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Abstract: A graph is IC-planar if it admits a drawing with at most one crossing per edge so that each
vertex is incident to at most one crossing edge, and an IC-plane graph means such a drawing of an
IC-planar graph. We show that any maximal IC-plane graph with n vertices has at least 2n − 2 edges.
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1. Introduction

All graphs considered here are simple and finite. A drawing of a graph G = (V, E) is a mapping D
that assigns to each vertex in V a distinct point in the plane and to each edge uv in E a continuous arc
connecting D(u) and D(v). An edge is said to cross another edge if they intersect at a point that is not
a vertex of a graph when it is drawn in the Euclidean plane. A drawing of a graph is 1-planar if each
of its edges is crossed at most once. If a graph has a 1-planar drawing, then it is 1-planar. A 1-plane
graph means such a drawing of a 1-planar graph. Notably, 1-planar graphs have been widely studied
in the literature (see, e.g., [1–3]).

A graph G is said to be maximal in a graph class G if adding any edge to G would cause it to no
longer belong to G. It is well known that for every maximal planar graph G of order n ≥ 3, all of its
faces are triangles, and in addition, |E(G)| = 3n − 6. Nevertheless, with respect to the lower bound
of the number of edges in maximal 1-plane graphs of a given order, there is still no single, unified
formula. 1-planar graphs of order n have at most 4n − 8 edges, and the bound is tight for n = 8 and all
n ≥ 10 [1]. But there are maximal 1-planar graphs with 45

17n − 84
17 edges [2]. Brandenburg et al. in [2]

furthermore proved every maximal 1-plane graph G has at least 28
13n(G)−O(1) ≈ 2.15n(G)−O(1) edges.

Subsequently, Barát and Tóth [3] refined this lower bound. Very recently, Huang, Ouyang, Zhang and
Dong [4] determined that for all n ≥ 5, the minimum number of edges in a maximal 1 - plane graph is⌈

7
3n
⌉
− 3.

https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025643


14279

The concept of IC-planar graphs was first introduced by Albertson [5] in 2008. A graph is IC-
planar (independent crossing planar) [5–7] if it admits a drawing with at most one crossing per edge
so that each vertex is incident to at most one crossing edge, and an IC-plane graph means such a
drawing of an IC-planar graph. In fact, as a subclass of 1-planar graphs, IC-planar graphs have been
thoroughly investigated in a multitude of academic papers (see, e.g., [6–8]). A graph is NIC-planar if
two pairs of crossing edges share at most one vertex. Brandenburg et al. showed that every IC-planar
graph has a straight-line drawing in quadratic area. They also proved that testing whether a graph is
IC-planar is NP-hard. Zhang and Liu [9] proved that every IC-planar graph with n vertices has at most
3.25n − 6 edges, and this bound is tight. They also proved that NIC-planar graphs with n vertices have
at most 18

5 (n − 2) edges [9, 10]. For the lower bound on the density of NIC-planar graphs, Bachmaier
et al. [11] showed that this class of graphs has at least 16

5 (n − 2) edges with n vertices. Outer 1-planar
graphs are another subclass of 1-planar graphs. They must admit a 1-planar embedding such that all
vertices are in the outer face [12]. Auer et al. [13] proved that the lower bound on the density of outer
1-planar graphs red is 11

5 n − 18
5 and the upper bound is 5

2n − 2. In 2017, Bachmaier et al. [7] asserted
that n-vertex maximal IC-planar graphs have at least 3n − 5 edges, and the bound is tight.

Following the approach in [7], we can show that every face in an IC - drawing of a maximal IC-
planar graph is triangular. However, for maximal IC-plane graphs G, not every face is necessarily a
triangle, and there may exist vertices of degree two in G. Thus, maximal IC-plane graphs may not be
maximal IC-planar graphs. For example, we can draw a maximal IC-plane graph G as in Figure 1. But
G cannot be a maximal IC-planar graph since moving the vertex u to the exterior of the region bounded
by abcda and adding the edges ua and ub results in a new graph G′ that is 1-planar, contradicting the
maximality of G. Based on these observations, we establish a smaller lower bound on the size among
maximal IC-plane graphs with given orders n ≥ 4.

a b

d c
u

G

Figure 1. The drawing of G.

