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sums for various Mittag-Leffler functions, including g-Mittag-Leffler, Bernas Mittag-Leffler, and Le
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g-Mittag-Leffler function in the open unit disk, with a specific focus on its normalization. We also use
the concept of g-close-to-convex functions, and examine whether the Le Roy-type g-Mittag-Leffler
function possesses close-to-convexity. Moreover, we determine lower bounds for the normalized
Le Roy-type g-Mittag-Leffler and its sequence of partial sums. We also present some lemmas,
propositions, examples, and meaningful corollaries that highlight the importance of our findings. The
results presented in this paper are new and demonstrate improvements over some existing findings in
the literature.
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1. Introduction

Let A be the set of all analytic functions A(7), in A = {r: 7 € Cand |r| < 1}, which satisfy the
normalized conditions as 4(0) = 0 and /4'(0) = 1, and every & € A has the Taylor-Maclaurin series
representation

ht)y=1+ > a,t. (1.1)

m=2
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Also, let S denote the set of all univalent functions in A. A function & € A is said to be starlike in A
with respect to 0 if its image, h(2), is a star-shaped domain. The set of such functions is denoted by S*
(see [1]), and these functions satisfy

Th (1)
Re ( 7o)

)>0,T€A.

More generally, for 0 < A4 < 1, the starlike functions of order A in A are denoted by 4 € §* (1) and

defined as: )
S () = {heﬂ:Re(Th(T)) >, Te A}.
h(7)

It is well known that S* (0) = S*.
A function h € A is convex if its image h(A), is a convex (see [1]). These functions denoted by C

and can be defined as: .
celnea Re[1+ D)5 0. real.
K (7)

More generally, for 0 < 4 < 1, the convex functions of order A in A are denoted by & € C (A1) and
defined as: .
h
cy=lnea:re(1+ D)5 4 real,
h(7)
It is well known that C (0) = C. The Alexander relations in [2] show that

th € S* o heC.

A function & in A is considered close-to-convex in A if the image h(A) is close-to-convex, meaning its
complement consists of non-overlapping half-lines. Alternatively, & in A is close-to-convex if there
exists a starlike function g in A such that

h/
Re (T (T)) >0
8(1)
for all 7 in A, denoted by K.
Or, in another way, there exists a convex function g in A such that

Re (M) > 0,
g

for all 7 in A. An important property of close-to-convex functions in A is that they are univalent,

meaning they do not take on the same value twice. This implies that the class of close-to-convex

functions in A is a subset of the larger class S of normalized univalent functions.

Geometric function theory (GFT) has extensive research on various subclasses of the normalized
analytic function class A, with diverse approaches and perspectives. The g-calculus and fractional
g-calculus have emerged as powerful tools in this pursuit. A significant milestone was achieved by
Ismail et al. [3], who introduced a g-analogue of the starlike function class S in A using the g-difference
operator (9,). Building upon this foundation, Srivastava’s work (see [4], pp. 347 et seq.) pioneered
the application of g-calculus in GFT and explored the role of basic (or ¢g-) hypergeometric functions.
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To fully understand the concepts presented in this article, we will first outline the necessary notations
and definitions.
First of all, for g € (0, 1), the g-factorial [57],! is given as

n

[7],! = 1, forp = 0 and [n],! = l_[[k]q, forn =7 € N.

k=1

The g-generalized pochhammer symbol [7],. 4, 7 € C, is defined as

[7lng = 1, forn =0 and ([, ) [yl + 11,07 + 2],...[n + n — 11, forn € N,

([n]q)n < ([n]q)".

Forq € (0,1), a,u € C, and m € Ny = N U {0}, the g-shifted factorial (a; q), is defined by

and

so that
1, n=0,
. — m—1
(@ q)n I1 (1 - a/qk) m € N,
k=0
and

(@) = H(l —a/qk), a eC.
k=0
The definition of the g-Gamma function I'y(7) is

Fq(T)ZM(l—q)]_T, 0O<g<1), TeC,

(G5 Do

and
lir? [,(r) =T(7),
q— 1~

where I' Gamma function. One of the defining features of the g-Gamma function I',(7) is that the
following equation is satisfied

r,+7) =[], I,(r), O<g<l), el (1.2)
where 1 .
[l = 5 _qq . (1.3)

For a more comprehensive understanding of g-calculus and the aforementioned notations, readers are
referred to the works of Gasper and Rahman [5] and Srivastava and Karlsson ( [6], pp. 346-351).
As introduced by Jackson [7], the g-difference operator O, applied to a function 4 € A is defined

as follows:
h(t)=h(qT)

—— 1ea\{0}; 0<g<1,
Dh = T(,l q)
D)) { KO, 1t=00<g<]l.

