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1. Introduction

During the process of viral infection, the interactions among uninfected cells, infected cells, virus,
and immune responses play a crucial role in controlling the virus propagation and antiviral defence.
Establishing a virus model and analyzing it can effectively predict disease development trends [1-
3]. Wang et al. [4], Zhang et al. [5], Georgescu et al. [6], Yuan et al. [7], and Hattaf [8] proposed
different nonlinear incidence rates describing the infection process in detail in order to comprehensively
characterize biological systems, further explaining different biological phenomena in depth.

It is mentioned in [9-11] that different modes of infection have varying impacts on the infection
process, such as exhaustion of the immune system, organ damage, and increased antibiotic resistance.
Komarova et al. [12], Sigal et al. [13], and Iwami et al. [14] studied the spread of HIV models with two
transmission modes. As is known to all, latently infected cells are one of the main reasons why AIDS
cannot be completely eradicated. Meanwhile, latently infected cells are not only unaffected by drugs,
but can also be activated by antigens. Wang et al. [15] proposed an HIV latent infection model with
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cell-to-cell transmission, but the humoral immune response has been ignored. Shu et al. [16], Lai et
al. [17], and Yang et al. [ 18] incorporated two modes of viral models without the latently infected cells
and humoral immune response. Viral models including logistic growth, multi-stages, and cell-to-cell
transmission were also analyzed to exhibit complex dynamic behavior [19,20].

The immune system protects us from various virus infections. Mathematical modeling of virus
infection dynamics is critical to the understanding of complex interaction between immune response
and viral infection. In [21], Elaiw et al. considered humoral immunity virus models including latently
infected cells, without involving cell-to-cell infection and diffusion. Meanwhile, Lin et al. [22] studied
the global dynamics of an HIV infection model which incorporated the cell-to-cell transmission and
adaptive immunity. The model presented in [22] has neglected the latently infected cells and diffusion.

Spatial diffusion can be a specific drug for preventing and treating certain diseases, providing
precise guidance on drug carriers. Wang et al. [23] proposed a delayed and diffusive model with linear
incidence. Thus, cell mobility plays an important role in different virus infections. Many diffusion
viral infection models were studied in [24-26]. However, to our knowledge, there are few works that
simultaneously consider factors such as latently infected cells, time delays, diffusion, and humoral
immune response.

Given the above discussion, the diffusive and delayed latent virus infection model with humoral
immunity is described by the following nonlinear system:

aTg;’ 2 - diAT (x, 1) + n(T(x, 1)) = m(T(x, 1), V(x, 1)) = mo(T(x, 1), G(x, 1)),

6L((9);’ D HAL(x, 1) + (1 = e " [ (T (x, t = 71), V(x, 1 = T1))
+m(T(x, 1 —71), G(x, 1 = 11))] = (U + @) (L(x, 1)),

aGéf’ D d3AG(x, 1) + ne” P m(T(x, 1 — 12), V(X, 1 = 72)) (1.1)
+ (T (x,t — 72), G(x,t — 72))] + ah|(L(x, 1)) — 0hy(G(x, 1)),

avgtc, n_ dsAV(x, 1) + yha(G(x, 1)) — kha(V(x, 1)) — pha(V(x, 1)ha(Z(x, 1)),

az((;;, D = dAZCx 1) + x + Shs(V(x, D)h(Z(, 1) — Bha(Z(x, 1),

with initial conditions

T(x,0) = ¢(x,60) >0, L(x,60)=¢(x,60) >0,
G(x,0) = ¢3(x,0) >0, V(x,0) = ¢s(x,6) >0, (1.2)
Z(x,0) = ¢5(x,0) >0, x€Q, 0¢[-1,0], T =max{r;, 72},

