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Abstract: The deterministic topology optimization (TO) has become one of the better-known
optimization approaches in the engineering design of structures. However, its approximation errors
have placed several restrictions on designers as it does not consider inherent uncertainties such as loads,
geometrical dimensions, and materials in structures. To remedy this issue, the TO methods were
incorporated with reliable design with highly martials involved under uncertainties for
structural/mechanical problems. In the current reliability-based topology optimization (RBTO)
procedures under multi-source uncertainties, dynamic mean value (DMV) was applied for evaluating
the probabilistic constraints. For this aim, a sequential TO and reliability analysis (STORA) was
proposed for application in various TO methods. The TO loop coupled bisection method as inverse
topology layout applied in reliability loop that the DMV was utilized for evaluating the probabilistic
constraint using sufficient descent condition. In the current RBTO model based on STORA, different
TO methods named moving iso-surface threshold (MIST), evolutionary structural optimization (ESO),
Level-set, and solid isotropic material with penalization (SIMP) are discussed for various problems
with continuous design domains. The comparative results are discussed for different TO methods basis
bisection approach for TO and RBTO solutions. The results demonstrated that the stable results
provided by DMV and different optimal shapes between inverse TO-based bisection and RBTO
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solutions are captured. The proposed RBTO method using STORA provides safe optimum shapes for
almost TO methods with uncertainties in material properties and loads.

Keywords: reliability-based topology optimization; level set; dynamic mean value; SIMP; MIST
Mathematics Subject Classification: 54A10

1. Introduction

The main purpose of topology optimization (TO) is to a distribute given materials optimally inside
a fixed design domain to address an objective function according to specified response of the structure.
The extensive studies found how the field of TO can be attractive, challenging, and useful [1]. The
comprehensive literature and textbooks are applied to find various methodologies of TO [2-5]. In TO
approaches, it is usually conducted in an explicit methodology by ignoring the natural uncertainties in
loads, manufacturing tolerances, geometrical dimensions, and materials of the structures [6].
Conversely, to rectify such a manner and encompass the effects of uncertainties in the optimal design
layouts of the structure with the aid of probabilistic constraints conception, consequently, reliability-
based topology optimization (RBTO) has been applied as a useful tool to evaluate the uncertainties in
probabilistic constants of TO methods.

Topology optimization under multi-source uncertainties can be applied to design engineering
structures effectively for obtaining safe optimal conditions [7,8]. Kang and Luo [9] evaluated the
uncertainties in the structure, which take nonlinearities with the multi-ellipsoid convex model. Non-
probabilistic reliability-based topology optimization (NRBTO) was applied in [10,11] for the multi-
layer composite structures under anisotropic constitutive relationship [10]. NRBTO, with stress
constraints, was also applied in the study of Xia and Qiu [11] with the aid of a sequential strategy
where a shift function was utilized to circumvent the numerical instabilities during the optimization
course [9,11]. It was observed through numerical examples that it is feasible to obtain optimal
structures under stress-based NRBTO procedures. In the work of Zhang and Ouyang [12], the level set
method was applied as a topology optimization scheme where the uncertainties were loads and
geometric dimensions for designing coherent mechanisms. For RBTO, a sensitivity technique using
gradient optimization has been proposed for TO-based level set strategy, and failure probability is
estimated using Monte Carlo simulation for life cycle of continuous structures [13]. A RBTO using a
two-phase approach has been established for continuum structures where, in the first phase, the
deterministic TO is performed, and the RBTO model is used in the second phase for considering
compliance TO problems [14]. The RBTO results of multi-material structures with interval loading
uncertainty are investigated based on a robust TO model for linear elastic compliance structures
where uncertainty in loads is decomposed into a two-unit force [15]. RBTO was applied for three-
dimensional (3D) optimization by means of an extension of smoothing evolutionary structural
optimization (SESO) and sequential element rejection and admission (SERA) [16]. The performance
index approach and a filtering scheme adopted especially for solid isotropic material with
penalization (SIMP) were presented in the presence of maximum displacement as a constraint. It can
be given from the literature that the TO methods for computing optimal layouts and the reliability
analysis approaches for evaluating the probabilistic constraints are two major challenges in RBTO
methods. The TO methods and reliability approaches can affect the optimal shape configuration of
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continuous structural problems [17]. The different TO methods applied for determining the shape
layouts may provide different configurations with probabilistic constraint. The comparative TO
methods applied in RBTO can be investigated for optimal shape layouts of continuous structural TO
problems under load and martial uncertainties. Moreover, the combination of TO with probabilistic
limitations is extremely demanding and challenging, that is, numerically complex and inconvenient
for straightforward approximation to the failure probability. Thus, there is a gap for investigating the
different TO methods incorporating probabilistic constraints. On the other hand, the different topology
optimization methods may provide different shape layouts of optimum configurations for continuous
structures by changing their formulations and methodology. Further, it has been shown that the
numerical ability robustness of the analytical reliability method applied in RBTO can directly produce
the stable optimum layouts under uncertainties [18]. Thus, a general method of RBTO is a main
challenge for developing the various TO methods coupled by reliability approaches.

Such challenges and attractions of TO accounting uncertainties have encouraged the expansion and
development of numerous uncertainty propagation approaches, such as the Monte-Carlo simulation
(MCS) scheme [5,19,20] and the first and second-order reliability methods (FORM/SORM) [21-23].
Due to numerous obstacles around the MCS method, such as the requirement for large amounts of
sampling data and repeating the analysis for each data set, two methods based on the FORM resolution,
called the reliability index approach (RIA) [25-26] and performance measure approach (PMA) [28],
were developed. Luo et al. [29] presented an effective approach for RBTO of a structure based on the
PMA method. The RBTO and quantile-based TO were investigated by Zhang et al. [30], where the
RBTO model is transformed into a quantile-based formulation in RBTO. The design optimization with
interval uncertainty has been investigated using the possibility theory, where interval optimization is
transformed into a series analyses named the double-loop nested optimization [31]. The PMA was
adopted by Cho et al. [32] to assess the probabilistic constraints that were applied in the electro-
thermal-compliant mechanisms to derive optimal topologies. In compliance with the extensive studies
in which PMA and RIA methods were implemented, it was shown that PMA is better than RIA because
of its better convergence and efficiency [33—-35]. Moreover, methods such as PMA and RIA, which are
FORM analytical methods, are based on double-loop approaches with high computational costs and low
convergence, and methods such as the single-loop method, sequential TO, and reliability methods basis
PMA are recommended [36-38]. One of the methods used for decoupling the RBTO solution is
sequential optimization and reliability assessment (SORA) [39—41]. In SORA, the transformation of
probabilistic constraints takes place into explicit constraints by moving the boundaries of defined
constraints to the achievable path established on the reliability information extracted in the previous
iteration. Cho and Lee. [42] investigated the use of an enhanced SORA created by convex linearization
utilizing the sensitivity and function value of the probabilistic constraint at the most probable point (MPP)
in which reliability and deterministic analyses were performed sequentially. In this work, for both
efficiency and accuracy, the RBTO-based SORA are considered for evaluating optimal shape layout
under multi-source uncertainties.