(1.4)
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One can clearly see from the definition (1.4) that

m

w | —
D=1+ 3 1_"

(o]
a, ™ =1+ 3 [m], a,, 7",
m=

and
lim (Dyh)(7) = W (1), T € A.
q—1-

The following rules holds, as stated by [8]:

Dy (h (1) + g(7)) = Dyh (1) + Dyg(7),

D, (h(1).g(1)) = h(qr) D,g (v) + g(2)D,h(7), (1.5)
(h (T)) _8 (q7) Dyh (1) — h(g2)D,8(T)
"\ g g(gr)g(7) '

Definition 1.1. [9] The definition of the g-Jackson integrals from O to 7 is provided by:
[ dy¢ =71 -0) Zq'h ().
0 n=

Definition 1.2. [3] We say that a function & € A belongs to the class S* (¢) if

(D))
Mo l-g

1
<
l-gq

,TeN; O0<g< 1. (1.6)

Note that, when ¢ — 17, then S* (¢) = S".
Raghavendar and Swaminathan [10] extended the approach in (1.6) to introduce the class K (g) of
g-close-to-convex functions in A, providing the following definition in their 2012 work.

Definition 1.3. [10] A function & € A belongs to the class K (g) if

(Dyh) (1) o
(1) l-¢q

< ,TeN; O0<g< 1. (L.7)
l-g¢

Remark 1. When g — 17, then
K(g) =K

and it is easy to see that
S™q) cK(q).

For a function % defined in A, the g-Alexander transformation (g-Alexander operator) is given by

the integral
~h(t
Imwﬂ:filqg
o S

The operator transforms the power series as:

_ - A+ 1 m+1
ITh(D]=71+ mZ::l Dt 1]qT , (1.8)
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where
m+1

l-¢q

T

The operator 7 [h] was previously examined as a particular case of the g-Srivastava-Attiya operator, as
discussed in [11]. This operator satisfies the normalization conditions, specifically

[m+1], =

T[h0)] =0, T [h’(O)] =1.

This transformation is known as the Alexander transformation when ¢ — 17 introduced and studied
in [2].

1.1. Motivation

Geometric function theory (GFT), a key component of complex analysis, focuses on the geometric
aspects of analytic functions. These functions play a vital role in various fields, including mathematics,
physics, and statistics. Researchers have been drawn to problems related to the geometric properties
of families of analytic functions, especially those involving special functions [12-14]. Recent studies
have examined the geometric properties of various special functions. Mehrez et al. [15] investigated the
products of modified Bessel functions of the first kind, while Mehrez [16] explored a class of functions
related to Fox-Wright functions. Moreover, Mehrez and Raza [17] studied the geometric properties of
Mittag-Lefller-Prabhakar functions of Le Roy-type in the open unit disk. Recent studies have further
explored its geometric properties, with notable research from Aktas [18], Aktas and Orhan [19], and
Aktas and Baricz [20]. Special functions play a vital role in mathematical analysis, particularly in
fractional calculus and its generalizations. g-calculus extends classical calculus and introduces the
g-Mittag-Leffler function, a powerful tool for solving g-fractional differential equations and modeling
complex systems in mathematical physics and engineering [8,21-23]. The Le Roy-type g-Mittag-
Leffler function is a notable subclass that enables better modeling of anomalous processes [24]. Recent
studies have examined geometric properties like convexity [25] and partial sums [26,27], essential for
univalence, stability, and numerical approximation. This paper builds upon these foundations, offering
new results on the convexity and partial sums of normalized Le Roy-type g-Mittag-Leftler functions,
and contributing to GFT and fractional analysis.

The Swedish mathematician Gosta Magnus Mittag-Leffler introduced the one-parameter [28]
version of the Mittag-Leffler function as follows:

o 1
E()=%

— 71" ¢,7eC, R > 0.
2 Fomz 1)7' C, T e(c)

The two-parameter Mittag-Leffler function [29], denoted as E., (1), is a mathematical function that is
defined by the series
oo 1
Ec,d (T) = Z

— 7" ¢,d, C, R 0.
m:or(cm+d)T c,d, T€ e(c) >

In a recent development, Gerhold [30] and Garra and Polito [31] each proposed the Le Roy-type
Mittag-Lefller function, which is characterized by the following definition:

[Se]

|
EC, ()= Y —— 1" ¢,d,o>0,7€C.
D= 2 vy ¢o> 0T
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Whenc=d =1, in Eg’ , (1), we have the Le Roy-type functions (LRFs) investigated in [32] and further
studied by Mehrez and Das in [35]. This function, denoted as E“ (1), is defined as

o _ - 1 m
Er@= o

where o is a positive real number and 7 is a complex number.
Now, we consider the Le Roy-type g-Mittag Laffler function, which is defined by the series

. 5 1
ECI(m) = X

— =7, ¢,d,c>0,7TeC, 0<g< 1. (1.9
m=0 (Fq (cm + d))

The normalized Le Roy type g-Mittag-Leffler function, denoted as MZ’;’ (1), and defined as:
M7 (1) =1(0, (@) ETY (0)
oo r,d 7
=3 (L)) 7t (1.10)

m=0\I'y (cm + d)

where ¢,d,0c > 0,7e€C,and 0 < g < 1.