and homogeneous Neumann boundary conditions

or oL oG o0V 0oZ

—:—:—:—:—:O,t 0, GaQ, 13

ofi _oR  on  on o el (13
where Q is a bounded domain in R” with smooth boundary 9€2, and 6% denotes the outward normal
derivative on 9. A is the Laplacian operator. d; (i = 1,2, 3,4, 5) are the diffusion coefficients. T'(x, 1),
L(x,1), G(x,t), V(x,t), and Z(x, t) denote the concentration of uninfected cells, latently infected cells,
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infected cells, viruses, and B cells at position x and time ¢, respectively. n (0 < < 1) is the probability
that the uninfected cell will turn into an infected cell. « is the conversion rate. n(7T) denotes the
growth of the uninfected cells. uh,(L), chy(G), kh3(V), and Bhy(Z) are the death rates of the latently
infected cells, infected cells, viruses, and B cells, which only depend on its concentration. 7 is the
production rate. 11(7, V) and m,(T, G) are the virus-to-cell and cell-to-cell incidence rates, respectively.
Let ph3(V)h4(Z) and 6h3(V)hy(Z) be the neutralization rates of viruses and activation rate of B cells,
respectively. e”®™ and e “'™ represent the probability of an infected cell surviving to the stage of 7,
and 7,, respectively. y is the generation rate of B cells.
Define
7T1(T, V) _ 8711(T, 0) . 7T2(T, G) _ aﬂz(T, 0)

mu(T) = %}Lr(l) v - v o (T) = (1;13(1) G~ G

In this paper, we first introduce the following assumptions:

(Ay) n(T) is continuously differentiable, and there exists T > 0 such that n(Ty) = 0 and n’(Ty) < 0.

(Ay) mi(T, 0) 1s continuously differentiable; 7;(7,60) > 0 for T € (0,0), 0 € (0, 00); m;(T,0) = 0 if
andonly if T = 0or 6 = 0. 202 > 0 and 2409 > 0, forall T > 0 and 6 > 0,i = 1,2. 7;(T) > 0 and

m,(T)>O0forall T >0,i=1, 2

(A3) h; is strictly increasing on [0, +00), 1;(0) = 0, A/(0) = 1, limy_oh;(#) = oo, and there exists
0; > 0 such that £,(0) > g0 forany 8 > 0,i = 1,2, 3,4.

(Ay) ”;ZE(T{,‘)/) is non-increasing with respect to V € (0, +o0) and
to G € (0, +00).

In this paper, the purpose is to investigate the dynamical properties of model (1.1). The organization
of our paper is as follows: In Section 2, the basic properties of solutions and the existence of equilibria
are discussed. In Section 3, the global stability is stated. In Section 4, the numerical simulations are
presented to further illustrate the dynamical behavior of the model. Finally, we will give a conclusion.

ﬂz(T G)
(&)

is non-increasing with respect

2. Positivity, boundedness, and equilibrium

Let Y = C(ﬁ, R’) be the Banach space with the supremum norm. For r > 0, define C =
C([-7,0],Y), which is a Banach space of continuous functions from [-7,0] into Y with the norm
lloll = maxee;—r0 ll(e)lly and let C, = C([-7,0],Y,) with Y, = Cc(Q, R3). We will say that ® € C if
@ is a function from Q X [-7,0] to R and is defined by ®(x, s) = ®(s)(x). Also, for £ > 0, a function
v(:) : [-7,{) — Y induces functions v, € C for t € [0, {), defined by v,(x) = v(t + k), k € [-7,0].
Theorem 2.1. For any given initial condition y € C satisfying (1.2), there exists a unique non-negative
solution of model (1.1)—(1.3) defined on Q x [0, +c0) and this solution remains bounded for all t > 0.
Proof: For any ¢ = (Y1, Y2, 3, ¥4, 05)T € C and x € ﬁ, we define H = (H;,H,, H3,Hy,H;) : C —» Y

by
H,y () (x) = n(y1(x, 0)) — m(Y1(x, 0), Ya(x, 0)) — ma(f1(x, 0), ¥3(x, 0)),
Hy(W)(x) = (1 = me™ ™ [ (Y1 (x, =71), Yalx, —71))
+ oW (x, =71), Y3(x, =71)] — (U + @)h (Y2(x, 0)),
Hz(W)(x) = ne” " [m (Y1 (x, —72), Ya(x, =72))
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+ (W (x, =72), Y3(x, =12)] + ahi(Y2(x, 0)) — ochy(Y3(x, 0)),
Hy()(x) = yho(¥3(x, 0)) — kh3(Y4(x, 0)) — phs(Ya(x, 0))hs(¥s(x, 0)),
Hs () (x) = x + 6h3(Ya(x, 0)ha(Ys(x, 0)) — Bha(s(x, 0)).