The instabilities of FORM with a chaotic solution in reliability methods without control schemes
such as Armijo [43] or sufficient descent [44] rules are shown when probabilistic constraint is
approximated with nonlinear relations [18,45]. By increasing nonlinearity degree in probabilistic
constraints, it may provide unstable solutions as periodically and chaotic results for iterative formulas
of analytical reliability methods and FORM [46—49]. Since there are instabilities for chaotic and
periodic iterations of FORM, Keshtegar [46] proposed the nonlinear discrete chaotic conjugate map
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using a chaotic step size that was regulated, relying on a finite-step size utilizing Armijo line search
and logistic map to seek MPP. In the study of Keshtegar and Alfouneh [18], accelerated FORM
was used to determine MPP. The machine learning scheme derived from the support vector
regression (SVR) was implemented to estimate the probabilistic constraint to enhance computational
expenses. Moreover, the moving iso-surface threshold (MIST) and dynamical accelerated mean value
were used as a performance measure approach in RBTO [50-52]. This showed that the FORM method
formulated by a sufficient decent condition [53] can be applied to search MPP for probabilistic
constraints to consider the multi-source uncertainties in RBTO-based sequential topology optimization
and reliability analysis (STORA). The dynamic step factor played an important role in the integration
of TO and reliability iterative methods. Nevertheless, a general framework should be extended for
RBTO that can be applied in different TO methods. As given from research, the advantages of various
TO methods for robustness, accuracy, and computational burden are the vital challenges for computing
optimal volume fraction as the inverse method in RBTO. The STORA have been investigated by
applying different TO methods for optimum configurations of continued structural problems that
some of these TO methods call a level set [54], MIST, SIMP, and evolutionary structural
optimization (ESO) [55]. Performing RBTO, the reliability and TO methods are two major
frameworks in STORA for stable reliability results as MPP search and accurate volume fraction as
optimum shape layouts for achieving a safe design with multi-source uncertainties [56]. Consequently,
robust formulation of the iterative reliability method applied in the reliability loop can provide a stable
MPP for different TO methods under multi-source uncertainties. However, the optimum layout
configuration of structures under uncertainties may be remarkably dependent on the TO methods. On
the other hand, investigations of various TO methods in RBTO solutions are the other efforts in this
work.

In this investigation, the STORA method for RBTO solution is proposed as the novel RBTO
solution for comparing the different TO methods. Initially, in the inverse TO solution (TO integrating
bisection method with an allowable probabilistic constraint) with a prescribed allowable probabilistic
constraint in conjunction with the bisection method and considering one of the TO methods, optimal
volume fraction and thereby optimal layout are derived. In the RBTO step, normal TO optimization is
performed with the mean volume fraction and the element-based densities/results are employed for
reliability methods derived by a dynamical mean value method extracted based on a sufficient and
decent condition. This flowchart is repeated for every proposed TO method, and results are compared
collectively. The results show that for every TO approach, the RBTO solution delivers a structure with
more reliability and safety than an inverse TO procedure with completely different optimal
configuration.

2. The TO with different approaches

RBTO solution includes an inverse TO solution where the TO solution is conducted by the
following TO model:

min/max: ' (p),

Subject to: G;(p) = 0(i =1,...,m),
Zgill PeVe — Vf Zill ve =0, (1)
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0<y<pe=<1,

where p is the vector of independent deterministic design variables (i.e., the element densities). I'(p)
is the objective function which is structural compliance in this study. Gi, (i = 1,2, ..., m) is the i-th
limit state function or performance function. V; is the mean or optimum volume fraction obtained by
the inverse TO or RBTO based bisection method, which will be introduced in sections 4 and 5 or the

initially given volume fraction V—f (mean value). v, is the volume or area of the element. p, is the
fo

density or weighting factor of e-th element (e =1,2, 3, ..., nel). y is the value chosen for impeding
of the singularity of stiffness matrix with the lowest value 107,

Different TO approaches are presented, and the statement for optimization problem by each TO
method is described below:

2.1. Solid isotropic material with penalization

The SIMP [57] is a density-based TO method in which, for each element, a density or weighting
factor p. that varies between a low value y and maximum value 1 is assigned, meaning there are
intermediate elements in the design domain. Because the relative density of the material can steadily
alter, the elasticity modulus of material for each element can also change. For each element, the
formulation that relates the density of element to the elasticity modulus can be written as follows:

E = Epin + pP(Eo — Emin)- 2)

The penalization factor P diminishes the involvement of elements with intermediate densities called
grey elements. It pushes the optimization process in the direction that elements with p, = 1 (solid
or black elements) and elements with p, = y (white or void elements) remain in the design field.

E’;—m = 107? is chosen to avoid singularity in the stiffness matrix. E, (mean elasticity modulus) refers
0

to the Young’s modulus of a solid element. The optimization problem intending to find a solution for
the minimum compliance using the SIMP method can be given as follows:

min  I'(p) = Y'KY = 33 plyi keYe,
subject to: KY = F, (3a)
gill PeVe — Vf Zill Ve < 0,

0<y<p.=<1,
where Y, K, and F are the global displacement vector, the global stiffness matrix, and the global load
vector, respectively. V is the total area or volume of the design domain y, and k, are the elemental
displacement vector and stiffness matrix, respectively.
An assembly of the elemental stiffness matrix can be seen in the following form:
K =¥, pfk, where k, = [ ,BTD BdQ. (3b)

Here, B is the strain-displacement matrix and D is the elasticity matrix.
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Sensitivities of the objective function with regard to p. can be computed as follows:

or _ 5_
= = —p(Ey — Emin) Pl vl keYe. 4)

dpe

After introduction of the SIMP method by Bendsoe and Kikuchi [1], it was developed in many ways
with the collaboration of different methods, and some were coded as an open source code for 2D and
3D structures. Initially, Sigmond [58] published a MATLAB code for TO of 2D structures considering
structural compliance minimization as the objective function. This code was extended to the 3D
structures as 3D-SIMP by Liu and Tovar [59] in MATLAB codes. The TO solvers were sequential
quadratic programming [60,60] and method of moving asymptotes [62,62]. Andreassen et al. [64]
introduced a higher efficiency by pre-allocating arrays and vectorising loops.

The gradient projection-based method (GPM) was an efficient development of SIMP, which was
applied for structural topological optimization compliance minimization indicated by a nonlinear
objective function that is minimized over a possible design domain expressed by mutual borders and
a single linear equality constraint [65]. This method utilizes the following approaches to enhance the
effectiveness of the method by 1) using clipping and an adapted projection of searching direction, 2)
introducing an analytical resolution proposed to evaluate the projection with the least computation and
memory usages, and 3) shortening the searching step computation. The detail of this method can be
found in [65]. A concurrent TO method of modified SIMP developed by Gao et al. [66] merges TO
with an energy-based homogenization method to assess the macroscopic effectual properties of the
microstructure for the composite structures.

2.2. ESO/ bi-directional evolutionary structural optimization

ESO [2,50] is a method of TO in which the elements that are weak and have less contribution to
the structural analysis are removed systematically. Due to its simplicity and ease of programming, the
method was used for complex problems [67—-69]. In the case of stress in the structure, ESO uses criteria
to remove inadequate elements. This criterion is defined as the respect of Von Mises stress level of
each element g™ to the maximum Von Mises stress a4, Of the whole structure in a finite element
analysis (FEA) solution and can be shown as follows:

o™

vm
Omax;

< RR,, (5)

where RR; is the current rejection ratio. The current RR; is increased to the next iteration of
optimization by an evolutionary rate (ER) when the current iteration reaches a steady state, and no
extra elements are eliminated.

RR;,, = RR; + ER. (6)

Due to sometimes encountering an ESO solution to the local optimal point and requiring initial
oversized design domain, the bi-directional evolutionary structural optimization (BESO) was proposed
to add or remove materials in the course of optimization to treat this issue based on the following
criteria:
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0.17m
—— < RR; (element removal),

Omax (7)
oe™ > IR; (element addition),

vm
Omax

where IR; refers to the current addition ratio (IR). Due to some theoretical problems in TO [70],
Rozvany and Querin [71] suggested that the void element should be substituted by a soft element, and
a penalized scheme similar to the SIMP method according to Eq (2) must be imposed. Even though it
was demonstrated that this solution gives better results than SIMP, the ESO/BESO was further
developed to create smooth boundaries, by Liu et al. [72].

The TO problem with the ESO method is stated as follows:

. 1 1
min  I'(p) =YTKY =30 vl keYe,
subject to: KY = F, (®)
Zill PeVe — VVf =0,

y<p.=<1
The sensitivity S, of each element is computed by the following equation:

or 1
Se = _e = Eygkeye~ ©)

The extended finite element method (XFEM)-ESO is an application of ESO that was introduced by
Abdi [73]. This method integrates XFEM with ESO, which was previously limited to the level set (LS)
methods. XFEM, as an alternative to the classical FEM method, was found to be thriving as a powerful
tool in numerical analysis related to the TO. XFEM was introduced to demonstrate discontinuities,
such as cracks and material-void interfaces, within the finite elements.

