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1. Introduction

Differential equations (DEs) are essential for modeling and comprehending a wide range of
real-world phenomena, offering significant insights into the dynamics and behaviors of these systems.
These equations often describe intricate processes in disciplines such as physics, biology, engineering,
and economics. However, many differential equations encountered in practical problems lack
closed-form solutions, meaning they cannot be explicitly resolved using standard mathematical
functions. Consequently, numerical and approximate techniques are employed to analyze and solve
these equations. Over recent decades, the formulation of various differential equation models has
spurred extensive research into their qualitative properties, including existence, oscillation,
periodicity, finiteness, and stability. Understanding these properties allows researchers and
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practitioners to grasp the long-term behavior and stability of solutions, despite the absence of explicit
analytical solutions, see [1–3].

Neutral differential equations (NDEs) have become a critical tool for modeling diverse phenomena
in science and engineering. These equations are particularly useful in analyzing systems such as
electric networks with lossless transmission lines and the dynamics of vibrating masses connected to
elastic bars. These applications highlight the importance of understanding the qualitative behavior of
NDEs, including their existence, stability, asymptotic behavior, and oscillatory properties. Despite the
significant interest, the oscillatory and nonoscillatory nature of solutions to NDEs remains complex
and unresolved. Since the foundational work of Sturm in 1836, oscillation theory has been
extensively developed, particularly for functional differential equations. Researchers have expanded
the scope of NDEs through various methods, such as the Riccati transformation, integral averaging,
and comparison techniques, to enhance oscillation conditions, see [4–7].

In this work, we consider the second-order noncanonical neutral differential equation (NDE):(
a(s)

(
z′(s)

)α)′
+ q(s)uβ(h(s)) = 0, s ≥ s0, (1.1)

where z (s) = u (s) + h (s) u (z (s)) . Throughout the paper we assume that:

(H1) 0 < α ≤ 1, α ≥ β are ratios of odd positive integers;
(H2) h, q ∈ C ([s0,∞) ,R+) , 0 ≤ h (s) < 1 and q (s) > 0;
(H3) a ∈ C ([s0,∞) ,R+) satisfies π (s0) < ∞, where

π(s) :=
∫ ∞

s

1
a1/α (%)

d%;

(H4) z, h ∈ C1([s0,∞),R) satisfies h(s) ≤ s, z(s) ≤ s, h′(s) > 0 and lims→∞ z(s) = lims→∞ h(s) = ∞;
(H5) h(s) < π(s)

π(z(s)) .

A function u (s) ∈ C([su,∞),R), su > s0, is said to be a solution of (1.1) which has the property
a (s) (z′ (s))α ∈ C1[su,∞), and it satisfies Eq (1.1) for all s ∈ [su,∞). We consider only those solutions
u(s) of (1.1) which exist on some half-line [su,∞) and satisfy the condition

sup{|u(s)| : s > S} > 0, for all S ≥ su.

A solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative.
Otherwise, it is said to be nonoscillatory. Equation (1.1) is said to be oscillatory if all of its solutions
are oscillatory.

Oscillation theory aims to establish conditions ensuring that all solutions of a given differential
equation exhibit oscillatory behavior. Ladde et al. [8] were pioneers in this field, extensively
discussing oscillation theory up to 1984. However, their focus primarily lay on how varying
arguments influence solution oscillations, without addressing neutral delay equations. Gyori and
Ladas [9], on the other hand, made substantial contributions to linearized oscillation theory. Their
work elucidated the relationship between the root distribution of characteristic equations and the
oscillatory nature of all solutions, marking a significant advancement in oscillation theory. Oscillation
theory has seen significant advancements in recent years, particularly in understanding the conditions
necessary for the existence of solutions with specific asymptotic properties and calculating the
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separation between the zeros of oscillatory solutions. This progress is well-documented in several
monographs that summarize the literature from the past decade, offering new results, and methods,
see [10–12]. Recent publications have introduced improved criteria for assessing the oscillation of
delay equations [13–16], and neutral differential equations [17–20]. These studies have developed
oscillation criteria for both canonical and non-canonical situations by employing an extended Riccati
substitution and comparisons with first-order differential equations. The collective efforts in these
areas highlight the dynamic evolution of oscillation theory and its expanding scope of applications.

Grammatikopoulos et al. [21] established conditions under which the NDE

(u (s) + h (s) u (s − z))′′ + q (s) u (s − h) = 0

is oscillatory, provided
0 < h (s) ≤ 1, q (s) ≥ 0,

and ∫ ∞

s0

q (%) (1 − h (% − h)) d% = ∞.

Subsequent studies by Xu and Xia [22] generalized this result to include

(u (s) + h (s) u (s − z))′′ + q (s) f (u (s − h)) = 0,

under conditions
0 ≤ h (s) < ∞, q (s) ≥ M > 0.