After that, model (1.1)—(1.3) can be written as the following abstract functional differential equation:

W)= BW+HW,), t>0,
WO0)= yeX,

2.1

where W = (T,L,G,V,2)", & = (Y1,¥2,¥3, ¥4, ¥5)", and BW = (d|AT,d,AL,d;AG,d,AV,dsAZ)".
Obviously, H is locally Lipschitz in Y. From [27-31], we deduce that model (2.1) has a unique local

solution on [0, T.,.), Where T,,,, is the maximal existence time for the solution of model (2.1).

It is obvious that a lower-solution of the model (1.1)—(1.3)is 0 = (0, 0,0, 0, 0). So, we have T'(x, ) >

0, L(x,1) >0, G(x,1) 20, V(x,t) >0, and Z(x, 1) > 0.

From the first equation of model (1.1), we have T(r) < n(T(t)) < m — mT(t), which gives

lim sup 7T'(¢) < o Let

t—+00 m

Gi(x,t) =1 —me™™ " T(x,t — 1) + ne T (x,t — 72) + L(x, 1) + G(x, 1)

o op
+ —V(x,t) + —Z(x,1),
2y (x, 1) 25 (x, 1)

and then, it can be obtained that

aGl (-x’ t)

o <A =ne " d\ AT (x,t — 1) + ne""d| AT (x,t — T3) + dyAL(x, )

+ dAGx D) + L du AV (x, 1) + 2L dsAZ(x, 1)
2 2y6

+ gpx +0[(1 = me™™ + ne™ 2] — mGy(x, 1)
2y6

=1 —ne " d\ AT (x,t — 1) + ne""d| AT (x,t — T3) + dyAL(x, )

+ dAGx D) + L duAV(x, 1) + 2L dsAZ(x, 1)
2 2v6

+ A —mG(x,1),
where
my = min{m, g, %,k,ﬁ},

A=IPX O[(1 — e ™™ + ne™“1™2].
2y6

Therefore, G, (x, f) < max {n%, B}, where

B = max (1 =me™ ™y (x, —11) + 1&g (x, —T2) + Y (x, 0)
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# Y350 + 35, 0) + 3 s, 0)

for ¥(x,1) € Q X [0, Tpar). Thus, (T'(x, 1), L(x, 1), G(x, 1), V(x, 1), Z(x, 1)) are bounded on Q X [0, T\q.).
Therefore, by the standard theory for semilinear parabolic systems [32], we have T,,,, = +co.

Next, we discuss the existence of equilibria of model (1.1). Inspired by the method in [33,34], we
consider the infection and viral production, and define matrices F and V as

0 (1 _ n)e—am . 0m(To,0) (1 _ n)e—aln . 0m(Th.0)
oG

vV
F=]0 ne=4im . 3712((320,0) ne~im . 197T11g7‘;0,0) ,
0 0 0
and
u+a 0 0
V= - o 0
0 -y k

Thus, the basic reproductive number, R, can be defined as the spectral radius of the next generation
operator FV~!, where

ap dpp ags

FV™'=| an an ax |,
0O 0 O
where
ap =(1- n)e‘am(ol_ . —aﬂzgé), 0 + % . _(97T1((97‘1;),0))’
(I =me™™™ 0m(To,0)
e
an @ 1 0m(To,0)  y 0mi(Th,0)
o =1e oz+u((7" oG +E'T)’
ey 1 0m(To,0)  y 0m(To,0)
= T e v )
ne " 0m(To,0)
WETT Ty
Therefore,