TriTOP is another application of the BESO method [74], which uses unstructured triangular mesh
with the advantage of removing zig-zag boundaries emerging while applying a rectangular mesh. The
important step in this method is solving the balance of a truss network to produce the body-fitted mesh.
To make boundaries smoother and relive the structure complexity, the nonlinear diffusion approach
was implemented. The BESO method was also applied in the study of Kazakis and Lagaros [75] where
a multiscale TO was performed to compromise concurrent optimization of two separate scales: The
macro-scale and the micro-scale. The macro-scale, which considers the overall size of the structure,
consists of unit periodic micro cells that can represent a targeted part or the whole of structure.

2.3. Moving iso-surface threshold

MIST [76] is an improved TO approach that was developed recently. This method has been
applied for several statics [77,77] and dynamic problems [79,80], and satisfactory results were derived.
It uses the features of previous well know topology optimization methods such as i) applying the
density-based scheme as in SIMP method, i1) utilizing the physical response function similar to ESO,
and iii) establishing the progressing material boundary analogous to the level set methods in terms of
the iso-value or iso-level [81]. Since this method employs Karush-Kuhn-Tucker conditions [82], it
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does not require fulfilled direct sensitivity analysis. On the other hand, because of the simplicity of the
method, it can be readily interfaced with popular FEM software such as ANSYS [83] and NASTRAN [84].

The key step in MIST is to seek a physical response function @ that is integrated over the design
field 0 to update and give the element densities or weighting factors an intersection of a physical
response function, 3D surface with an iso-surface threshold t. The 3D surface of the physical response
function is constructed over a 2D design domain in which z values are the nodal or Gauss point values
of a physical response function. The iso-surface threshold t, which is computed by a sorting or
bisection method (different from the one that is presented in Section 5) through normalized and filtered
physical response functions cutting the 3D surface and giving the element densities. In that case,
elements completely above the iso-surface threshold assign values equivalent to one, and the ones
underneath the iso-surface threshold obtain element densities equal to y. For the element that is cut
by the iso-surface, its element density is the area or volume above the iso-surface to the total area of
the element. A penalization scheme like the SIMP is also employed to penalize the elements that are
not involved in the structural analysis and are weak. The global stiffness of the structure in that case
can be written as follows:

K = Y1 plke. (10)
The topology optimization problem statement using the MIST can be given as follows:
min/max: T (p) = [,0(p) h(t,0)dA,

F(1) Applying true load
KY(l) -

minT(p) ’
st dKY2) = Fuo, Applying virtual load/ max I’ (p)’ (11)
fﬂ h(t,0)dn < V¢V,

O<y<p.=<1

Here
0(p) =50y true load/minl (p),

10 = t,

O(p) = %0'(2)8(1) virtual load/minl"(p) and h(t,@) = {06 <t (12)

o and ¢ are vectors of stress and strain.
2.4. Level-set method

In the level set method [85], the target structural layouts are stated implicitly, employing the iso-
surface by means of the level set scalar function. The optimal shape changes its feature during the
optimization process with the updating of the level set function. Consider there is an implicit function

¢ (x, t)with gradient v¢ in the design domain 2 with the smooth boundaries to satisfy the following
conditions:
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¢(x,t) >0 Vx € 2\012,
¢(x,t) =0 Vx €04, (13)
P(x,t) <0 Vx € D\,

where x € D c {(x,y)|x,y € R} is every point in domain D, and 912 is the solid boundary. D is
a bigger domain that encloses (2, and t is pseudo-time. The differentiation of the level function to t
gives the following level set equation (Hamilton-Jacobi equation):

24 Vvl =0, (14)

where ¥, refers to the normal velocity of the interface in n direction and

7 =7.r%
=V e (15)

The compliance optimization problem utilizing the level-set method can be expressed as follows [86]:

min: T (¢) = - [, E($)e(@T De(p)da,
St. [LE(@)e()" De(®)d = [,p-vd2 + [,7-7d, (16)

[, H(@®)dn <V,

where p is body force, ¥ is the virtual displacement, T is the traction imposed on the boundary
S, and E is the design variable given as:

(@) = EoH(p) + (1 — H(¢)) Emin- (17)

Here, E,,;, denotes the minimum elasticity modulus, and H(¢) describes the Heaviside function as:

_ (0 ¢ <0,
H9) ={] 530 (18)
The element sensitives can be derived by the following formulation:
ar T
Se = 20 . = —Ye KeYe- (19)

The Filter-Based method is a simple and fast version of the level set method introduced by Yaghmaei
et al., [87] that can be applied for complex problems, implementing density filters to level set functions
to smooth optimized layouts. This method uses a control strategy to minimize the total potential energy
equivalent to minimize structural compliance. The optimization problem is outlined as follows:

. -~ = 1 ~ ~
inf,, JP(w)= Jp, tdl =< iy, gy T, d02°, (20)
St.G = [ d0° = Vinay,
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where w < D is the solid domain, and I is the ® boundary that includes two distinct parts of the
Neumann boundary I and Dirichlet boundary I},. £; is the surface force subjected to Neumann
boundary [}y. The superscript (1) stands for the minimum total potential energy problem. i is the
displacement, and Ci(}kl is the solid domain fourth-order stiffness tensor of material properties. The

block diagram of the filter based level set optimization is given in Figure 1 [88]:

Vogur| %] 3 3

! Vimax @ Controller
fime }/ j{

Time Dependent

Configuration > | a f é@_,—

@

Filter

LY

Figure 1. The block diagram for the filter based level set topology optimization method [86].

In TO, applying filtering plays a crucial role in sensitivity analysis by reducing localized
fluctuations in design sensitivities, thereby addressing numerical issues such as checker boarding
patterns and mesh dependence. This process enables more dependable and precise optimization
outcomes while preserving the overall structural response within a design domain. In the SIMP method,
the filtering scheme introduced by Sigmond [88] is implemented. ESO/BESO employs a similar
sensitivity filtering scheme as SIMP. In this research, we impose regularization on the smoothness of
the level set function by utilizing the filter proposed by Andreassen et al. [64]. In MIST, the O (p)
function can be adjusted similarly to the method used in SIMP, where the @(p) values are altered
based on a linear weighted average within a defined spatial neighborhood. Since the @(p) function
values are determined at nodal positions, the center of the spatial filter for a particular node is at the
nodal position, and the distances between neighboring nodes are calculated.

3. RBDO solution

The RBDO problem can be typically formulated as follows:
min:T'(p),

Subject to: B.[G;(p, X) < 0] < cb(—ﬁ,f) (i=1,...,m),

o Peve — Ve edhiv, <0, (21

0<y<p.=<1,

where X denotes the vector of random variables (i.e., loads, geometrical dimensions, boundary
conditions, and material properties). f{ is the target reliability index of the i-th performance function
Gi(p,X). B. is the failure probability and @ is the standard normal cumulative distribution function.
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The RBTO solution using STORA consists of two major parts as solvers, including 1) TO for
optimization solver and 2) reliability analysis for evaluating probabilistic constraints using MPP search
methods. The MPP solution is applied for moving probabilistic constraints into safe design domains
by using an analytical FORM method. The reliability part used in this study is an effective and
enhanced method that is formulated based on the sufficient descent condition. The advanced mean
value (AMV) approach is enhanced by utilizing a dynamical formulation that is developed using
sufficient descent conditions on a beta-circle hyper-sphere as an iterative formulation. The modified
AMYV method is briefly formulated below:

Usr = By, (22)
Ny = Uy + A f (ug) — Ugl, (23)
__p VuG(dUg)

where U, are normal standard random variables and V, G(d,U,) is the gradient vector of
probabilistic constraint G(d,U,) atpoint U,. d isrelated to design variable vector. f; is the target
reliability index. A, is a dynamical step size computed as below:

. I Cus) = Ul
A = min[0.758,, ¢, %}. 25)

In addition, A; =1 and ||Dyl| = B:.