Grace and Lalli [23] extended the analysis to the equation(
a (s) (u (s) + h (s) u (s − z))′

)′
+ q (s) f (u (s − h)) = 0,

susubject to
f (u)

u
≥ k > 0,

∫ ∞

s0

1
a (%)

d% = ∞,

and ∫ ∞

s0

(
ρ (%) q (%) (1 − h (% − h)) −

(ρ′ (%))2
a (% − h)

4kρ (%)

)
d% = ∞,

where ρ (s) is an optional function.
Grace et al. [24] studied the oscillatory behavior of second-order nonlinear noncanonical NDEs.

They established sufficient conditions for oscillation, analyzing equations of the form:(
a (s) (u (s) + h (s) u (s − z))′

)′
+ q (s) f (u (s − h)) = 0.

Bohner et al. [25], Jadlovska et al. [26], Nabih et al. [27], and Al-Jaser and Moaaz [28] investigated
the oscillation of the second-order half-linear NDE(

a (s)
[
(u (s) + h (s) u (z (s)))′

]α)′
+ q (s) uα (h (s)) = 0 (1.2)

in both canonical and noncanonical cases. The asymptotic and oscillatory behavior of neutral DEs with
distributed deviating arguments was studied by Moaaz et al. [29] and Al Themairi et al. [30], with a
damping term by Althobati et al. [31] and Moaaz et al. [32].
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This paper aims to address a significant gap in the literature by extending the investigation of
oscillatory behavior to second-order NDEs. Our research is inspired by Baculı́ková’s work [33],
which explored the asymptotic properties and oscillations of second-order delay differential equations
(DDEs): (

a(s)x′ (s)
)′

+ q(s)x(h(s)) = 0. (1.3)

This means that (1.3) is a special case of (1.1) where α = β = 1, and h (s) = 0. Inspired by their
findings, we have extended the equation and used the same technique, thereby contributing to the
broader understanding of NDEs.

2. Preliminary results

Let us define

K[0] (s) := K (s) and K[ j] (s) := K
(
K[ j−1] (s)

)
, for j = 1, 2, ...,m,

Hm (s) :=
m∑

i=0

 2i∏
j=0

h
(
z[ j] (s)

) ( 1
h
(
z[2i] (s)

) − π(z[2i+1] (s))
π(z[2i] (s))

)
,

and
q̃ (s) := q(s)Hβ

m (h (s)) ,

for s1 ∈ [s0,∞).
According to a generalization of Kiguradze’s lemma in [34], the set of positive solutions of (1.1)

possesses the following structure.

Lemma 2.1. [34] Suppose that u(s) is an eventually positive solution of (1.1). Then the corresponding
function z(s) satisfies one of two cases eventually:

(N1) : z(s) > 0, z′(s) > 0,
(
a(s)

(
z′(s)

)α)′ < 0,
(N2) : z(s) > 0, z′(s) < 0,

(
a(s)

(
z′(s)

)α)′ < 0,

for s > s1 > s0.

Lemma 2.2. [35] Suppose that u is an eventually positive solution of (1.1). Then, eventually,

u (t) >
m∑

i=0

 2i∏
j=0

h
(
z[ j] (s)

)
 z

(
z[2i] (s)

)
h
(
z[2i] (s)

) − z
(
z

[2i+1] (s)
) , (2.1)

where m > 0, m ∈ Z.

Lemma 2.3. [36] Suppose that u is an eventually positive solution of (1.1) satisfying (N2). Then

zβ/α (s) ≥ v (s) z (s) ,

where

v (s) :=


1 if α = β,

v1 if α > β,
v2π

(β−α)/α (s) if α < β.

Here, v1 and v2 are constants.
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The following considerations are intended to show that the class (N2) is the essential one.

Lemma 2.4. If ∫ ∞

s0

(
1
a(ς)

∫ ς

s0

q̃ (%) d%
)1/α

dς = ∞, (2.2)

then, the positive solution u(s) of (1.1) satisfies (N2) in Lemma 2.1 and, moreover,(
Υ1,1

)
a1/α(s)z′(s)π(s) + z(s) > 0;(

Υ1,2
)

z(s)/π(s) is increasing;(
Υ1,3

)
(a(s) (z′(s))α)′ ≤ −̃q (s) zβ (h (s)) ;(

Υ1,4
)

lims→∞ z(s) = 0.