_ —arts —ay y om(T,0) 1 0m(To,0)
Ro = [ne + (1 =me a +,u](k0' v o oG )’

which biologically describes the average number of secondary infections produced by one infected cell
at the beginning of infection. In the above expression of R, divided into parts as Ry = Ry; + Ry, where
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Ry = [pe™ ™ + (1 —ple @ -2]. L. M09 s the basic reproduction number via the virus-to-cell

a+u ko v
infection and Ry, = [pe™™ + (1 — e -2] . 1 Oy T0.0)

a+u Ea oG
cell-to-cell transmission, respectively.
To find the equilibria of model (1.1), we need to solve

is the basic reproduction number via the

n(T)—m(T,V) —m(T,G) =0,
(1 =n)e™ " a (T, V) +m(T,G)] — (u+ a)hy (L) =0,
ne” " [r(T, V) + my(T, G)] + ahy (L) — 0hy(G) = 0, (2.2)
Yha(G) = kh3(V) = ph3(V)hi(Z) = 0,
X + 6h3(V)ha(Z) = Bha(Z) = 0.
When V = 0, the second and fourth equations of (2.2) lead to G = 0 and L = 0. From the first

equation of (2.2), we obtain n(T) = 0 = T = Ty. Solving Z from (2.2) yields y — fh4(Z) = 0 = Z, =

h;l()lé). It always has an infection-free equilibrium E, = (T, 0,0, 0, h;l()é)).

B

5) f

17 (7—2—~). and the fourth equation of (2.2) leads to G, = h;"(=hs(V1) + Ens(Vih(2).
Y Y

B —oh3(Vy)
Define

Now, we assume that there exists V| € (0, hgl( ), the fifth equation of (2.2) leads to Z; =

F(T) =n(T) —m(T,Vy) — mo(T, Gy),

and then, F(0) = n(0) > 0 and F(Ty) = n(Ty) — 71(To, V1) — m2(To, G1) = —m1(To, V1) — m2(To, G1) <
0. According to (Ay) and (A,), F(T) is a strictly decreasing function of 7, which implies that
there exists a unique 77 € (0,7)) such that F(T;) = 0. From the second equation, we obtain
oy =me™ (T, V1) + ma(T1,Gy))
Ly = hy'(
Uu+a
E, = (T\,L,Gy,V1,Z,), where

). Hence, model (1.1) has unique endemic equilibrium

(I =me " (i (Ty, Vi) + mo (T, Gl)))

Ty € (0,To), Ly = hy'( ra

k
Gr = 13! (DI (V) + Shs(Vha2),

Vi e (o, h;l(g)), Zi = h;l(m).

3. Stability analysis

In this section, the global stability of the equilibria £y and E; of model (1.1)-(1.3) will be
investigated. Let H(¢) =& —1—-1né, € € (0,+00), and it is observed that H(£) > 0,6 > 0. H(¢) =0 &
¢ = 1. For convenience, for any solution (7' (x, t), L(x, 1), G(x, 1), V(x, 1), Z(x, t)) of model (1.1), we set

T(x’ t) = T’ T(x’t - Tl) = TTl’ T(x9t - TZ) = TTza L(x’ t) = La
Gx,) =G, Gx,t —71) =G, Gx,1—T2) =Gy, V(x,0) =V,
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V(-x’t - Tl) = VT1, V(xat - TZ) = VTZ’ Z(-x’ t) =

To state the global stability on E(, we need an additional assumption:

(As) lim M . lim (T, G) < 7(T)/m11(T)

v-0 m(T,V) G6-0 G = my(To)/mi(To)

. 7T21(T()) < 7T21(T0) forT < T().

Theorem 3.1. Assume that (A;)—(As) hold. If Ry < 1, then infection-free equilibrium E is globally
asymptotically stable.

Proof: Define a Lyapunov functional

1 - —arT 4 + —aT T(1) To.V
Uy(t) = f {01( ne n(u+ a)e (T _ T, _f lim m1(To, )de)
o u+a 7, V-0 m(6,V)

N o(1 _ROZ)V(I)
Y

op(l = Rpy) 20 hy(Zo)
e (z-2- fz 0 do)

0

—aiT 0
+ % f (Tt + 0), V(i + 0)) + mo(T(t + 6), G(t + 6))] dO

0
+ e f [21 (Tt + ), V(t + 6)) + ma(T(1 + 6),G(1 + 0))] de} dx.