The functions given in (1.9) and (1.10) provide an extended version of many well-known special
functions.
Special Cases:
(1) When g — 17, then ij’ (1) reduces to the Le Roy type Mittag-Leftler function defined in [30], (see
also [31]). ’
(i) Moreover, when ¢ — 17, and o = 1, the function MZ;] (1) reduces to the two-parameter Mittag-
Leffler function E, 4 (7) defined in [29] and extensively studied in 2016 and 2021, (see [33,34]).
(iii) When ¢ — 17 and ¢ = d = 1, the function M ] () becomes the Le Roy-type function (LRFs)
E7 (1) defined in [32] and further investigated by Mehrez and Das in [35].
(iv) Finally, when ¢ — 1~ and ¢ = o = 1, the function MZ’; (1) becomes the classical Mittag-Leffler
function E,; (1), defined and studied by Mittag-Leffler in 1903.

Some others special cases of the normalized Le Roy type g-Mittag-Leffler function MZf (1) are also
listed below:

.

1-7
M (1) = 7€, (1.11)

1, _ T
Ml,g (1) = €, — 1,

My} () =

where ¢ is one of the g-analogues of the exponential function e, which is given by (see ( [36], p. 488,
Eq 6.3 (7))

[Se] Tm

T
eq—Z

m:OFq (m + 1)

2. Main results

This section focuses on analyzing the close-to-convexity, partial sums, and establishing lower
bounds for the normalized Le Roy type g-Mittag-Leffler function (LR-g-MLFs).
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2.1. Close-to-convexity of normalized Le Roy-type q-Mittag-Leffler functions

This section presents the following key results and methods: First, we show that the normalized
LR-g-MLFs, as defined in (1.10), are g-close-to-convex in A with respect to g(r) = 7\1 — 7, with the
proof facilitated by Lemma 2.

Lemma 1. ( [10], Lemma 1.1(1)). Let h(t) = 7 + i A", and

m=2
Z_] |Dm+1 - Dm| < 1
with A1
Dn — m( —-q )
l-¢q
Then, h(t) € K (g) with g(1) =7\l — 1.
Lemma 1 leads to the following lemma, which was proved by Sahoo and Sharma in their work [37].

Lemma 2. [37]. Let {A,,}nen be a sequence of real numbers, and define another sequence {D,,} e »

— Am(l _qm)

D,
l-gq

for all n > 1. Suppose that
12D, 2D32Dy>--2D, 220,

or
1<Dy<D3<Dy<--<D,<--- <2

Then, h(t) =7+ ) A, € K (q) with respect to g(z) = z\1 — z.

m=2
Theorem 3. For each c,d,o > 1, satisfying o>d,co>1,andc+d >3, subject to the condition

a
2

(Cyc+a) 21 +9)(T,@)
the normalized LR-g-MLFs MZ’dq (1) € K (q) in A with respect to g(t) = 7\1 — 7.

Proof. To show that MZ’; (1) € K (g) in A with respect to g(t) = 7\1 — 7, we recall (1.10), and thus we
have

o,q _ S F‘I (d) )0— m
Mg @ =7+ mzzz(rq cm-D+d) "

(o)
=7+ ) A,T",

m=2

(L@ Y
Am_(Fq(c(m—1)+d)) > meN,

where
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and _
1=g" 1=g™ o
Dm: el Am: el q() .
1-¢ l-g \I'y(c(m—1) +d)
Note that D; = 1 and D,, > 0, for all m € N. If ¢’0- > d and co > 1, then
r,d \
D, =(1+qg)|—L""_| <1=D,.
h = ( Q)(Fq(c+d)) = 1

Next, we show that
Dm+1 < Dm’ (m € N\{l}) ’

that is,

1 - qm+1 rq (d) o B 1= qm Fq (d)
l-qg \I'yem+d)] = 1-qg \I'y(cm—1)+4d)

which is equivalent to

) , (m e N\{1}),

(1-¢"")(Cycm- D+ )" <1 =g") (T, (cm+d) . (meN\(1}).

Inequality (2.1) is verified by the fact that
(1=g") (T lem+d) =1 =g (T, (cm-1)+c+d)
> (1= ¢" (T (cm=-1)+d+1) .

Using (1.2), then (2.2) becomes

(1-¢") (Cy(em+d)) = (1= g™ ([cm=1)+d],Ty(ctm—1)+d) .

Again using (1.3), then (2.3) becomes

_ qc(m— 1)+d

(1—¢%0}@m+dﬁgz(l—fﬂ( i

In light of the inequality
(Cyc+a) 20 +9)(T,@) .
and ¢ + d > 3, we have that
cim—1)+d>m+1, meN\{1}.

Thus, (2.4) becomes

o 1= m+1\9 o

(1= ¢ (T, (cm + d)) z(l—q’")( 1f1q ) (Ty (cm—1) +d))
> (1[4 ) +ad)

> (- (T, (con=1) +a))

= [m], (1 - ¢"") (T, (cm = 1) + )"
> (1= (T (cm=1)+d) , meN\{1},

) (Cycom-1)+a).

2.1

(2.2)

(2.3)

(2.4)

which proves our required inequality (2.1). Now, utilizing Lemma 2, the normalized LR-g-MLFs

M7} (1) € K (g) with respect to g(7) = 7\1 - 7.