Proof. Suppose on the contrary that u is an eventually positive solution of (1.1) satisfying condition
(N1) in Lemma 2.1 for s ≥ s1 ≥ s0. Then there exists a constant c0 > 0 such that z(s) ≥ c0 and
z (h(s)) ≥ c0 eventually. In light of Lemma 2.2, we conclude that

u (t) >

m∑
i=0

 2i∏
j=0

h
(
z[ j] (s)

)
 z

(
z[2i] (s)

)
h
(
z[2i] (s)

) − z
(
z

[2i+1] (s)
)

≥

m∑
i=0

 2i∏
j=0

h
(
z[ j] (s)

) ( 1
h
(
z[2i] (s)

) − 1
)

z
(
z

[2i+1] (s)
)
. (2.3)

Since
π(z[2i+1] (s))
π(z[2i] (s))

≥ 1,

then
1

h
(
z[2i] (s)

) − 1 ≥
1

h
(
z[2i] (s)

) − π(z[2i+1] (s))
π(z[2i] (s))

. (2.4)

Combining (2.3), (2.4), we get

u (t) ≥
m∑

i=0

 2i∏
j=0

h
(
z[ j] (s)

) ( 1
h
(
z[2i] (s)

) − π(z[2i+1] (s))
π(z[2i] (s))

)
z
(
z

[2i+1] (s)
)
≥ c0Hm (s) . (2.5)

Substituting (2.5) into (1.1), we deduce that(
a(s)

(
z′(s)

)α)′
= −q(s)uβ(h (s)) ≤ −cβ0q(s)Hβ

m (h (s)) = −cβ0̃q (s) .

Integrating the resulting inequality from s1 to s, we have

a(s2)
(
z′(s2)

)α
≥ cβ0

∫ s

s1

q̃ (%) d%. (2.6)

It follows from (2.2) and (H3) that
∫ s

s1
q̃ (%) d% must be unbounded. Further, since π′ (s) < 0, it is

easy to see that ∫ s

s1

q̃ (%) d%→ ∞ as s→ ∞, (2.7)
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which with (2.6) gives a contradiction.(
Υ1,1

)
From case (N2) of Lemma 2.1, we note that z (s) is positive and decreasing for all s ≥ s1 ≥ s0.

By the definition of z (s) , we have z (s) ≥ u (s) and

u (s) ≥ z (s) − h (s) z (z (s)) , s ≥ s1 ≥ s0. (2.8)

Since a (s) (z′ (s))α is decreasing, we get

a
1/α (s) z′ (s) ≥ a1/α (%) z′ (%) for % ≥ s.

Dividing the last inequality by a1/α (%) and integrating the resulting inequality from s to∞, we have

a
1/α(s)z′(s)π(s) + z(s) > 0. (2.9)(

Υ1,2
)

From (2.9), we obtain (
z(s)
π(s)

)′
=
a1/α(s)z′(s)π(s) + z(s)
a1/α(s)π2(s)

> 0.

(Υ1,3) Since z(s)/π(s) is increasing and z[2i] (s) ≥ z[2i+1] (s), we derive that

z(z[2i+1] (s)) ≤
π(z[2i+1] (s))
π(z[2i] (s))

z(z[2i] (s)).

In light of Lemma 2.2, we conclude that

x (t) >

m∑
i=0

 2i∏
j=0

h
(
z[ j] (s)

)
 z

(
z[2i] (s)

)
h
(
z[2i] (s)

) − z
(
z

[2i+1] (s)
)

≥

m∑
i=0

 2i∏
j=0

h
(
z[ j] (s)

) ( 1
h
(
z[2i] (s)

) − π(z[2i+1] (s))
π(z[2i] (s))

)
z
(
z

[2i] (s)
)
. (2.10)

Since z′ < 0, inequality (2.10) simplifies to

x (t) >
m∑

i=0

 2i∏
j=0

h
(
z[ j] (s)

) ( 1
h
(
z[2i] (s)

) − π(z[2i+1] (s))
π(z[2i] (s))

)
z (s) = H (s) z (s) . (2.11)

By substituting (2.11) into (1.1), we have(
a(s)

(
z′ (s)

)α)′
= −q(s)uβ(h(s))
≤ −q(s)Hβ

m (h (s)) zβ (h (s))

≤ −̃q (s) zβ (h (s)) ,

which leads to (
a(s)

(
z′(s)

)α)′
≤ −̃q (s) zβ (h (s)) . (2.12)
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(Υ1,4) Since z (s) > 0, and z′ (s) < 0, then lims→∞ z(s) = c ≥ 0. We claim that c = 0. If not, then
z(s) ≥ c > 0 for s ≥ s2 ≥ s1. Then, integrating

(
Υ1,3

)
from s1 to s, we arrive at

a(s)
(
z′(s)

)α
≤ a(s1)

(
z′(s1)

)α
−

∫ s

s1
q̃ (%) zβ (h (%)) d%

≤ −cβ
∫ s

s1

q̃ (%) d%.

By integrating this inequality from s1 to∞, we get

z (s1) ≥ cβ/α
∫ ∞

s1

(
1
a (ς)

∫ ς

s1
q̃ (%) d%

)1/α

dς → ∞ as s→ ∞,

which leads to a contradiction with (2.2). Consequently, c = 0.
This completes the proof of the lemma. �

3. Main results

In this part, we introduce novel monotonicity characteristics for the solutions of (1.1).