Calculating the derivative of U;(¢) along the positive solution of model (1.1), we obtain

dUN(1) _ f {a(l e ek ey Tl V)0
Q

dt M+ a m(T,V)
@ I 3G o(l-Rp)dV op(l- Roz)(1 _ h4(Zo))6_Z
Tataa y a0 9% hy(Z)
1- a7
y A o (T V) 4 7o(T2G) = 7Ty, Vi) = (T, G

U+a
e (T, V) + 1T, G) — 1y(Toy, V) = 1o(Tiy Gnn} dx,

1 _ —aiT —aiT
:f{a( me ™ + nu + @)e (1 = tim 2L 1) ™ (To, V)
Q Hta V=0 (T, V)
N a(l —n)e ™™™ + n(u + a)e™ ™ m(To, V)

o (m (T, V) + m(T, G)) lim (T V)

1-R
~ Ropoha(G) — "(T”)hm(k + phy(Zy))

——2—=)(n(T) — n(Tp))

N op(1 —Roz)(l ()
Yo ha(Z2)

)Bhi(Zo) - Bha(2))
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1 —_ —apT] —aiTy T , V
+0/( ne +nu + ae (l—lim mi(To ))dlAT
u+a v-0 (T, V)
1 -R
+ Y AL+ dsAG + U TR Ay
p+a y
1-R hi(Z,
N op( 02)(1 ~ ha( O))dsAZ} .
Yo hy(2)
From assumptions (A3) and (A4), we have
1 _ —a)T] —a|Ty T , V
a(l —ne +n(u + a)e 2.(T. V) lim m1(To, V)
u+a v-0 (T, V)
(1 — Ry)
- T(’z(k + pha(Zo)h3(V)
k + phs(Z
— 0'(,0—4(0))(R0 — Dhs(V),
and
l _ —a)T] —a|T T , V
ol = e+t 9T 6ytim 2E0 ) g o)
Hta V=0 ﬂ-l(Ta V)

a(l —me™™™ +n(u+a)e (. w1 (Ty,V) .. m(T,G)
= (hm —— . lim
u+a v-0 (T, V) G-0 G

a1,
oG G

<0.
From assumptions (A;) and (A;), we have

%
(1—1im—’”( 0. V)

v-0 (T, V) )(”(T) - n(Typ)) < 0.

Moreover, by utilizing assumption (As), we obtain

. m(Ty,V) .. m(T,G) o (T) [ (T)
lim —————= - lim <
v—0 m(T,V) G6-0 G 1 (To)/m11(To)

. 7T21(T0) < 7T21(T0), for T < To.

Therefore, we obtain

dU, (1) < f {O'(k + pha(Zyp)) opB(1 = Ryp) (ha(Z) — ha(Zp))*
Q

(Ro — Dh3(V) -

dt y Yo hay(2)
1 _ —aT] —a|Ty T , V
L ad =)™ + nu + a)e | — 1im M@0 ))dlAT
u+a V=0 (T, V)
1-R
+ Y AL+ anG + TR Ay
p+a y
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N op(l — Roz)(l ()

- e )dsAZ} dx.

Using the divergence theorem and the homogeneous Neumann boundary conditions, we get

2
fAde—f —dx=0 fA—de: sz—T”dx,
90 O o mi(T,Vy) o (T, V)
fAde—f —dx=0 fAde—f —dx=0
90 0 a0 0
Y4
fAde:f a—‘_/,dx:O,fAde:f a—_,dx:O,
Q oq O Q o0 O

AZ VZ |
f dx I i I dx
ha(Z) o hy(2)
Thus, we obtain

_ _ 2
dU, (1) < f {O'(k+Ph4(Zo))(RO — Dhy(V) — opf(1 = Ry) (ha(Z) — ha(Zy)) }dx
Q

dt vo h4(Z)
_ - +nu+ ) ™)dy | mi(To, V) (I VT II°
U+« v=0 (T, V) Jo n}(T, Vy)
_ 0p(1 = Rop)dsh4(Zo) f | VZ |I? dx
¥6 o h(2)
dU,(t dU,(t
Therefore, 10 o, dl() 0T =Ty,L=0,G=0,V=0,and Z = Z,. By LaSalle’s