1/[2 Failure Domain

Uy o®

_ Safe Domain
Ui+

Figure 2. Schematic view of DMV for moving the probabilistic constraint from failure to
safe domains.

The MPP is searched on a hyper-sphere with a radius of f;. This iterative process using Eq (22),
named the dynamical mean value (DMV) method, is applied for the MPP search because the step size
in Eq (25) is dynamically adjusted at each iteration by using information of previous results. The DMV
using formulation in Eqs (22-25) is schematically plotted in Figure 2. It can be given that the
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probabilistic constraint is moved from the failure domain (mean point) to the safe domain (on the beta-
circle). The searching point on the safe domain is the main effort of the reliability analysis that this
point is related to the MPP. A dynamical controlling factor A, is used for giving the sufficient decent
condition as ||Dy|| < ¢q||Dy—1]l-

In the DMV, the search direction is dynamically adjusted by a normalized vector n;, Eq (23),
which is computed using A;,. The computing process for step size using sufficient decent conditions
is cited in Appendix A.

In this formulated FORM, the control factor is applied for giving a stable result by using the
sufficient descent condition. The following steps are employed for searching the MPP in reliability
analysis of RBTO which is given as below:

Step 1: Give G(d,X) and f; as the means of standard deviations and distributions of basic
random variables.

Step 2: Set the stopping criterion (¢=10%), k=0, g = 1, A4, = 0.756; , 0<c;<1 ie. ¢; =
0.75,and X, = p,.

Step 3: Transfer variables from x-space into u-space as u, = @ 1{Fy(x,)} where Fx(xy) is the
cumulative probability density function at point x.

Step 4: Compute G(d,Uy) and V, G(d, Uy).

_ . _ Vy G(d,Ug)

Step 5: Determine f(u) = —f; TG @Uol

Step 6: Compute Dy_q = Uy — Uyx_q1 and D, = f(uy) — Uy.
Step 7: Adjust A, = min{ Ayqx, A} Where 1 = cl%
_Up+A Dy

U+ Dl

Step 9: If ||Uk+1 — Ukll/IlUk|l < €, then give MPP as X;; Else x = Fy1{®(u)},set k =k + 1
and go to Step 3.

It can be given from the above steps that the iterative procedure using the DMV is established

based on the control factor, which is simply computed by information given from the previous points.

Step 8: Compute the new point as Ug,q = [y ————— m

4. Sequential TO and reliability analysis using the bisection method (inverse TO)

The bisection method is used to find the optimal volume fraction based on the given compliance
U, as the ultimate (allowable) probabilistic constraint and a range of volume fractions. This is actually
an inverse TO optimization in relation to the TO formulation presented in Eq (1). The bisection is used
for TO, and RBTO using MPP was originally represented in [14] and can be formulaically expressed
in Eq (30) as:

Find  V},
min ['(p)=U
S.t. Gi(p)=0(=1,...,m),

Zgill PeVe — Vf ?ell Ve < 0, (26)

O0<y<p.=<1

The TO-based bisection (inverse TO) is a framework of the TO, as presented in Figure 3, and is applied
for the TO of a structure where the main constraint of the TO model is related to accepting the band as
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U.. As seen in Figure 3, a loop of TO is applied for evaluating the optimum results of a TO model that
the optimum of TO is related to the constraint of the invers TO model. In the TO model, the main effort
is the optimum as the minimum/maximum of I'(p) represented to comply in this study with the
termination criteria where convergence is achieved when the difference between two consecutive
design variables become less than a prescribed criteria value or a very low value.

I Giveer, V,

maxs

I/'!IIHI’ U(‘ ]

Run FE model for TO
min :I'(p)
Subject to : G, (p) =0 (i=1,..,m)
nel nel
> p.v,—V, 2,50
e=1 e=1

O<y<p, <1

No
Vnn.\'z Vﬁn c> U‘

U

min~— Vﬁn

No

L |C-U/|<er

Yes

Figure 3. Framework of the inverse TO model using a bisection algorithm.

However, the I'(p)= U, is the effort of the inverse TO model presented in this study, named
TO-based bisection. To receive the optimum results of the TO method as I'(p)= U,, it updates the
volume fraction by an iterative framework as see in Figure 3. As seen, the V; is searched in interval
Vinax and Vi, where the bisection framework coupled with TO is a free gradient-based method, and
the optimum V; is computed based on an iterative approach with robust results. It provides a
framework for inverse TO-based different methods for finding the optimum V; when I'(p)= U,. The
V¢ is adjusted based on related I'(p) until it is extracted as V, which provides I'(p)= U, for
compliance TO problems. The output of TO-based bisection is optimum V; with I'(p)= U, but the
output of TO models is optimum with I"(p)constant V. In the inverse TO model, we use the results
of the TO model to update the Vy related to I'(p)= U,; thus, the capability and robustness of the TO
methods are directly affected by the results of inverse TO methods.

The probabilistic constraint, by giving the multi-source uncertainties for I'(p)= U., can be
evaluated using the DMV reliability method to move the I'(p) in a safe domain, while in the TO-
based bisection, the optimum V¢ is the main effort with I'(p)= U..

The proposed RBTO solution using the STORA approach is an integration of inverse TO given
by different TO methods, and the reliability approach using DMV-MPP search. In the inverse TO
method, the bisection approach is used to derive the optimal volume fraction when the optimum result
of the TO model is equal to optimum constraint U,.. The reliability loop is applied for moving the
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optimum constraint U, in a safe domain. The result of STORA using a hybrid method of inverse TO
and DMV is to find the optimum volume fraction with uncertainties in material and loads of structures.
To receive the optimum Vy under uncertainties in STORA, two major frameworks as 1) reliability-

based DMV and ii) TO methods-based bisection are applied.

By having the MPP and the inverse TO method, optimized volume fraction and consequently
optimal layout is derived for the RBTO problem. In that case, the RBTO problem using this procedure
is given as follows:

Find d, u,,
min f(d),
St. Gi(d,u, —st)=0i=12,...,m, (27)
d* <d <d¥ ug < p, < pf,
where S,i( is the shift vector of i-th probabilistic constraint at k-th iteration, which is approximated as:
Sk = tx = X1, (28)

and when Eq (27) integrates with the bisection method to derive the optimal V; employing MPP
extracted from DMV solution, the optimization problem can be formulated as follows:

Find Vf:
min  I'(p) =U,,

St Gi(psp)=0(i=1,...,m),

Z?il PeVe — Vf 2221 Ve < Oa (29)
0<y<p.<1,

where Gi(p, S,l() is i-th probabilistic constraint with V; and density vector of design elements (p).
Figure 4 depicts the RBTO solution flowchart. As seen in this Figure, the TO loop approximates the
optimum feature of design domain by determining the constraints as G;(p, s). The bisection method
is utilized for determining optimum I"(p), which corresponds to allowable constraint (U,), where V¢
related to U, is approximated utilizing the bisection scheme, and the optimum layout with V¢
associated to U, is also computed. The optimum results of TO are transmitted in reliability analysis
for calculating the MPP. The MPP obtained from the reliability analysis loop is transferred to the TO
loop for the new approximating optimum Vy. Loops are consecutively utilized for determining
minimum feature structures issues utilizing uncertainties in material properties, sizes, and loads. The
termination criterion for the RBTO and MPP is shown in Figure 4.
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—————{ Give er, ¥, Vi U.
Transfer X—U v = Vo + Voo
fm 2
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Figure 4. Flowchart for STORA using coupled inverse TO-based bisection and DMV for
MPP search.