Lemma 3.1. Assume that u(s) is a positive solution of (1.1). If δ0 ∈ (0, 1) with

1
α
a

1/α (s) q̃ (s) πα+1(s) > δα0 , ρ0 = v1δ0, (3.1)

then
(Υ2,1) z(s)/πρ0(s) is decreasing;
(Υ2,2) lims→∞ z(s)/πρ0(s) = 0;
(Υ2,3) z(s)/π1−ρ0(s) is increasing.
Moreover, for the special case when α = β = 1, we have v1 = 1.

Proof. Assume that u(s) is an eventually positive solution of (1.1). From (3.1) we find that∫ ∞

s0

(
1
a(ς)

∫ ς

s1

q̃ (%) d%
)1/α

dς ≥ α1/αδ0

∫ ∞

s0

(
1
a(ς)

∫ ς

s1

1
a1/α (%) πα+1(%)

d%
)1/α

dς

= α1/αδ0

∫ ∞

s0

1
a1/α(ς)

(∫ ς

s1

1
a1/α (%) πα+1(%)

d%
)1/α

dς

= δ0

∫ ∞

s0

1
a1/α(ς)

(
π−α(ς) − π−α(s1)

)1/α dς.

From the fact that lims→∞ z (s) = 0, there exists a s1 ≥ s0 such that π−α(s) − π−α(s1) ≥ επ−α(s) for
ε ∈ (0, 1) . Thus ∫ ∞

s0

(
1
a(ς)

∫ ς

s1

q̃ (%) d%
)1/α

dς ≥ ε1/αδ0

∫ ∞

s0

1
a1/α(ς)π (ς)

dς

= ε1/αδ0 lim
s→∞

ln
π (s0)
π (s)

→ ∞.
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Hence, from Lemma 2.4, we have that (Υ1,1)–(Υ1,4) hold.
(Υ2,1) Integrating (1.1) from s1 to s, we obtain

−a(s)
(
z′(s)

)α
= −a(s1)

(
z′(s1)

)α
+

∫ s

s1

q(%)uβ(h(%)d%

> −a(s1)
(
z′(s1)

)α
+

∫ s

s1

q̃ (%) zβ (h (%)) d%

> −a(s1)
(
z′(s1)

)α
+ zβ (s)

∫ s

s1

q̃ (%) d%.

By using (3.1), we get

−a(s)
(
z′(s)

)α > −a(s1)
(
z′(s1)

)α
+ zβ(s)

∫ s

s1

αδα0
a1/α (%) πα+1 (%)

d%

= −a(s1)
(
z′(s1)

)α
+ δα0

zβ(s)
πα(s)

− δα0
zβ(s)
πα(s1)

. (3.2)

Since lims→∞ z (s)→ ∞, there is a s2 ∈ (s1,∞) such that

−a(s1)
(
z′(s1)

)α
− δα0

zβ(s)
πα(s1)

≥ 0,

and so, (3.2) becomes

−a1/α(s)z′(s) > δ0
zβ/α(s)
π(s)

, s ≥ s2,

and so,
a

1/α(s)π(s)z′(s) + δ0zβ/α(s) ≤ 0. (3.3)

Furthermore, from Lemma 2.3 we see that

a
1/α(s)π(s)z′(s) + v1δ0z(s) ≤ a1/α(s)π(s)z′(s) + δ0zβ/α(s) ≤ 0,

which leads to
a

1/α(s)π(s)z′(s) + ρ0z(s) ≤ 0. (3.4)

Consequently, (
z(s)
πρ0(s)

)′
=
a1/α(s)π(s)z′(s) + ρ0z(s)
a1/α(s)π1+ρ0(s)

≤ 0,

so z (s) /πρ0(s) is decreasing.
(Υ2,2) Since z (s) /πρ0(s) is positive and decreasing, lims→∞ z (s) /πρ0(s) = c1 > 0. We claim that

c1 = 0. If not, then z (s) /πρ0(s) > c1 > 0 eventually. Now, we introduce the function

w(s) =
(
a

1/α(s)z′(s)π(s) + z(s)
)
π−ρ0(s).

In view of
(
Υ1,1

)
in Lemma 2.4, we note that w(s) > 0 and

w′(u) =
(
a

1/α(s)z′(s)
)′
π1−ρ0(s) − (1 − ρ0) z′(s)π−ρ0 (s) + z′(s)π−ρ0(s) + ρ0z(s)

π−1−ρ0(s)
a1/α(s)
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=
1
α

(
a(s)

(
z′(s)

)α)′ (
a

1/α(s)z′(s)
)1−α

π1−ρ0(s) + ρ0z′(s)π−ρ0 (s) + ρ0z(s)
π−1−ρ0(s)
a1/α(s)

= −
1
α

(
a

1/α(s)z′(s)
)1−α

π1−ρ0(s)q(s)uβ(h(s)) + ρ0z′(s)π−ρ (s) + ρ0z(s)
π−1−ρ0(s)
a1/α(s)

≤ −
1
α

(
a

1/α(s)z′(s)
)1−α

π1−ρ0(s)̃q (s) zβ (h (s)) + ρ0z′(s)π−ρ0 + ρ0z(s)
π−1−ρ0(s)
a1/α(s)

.