1
invariance principle [31], E is globally asymptotically stable when R, < 1.
Assume that (7, V), m,(T, G), and h;3(V) satisfy

(o) (:g’x‘//)) - :3((\‘//)))(1 - 7:((77:’ ‘1//1))) =0

(T, V, 3(Vi (7,
(7T2(T,G)7T1(T1’V1) _ (V) )(1 (T, V) (Ty, G 1))
mo(Ty, G (T, Vi) h3(Vy) m (T, V) (T, G)

Theorem 3.2. IfR, > 1, and (A,)-(A¢) hold, then the endemic equilibrium E is globally asymptotically
stable.

Proof: Define a Lyapunov functional

— —a)T —a|Ty T(1)
Uz(l)=f{a(1 me " + n(u + a)e (T—T1 _f nl(Tl,Vl)dg)
Q T

u+a .m0, V)
@ L0 b (L)) fG(” hy(Gy)

+ L-1L,—- d9)+ (G -G, - dog
[+ a( ‘ fL hy(6) )+ e ha(6) )
o YO by (V) op f “0 hy(Z))

+=(v-v, - SV a0)+E(z-2 de
y( : fv h3(6) )+ 76( ") ha6) )
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a/(l —n)e M ol =me™™ 7 v f nl(T(t +6),V(t+6))

do
u+a i (Ty, V1) )

T(+6),V(t+0
ne " eny(T1, Vi) f (™ 1+(T? Vl(;+ D) dg

a(l — T])e aT (TG l)f 7T2(T(t +0),G(t + 9)))(10

U+ (T, Gy)

T 0),G 7]
e "y (Ty, 1)f 7T2( (;T;Tl) 1(§+ )))de}dx.

Calculating the derivative of U,(¢) along the positive solution of model (1.1), it follows that

dU(1) _ f {a(l —me T + n(u + oz)e“””(1 B (T, V1)
dt Q H+a (T, V1)
N a(l —me ™ +n(u + a,)e—am(l 3 mi (T, Vy)

(T, Vy)

)di AT

)(n(T) = n(T1))

u+a

N a(l —me ™™ +n(u+ a)e™ ™
U+a

7T1(T1’V1))
ﬂ-l(T’ Vl)

N a(l —n)e ™ + n(u + @)e™ '™ (T, Vl))
U+ a m (T, Vy)

I —ne ™ + +a)e™ ™ T,,V
" a( ne nu + ae (T, V)7T1( 1, V1)
U+ a (T, V1)

1 —n)e ™™™ +n(u + a)e ™™ T,V
+ a( ne nu + a)e ﬂz(T,G)jTl( 1, V1)
uta m (T, Vy)

hy(Gy)
hy(G)

7T1(T1,V1)(1 -

7T2(T1,G1)(1 -

a (1 _ hi(Ly)
H+a hi(L)
ol —me™ ™ hy(Ly)
H+a hi(L)

B ahz(Gl)
hy(G)

)AL + ahy(Ly) + (1 -

)d3AG

(7(1 (TT] ’ V‘rl) + 7T2(TT1 ) GT] ))

h3(V1)
h3(V)

hy(L) + ohy(Gy) + %(1 - )dAV

(e ok
=1 Gy T Vi) 4 1T, Gr)) = —=ha(V)

hy(G)h3 (V)
h3(V)

@(1 _ hay(Zy)
¥ hy(Z)

—h3(V1) + —ha(Vl)h4(Z)

ha(Z)
ha(Z)

)(Bha(Z1) - Bha(2))

ha(Z
B _’“3(V1)h4<zl> - —h3<V>h4<Zl> + —h3<v1)h4<zl> hf(zl;

)dsAZ + %(1 -
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N a(l —np)e @ 7 (T, Vz)
U+« m(T,V)

a(l — n)e ny(Ty,,Gr))