O
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Setting ¢ = 1 in Theorem 3 yields the following proposition.

Proposition 1. For each o > 1 and d > 2 satisfying the inequality

(0, 1+ ) > (1 +9) (T, (@)

then,

. x I,
M@= % (rq(;qmd)

) e K (q).
m=0
Proof. When ¢ = 1 in Theorem 3, and the inequality

(0, 1+ ) > (1 +9) (T, ()

Upon simplification, we have
(1) = (1 + ),

or .
1 _ [oa
( 1 ) > (1+4q),
1-¢g
and it is holds true only oo > 1 and d > 2. Thus, the normalized Mi’j (t) € K(g) for o > 1 and
d>?2. O

Setting ¢ = 2 in Theorem 3 yields the following proposition.

Proposition 2. For each o > 1 and d > 1, the inequality
(f,2+d) 21 +9)(r,@) .

then

'y (d)

Mi (@ = 2 (rq Qm +d)

) e K (q).
m=0
Proof. When ¢ = 2 in Theorem 3 and the inequality

(r,@+d) > (1+9) (I, @)

Upon simplification, we have .
(11 +4),) =1 +g),

or "
1 — g4\
( 4 ) > (1+4q),
l-g¢
and it is satisfied only for o > 1 and d > 1. Thus, the normalized MZ g (r) € K(q) for o > 1 and
d>1. O

Remark 2. Ifwesetc=1,0=1,andd > 2 in (1.10), then

© T, (d)
l.q _ q m+1
MaO= o r v’ X@

AIMS Mathematics Volume 10, Issue 6, 14288—-14313.
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Remark 3. Ifwesetc =2, 0=1,andd > 1in (1.10), then

= £

m+1
1l ek (g).
ZT omra K@

Example 1. From Remark 2, we readily deduce that

® 1

Ml,q — m+1 — T 2
L @ ;nzjol“q (m+ 1)T ¢ € (]((Q) ’ ( 5)
@ 1
M) =% "= el —1eK(q), (2.6)

m:Orq (m + 2)T

o [2] (+q)(ef-7-1)
Lg _ Mg m+l q
M@= 2" -

e K(q). 2.7)

Example 2. From Remark 3, we readily deduce that

1 X 1 1 eqﬁ+e;ﬁ
M q — m+l _ h —

2,1 (T) mZ:Orq (2m + 1)T zcos q \/Z < 2 € 7<(Q) )
M@= F o o, ve= [ e e

22 ol (2m + 2) ‘ 2 D>

Ly - [2]q m+1
M2’3 (T) = ZOmT = (1 + q) (COShq \/E - 1)

m=U+q
eqﬁ +e;ﬁ
=(1+gq) T—l e K.

If o = 1 in Theorem 3, we obtain the following known result proved in [38].

Corollary 1. [38]. For each c > 1 and d > 1, satisfying the inequality
I,c+d)>1+ql, ),
the normalized g-Mittag-leffler functions RZ’ , (1) € K(g) in A with respect to g(7) = 7\1 — 7.

2.2. Partial sums for normalized Le Roy-type q-Mittag-Leffler functions

For any function % in (A, we can form a partial sum, denoted as /5(7), by truncating its Taylor series

expansion to the o-th term:
o

hs(t) =71+ X, a,7". (2.8)

m=2
Finding partial sums of analytic functions in the largest possible disk, A, = {r € C: |7| < r}, where
the partial sum hs(7) is one-to-one is a challenging task. In 1928, Szegd [39] made a significant
breakthrough by proving that for functions in the class S, each partial sum is one-to-one within the disk
Apa. However, this result does not guarantee that partial sums of functions in S are always one-to-one

AIMS Mathematics Volume 10, Issue 6, 14288—-14313.
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throughout the entire unit disk A. A counter example is the convex univalent function A(7) = 7/(1 — 1),
which demonstrates that this is not always the case. Moreover, the Koebe function

-
00 = =

has a second partial sum h,(7) = 7 + 272 that is one-to-one within A4, and remarkably, the radius 1\4
is the largest possible.

Researchers have extensively studied partial sums of analytic functions, particularly those in
the class S*. A notable contribution was made by Robertson [40], who established the radius of
starlikeness for partial sums of functions in [40]. Additionally, Silvia [41] introduced the concept of
lower bounds for the real parts of partial sum ratios, which was later built upon by Silverman [42].
Silverman developed techniques for finding partial sums of starlike and convex functions, laying the
groundwork for further research. Subsequent studies have expanded these results to various subclasses
of analytic functions [43—45] and special functions, such as the normalized Struve functions, Dini
functions, and Wright functions [46—48].

Taking motivation from [17,48,49], in this section, we study the lower bounds of the sequence of
partial sums (MZ;’ (T))(S (r) and MZ;’ (7).