By using (3.1), (3.3), and (3.4), we find

w′(s) ≤ −

(
δ0zβ/α(s)
π(s)

)1−α

π1−ρ0(s)
δα0

a1/α(s)πα+1(s)
zβ (s) + ρ0z′(s)π−ρ0 + ρ0z(s)

π−1−ρ0(s)
a1/α(s)

≤ −δ0zβ/α(s)
π−1−ρ0(s)
a1/α(s)

+ ρ0z′(s)π−ρ0 (s) + ρ0z(s)
π−1−ρ0(s)
a1/α(s)

≤ −v1δ0z(s)
π−1−ρ0(s)
a1/α(s)

+ ρ0z′(s)π−ρ0 (s) + ρ0z(s)
π−1−ρ0(s)
a1/α(s)

≤ −ρ0z(s)
π−1−ρ0(s)
a1/α(s)

+ ρ0z′(s)π−ρ0 (s) + ρ0z(s)
π−1−ρ0(s)
a1/α(s)

≤ ρ0z′(s)π−ρ0 (s)

≤ −ρ0π
−ρ0 (s)

ρ0z(s)
a1/α(s)π(s)

≤ −
ρ2

0

a1/α(s)π(s)
z(s)
πρ0 (s)

.

Using the fact that z (s) /πρ0(s) > c1, we get

w
′

(s) 6 −
ρ2

0c1

a1/α(s)π(s)
< 0.

Applying the integration from s1 to s, on the previous inequality, we obtain

w(s1) ≥ ρ2
0c1 ln

π(s1)
π(s)

→ ∞ as s→ ∞,

which is a contradiction. Thus, c1 = 0.(
Υ2,3

)
Finally, we have(
a

1/α(s)z′ (s) π (s) + z (s)
)′

=
(
a

1/α(s)z′ (s)
)′
π (s) − z′ (s) + z′ (s)

=
(
a

1/α(s)z′ (s)
)′
π (s)

=
1
α

(
a (s)

(
z′ (s)

)α)′ (
a

1/α (s) z′ (s)
)1−α

π (s)

≤ −
1
α
q̃(s)zβ (s)

(
a

1/α (s) z′ (s)
)1−α

π (s)

≤ −δα0
1

a1/α (s) π1+α (s)
zβ (s)

(
−δ0

zβ/α (s)
π (s)

)1−α

π (s)
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≤ −δα0
1

a1/α (s) πα (s)
zβ (s)

(
δ0

zβ/α (s)
π (s)

)1−α

≤
−δ0

a1/α (s) π (s)
zβ/α (s)

≤
−v1δ0

a1/α (s) π (s)
z (s)

≤
−ρ0

a1/α (s) π (s)
z (s) .

Applying the integration from s to∞, on the previous inequality, we obtain

a
1/α(s)z′ (s) π (s) + z (s) ≥ ρ0

∫ ∞

s

1
a1/α (%)

z (%)
π (%)

d%

≥ ρ0
z (s)
π (s)

∫ ∞

s

1
a1/α (%)

d%

≥ ρ0z (s) .

Thus
a

1/α(s)z′ (s) π (s) + (1 − ρ0) z (s) ≥ 0,

and hence (
z(s)

π1−ρ0(s)

)′
=
a1/α(s)π(s)z′(s) + (1 − ρ0)z(s)

a1/α(s)π2−ρ0(s)
> 0.

Therefore, the proof is concluded. �

Theorem 3.1. Suppose there exists a ρ0 ∈ (0, 1) such that (3.1) holds. If

ρ0 >
1
2
, (3.5)

then, Eq (1.1) is oscillatory.

Proof. Suppose u is an eventually positive solution of (1.1). According to Lemma 3.1, the functions
z (s) /πρ0 (s) and z (s) /π1−ρ0 (s) are shown to be decreasing and increasing, respectively, for s ≥ s1. Thus

a
1/α(s)z′ (s) π (s) + ρ0z (s) ≤ 0, (3.6)

and
a

1/α(s)z′ (s) π (s) + (1 − ρ0) z (s) ≥ 0. (3.7)

Combining (3.6) and (3.7), we get

0 ≤ a1/α(s)z′ (s) π (s) + (1 − ρ0) z (s)

= a
1/α(s)z′ (s) π (s) + ρ0z (s) + (1 − 2ρ0) z (s)

≤ (1 − 2ρ0) z (s) .