+— 0 (T,G) In[ ————
U+a 711, G1) n( (T, G)

7T1(T72, Vrz))
7T1(T, V)

7T2(TT27 G‘rz))} dx
(T, G)

7T1(T1,V1)1n( )+T]€_a1T27T1(T1,V1)11’1(

) + ne_“mnz(Tl, G]) lll(

By using
(1 =me ™ (i (T1, Vi) + m2(T1, G1)) = (u + a)hi (L),
ne”"*(n(Ty, V1) + ma(T1, Gy)) + ahy(Ly) = ohy(Gy),
Yha(Gy) = kh3 (V1) + phs(V)ha(Z)),

and by the divergence theorem,

T AT VT ||
fAde a—edx— f—dx:f”z—”dx,
s 0 aom(T, V1) o (T, V)
oL AL VL |
fAde —dx =0, f dx f I 5 I dx,
Q aq On hi(L) o hi(L)
AG | VG |I?
AGdx = T d =0, f dx = dx,
L o O o m(G) o h(G)
191% AC | VV |
Adezf — dx =0, f dx dx,
\ff; aq O h3(V) Q hz(V)

2
[sz0u= [ Zavmo, [ AL oo (L5,
Q aa 0 h4(Z) o h(2)
Thus, we have

dUs(1) a(l —pe™ ™ +nu+a)e ™ - m(T, V1) B
dt fg;{ Uu+a (1 (T, Vy) )(n(T) n(Tl))

m(T,V)  h(V) )(1 ~ (T, Vl))
(T, V)  hy(Vy) m(T,V)

N a(l —me ™™ +n(u + a)e” ™
U+a
a(l —me ™™ + n(u + a)e™ ™
* U+a
( (T, G)m(T, Vi) ha(V) )(1 ~ m(, V1)7T2(T1,G1))
(T, G (T, Vi) h3(Vh) mi (T, Vi)mo (T, G)
opx (ha(Z) — ha(Z1))*  op ha(Z)  hy(Zy)
- — —m(VDhe(Z))]|2 — -
o @z |y RS )
a(l —mne m (T, Vy) hi(L)hy(Gy)
“ e WG @) G G
hy(G)hs(Vy) (T, Vi)hs(V) h( L) (Tr,, Vz)
@) G vt Chma, vy )

7T1(T1,V1)(

m (T, Gy)

+H(
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7T1(T, V) ]’lz(G)h3(V1) hQ(Gl)ﬂ] (Trz’ VTz)
n@v)  Gomm) T aema. vy )

(7T1(T, Vl)h3(V))] _al —me ™ mi (T, Vl)) N H(hl(L)h2(Gl))
(T, V)hs(Vy) M+ a (T, Vy) hi(L)hy(G)

h (L) (Ty,, Gr)) hy(G)hs (V) hs(V)r (T, Vi)mo (T, Gy)
H H
Chtmacn ) HaGomm) * ltvom @, vomr.6))
mi (T, Vl)) N H(h3(V)7r1(T, Vimo (T, Gl))
m(T, V1) hs(V)r (T, Viro(T, G)
hy (G )y (T, Gr,) hy(G)hs (V)
Cromd o) MGl &

(a(l —me ™ + n(u + a)e”™)d 7 (T, V1) f I VT I J
- X
Q

—ne Py (T, Vi) H(

(T, Gy)| H(

—ne (T, G| H

U+ a (T, Vi)
dyh (L VL |? VG |
_ adhhy( 1)f|| 2 [ dx—d3h2(G1)f” / [ dx
u+a  Jo hi(L) o h(G)
_addhs(V)) (CIIVVIP dx — opdshy(Z)) (IVZI|? dx
Y o h(V) ¥ o h2)
dU,(t dU,(t
Hence, 2(0) <0. 2() =0 T@)=T,L& =L,G@®) = Gy, V(t) = V|, and Z(t) = Z,. From

4
LaSalle’s invariance principle [31], we have that E; is globally asymptotically stable when Ry > 1.
4. Numerical simulations

In this section, we present several numerical examples to illustrate the results obtained in Section 3.
We will use the finite difference scheme which is proposed in [35,36] for the delayed reaction-diffusion
epidemic models. For convenience, we consider model (1.1) under the one-dimensional spatial domain
Q = [0, 1]. The homogeneous Neumann boundary conditions and the initial conditions are given by

or oL _9G _av _dz
on  on  oin  on  oi

=0,7r>0, x=0, 1, 4.1)

and
T(x,0) =80, L(x,0) =0.1, G(x,0) =0.1, V(x,0) =0.01, Z(x,6) = 0.001,

forO<x<1,-7<6<0, 7 =max{r, m}.