The sequence of partial sums (MZ;’ (T))(s (1) of the normalized LR-g-MLFs is defined by

s I,
(Mﬂhﬂ(ﬂ—T+Z(FE%%E

m=1

) " §eN. (2.9)

For 6 = 0, then the sequence of partial sums is
(M @), @ =

The main goal of this section is to find the lower bounds for

7 o9
* w]’ Re{%]’ (2.10)
(Mc,;;] )5 (7) Mc,d (r) ()
Re M]’ Re [Z) ( ) (T)] o
D, (M), () D, (M7 (@)
Re M] [( ( M)) (T)] o)
(I (MZ’; ))5 (@) ( ) (1)

where 7 ( M7 (T)) is the Alexander transform of M(’q (7).
To solve our problems, we first derive the followmg two lemmas.

Lemmad4. Let 0 < g < 1 and c, d, and o be arbitrary positive real numbers.

() If cd > 1, ¢*c > d, then the sequence (A,,),,> defined by

'y (d) )‘T

A, = Fq(m+ 1)(—F (cm +d)
q
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is decreasing.
(i) Also, if cd > 1 and 2¢*c > d, then the sequence (C,,),,»; defined by

Iy (d) )“

szrq(m+2)(m

is also decreasing.

o
Proof. To show that A,, =T', (m + 1) (F‘;"—’fzd)) is decreasing, we have to show that AA{”—: < 1. For this,

Am+1

m

L,(cm+d) \”
:[m+1]q(Fq(c(m+l)+d))
1 —gm™! L,(em+d) \

Y (rq(c(m+1)+d))'

(2.13)

We observe that when m — oo, then
1 - qm+1

0
< T—g

<1. (2.14)

Iy(cm+d)

Ty(c(m+1)+d)’ we have

Applying the definition of the g-Gamma function on

Fq (cm + d) 1-— qcm+d+k

T cmrDtd) b1 = gmnm

(2.15)

Since 0 < g < 1, both the terms in the numerator and denominator will be positive and less than 1.
Hence, by (2.14), and (2.15), we have

Am+1 < Am

Thus, for o > 0, the sequence (A,,),,>1

A, =T, (m+1) Fq—w') '
e L, (cm+d)
is decreasing.
Similarly, the sequence
C, =T,(m+?2) Fq—@l) .
" T, (cm+d)
is also decreasing for 0 < g < 1, ¢d > 1 and 2¢*c > d. o

Lemma 5. Assume that c,d, and o are arbitrary positive real numbers. Then, the function M;qu (1) :
A — Cdefined by (1.10) satisfies the following inequalities:

(i) If cd > 1 and c?c > d, then

o r,d \
|MC’5 (T)| <1 +rq (2) (m) (eq - 1), TEA.
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(ii) If cd > 1 and 2¢%0 > d, then

‘Dq (Mzr; (T))' <l+d+9T, (2)(111—@1))(r (eq - 1), T €A.

(iii) If ed > 1 and c?c > d, then

[7(M7 @)@ <1+, (2)(

where [2], =1 +gq.

I,(c+d)

I, ()
I, (cm+d)

Proof. (i) If cd > 1 and c*c > d, then according to Lemma 4, we have

- o L, \7 .
M7] (T)| =|r+ m; (—Fq (Cqm " d)) !
_ q(cm+ +1
=t [, | -
q
<1+ §A1 (c,d,'q,a)
me1 [m],!
I, \" = 1
<1+T,2 1
o )(Fq(c+d)) ,El[m]q!

:1+rq(2)(r‘f—@)o(eq—1).

I',(c+d)

(i) If cd > 1 and 2c?0 > d, then according to Lemma 4, we have

|2, (M7 @)

<1+

31+rq(3)(

AIMS Mathematics

1+ >
m=1

1+ 3 (m+1] (F"—w) T
m=1 1 I'y,(cm+d)

@ \¢
w [m+ 11, T, (m+ 1) (7
1+ 3 q'q (rq( +d)) o

1 [ml,!

rd \*
& rq (I’I’l + 2’) (Fq(cm+d)) m

[m],!
© Cy(c,d,q,0)
m=1  [m],!
Iy (d) )‘T
I',(c+d)

© 1
2

m=1 [m]q‘

) (e, - 121,). T €A,
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r,d \
:1+rq(3)(m) (e,—1).

(iii) If cd > 1 and ¢*c > d, then according to Lemma 4, we have
% 1 rd \
I MO’,q — m+1
ez @)@l = e+ £ oy (o) T

i o I,(m+1) I, (d) UT’”“
m=1[m + 1], [m] ! \I'y (cm + d)

« I, (m+1) I, (d) UT’””
m=1 [m+ 1],! \I'; (cm + d)

<1+A(dgo)y ——
Ve d- g0 LT

Ly \7 = 1
Ly(em+d)) m=1lm+1],!

) L@
=1+ Fq (2) (m) (eq - [2](]) .

51+rq(2)(

O

Remark 4. The numerical table of Lemma 5 for specific q, c,d, o to illustrate tightness is as follows:

q ¢ d o RHS(@G RHS(@G) R.H.S (ii)
09 15 10 07 ~1.05 ~1097 ~1.121
08 20 1.0 1.0 ~1.034 ~1.063 ~ 1.080
095 12 11 06 ~1.072 ~1.110 ~1.135
099 1.1 09 05 ~1.084 ~1.120 ~1.149

Example 3. Ifc =d = 0 =1, in Lemma 5, then,

r, (1)
M@ <1+T, (2)(FZ (2))(eq - 1). (2.16)

Using the definition of I'; and (1.11), in (2.16), we obtain

-
|Teq <ey TEA.