Since z (s) > 0, then 1 − 2ρ0 ≥ 0, which means that

ρ0 ≤ 1/2,

which is a contradiction. The proof is complete. �
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If ρ0 ≤
1
2 , we can enhance the findings stated in Lemma 3.1. Given that π(s) is decreasing, there

exists a constant λ ≥ 1 such that
π(h(s))
π(s)

≥ λ. (3.8)

We define the constant ρ1 > ρ0 by

ρ1 = ρ0
α

√
λβρ0

1 − β

α
ρ0
. (3.9)

Lemma 3.2. Assume u(s) is a positive solution of (1.1) and (3.1) holds. If (3.8) holds, then(
Υ3,1

)
z(s)/πρ1(s) is decreasing;(

Υ3,2
)

lims→∞ z(s)/πρ1(s) = 0;(
Υ3,3

)
z(s)/π1−ρ1(s) is increasing.

Proof. Suppose that u is an eventually positive solution of (1.1) satisfying condition (N2) in
Lemma 2.1 for s ≥ s1 ≥ s0. According to Lemma 2.4, conditions (Υ1,1)–(Υ1,4) are satisfied. Moreover,
Lemma 3.1 ensures that (Υ2,1)–(Υ2,3) hold.(

Υ3,1
)

Integrating
(
Υ1,3

)
from s1 to s, we get

−a(s)
(
z′(s)

)α > −a(s1)
(
z′(s1)

)α
+

∫ s

s1

q̃ (%) zβ (h (%)) d%.

By using the fact that z(s)/πρ0(s) is decreasing, we have

−a(s)
(
z′(s)

)α > −a(s1)
(
z′(s1)

)α
+

∫ s

s1

(
z(%)
πρ0(%)

)β
πβρ0(h (%))̃q(%)d%

≥ > −a(s1)
(
z′(s1)

)α
+

(
z(s)
πρ0(s)

)β ∫ s

s1

πβρ0(h (%))̃q(%)d%.

By using (3.1) and (3.8), we get

−a(s)
(
z′(s)

)α > −a(s1)
(
z′(s1)

)α
+

(
z(s)
πρ0(s)

)β ∫ s

s1

αδα0λ
βρ0

a1/α(%)πα+1(%)
πβρ0(%)d%

> −a(s1)
(
z′(s1)

)α
+ αδα0λ

βρ0

(
z(s)
πρ0(s)

)β ∫ s

s1

π−1−α+βρ0(%)
a1/α(%)

d%

> −a(s1)
(
z′(s1)

)α
+

δα0λ
βρ0

(1 − β

α
ρ0)

(
z(s)
πρ0(s)

)β [
πβρ0−α(s) − πβρ0−α(s1)

]
> −a(s1)

(
z′(s1)

)α
−

δα0λ
βρ0

(1 − β

α
ρ0)

πβρ0−α(s1)
(

z(s)
πρ0(s)

)β
+

δα0λ
βρ0

(1 − β

α
ρ0)

zβ(s)
πα (s)

.

Using (Υ2,2), there is s2 ∈ [s1,∞) , such that

−a(s1)
(
z′(s1)

)α
−

δα0λ
βρ0

(1 − β

α
ρ0)

πβρ0−α(s1)
(

z(s)
πρ0(s)

)β
≥ 0,
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for s ≥ s2, and so

−a(s)
(
z′(s)

)α > δα0λ
βρ0

(1 − β

α
ρ0)

zβ(s)
πα (s)

,

and so

z′(s) ≥ δ0

 λβρ0

1 − β

α
ρ0

1/α
1

π (s) a1/α(s)
zβ/α(s)

≥ v (s) δ0

 λβρ0

1 − β

α
ρ0

1/α
1

π (s) a1/α(s)
z(s)

= ρ0

 λβρ0

1 − β

α
ρ0

1/α
1

π (s) a1/α(s)
z(s)

= ρ1
1

π (s) a1/α(s)
z(s),

or equivalently,
a

1/α(s)π(s)z′(s) + ρ1z(s) ≤ 0. (3.10)

Consequently, (
z(s)
πρ1(s)

)′
=
a1/α(s)π(s)z′(s) + ρ1z(s)
a1/α(s)π1+ρ1(s)

6 0,

so z(s)/πρ1(s) is decreasing.
Following the same steps outlined in the proof of Lemma 3.1, we confirm the validity of (Υ3,2) and

(Υ3,3). �

Let

ρn = ρ0
α

√
λβρn−1

1 − β

α
ρn−1

. (3.11)

Furthermore, following the proof structure of Lemma 3.2, we confirm the following:
(Υn,1) z(s)/πρn(s) is decreasing;
(Υn,2) lims→∞ z(s)/πρn(s) = 0;
If ρ1 < 1/2, iterating the above process yields δ2 > δ1,

ρ2 = ρ0
α

√
λβρ1

1 − β

α
ρ1
.

Generally, if ρi < 1/2 for i = 1, 2, ..., n − 1, we define
(Υn,3) z(s)/π1−ρn(s) as increasing.