Theorem 1. Let G be a maximal IC-plane graph with n ≥ 4 vertices. Then G has at least 2n−2 edges.

2. Preliminaries

In this section, we introduce some basic concepts and terminology. Let G be a graph and v be a
vertex of G. A component of G is a connected subgraph H such that no subgraph of G that properly
contains H is connected. Let G − v or G − S be the subgraph obtained from G by deleting a vertex
v or a set of vertices S . A vertex v ∈ V(G) is called a cut-vertex of a connected graph G if G − v is
disconnected. We write G[T ] for the induced subgraph by the vertex set T in G. Kn is a complete graph
with n vertices, where every pair of distinct vertices is connected by an edge. A spanning subgraph
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for G is a subgraph of G that contains every vertex of G.
For any drawing D, the associated plane graph D× of D is the plane graph that is obtained from D

by turning all crossings of D into new vertices of degree four. An edge e of G is called non-crossing if
it crosses no other edges under the drawing ϕ, otherwise, it is called a crossing edge.

Let G be a 1-plane graph. The edges of G divide the plane into f aces. A face is bounded by edges
and edge segments. The endpoints of these edges and edge segments are vertices or crossings. The
boundary of a face is the ordered set of edges and edge segments that enclose the face. ∂ ( f ) denotes
the boundary of the face f . The degree of a face is defined as the total number of edges and edge
segments that form the closed walk of its boundary. A face is called a k- f ace if its degree is k. A
1-plane graph G is a triangulation if every face of G is of degree 3. On the other hand, a connected
component D of G whose boundary contains a crossing point is a fake face. The degree of a fake face
D is the length of the boundary of D×.

For other terminology and notations not defined here, we refer to [14].

3. Proof of Theorem 1

Below, we give some auxiliary lemmas.

Lemma 1 ( [3]). Let G be a 1-plane graph with at least two vertices. Then the boundary of each face
of G has at least two vertices.

The following lemma follows directly from the definition of IC-plane graphs.

Lemma 2. Let G be an IC-plane graph, and let G′ be the drawing obtained from G by adding an edge
uv from the complement of G. If uv is non-crossing in G′, then G′ is still an IC-plane.

Lemma 3. Let G be a maximal IC-plane graph. If edges uv and xy are crossed with each other, then
G[{u, v, x, y}] is isomorphic to K4, where ux,xv,vy,yu are uncrossed edges in G.

Proof. Assume that uv crosses xy at a point c. If there are two vertices among u,v,x, and y that are not
adjacent, namely x and u, then we can obtain G′ from G by drawing an uncrossed edge xu, which is
infinitely close to the segments xc and uc. By Lemma 2, G′ is IC-plane. This contradicts the maximality
of G. Similarly, {xv, vy, yu} ⊆ E(G), and thus G[{u, v, x, y}] � K4. Since edges uv and xy cross each
other in G, if any of the edges ux, xv, vy, or yu is crossed in G, then G violates IC-planarity, leading to
a contradiction. Therefore, ux, xv, vy, yu are uncrossed in G. □

Lemma 4. Let G be a maximal IC-plane graph. If f is a k-face in G, then 3 ≤ k ≤ 4.

Proof. Suppose there exists a face of degree 2 in G. This would necessarily result in either self-loops
or parallel edges, which is impossible. Thus, k ≥ 3. If k ≥ 5 and ∂ ( f ) contains at least 5 vertices
(denoted sequentially as u1, u2, u3, u4, u5), the maximality of G requires that: (1) Any two vertices on
∂ ( f ) must be connected. (2) The edges u1u3 and u2u4 must cross each other outside f . (3) The edges
u1u3 and u2u5 must cross each other outside f . This configuration would force at least one edge to cross
twice, violating the IC-planarity of G. For the remaining cases, if ∂ ( f ) contains at most 3 vertices, it
contradicts the IC-planarity condition. If ∂ ( f ) has exactly 4 vertices, they induce a complete graph K4

in the exterior region, creating exactly one crossing. By IC-planarity, no edges on ∂ ( f ) can be crossed
elsewhere. Thus, f must be a true 4-face. Then we conclude that k ≤ 4.