Similarly,

TS PRRR L
q

D, (zep)| < 1+ (1 +9) (e, - 1). 2.17)
Using (1.5), in (2.17), we obtain

gr+De| <1+ +g)(e, - 1), Te€n,

and
|7 (te")| < e, —q, T €A.
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Example 4. I[fc =0 = 1,and d = 2, in the Lemma 5, then

<1+ !
1

+q(eq—l), e , TEA,
and |
[7(e-1)| = = Ten.
Consider an analytic function u(7) defined in the unit disk A, (see [51]).
1+
Re(1FD) 0 renoum<1, rea
1 —u(t)

Theorem 6. If cd > 1, >0 > d, and (Ty (c + d))” > T, (2)(Ty(d) (e, —1). then

e (( M7 (1) ] § (L c+a) -T,@ (T, @) (e, - 1)’

M2 (@) (Cyc+a)

(2.18)

and

o.q o
Re [(M""’ ), > Ty (e + ) (2.19)

M @ J (T @) +T,@ @ @) (e~ 1)

Proof. Using inequality (1) from Lemma 5, we derive

1+ i |Ay| <
m=1

(Cyc+a) +T,@) (0, @) (e,— 1)
(Ty(c+a) '

Alternatively,
(T, (c +a))

o |Am| < 17
T, 2)(T, @) (e, - 1) ;

[ T,@

To establish the inequality (2.18) let u(7) in A be given by

where

L+ u() _ (T c+a))
I-u@  (r,@) (e,-1)T, )

. { MI @) (e +a) -T,@) (0, @) (e, 1)
(M )

1) () (T, (c+a)

(T c+a)
- _ " 2.2
1+Zm:1AmT’” [1 +ZA o T, 2)(T, @) (e,-1 mz(;;lA v 220
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Using Eq (2.21), we can express this as

L,2)(Ty(@) (eg-1) Zm:6+1 A

u(t) = : |
242 Y AT + % > A
and we have U
lu(r)| < % Z;',fzjﬂ A, |
2230 1Al - % St 1An]

This means that |u(7)| < 1 if and only if

2(Tytexd) Z Al <2 - 2Z|Am|

T, @) (T, @) (e, - 1) 5 =

This further implies that

Zél (T, (c +a) i aiet

Zo e (T @) (e, — 1) u5H

Our goal is to prove that the L.H.S (left-hand-side) of Eq (2.22) is bounded above by

Al
1) ;

(T c+a)
T, ) (0, @) (e

which can be rewritten as

(e +a) -T,@ (1, @) ZIAmI o
I, (r, @) (eq—l =

Thus, by virtue of (2.23), the proof of the inequality in (2.18) is now complete.
To prove (2.19), we write

1+ u(@) (Fq (c + d))g +I,(2) (Fq (d))o (eq - 1)
T=u() T, (T, @) (e, 1)
(M79) (@ (Cyc+a)
M7 (1) (T c+a) +T,@) (0, @) (e,-1)
(c+d))"+T,2)(Ty(d) (eq—

T,2)(Ty(@)” (eg-1)
)
1 + Zm:l Ame

1+ 30 AT+ (I,

1
S5 Ant”

(2.22)

(2.23)
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Therefore,

(Tyle+d)) +T, T @) (eg~1) s A
r,2)(T4@)" (eg-1) m=g+1 1m

lu(7)| < - — <.
I'y(c+d)) -T,2)(T,(d) (e,—1 oo
2_222:1|Am|_(4+) q (q )(q )Zm=5+1|Am|

Ty)(Ty(@)’ (eg-1)

This is equivalent to the inequality

5 (T, c+a)

DA+ i Al < 1.

= L, (0, @) (e, — 1) u5h

Thus, the L.H.S of (2.24) is bounded above by

(T, c+a) a
- A
T, 2)(T, @) (e,-1) ng1

Thus, the proof of the theorem is complete.

When g — 17, the above result reduces to the following known result proved in [49].

Corollary 2. [49]. Ifcd > 1, c’0 > d, and( [@) )(T > (e—1), then

T(c+d)
M(r [oa
Re L(T) > 1 _(Ld)) (e-1),
(MZd)(s (1) I'(c+d)

and

Re

(Mgd)(s () > 1
1+ (

o I'd \7 ’
M7, (7) r(M)) (e —1)

Theorem 7. If cd > 1, 2¢%0 > d, and (T, (c +d)) > [2],T, () (Ty (d))” (e, — 1). then

re D, (M7 (7)) g (Cyc+a) - 121,T,2) ir (@) (eg - 1), en
D, (MZ]). () (T, (c + )
and ”
. D, (Mcj)d (1) . i (T, (c + ) Cen
D, (MI] @) ) (Tyc+ad) +1[21,T, @) T @) (e, 1)

where [2], =1 +q.