5. Numerical validation and applicable results

The proposed RBTO using STORA for different TO methodologies is applied to acquire a
structure subjected to static loads. Topology optimization is performed for a variety of structures in
different examples, and the results of proposed TO-based bisection and DMV for STORA are
compared to confirm the robustness and capability of RBTO. Several TO methods are coupled in the
inverse TO model for comparing the inverse TO and RBTO solutions. In all the examples, the TO in
the results stands for the inverse TO.

5.1. Level-set method

For validation of the DMV method, two nonlinear mathematical cases are given for illustrating
the abilities of four inverse FORMs named DMV, AMYV, hybrid mean value (HMV) [89], and self-
adaptive mean value (SMV) with parameters of €=0.95 and P=1.25 [90] with stopping criterion
=10

Case 1: g = exp(1.5x}° —5) + exp(1.2x2 — 15) — 15 with normal variables of x;, x, ~
N(5,0.8) and B; = 3.0.

Case 2: g =0.3x?x, —x,+0.8x; +1 with normal variables of x;~N(0,0.55) ,
x,~N(6,0.55) and S; = 3.0.

The MPP search results using different reliability methods are presented in Figure 5 for cases 1
and 2. It can be concluded that the AMV and HMV produce unstable 2-priodic points while the SMV
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and proposed DMV are robustly converged with similar iterations. The convergence line pattern of
cases 1 and 2 using DMV are not similar to SMV because it depends on the step size with a dynamical
adjusting process.

. 4 ; 4 4 4
AMYV HMV SMV U*=(-2.5242,-1.6212) DMV U*=(-2.5238.-1.6218)
Periodic-2 3 Periodic-2 3 G(U*)=4.447 G(U*)=4.4469

, 5 Iteration=18 Iteration=16

- < 2

4
AMV \_/ HMV
Periodic-2 « Periodic-2

......................

U
4 3 2 1 0 1 2 3 4 -4 3 4 -4 3 2 -1 0 1 2 3 4
-1
2 2 2 2
5 G(U*)=-6.7116 G(U*)=-6.7116
= 3 SMV U*=(-0.2793,2.987) DMV U*=(-0.2803,2.9869
< -4 Iteration=20 4 Iteration=18 -4

b)

Figure 5. The convergence for MPP search using different reliability methods a) case 1
and b) case 2.

The step size is controlled based on the maximum value given as A,,,,=0.75fF; that it is
presented in Figure 6 for cases 1 and 2, which varies between zero and A,,,4,. As seen from Figure 6,

the adjusting process with dynamical computation is demonstrated with iterations less than 20 more
efficiently.

2.5 —e— Case 1 --0-- Case 2

1.5

Dynamical step size

0.5

20

Iterations

Figure 6. Dynamical step size obtained by the DMV method for cases 1 and 2 using A,,4,=0.750.
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The robustness of the MPP search is obtained using the DMV formulation. The dynamical step
size is dependent on two parameters of ¢; and A,,,,. Different A,,,, =(0.5,0.75,1.25,1.5) [, with
three conditions of sufficient descent by factor c¢; =0.75, 0.85, and 0.95 are compared with respect to
iterations as computational burden efforts in Table 1 for Examples in cases 1 and 2. The results
presented in Table 1 illustrated that the two major parameters as ¢; and A,,,, factors remarkably
affect the efficiency of reliability problems. By increasing factor cq, the iterations are increased but
the parameters of step size can be given as A4, =0.756; and c¢; =0.75.

Table 1. Total iterations of DMV in different c¢; and Ax parameters applied in cases 1 and 2.

. MAE (%) RMSE
max- ¢.=0.75 c,;=0.85 ¢;=0.95 ¢,;=0.75 c,;=0.85 ¢,;=0.95
0.5 B 20 28 23 19 22 28
0753, 15 28 25 17 26 35
1.25 B, 19 29 27 20 28 35
15 B, 19 29 28 20 25 35

5.1.1. BBTO Example 1 for validation of TO

The procedure outlined in this paper is corroborated by the approach described in [91].
Specifically, Example 1 is examined by utilizing identical material properties, geometric dimensions,
and boundary conditions, as illustrated in Figure 7.

-y

MANNNN

FV

Figure 7. Design domain and boundary condition of a cantilever beam (a=150, b=100).

The design domain is discretised with 1500 SHELL181 ANSYS elements. I'=U.=2.4mm and
B+=3. Using the MIST method, rmin=3.5mm is the filtering radius and dynamic move limit is the
move limit scheme. The random variables consist of elasticity modulus of E =200GPa and a load of
F=20kN, each exhibiting a coefficient of variation (COV) of 0.1. The objective function ['=2.4mm is
the deflection of point under loading corresponding to the strain energy density at this point.

Utilizing the DMV methodology, the MPP values are recorded as 149.68GPa and 23.268kN. The
optimized volume fraction for the RBTO solution, based on the calculated MPP values, has been
established at Vy = 0.3481, which shows a minor discrepancy when compared to the value obtained
from literature [91] as V; =0.34653, which is given by the non-probabilistic reliability index for
evaluating probabilistic constraint with the single loop optimization process. The methodology was
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similarly employed with respect to the inverse TO, and the optimized volume fraction for the TO
solution was determined to be V; =0.1932, similar to V; = 0.18844, which closely aligns with the
value provided in [91].

Figure 8 illustrates the changes in the objective function throughout the optimization process for
TO and RBTO solutions. This depiction emphasizes a consistent and convergent optimization path,
reaching a final value of U.=2.4mm to meet the probabilistic constraint. The TO solution initially
demonstrates elevated values, indicating that a larger number of iterations is necessary for achieving
convergence in the TO methodology.

—TO-OP
RBTO-OP

50r

40r

r(mm)

201

10r

. . . . . |
0 10 20 30 40 50 60
Iteration

Figure 8. The objective function during the optimization process for TO and RBTO solutions.

The optimal configuration associated with the RBTO solution is depicted in Figure 9a, which
closely resembles the figure available in the literature. Conversely, the optimal configuration for the
TO solution is shown in Figure 9b, highlighting a design that employs considerably less material in
TO by deterministic analysis without uncertainties in material and load. This indicates that the V;
increases when this problem involves uncertainties to move probabilistic in a safe domain.
Consequently, the RBTO-based STORA given by the bisection method can provide an accurate result
for evaluating RBTO problems.

100 100
80 80
60 60
40- 40
20 20
% 5 (a) 100 150 0 50 (b) 100 150

Figure 9. The optimal shape related to a) RBTO solution and b) TO solution.
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5.1.2. Example 2-Design a gripper for evaluating the reliability method

The optimal design of the gripper is performed through the compliant mechanism design. The
design domain is seen in Figure 10 in order to maximize the output displacement at the output point B
where a true force P is applied at the input location A. To use the compliance mechanism design, a
virtual unit load is applied at the output point B at the desired direction. Springs are placed in points A
and B. The mean values of random variables are: [k, k,, E, P] = [0.1, 0.1, 1, 1]. The standard
deviations for springs, E and P, are [0.05, 0.05, 0.01 and 0.1], respectively. Two methods of
optimization, i.e. MIST and level set, are implemented to extract the gripper feature from the given
design domain. In the MIST method, the design domain is discretised by 1710 PLANE182 ANSYS
elements for plate and 2 COMBIN14 ANSYS elements for springs. In the level set method, 16200
quadrilateral elements are used. The initial values for each method are given as follows:

kl
%ww SIS wE
in ' &

6

@VVV

- 15—
30

Figure 10. Working domain and boundary conditions for a gripper compliant validation Example 2.

where the input load is applied in point A and virtual unit load is applied vertically in point B.

I. MIST method: penal=3, rmin=3.

II. Level set method: PI=[5,5], I _E=0, dt=0.1, T=6, Tinf =40, penal=10, and rmin=5
[87]. PI is proportional gain/integral gain, I __E is initial value for integral part, dt is factious time
step, T 1is the time at which volume fraction is expected to reach V,,,,, and Tinf is the total time
for optimization process, with the number of time steps being Tinf/dt.