□
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Lemma 5. Let G be a maximal IC-plane graph with n vertices, c crossings, and f4 4-faces, then the
number of edges in G satisfies |E(G)| = 3n − 6 + c − f4.

Proof. Let T be the set of faces of G. Let f3 denote the number of 3-faces in G. We have
∑
f∈T

deg( f ) =

2|E(G×)|, and |V(G×)| − |E(G×)| + f4 + f3 = 2. Substituting |V(G×)| = n + c, |E(G×)| = |E(G)| + 2c, and
when combining with Lemma 4, we derive:

3 f3 + 4 f4 = 2|E(G)| + 4c and n − |E(G)| + f3 + f4 = 2 + c.

Eliminating f3, we obtain |E(G)| = 3n − 6 + c − f4. □

Proof of Theorem 1:

Proof. Let G be a maximal IC-plane graph on n vertices. We first give the following claim.

Claim 1. If n ≥ 5, then G has at least one crossing point.

Proof. Suppose that G has no crossing; then, by Lemma 2 and the condition of maximality of G, we
may assume that G is a maximal plane graph. Note that every maximal plane graph is triangulated. It
is known the minimum degree of every maximal plane graph is at most 5 and at least 3. Thus, G can be
embedded in the sphere, with three subdrawings based on the degree of a vertex u0, denoted as H1,H2,
and H3, as shown in Figure 2.

a

b c

u0

a b

d c

u0

d c

e b

a

u0

H1 H2 H3

Figure 2. Three subdrwings H1, H2 and H3.

Case 1. G contains H1.

Since n ≥ 5, we can find a vertex v1 in H1 that is not the vertex c such that it, together with a and
b, forms a triangular face outside of abc. Now we can draw the edge u0v1 in G, and the resulting graph
remains an IC graph, a contradiction.

Case 2. G contains H2.

For H2, the edge ac must exist; otherwise, we could draw the edge ac within the region enclosed
by abcda without violating the IC property. Similarly, the edge bd must also exist. Since G does not
contain crossings, both ac and bd must connect outside the region enclosed by abcda. This leads to
a contradiction because they would definitely cross each other, contradicting the assumption that G
contains no crossings.

Case 3. G contains H3.
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Similar to Case 2, for H3, we can still add one of the edges ac or bd. This contradicts the maximality
of G.

The three aforementioned cases all lead to contradictions. Hence, G has at least one crossing. □

Basis step: We shall apply induction on the number of vertices of G. First, it is not difficult to prove
that when |V(G)| = 4,G is isomorphic to K4, which has 6 edges and satisfies the bound in the theorem.
Thus, the base case of induction holds.

Inductive step: Assume that the theorem holds for maximal IC-plane graphs with n′ vertices such
that 5 ≤ n′ < n. By Claim 1 and Lemma 3, G has a K4-subgraph F that contains a crossing in its
drawing, shown in Figure 3. We set v1, v2, v3, v4 for the four vertices of F, where v1v3 crosses v2v4.
Let S 1 and S 2 be all the vertices within the interior and exterior of the region bounded by v1v2v3v4v1,
respectively.

v1 v2

v4 v3

v1 v2

v4 v3

v1 v2

v4 v3

F G1 G2

Figure 3. The drawings F, G1, and G2.

We next consider three separate cases.
Case 1. S 1 and S 2 are not empty.

In this case, let G1 = G[S 1 ∪ V(F)]. Let G2 = G[S 2 ∪ V(F)]. Then we have

|V(G)| = |V (G1)| + |V (G2)| − 4 and |E(G)| = |E (G1)| + |E (G2)| − 6,

due to the overlap of 4 vertices and 6 edges between G1 and G2 in the subgraph F.

Claim 2. Both G1 and G2 are maximal IC-plane graphs.

Proof. First, G1 is an IC-plane graph since it is a subgraph of G. Suppose G1 is not a maximal IC-plane
graph. Then, we can add at least one edge xy to G1 such that the new graph G′1 remains IC-plane. We
assert that xy must lie within the interior of the fake face of F. Otherwise, adding xy would either
create a multiple edge or a crossing on the boundary of F, contradicting the IC-planarity of G1.