Proof. Using inequality (ii) from Lemma 5, we derive

1+ i [m+ 1], 14, < (Fq (c+ d))(r +[2],T,(2) (rq (d))" (eq _ 1).
m=1 9q = (Fq (C + d))cr

(2.24)

(2.25)

(2.26)
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Alternatively,

(Cyc+a) o
7 [m+ 11, 1Aul < 1,
(21,1, @) (T, @) (e_n; S

where A,, is given by (2.20). To establish the inequality (2.25), let us consider the function u(7) in A
given by:
1+u(r) (Cy (c + )
L-u® 21,1, (T, @) (e, 1)
D, (M7 (1) (T c+d) -12],T,@) (0, @) (e, - 1)]

D, (M) (1) - (T e+ )
1 )
- 1 11, A, 7" 2.7
1+Z§1:1[m+1]quT’"( +;[m+ 1, A"+ (2.27)

(Tyc+a) 2 )
g [m + 1], 47" |.
[21,T, @) (T, (@) (eq—l)m;m e

Now, from (2.27), we can write

(Tylet+a)”
21,0, 2(Tg(@)” (e

24230 Im+ 1], A, +

0 Dim=si1 M+ 1], A"

(Tylc+a)”
21,0, 2(Tg(@)” (e

w(r) =

9

0 Yim=si1 M+ 1], Ay

and we have

(Tylet+a))”
[21,L,@)(To(@) (e

2-23° (m+1)]A,l -

5 T [+ 11, 14,

(Tyle+a))”
[21,T,@(To(@)’ (e

lu(7)| <

5 T [+ 11,14,

This means that |u(7)| < 1 if and only if

(e +a)) 2 5
: [+ 1], |Anl <22 [m+ 1], 1Al
(21,1, ) (T, @) (eq—l)m; e Z e

As a result, we can also conclude that

5 (Tyc+a) 0
[+ 1], |Al 2 [+ 1], 1Al < 1. (2.28)
; e +[2]¢,rq(2>(rq(d>) (eq—l)m; e

To complete the proof, we need to demonstrate that the inequality (2.28) is bounded above by

(Cyc+a) o

e [+ 11, 1A,
[21,T, ) (T, (@) (eq—l); e
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This is equivalent to the inequality

(Rﬂc+d»0_2rﬂzﬂzﬂd»0&q_l)jipn+1bvm|za
2,0, (T, @) (e,-1) 7=

Thus, by virtue of (2.29), the proof of the inequality in (2.26) is now complete.
To establish equation (2.26), consider the expression

L+u)  (Te+ ) +121,T,@) (T, @) (e, - 1)

I —u(r) 21,T, @) (T, @) (e, - 1)
[Z)q (M74). (@) (T, (c+a))
X - o foa
D, (M7 @) (T c+d) +12),T,) (0, @) (e, 1)

1 d .
T3 s e (1 + ;Am [m+1],7
(T, (c+a) +121,T,@) (T, @) (e, — 1)
[21,T, @) (T, @) (e, — 1)

m=0+1
Therefore,
|M(T)| < - Tl (q, c, d) anoz(5+1 (m + l)oloAml ’
2-2 Zm:l [Wl + 1]q IAml - T2 ((I» c, d) Zm:6+1 [m + 1]q |Am|
<1
where
(Cyc+ )" +121,T,@) (T, @) (e, - 1)
Tl (q’ ¢, d) = o ’
21,0, @) (T, @) (e, - 1)
T,c+d) +[21,T,2 (T, @) (e,—1
eed) - (Cy(c+ ) +121,T,2) (T, @) (e, - 1)

[21,T, @) (T, (@) (e — 1)

This is equivalent to the inequality

5 T,(c+d) 0
D lm+ 11,14, + (" ?, D Im+ 11,4, < 1.
= 21,0, @) (T, @) (e, - 1) w50
Therefore, we can see that the L.H.S of (2.30) is bounded above by
(e +a))

7 [+ 11, 1An
[21,T, @) (T, @) (eq—l)m;m S

Thus, we have completed the proof.

(2.29)

(2.30)

O
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When g — 17, the above result reduces to the following known result proved in [49].

Corollary 3. [49]. Ifcd > 1, %0 > d, and (£2)" 2 2(e = 1), then,

I'(c+d)
MO' g
Re| M@ |54 —2( rd) ) (e-1).
( Mf-:d)é (1) I'(c+d)
and

MO'

Re[( C(,Td)é (T)] > dl _ .
MZ,@ ) 1+2(32) (e 1)

Theorem 8. Ifcd > 1, c?0 > d, and (Fq (c+ d))(r >T,(2) (Fq (d))g (eq - 2) , then

Re[ I (M%) () . (T, (c+ d))” -T,() (rqo_(d))” (eq - 2)’ e
(7 (m77)), @ (s (e + )

and

, TEA.