Eq (30) is used to depict the optimization problem along with the TO and RBTO solutions amid
uncertainties.

Find V7, X",
min  f(d) =V,
1 .
S.t. 0(p) = 50'(2)8(1),

Your (Vs ky, ky, E, P1) > 0.533,

0.1 <V, <04,V =02;8 =3,
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where

ki, k;~N(0.1,0.05%),E, P~N(1,0.12), (30)

ne
fH(t,@)d.Q <V < ZpeVe,
2 e=1

1
(e < pe < pé),0(p) =350080)-

The RBTO solution and to the inverse TO are applied, and the MPP values for uncertainties for both
TO methods are: [kq, k,, E, P] =[0.0944, 0.0944, 0.728, 0.575]. Based on MPP values, the optimum
volume fraction for RBTO solution for the MIST method is V;=0.28 in comparison to Vy =0.15 for
TO. V; for the RBTO solution for the level set method is 0.35, which is a bit larger than MIST and
considerably larger than Vy =0.13 for its relevant TO. The results again highlight the benefits of
incorporating MPP values in the optimal design of structures, considering variations in uncertainties
to achieve a high-volume fraction compared to TO.

Figure 11 depicts the optimal TO and RBTO configurations for both MIST and level set
approaches. It is evident that the best configurations using the level set method incorporate a greater
number of ribs, leading to a design that is more robust and secure compared to the MIST approach. In
general, the volume of material utilized in the RBTO solution is significantly greater than in the TO
solution for both TO methods using the level set and MIST, indicating that the RBTO by considering
the uncertainties with acceptable failure probability in the safe domain increases V; about 45% for
MIST and 60% for the level set method.

30

20

10}

a) (b)

(
: (c) : (@)

C

0 10 20 30 40 50 6 0 10 20 30 40 50 60

Figure 11. The optimal layout for TO and RBTO solutions for the gripper problem. a) TO
for the MIST method, b) RBTO for the MIST method, c) TO for the level set method, and
d) RBTO for level set method.
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The iterations for convergence of reliability methods, i.e. DMV, SMV, AMYV, and HMV for the
structure in Figure 11d given from RBTO using the level set, are compared in Figure 12. As seen from
these results, the AMV method does not capture stable results iterated as 2-priodic solution. However,
the improved version of AMV formulated by DMV, HMV, and SMV are converged. The computational
burden for achieving stable results is different by an improved version of AMV. The DMV is more
efficient than the other methods, while the efficiency of SMV is better than HMV. This method can be
applied for continues probabilistic constraint.

0.8
0.6
0.4
0.2

-0.2
-0.4
-0.6
-0.8

Probablistic constramt

0 10 20 30 40 50 60
ITterations

Figure 12. Iteration histories of probabilistic constraint for the gripper problem using
different reliability methods with the RBTO layout structure obtained by the level set.

5.2. Comparative RBTO results
5.2.1. Example 3-the messerschmitt-bolkow-blohm structure

The messerschmitt-bolkow-blohm (MBB) structure is presented to investigate the inverse TO and
RBTO solutions of the STORA approach subjected to the uncertainties of applying load (P;) and
material (E'). The geometrical dimensions, boundary conditions, and loads are displayed in Figure 13.
To conduct the FEA analysis, the structure is meshed with 2000 (100%20) same-size quadrilateral
plane strain elements. The structure is mounted on a simply support on the lower, left corner and a
roller support on the lower, right. The load is applied at the middle of the top edge. The Poisson’s
ratio v =0.3 for all the examples is applied. For each of the TO approaches, the relevant initial pre-
required data are given as follows:

Methods initial data:

l. SIMP method: Filter radius, rmin =2, and penal=3 [58]. rmin and penal refer to
filtering radius and penalty factor.

Il. ESO method: vfi =1, er =0.01, MLP =0.99smax [73]. In ESO, vfi is the target volume
fraction of the current iteration, er is the evolution rate, and MLP is the minimum level of
performance.

1. MIST method: rmin=3, penal= 3, dynamic move limit [91].

V. Level set method: r (radius of initial holes)= 0.1 nely, cRBF (radial basis function
parameter)=10*, nLoop (the maximum iteration number of optimization) = 200, nRelax (the
volume constraint would be relaxed at first and then slowly tightened during
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nRelaxiterations)= 30, dt(the time step size) = 0.5, delta = 10, mu (parameter in the k-
th iteration)= 20, and gamma (parameter in the k-th iteration) = 0.05 [85]. The initial
guesses or initial designs are chosen by r and are selected as a signed distance function
with only one initial hole in the center of the design domain where values are also limited
between —3 and 3.

100 Pl

20

Figure 13. MBB beam with a force inserted in the middle of the top edge.

For this example, Eq (31) is presented to find the optimal shape for the RBTO solution:
Find  V,
min  f(d) =V},
St K(p)Y(p) = F(p),

ESE(V;,E,P1) < 36/,

where
03<V,<0.7 Vs = 0.35,8; = 3,
P1~N(1,0.05%)N,E~N(1,0.05%)GPa, (31)

nel nel

zpeve _szve <0,
e=1 e=1

1
O<y<p.<1),0(p) = EO'TS.

Here, ESE (V¢, E, P;)is the probabilistic performance as constraint computed by volume fraction (V)
given for the inverse TO-based bisection and two basic variables of E and P;, which are followed by
normal distribution function with mean 1 and standard deviations of 0.05 shown as P;~N (1, 0.52) or
E~N(1,0.52).

The allowable or ultimate constraint is U.=36J, and the original volume fraction (mean volume
fraction) Vy, =0.35 in which the objective function for Vs, derived for each method is presented in
Table 2 in the TO-Normal column.
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Table 2. The optimized data derived by STORA for TO and RBTO solutions of different

TO methods for MBB beam.
V,-(STORA) Ve-Increment (%) MPP TO-Normal
Methods 15— RBTO E P, Vo T
ESO 0.394 0.579 47% 0.9222 11282 035 41
SIMP 0.476 0.660 39% 0.9222 1.1282 035 5155
MIST 0.450 0.587 31% 0.9222 11282 0.35 47.2
Level set 0.4 0.581 46% 0.9222 11282 035 41

Table 2 depicts the optimal values for TO and RBTO solutions after 7 to 10 iterations. As seen,
the MPP values for all the methods are the same. Among all the methods, V; values for both TO and
RBTO are fairly close to each other, though V; for SIMP is larger than others that are the same as the
SIMP for RBTO. Moreover, the value of objective function for the mean V¢, of the SIMP method is
greater than the others. On the other hand, more maximization has been extracted for the ESO (XFEM-
ESO) method followed by the level set method. Figure 14 demonstrates the optimal topologies derived
for TO and RBTO solutions employing the STORA approximations. It is highlighted that the design
acquired considering uncertainties is significantly different from the deterministic optimization. Each
RBTO design ends in a structure with more materials and ribs inside, leading to more safety and
reliability. While the most change is achieved in the ESO (XFEM-ESO) method, where larger ribs are
added to the structure, in the MIST method, the inner ribs become thicker and supports are vanished.

RBTO

Figure 14. The optimal topologies of TO and RBTO solutions derived by the RBTO
approximation for different TO methods for MBB structure a) Level set, b) SIMP, ¢) MIST,
and d) ESO.

Figure 15 compares different TO approaches in inverse TO and RBTO solutions. As can be seen,
RBTO solutions comprise a solution for arriving to the U, at the minimum time with fewer variations.

AIMS Mathematics Volume 10, Issue 6, 14392—14433.