Next, we add vertices and edges within the interior of the true face of F (as in G) to obtain a new
graph G′. If xy is non-crossing in G1, then G′ is an IC-plane graph by Lemma 2. If xy crosses an
edge uv in G1, then none of the vertices x, y, u, v belong to F (otherwise, G1 would not be an IC-plane
graph). Thus, xy does not cross any edges outside F. If G′ were not an IC-plane graph, this would
imply G1 is not an IC-plane graph—a contradiction. Hence, G′ is an IC-plane graph.

However, since G is a maximal IC-plane graph, this is impossible. Therefore, G1 must be a maximal
IC-plane graph. Similarly, G2 is also maximal IC-plane. □
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By Claim 2, if both S 1 and S 2 are non-empty, the vertex number of G1 or G2 is less than G. By the
induction hypothesis, we have |E(G1)| ≥ 2|V(G1)| − 2 and |E(G2)| ≥ 2|V(G2)| − 2. Then

|E(G)| = |E(G1)| + |E(G2)| − 6
≥ 2|V(G1)| − 2 + 2|V(G2)| − 2 − 6
= 2(|V(G1)| + |V(G2)|) − 10
= 2(n + 4) − 10
= 2n − 2.

Case 2. S 2 is empty.
In this case, there is at least one of the four regions within the interior of F that has vertices and

edges. Let S ′1 denote the set of vertices lying inside the interior of one of the four regions. Let us
assume that this region contains vertices v3 and v4. Let S ′2 be the vertices within the interior of the
other three regions. Let G′1 = G[S ′1 ∪ V(F)]. Let G′2 = G[S ′2 ∪ V(F)], shown in Figure 4.

v1 v2

v4 v3

v1 v2

v4 v3

F G′1

v1 v2

v4 v3

G′2

Figure 4. The drawings F, G′1 and G′2.

Subcase 2.1. S ′2 is non-empty.
In this case, similar to Claim 2, we have both G′1 and G′2 are maximal IC-plane graphs. Both S ′1 and

S ′2 are non-empty. Hence, the vertex number of G′1 or G′2 is less than G. By the induction hypothesis,
we have |E(G′1)| ≥ 2|V(G′1)| − 2 and |E(G′2)| ≥ 2|V(G′2)| − 2.

Since
|V(G)| =

∣∣∣V (G′1)∣∣∣ + ∣∣∣V (G′2)∣∣∣ − 4 and |E(G)| =
∣∣∣E (G′1)∣∣∣ + ∣∣∣E (G′2)∣∣∣ − 6,

due to the overlap of 4 vertices and 6 edges between G′1 and G′2 in the subgraph F, we have

|E(G)| = |E(G′1)| + |E(G′2)| − 6
≥ 2|V(G′1)| − 2 + 2|V(G′2)| − 2 − 6
= 2(|V(G′1)| + |V(G′2)|) − 10
= 2(n + 4) − 10
= 2n − 2.

Subcase 2.2. S ′2 is empty.

AIMS Mathematics Volume 10, Issue 6, 14278–14287.
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Then G = G′1. Let c denote the number of crossings of G. If c = 1, G[S ′1 ∪ {v3, v4}] will be a
maximal plane graph. Then we have

|E(G[S ′1 ∪ {v3, v4}])| = 3|V(G[S ′1 ∪ {v3, v4}])| − 6,
|V(G[S ′1 ∪ {v3, v4}])| = n − 2,
|E(G[S ′1 ∪ {v3, v4}])| = |E(G)| − 5.

(3.1)

Then we have |E(G)| = 3n − 7 ≥ 2n − 2 with n ≥ 5.
If c ≥ 2, then there exists at least a K4 within the interior of the fake face of F. Any such K4

must satisfy one of the two configurations illustrated in Figure 5. Moreover, the region R5 necessarily
contains vertices and edges strictly in its interior.

R1

R2

R3

R4
R5

(1) (2)

R1

R2

R3

R5R4

Figure 5. Crossing patterns of K4 subgraphs in G.

Claim 3. There are no vertices and edges within the interior of Ri (i ∈ 1, 2, 3, 4).