[(f (M77)), @ (T e+ )
I(MIN@ ) (Te+d) +T,@) (T, @) (e, -2)
Proof. To establish equation (2.31), we recall from part (iii) of Lemma 5 that

A
1 7 <
+Z[m+l]q_

m=1

(O c+a) +T,@) (0, @) (e,-2)
(Ty(c+a) '

Alternatively,
(Ty(c+a)

T, ) (T, @) (e, -2) Z [m+ 1,

where A,, is given by (2.20). Now, we write
L+uw  (Te+a)
L-u® 1, (r,@) (e, -2)

§ [ I (M%) () ) (Lo c+d) -T,@ (0, @) (e,-2)
(

1(M79). @ (e +a))
— l (1 + Z(S: Am m+
= 1+3°, [nﬁr—"i]fm 1[m+1]qr

(Fq (c+ a’))o A, .
T 1.
T, Q@) (0, @) (e —2) 55k I+ 1,

IMe 3

(2.31)

(2.32)

(2.33)
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Now, from (2.33), we can write

(Tylc+a))” 1 .
u(t) = LT, (@)’ (e4-2) Zm:§+l [m+1]quT
_2+22 1 gy L) LA
m=1 [m+1],° M Fq(Z)(Fq(d)){T(eq—Z) m=6+1 [m+11,“0m
and we have
_ (yera)” 1
(@) (er2) Zm=5+1 Ty, HAn
lu(T)| <

S A S PR (Coci) M S B
2= 2 2 [m+1], Anl (rq(z)(rq(d))"(eq—z))Zm=5+1 [m+1], Al

This implies that |u(7)| < 1 if and only if

2(Ty (e +a))" $ o i Al
L@ (T, @) (e0—2) Gt m 1~ e 11,

This further implies that

J r,(c+d) °°
AP 1L S < 034
41y T, @) (T, @) (eq - 2) sty I+ 1y
It is enough to demonstrate that equation (2.28) is bounded above by
(F (c+ d) Z 1A,
r, @ (T, @) (e,-2) & m+ 11,
Alternatively,
I,(c+d)) -T,2)(I (d)
(Cucx o) o Z Al > (2.35)
T, ) (T, @) (e, —2) [m + Uq

Thus, by virtue of (2.35), the proof of the inequahty in (2.31) is now complete.
To prove (2.32), we write

(OO ()
1 - u(r) (M@ N+ ) +T,@(0,@) (e, -2)
1+ X0, [mi"i ™+ T3 (CI, ¢, d) Yom=si1 [ni_”i]q"'m

1+ Zm 1 [m+1] ™

2

where

(e +a) +T,@) (0, @) (e,-2)
T, (T, @) (e, -2) '

T3 (q, c, d) =

AIMS Mathematics Volume 10, Issue 6, 14288—-14313.
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Therefore,
(o) 7200 e | (2.36)
()| < <1 .
2-2 231:1 [,lf‘_"il]q - T4 (q’ c, d) Z:;:(i+1 %
where " "
(Cy(c+d)) =T, @) (T, @) (eg-2)
T4 (q, C, d) = o
T, 2)(C, @) (e-2)
Inequality (2.36) is equivalent to
) T 00
A,, I',(c+d) A,,
| '1 + (T, U) > | '1 <. (2.37)
= 1l T, (T,@) (e 2) sty b+ 1,
Thus, the L.H.S of (2.37) is bounded above by
(T e+ ) $
F’I 2) (Fq (d))o— (eq - 2) m=6+1 [m + l]q
With this, the proof is complete. O

Example 5. By substituting the values 6 = 0,0 = 1,c = 1, and d = 1, we have the following special
functions satisfying Theorems 6 and 7:

1 1
Re (e;) > e, and Re (—) > —, TEA,

e{l [
and
(gr+1)e’
Re(u)zl—(nq)(eq—l),ru,
T
R
e > , T E A,
(qr+1)eg) " 1+ (1+q)(e, - 1)
where |
Ml,q — m+1: ‘r-
= et T

Example 6. By substituting the values 6 = 0,00 = 1,c¢ = 1, and d = 2, then we have the following
special functions satisfying Theorems 6 and 7:

el — 1 2+qg—e 1+
Re |- > 1 ¢ and Re|— > 7
T 1+¢ e, — 1 q+e

Further,

T

Re[w)22+eq, TENA,
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and
1
Re il > —, TEA,
D, (efl - 1) €q
where :
Mlq — m+1 — o7 _ 1
2= 2T T

3. Conclusions

In this paper, Section 1 discussed analytic functions and the background of some of their
subclasses. We then provided fundamentals of g-calculus and defined the class K(q) of g-close-to-
convex functions. The motivation section provided background on Mittag-Leffler functions, performed
normalization of the Le Roy-type g-Mittag-Lefller function, and discussed some special cases. Section
2, “Main results” is divided into two subsections. The first subsection presented known lemmas to
prove the g-close-to-convexity of the Le Roy-type g-Mittag-Leftler function in Theorem 3, along with
supporting propositions, corollaries, and examples. The next subsection proved essential lemmas and
established a lower bound for the sequence of partial sums. Supporting examples demonstrate the
practicality of our findings. Future research directions include investigating geometric properties like
starlikeness, convexity, and coeflicient inequalities, potentially combining the normalized function with
harmonic or p-valent functions.
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