in hybrid number planes. By leveraging the algebraic structure of hybrid numbers
and the associated pseudo-Euclidean geometry, explicit inversion formulas were derived for points,
lines, and conics across elliptic, hyperbolic, and parabolic planes. The results demonstrate that
lines passing through the center of inversion remain invariant, while other lines transform into conic
sections. Furthermore, homothetic conics preserve their type under inversion, whereas non-homothetic
conics generate higher-order curves, including cubics and quartics, depending on their geometric
configuration and the nature of the hybridian plane.

This paper bridges classical inversive geometry with hypercomplex algebra, providing a unified
approach to geometric transformations in generalized metric spaces. The findings not only fill a gap in
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the literature but also offer potential applications in fields such as non-Euclidean modeling, computer
graphics, and theoretical physics. Future research may explore dynamic transformations, mappings in
higher-dimensional hybrid spaces, and applications of hybrid inversions in solving geometric problems
within applied sciences.
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