14415

200

-=--To-0P
------ — 180! TO '_Rf'TOLQP
........... - RBTO
===TO-OP 16001 T
e e
— RBTO-0P [ 1L 1

200 50 100 150 200 zoﬂ 10 20 30 40 50
Iteration Iteration ,
(a) Level set (b) SIMP i
220 . 40
---TO-OP . ---TO-0P
2000 — RETO-0OP i ——RBTO-OP
[ o RETO H =
35 i TO RETO
J_.-'hl__
i 7
')
0 1o, (ERIEEED: AR IS
= ¥
o
w
(11)
25
rd - 2
L ebih
20—~
oo LNENIN
0
2 0 10 20 30 40 50 &0 ! 50 50 100 150 200
Iteration Iteration
(c) MIST (d) ESO

Figure 15. The curves of comparison of TO and RBTO solutions for different TO
approaches of the MBB structure. Several snapshots of the design domain throughout the
optimization process are presented to illustrate the evolution of the structure.

Figure 16 demonstrates the different layouts of MBB structure for four reliable cases given from
different target reliability indices, i.e., f; = 1, 2, 4, and 5. It can be found that by increasing the
reliability index from 1 to 5, the volume fraction increases from 0.4546 to 0.7986, which is related to
a nonlinear results based on the reliability index. There is a 10% increase in Vy when B, changes
from 1 to 2, and is about 17% when changing f; from 4 to 5. Thus, by increasing f;, the material
used is enlarged, which in causes more ribs in the structure. By increasing the safety related to
reliability index, load increases and elasticity modulus decline for this structure. Consequently, to
receive a structure with a stiffer design, the volume fraction must increase, as presented in Figure 16.
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(@) B=1 withV,=0.4546 (b) B =2 withV,=0.5072
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(c) B =4 withV, =0.6653 (d) B =5 with V', =0.7986

Figure 16. Shape optimum layout obtained by the level set method and DMV for different
target reliability indices for MBB structure.

5.2.2. Example 4 L-shape structure

As illustrated in Figure 17, the third example is devoted to the RBTO study of an L-shape structure.
This plate structure, with the geometrical dimensions given in Figure 17, is fixed at the top edge. Here,
the concentrated force F (or P; ) is imposed on the top corner of the right side of the plate. Assume
that the Young’s modulus and load are 2 and 0.1, respectively, and the external load and elasticity
modulus are normal random variables with COV =0.05 and the total strain energy ESE U_.=0.6] as
the maximum allowable constraint. V; mean (Vfq) is 0.25. The plate is discretized into 6400 same-
sized elements. The TO problem is solved by three TO procedures, i.e., MIST, ESO (XFEM-ESO),
and level set. The specified predefined parameters for each method are given as follows:
l. MIST method: rmin=0.03, penal=3, dynamic move limit.
Il. ESO (XFEM-ESO): the same as Example 2 [73].
. Level set: same as Example 2.
0.4

0.4

Figure 17. An L-shape structure under a concentrated load fixed at the top edge.

Eq (35) is implemented to solve the RBTO optimization problem in finding optimal V for TO
and RBTO solutions as follows:

Find  V,
min  f(d) =V,
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where

S.t.  K(p)Y(p) = F(p),

ESE(V;,E,P1) < 0.6/,

0.2 < V; < 0.7,V = 0.25,8, = 3,

P1~N(0.1,0.005%)N, E~N(2,0.1%)GPa, (32)
nel nel
Zpeve — Vvae <0,
e=1 e=1

1
O<ysp,<D0(@=-0"e

Table 3 and Figure 18 are employed to embody the numerical results. Results were obtained
approximately after 11 iterations for each RBTO solution. The TO model using SIMP does not provide
a stable optimum shape layout. The level set and the MIST method are more stable than the SIMP for
this problem. From the results adopted above, the following points can be extracted:

1)

2)

3)

4)

The optimal amount of the relative volume fraction derived by the RBTO model enlarges, i.¢.,
0.318 to 0.48 for ESO (34%), 0.361 to 0.515 for MIST (30%), and 0.23 to 0.3127 for the level
set (26%). That is, a more rigorous necessity of safety inevitably concludes to a lesser cost-
effective design.

The MPP values are the same for each method. Although V¢, and the optimized objective
functions I' and V; increase, in the case of considering Vo, they are relatively similar for
the MIST and ESO (XFEM-ESO); however, they are larger in comparison with the level set.
The optimum results as I for the level set method is less than other TO methods. The level
set method provides the lowest V; among the others, so the TO methods are significantly
affected on the optimum volume fraction, meaning that these optimum results depend on the
formulation and searching process of TO methods.

Structural features among the deterministic design and the RBTO model may have substantial
dissimilarity and differences, which depicts the importance of accounting and considering
uncertainties in the topology optimization of continuum solid structures. This is because of
creating more ribs inside the structure. Remember that the deterministic approximation needs
lower material but leads to a great value of lower reliability, resulting in serious safety
jeopardy.

Figure 18 shows that the constraints in the TO and RBTO methods are converged to the same
values, the optimum of the TO model. Therefore, the bisection coupled with the TO method
for finding the optimum V; is a capable and robust method for application in the inverse TO
methods. By comparing TO results with deterministic and random variables, the optimum
results of I' are the same as U, for all TO models.
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Table 3. The optimized values and Vp for different TO methods of an L-shape structure.

V,-(STORA) Ve-Increment (%) MPP TO-Normal
Methods

TO RBTO E P, Vo r
ESO 0.318 0.48 34% 1.8443 0.1128 0.25 0.732
MIST 0.361 0.515 30% 1.8443 0.1128 0.25 0.873
Leve set 0.23 0.3127 26% 1.8443 0.1128 0.25 0.53

Objective function vs iteration number
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TO RBTO of i M|
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Figure 18. Optimal layouts derived for TO and RBTO solutions of three optimization
schemes vs the iteration histories of I' for different TO methods applied in L-shape

problems a) MIST, b) ESO, and ¢) Level set.

5.2.3. Example 5-Passive elements

In some cases, because of having passive elements in the FEM domain, such as a hole in a plate,
those elements must not be involved in the optimal shape, because optimal shape takes the advantage
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of the presence of other elements than passive elements to form the final shape. This example
investigates TO and RBTO of a plate with nelx =100 elements in x direction and nely =50 elements
in y direction with a circle having a center (nely/2, nelx/3) and radius of nelx/3, originally presented
in [57]. A point load P;, as shown in Figure 19, is applied downward at the lower corner of the right
edge while the left side is clamped. The aim is to find V; or X(MPP) and optimal shapes for the TO
and RBTO problems by the STORA procedure with the uncertainties of P; and elasticity modulus E
with the mean values of P; and E equal to 1. The Poisson’s ratio is v =0.3. The objective function
I' is the total strain energy of the plate with allowed probabilistic value, U.=136.5J, and the mean
volume fraction, Vy,=0.4. The TO and RBTO problems are given in Eq. (36), solved by six TO
approaches, i.e., SIMP1(con2D), Level setl(Filterbased), BESO(Multiscale), SIMP2, Level set2, and
Tobs101. The results are compared with each other.

nelx

\ ) nely

q

Figure 19. A plate with white region as passive elements in a FEM mesh.

Fmd Vf,
min  f(d) =V,
S.t. K(p)Y(p) = F(p),

ESE(V;,E,P1) < 136.5],

where
02<V; <07V, =04, B: =3,

N(1,0.052)N

P1 ,E~N(1,0.052)GPa, (33)

nel nel

Zpeve _VfZUe <0,
e=1 e=1

1
O<y<p.<1),0(p) = EaTe.

Specified initial parameters for each TO methods are as follow:
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l. SIMP1 method: penal=3 and rmin=2 [66]. BESO method: penal=3, rxmin =2, rymin
=2, er=0.02 [68]. rxmin and rymin are utilized for the filtering of the sensitivities of the
macro-scale and filtering of the sensitivities of the micro-scale, respectively.

1. Tobs101 method: gbar =0.261, epsilons =0.01, beta =0.05, and rmin=2 [93]. In the
Tobs101 method, gbar is the prescribed constrained values, epsilons define the move limits
for the constraint functions, and beta states the truncation error constraint parameter.

I1. Other methods are the same as previous examples.