Theorem 3.2. Assume that there exists a ρ0 ∈ (0, 1) for which (3.1) is satisfied. If there also exists an
n ∈ N such that

ρn >
1
2
, (3.12)

then Eq (1.1) is oscillatory.
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Theorem 3.3. Assume that (2.2), (3.1), and (3.8) hold. If there exists n ∈ N such that

lim inf
s→∞

∫ s

h(s)

π (%) q̃ (%)
π1−α (h (%))

d% >
αv−α1 ρα−1

n (1 − ρn)
e

, (3.13)

then, Eq (1.1) is oscillatory.

Proof. Assume on the contrary that (1.1) possesses an eventually positive solution u (s) .
Condition (2.2) guarantees that u(s) satisfies (N2). From Lemma 2.4, we have that (Υ1,1)–(Υ1,4) hold.
We construct sequence {ρn} by (3.11).

Now, we define the function

w (s) = a1/α(s)z′ (s) π (s) + z (s) .

In view of
(
Υ1,1

)
in Lemma 2.4, we note that w(s) > 0 and from (Υn,1) we can obtain

a
1/α(s)z′ (s) π (s) + ρnz (s) ≤ 0.

Then, from the definition of w (s) , we have

w (s) = a
1/α(s)z′ (s) π (s) + ρnz (s) − ρnz (s) + z (s)

≤ (1 − ρn) z (s) . (3.14)

From
(
Υ1,3

)
and (3.4), we obtain

w′ (s) =
(
a

1/α(s)z (s)
)′
π (s)

≤
1
α

(
a (s)

(
z′ (s)

)α)′ (
a

1/α (s) z′ (s)
)1−α

π (s)

≤ −
1
α
q̃ (s) zβ (h (s))

(
a

1/α (s) z′ (s)
)1−α

π (s)

≤ −
1
α
q̃ (s) zβ (h (s))

(
ρn

z (s)
π (s)

)1−α

π (s)

≤ −
1
α
ρ1−α

n q̃ (s) π (s) zβ (h (s))
(

z (s)
π (s)

)1−α

. (3.15)

From
(
Υ1,2

)
in Lemma 2.4, we note that z (s) /π (s) is increasing, and then

z (h (s))
π (h (s))

≤
z (s)
π (s)

,

and (
z (h (s))
π (h (s))

)1−α

≤

(
z (s)
π (s)

)1−α

.

From this (3.15) becomes

w′ (s) ≤ −
1
α
ρ1−α

n q̃ (s) π (s) zβ (h (s))
(

z (h (s))
π (h (s))

)1−α
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≤ −
1
α
ρ1−α

n q̃ (s)
π (s)

π1−α (h (s))
zβ−α (h (s)) z (h (s)) .

From Lemma 2.3 we know that zβ−α (h (s)) ≥ vα1 . Therefore the above inequality leads to

w′ (s) ≤ −
vα1
α
ρ1−α

n q̃ (s)
π (s)

π1−α (h (s))
z (h (s)) .

By using (3.14) we see that w (s) is a positive solution of

w′ (s) +
vα1
α

ρ1−α
n

(1 − ρn)
π (s) q̃ (s)
π1−α (h (s))

w (h (s)) ≤ 0. (3.16)

This is a contradiction since by Theorem 2.1.1 in [8] condition (3.13) guarantees that (3.16) has no
positive solution. This contradiction completes the proof of the theorem. �

We use illustrative examples to show the importance of the obtained results.

Example 3.1. Consider the NDE(
s2α (

(u (s) + h0u (z0s))′
)α)′

+ q0sα−1uβ (h0s) = 0, s ≥ 1, (3.17)

where α > β, 0 ≤ h0 < 1, z0, h0 ∈ (0, 1) , and q0 > 0. By comparing (1.1) and (3.17) we note that
a (s) = s2α, q (s) = q0sα−1, h (s) = h0, h (s) = h0s, and z (s) = z0s. It is easy to find that

π (s) =
1
s
,
π (z (h (s)))
π (h (s))

=
1
z0
,

Hm (s) = Hm =

(
1
h0
−

1
z0

) m∑
i=0

h2i+1
0 ,

and
q̃ (s) = q0sα−1Hβ

m.

For (3.1), we set

δ0 =
1
α1/α q

1/α
0 Hβ/α

m .

From (3.8), we have λ = 1
h0
. Now, we define the sequence {βi}mi=1 as

ρn = ρ0
α

√√
1

1 − β

α
ρn−1

(
1
h0

)βρn−1

,

with
ρ0 = v1

1
α1/α q

1/α
0 Hβ/α

m .