Proof. Assuming there exist vertices and edges within the interior of Ri (i ∈ 1, 2, 3, 4), we can: (1)
designate the K4 as F, and (2) invoke the inductive argument of Case 1 or Subcase 2.1 to derive the
edge bound |E(G)| ≥ 2n − 2. □

Let f4 be the number of the 4-face in G.

Claim 4. Every boundary of a 4-face contains at most one crossing.

Proof. Clearly, if the boundary of the 4-face contains at least two crossings, it contradicts the IC-
property. □

By Claim 4, every 4-face in G follows two types, as shown in Figure 6.

α

(1) (2)

Figure 6. Possible configurations of 4-faces in G.

Claim 5. Each crossing within the interior of G[S ′1 ∪ {v3, v4}] belongs to the boundary of at most one
4-face.
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Proof. By Claim 4, any fake 4-face in G must follow the configuration illustrated in Figure 6(2). For
a K4 subgraph spanned by crossing α within G[S ′1 ∪ {v3, v4}], if it follows Figure 5(1), then no 4-
face containing α on its boundary can exist. This is true unless at least one region Ri (i ∈ 1, 2, 3, 4)
contains interior vertices or edges; otherwise, Claim 3 would be violated. Conversely, if the K4 follows
Figure 5(2), exactly one such 4-face with α on its boundary may exist within R5, provided no vertices
or edges are present in Ri (i ∈ 2, 3, 4), which is again consistent with Claim 3. □

Claim 6. f4 ≤ 2c.

Proof. By Claim 5, if every K4 follows Figure 5(1) spanned by the new crossings, then f4 will be
exactly 2, one of which comes from the face bounded by v1, v2, v3, v4, the other face contains the
crossing between edges v1v3, v2v4. In this case, f4 = 2 ≤ 2c when c ≥ 2. If every K4 follows Figure 5(2)
spanned by the new crossings, then each K4 generates both a new fake 4-face and a new true 4-face,
since R1 has no vertices and edges in this configuration. In this case, f4 reaches its maximum value,
where f4 = 2c. Then we have f4 ≤ 2c. □

By Lemma 5, we have |E(G)| ≥ 3n − 6 + c − 2c = 3n − 6 − c. Moreover, since G is an IC-plane
graph, it holds that c ≤ n

4 . Then |E(G)| ≥ 3n − 6 − n
4 =

11
4 n − 6. Because of c ≥ 2, then n ≥ 8. We can

ensure that |E(G)| ≥ 11
4 n − 6 ≥ 2n − 2, for any n ≥ 8.

Case 3. S 1 is empty.
If G[S 2] contains no crossings, then G is obtained by adding a single crossing edge to a maximal

planar graph, yielding |E(G)| = 3n− 6+ 1 = 3n− 5 ≥ 2n− 2, for any n ≥ 5. Let c denote the number of
crossings of G. If c ≥ 2 and each crossing corresponds to a topological K4 formed by its four incident
vertices. These copies of K4 are vertex-disjoint. If each K4 contains no other vertices and edges within
its own fake face, then |E(G)| = 3n− 6+ c ≥ 2n− 2 with n ≥ 5. Therefore, there must exist at least one
K4 whose fake face contains other vertices and edges. If some vertices and edges of G lie in the true
face of this K4, then we can select the corresponding K4 for the inductive steps, reducing the problem
to Case 1 (as S 1 and S 2 become non-empty when this K4 is designated as F). Alternatively, if all
the residual vertices and edges of G reside strictly within the interior of the fake face of this K4, the
scenario becomes identical to Case 2.

Therefore, the theorem holds. □

In this paper, we establish a lower bound on the number of edges for maximal IC-plane graphs.
However, determining the tight lower bound on their density remains an open and intriguing question,
as the current bound seems to be far from optimal.

4. Conclusions

This study establishes a lower bound on edge density for maximal IC-plane graphs, demonstrating
that any such graph with n vertices contains at least 2n − 2 edges. We rigorously differentiate the
edge density properties between maximal IC-plane graphs and maximal IC-planar graphs, highlighting
structural constraints in the former that necessitate higher minimal edge counts. Furthermore, we prove
key properties of these graphs through combinatorial analysis and mathematical induction. This work
provides a foundational benchmark for future research toward identifying the exact tight lower bound
on edge density for maximal IC-plane graphs.
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