In model (1.1), we choose n(T(1)) = s — dT() + rT(®)(1 = L&), 1(T (1), V(1) = b,
o (T(),G(t)) = % and h;(¢) = €. We can easily verify that (A;)-(A4) hold. For simulations, we

take ; = 0.01, n, =0.01, a; =0.01, d, =0.1, d, =0.1, d3=0.1, d4, = 0.1, d5s = 0.1, 7, = 10, 7, =
5, and choose B and 3, as free parameters. The values of the other parameters are summarized in Table
1.

In the following Figures 1 and 2, (a), (b), (c), (d), and (e) are denoted time-series figures of 7'(¢),
L(1), G(v), V(¢) and Z(?).
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Table 1. List of parameters.

Parameter  Definition Value Source
s production rate of uninfected cells 10 pl~'day™! [37]
d death rate of uninfected cells 0.01 day™! [37]
n probability that the uninfected cell
will become an infected cell 0.49 Assumed
r logistic growth rate 0.01 day™! [38]
K carrying capacity 1000 ulday™  [38]
u death rate for latently infected cells 0.1 day™! [38]
a conversion rate 0.05 Assumed
o death rate for infected cells 0.1 day™! [6]
% production rate 1 cell'day™"  [6]
k clearance rate for free virus 3 day™! [37]
o neutralizing rate of viruses 0.5 ulday™ [7]
X generation rate of B cells 1.4 ulday™ [37]
) proliferation rate of B cells 1.2 ulday™ [6,7]
B death rate for B cells 1.2 day™ [6]
a death rate for latently infected cells during [7 — 714, 7] 0.01 Assumed
a death rate for infected cells during [f — 7, 7] 0.01 Assumed

- 8 & 8§ 8 8

(a) (b)

(d)

Figure 1. Taking 8; = 0.0001 and 3, = 0.0001, we have Ry = 0.8352 < 1, and the infection-
free equilibrium E, = (1000, 0,0, 0, 1.1667) is globally asymptotically stable.
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(d) (e)

Figure 2. Taking 8, = 0.01 and 8, = 0.01, we have Ry = 83.52 > 1, and the endemic
equilibrium E; = (18.16,29.62, 113.9,0.9948, 223) is globally asymptotically stable.

5. Conclusions

In this paper, a diffusive and delayed viral dynamics model with two modes of transmission has
been analyzed. Some assumptions about nonlinear functions for n(7T), m(T(t), V(¢)), ma(T (1), G(1)),
hi(L(1)), ho(G(1)), h3(V (1)), and hy(Z(t)) are made and the global stabilities of model (1.1) are proved.
The contribution is to construct suitable Lyapunov functionals for the diffusive virus model considering
the humoral cells, cell-to-cell transmission, two delays, and latently infected cells, and we can extend
this method to more complicated models. Furthermore, the formula of the basic reproduction number
Ry is independent of the diffusion coefficient. Without considering either the virus-to-cell infection
or cell-to-cell transmission, R, could be under-evaluated and the transmission and spread trends of
diseases need to be studied.

Based on the obtained results of this paper, we can directly propose the following questions that need
further research. On the one hand, in addition to spatial diffusion, humoral response and delays should
be considered, determining whether the results obtained in this paper can be extended to a spatially
heterogeneous model with immune response delay, random perturbation effect, and memory effect. On
the other hand, the globally asymptotic stability of some classes of multiple infection dynamics models
will be a very valuable and significative subject. We leave these problems as possible future works.
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