Table 4 illustrates the results of MPP, optimized V; for TO, RBTO, and mean V. It enables
comparisons between different TO methods applied to derive the results. It shows that MPP results are
the same for all methods and identical to the values in examples 1 and 3. In terms of optimized I' for
V¢0=0.4, the largest value is for the SIMP2 method, while the Level setl (Filter based) method takes
the lowest value equal to 84J. Overall, the optimized V; for the RBTO solution of all methods are the
same; however, the value for the SIMP2 is bigger than others, though the largest percentage increase
for V¢ belongs to the BESO approach. On the other hand, the TO results are approximately close to
each other, nearly around 0.25; nevertheless, the Tobs101 assigns the lowest value 0.261 with the
lowest percentage of V; increment, along with the Level set2 followed by SIMP1(con2D) with 0.25
and Level setl and SIMP2 with 31% increments.

Table 4. The values for MPP, V¢ for TO and RBTO, and TO with mean Vy, of a plate
with passive elements.

Ve -(STORA) V¢ -Increment (%) MPP TO-Normal
Methods

TO RBTO E P, Vo r
SIMP1 0.288 0.383 25 0.9222 1.1282 0.4 94
Level setl  0.2248 0.324 31 0.9222 11282 04 84
BESO 0.276 0.415 34 0.9222 1.1282 0.4 101
SIMP2 0.3 0.435 31 0.9222 11282 04 106
Level set2  0.268 0.3688 28 0.9222 1.1282 0.4 93
Tobs101 0.261 0.383 28 0.9222 11282 0.4 98

Figure 20 displays the variations in objective functions with the iteration numbers throughout the
optimization course for TO and RBTO. As it is depicted, all the optimization processes converge to
the U, for TO and RBTO after many iterations in which the iteration number for RBTO is less than
TO.
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Figure 20. The histories of TO and RBTO within the optimization process as SIMP1, Level
setl, Level set2, BESO, SIMP2, and Tobs101in 200 iteration numbers for different TO
approaches for Example 5.

The optimal topologies derived by different TO approaches are given in Figure 21 for TO and
RBTO solutions using V¢ applying MPP values. Comparisons of the results reveal that the optimal
solutions obtained by RBTO have distinct topologies from those attained by TO. As can be seen,
applying RBTO methodology results in a stronger structure with greater ability against changes in
loads due to more internal members. Among them, in BESO (Multiscale) and Tobs101, changes in
optimal shapes from TO to RBTO are significant, while in SIMP1 (con2D), fewer variants appear.
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Figure 21. Optimal shapes of a passive structure for different TO approaches, including a)
SIMP1, b) Level setl, c) BESO, d) SIMP2, and e) Level set2 in TO and RBTO solutions
for Example 5.

Example 6-Tie-arch bridge structure

In this example, we look at the TO and RBTO optimization problem solutions of a Tie-arch bridge
structure with the aid of three different TO methods, i.e., SIMP (top88) [64], GPM, and Level set (filter
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based). We adopted a Tie-arch bridge as an example originally presented by Feijoo, et al., [94] and
then employed by Yaghmaei, et al. [87], where its geometrical dimensions, loading, and boundary
conditions are shown in Figure 22. The design field is 180x60 discretized into 270x180 analogous
finite elements. { is an equivalent traffic loading with the mean value equal to 1. Because of
symmetry in the shape of the bridge, only half the bridge is considered for optimization problem
resolution. In the optimization process, the aim is to find optimized volume fraction with the mean
volume fraction V;,=0.3 and relevant rmin, which is given for each optimization method later.
Normal random variables, as the constraints, are elasticity modulus and §. The upper limit of objective
function I', as the probabilistic constraint, is U, =85J. Eq. (34) is employed for representing the
optimization problem and the TO and RBTO solutions under uncertainties.

180 |

—

> phb b b LT |

777 vi
7 5
Figure 22. Design domain of a Tie-arch bridge with geometrical dimensions, loading, and supports.
Find Vf’
min  f(d) =V,
St K(p)Y(p) =F(p),
ESE(V;,E,q) < 85J,
where
02<V; <07V, =03,p =3,

2
7~ NLOOSIN b N(1,0.052)GPa, (34)

nel nel
Zpeve - szve <0,
e=1 e=1
1
0<y<p.=<1),0(p) = EGTS,

Specified initial parameters for each TO method are as follow:
l. SIMP (top88) method: penal =3, rmin=2 and ft =1 [64].
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. GPM method: loop — limit =100, penal=3 and rmin=1 [65].

II. Level set (FilterBased) method: PI = [10, 8], I _E =0, dt= 0.1, T =6, Tinf =40,
penal=100, and rmin=1 [86]. PI is proportional gain/integral gain, I __E is initial value
for integral part, dt is factious time step, T is the time at which volume fraction is expected
to reach V,,4x, and Tinf is the total time for an optimization process equal to Tinf/dt.

Initially, by the mean value of the volume fraction, the optimized value and elemental information
are derived. These elemental details, along with the probabilistic constraint, are used to extract MPP.
Next, MPP values are utilized by the bisection method to obtain optimized values of the volume
fraction and thereby RBTO shape. In addition, the optimized TO volume fraction and its optimized
layout are also derived by the mean values of E and g .

The STORA procedure is applied for the solution of the optimization problems for each TO
method. The results extracted are approximately after 10 iterations and are summarized in Table 5 and
Figures 23-25.

Table 5. Results for the TO and RBTO solutions of a Tie-arch bridge structure.

Ve-(STORA) Vg-Increment (%) MPP TO-Normal
Methods
TO RBTO E P, Vo r
SIMP 0.249 0.342 27.2 0.9222 1.1282 0.3 70
GPM 0.285 0.354 19.5 0.9222 1.1282 0.3 70
Level set 0.2621 0.358 26.78 0.9222 1.1282 0.3 75
2500 = 1400
& 1200 T~
2000 ' a

| 7 s
7 =
NS T eSS

0 50 100 150 200 0 50 100 150 200
Iteration Iteration

(a) TO (b) RBTO

ESE(J)
ESE(J)

(¢c) TO

(@) RBTO

Figure 23. TO and RBTO solutions using SIMP (top88) for optimal designs of a bridge
problem a) evolution histories of b) optimal layouts.
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Figure 24. TO and RBTO solutions using GPM for optimal designs of a bridge problem a)
evolution histories of b) optimal layouts.
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Figure 25. TO and RBTO solutions using Level set (FilterBased) for optimal designs of a
bridge problem a) evolution histories of b) optimal layouts.

As can be seen, the MPP values are the same for all methods besides the optimized objective
values with mean volume fractions Vg, roughly the same. It is seen that the represented RBTO
generates superior volume fraction than deterministic topology optimization, which is due to the fact
that the considered RBTO consumes excess material to guarantee that the probabilistic constraint is
fulfilled in the existence of uncertainties, while the deterministic topology optimization overlooks the
uncertainties. This means that reducing lower, allowable failure possibility results in the material
volume of the designs produced by the proposed RBTO to be increased in which larger materials are
required to strengthen the structural stiffness. Furthermore, lower volume fraction assigned to the TO
solution indicates increased violation of the possibility constraint and consequently the unreliability of
TO methods. Alternatively, the amount of failure is possibly related to the RBTO solution because it
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does not surpass the upper limit of probabilistic constraint, implying that the derived volume fraction
by the RBTO solution addresses the allowable failure possibility, strictly.

The increment percentage of volume fraction from TO to RBTO is considerable where SIMP (top88)
has the highest percentage.

Figures 23-25 display the iteration history of the optimization process of the proposed TO and
RBTO procedures, including some snapshots of design domain evolution to the global convergence of
optimization process. As can be observed, the optimization process is stable from the initial values to
the upper limit of probability constraint. It is seen that the RBTO solution begins with lower values in
the cases of SIMP and GPM and more value in case of the level set method.

Interestingly, the RBTO solution yields an optimized feature that is different from the TO solution
with more material and more ribs inside the bridge, reflecting that the optimized structure has more
reliability and safety with the TO solution.
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