Then, condition (3.5) reduces to
q0 >

α

(2v1)α Hβ
m

, (3.18)
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and condition (3.13) becomes

lim inf
s→∞

∫ s

h(s)

π (%) q̃ (%)
π1−α (h (%))

d% = lim inf
s→∞

∫ s

h0s

1
%
h

1−α
0 %1−α

q0%
α−1Hβ

md%

= lim inf
s→∞

∫ s

h0s

1
%
h

1−α
0 q0Hβ

md%

= h
1−α
0 q0Hβ

mlim inf
s→∞

∫ s

h0s

1
%

d%

= h
1−α
0 q0Hβ

m ln
1
h0
,

which leads to

q0 >
αv−α1 ρα−1

n (1 − ρn)

h1−α0 Hβ
m ln 1

h0

1
e
. (3.19)

Using Theorem 3.1 and Theorem (3.3), we note that Eq (3.17) is oscillatory if either (3.18) or (3.19)
holds, respectively.

Example 3.2. Consider the NDE(
s2/3 (

(u (s) + 0.25u (0.75s))′
)1/3

)′
+
q0

s2/3 u1/5 (0.3s) = 0, s ≥ 1. (3.20)

Clearly:
α = 1/3, β = 1/5, a (s) = s2/3, q (s) = q0

s2/3 , h (s) = 0.25, h (s) = 0.3s, and z (s) = 0.75s. It is easy to
find that

π (s) =
1
s
,
π (z (h (s)))
π (h (s))

= 1.3,

H10 =

(
1

0.25
−

1
0.75

) 10∑
i=0

(0.25)2i+1
≈ 0.711,

and
q̃ (s) = 0.934 06q0s−2/3.

For (3.1), we set
δ0 = 22.003q30.

From (3.8), we have λ = 3.3. Now, we define the sequence {βa}ma=1 as

ρn = ρ0
1(

1 − 3
5ρn−1

)3 (3.3)
3ρn−1

5 ,

with
ρ0 = 22.003q30v1, v1 > 0.

Then, condition (3.18) reduces to

q0 >
0.283 25

3
√

v1
, (3.21)
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and condition (3.19) leads to

0 > 0.13283v−1/3
1 ρ−2/3

n (1 − ρn)
1
e
, v1 > 0. (3.22)

Using Theorem 3.1 and Theorem (3.3), we note that Eq (3.20) is oscillatory if either (3.21) or (3.22)
holds, respectively.

Notation 3.1. From the previous example we get

ρ0 = 22.003q30v1, v1 > 0.

Then condition (3.5) in Theorem 3.1 is satisfied if

22.003q30v1 >
1
2
,

or
q

3
0v1 > 0.02724.

If we choose v1 = 1.5, then
q0 > 0.26285.

Example 3.3. Consider the NDE(
s2

(
u (s) +

1
4

u
(
1
3

s
))′)′

+ q0u
(
1
2

s
)

= 0, s ≥ 1, (3.23)

with q0 > 0. Clearly:

α = β = 1, v1 = 1, h (s) =
1
4
, π(s) =

1
s
,
π (z (h (s)))
π (h (s))

= 3, λ = 4,

H10 = (4 − 3)
10∑
i=0

(
1
4

)2i+1

≈ 0.266 67, q̃ (s) = 0.26667q0,

and
ρ0 = δ0 = 0.26667q0.

By setting q0 = 1.9, we obtain
ρ0 = 0.50667,

and it is verified that condition (3.5) holds for q0 ≥ 1.9, which ensures that Eq (3.23) oscillates.
For q0 = 1.3, we find the following values for ρn :

n 0 1
ρn 0.346 67 0.85802

Condition (3.12) holds for n = 1, ensuring the oscillatory behavior of Eq (3.23).
Next, for q0 = 0.7, we get the following values for ρn :

n 0 1 2 3
ρn 0.18667 0.29730 0.401 14 0.543 58
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Condition (3.12) is satisfied for n = 3, again guaranteeing the oscillation of Eq (3.23).
Finally, for q0 = 0.6, we find the following values for ρn :

n 0 1 2 3 4 5 6 7
ρn 0.16 0.23778 0.29188 0.33864 0.543 58 0.386 87 0.44616 0.53623

Condition (3.12) holds for n = 7, once again ensuring the oscillation of Eq (3.23).

4. Conclusions

In this paper, we have addressed the issue of finding sufficient conditions to ensure oscillatory
behavior for all solutions of a class of nonlinear NDEs. Our investigation particularly focused on the
non-canonical case, where we explored new monotonic properties of positive solutions and derived
novel oscillation criteria. Building upon the seminal work of Baculı́ková [33] on second-order DDEs,
our research extends the analysis to second-order NDEs. By adopting and further developing their
techniques, we have contributed to a broader understanding of oscillatory phenomena in differential
equations.

Moving forward, an exciting direction for future research would be to apply similar methodologies
to study even-order nonlinear NDEs of the form(

a(s)
(
z(n−1)(s)

)α)′
+ q(s)uβ(h(s)) = 0, n ≥ 4.

This approach promises to deepen our insights into the intricate dynamics of these systems and
potentially uncover new oscillation patterns.
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