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1. Introduction

In recent years, researchers on mathematical physics have paid increasing attention to p-adic fields,
because p-adic numbers are widely used in theoretical and mathematical physics [1, 2, 22]. For this
reason, the harmonic analysis of p-adic fields has attracted significant attention [16–18].

For a prime number p, let Qp be the field of p-adic numbers, which is defined as the completion of
the field of rational numbers Q with respect to the non-Archimedean p-adic norm | · |p. This norm is
defined as follows: |0|p = 0. If any non-zero rational number x is represented as x = pγ m

n , where m and
n are integers that are not divisible by p and γ is an integer, then |x|p = p−γ. It is not difficult to show
that the norm satisfies the following properties:

|xy|p = |x|p|y|p, |x + y|p 6 max{|x|p, |y|p},

https://www.aimspress.com/journal/Math
https://dx.doi.org/10.3934/math.2025630


14013

and
||x|py|p = |x|−1

p |y|p, d(|x|py) = |x|−1
p dy, x ∈ Qn

p.

It follows from the second property that when |x|p , |y|p, then |x + y|p = max{|x|p, |y|p}. From the
standard p-adic analysis [22], we see that any non-zero p-adic number x ∈ Qp can be uniquely
represented in the canonical series

x = pγ
∞∑
j=0

a j p j, γ = γ(x) ∈ Z, (1.1)

where a j are integers, 0 6 a j 6 p − 1, a0 , 0. The series (1.1) converges in the p-adic norm because
|a j p j|p = p−γ. The space Qn

p consists of points x = (x1, x2, ..., xn), where x j ∈ Qp, j = 1, 2, ..., n. The
p-adic norm on Qn

p is
|x|p := max

16 j6n
|x j|p.

Denoted by Bγ = {x ∈ Qn
p : |x − a|p 6 pγ}, the ball with center at x j ∈ Qp and radius pγ, γ ∈ Z. It is

clear that S γ(a) = Bγ(a)\Bγ−1(a) and

Bγ(a) =
⋃
k6γ

S k(a), {x ∈ Qn
p : |x − a|p < pγ} =

⋃
k<γ

S k(a).

We set Bγ(0) = Bγ and S γ(0) = S γ.
Since Qn

p is a locally compact commutative group under addition, it follows from the standard
analysis that there exists a unique Haar measure dx on Qn

p (up to positive constant multiple) that is
translation invariant. We normalize the measure dx so that∫

B0(0)
dx = |B0(0)|H = 1,

where |E|H denotes the Haar measure of a measurable subset E of Qn
p. From this integral theory, it is

easy to obtain that |Bγ(a)|H = pγn and |S γ(a)|H = pγn(1 − p−n) for any a ∈ Qn
p. For a more complete

introduction to p-adic fields, see [19].
In recent years, p-adic analysis has received a lot of attention due to its application in mathematical

physics (cf. [1, 2]). There are numerous papers on p-adic analysis, such as [11, 12] about Riesz
potentials, and [3] about p-adic pseudo-differential equations. The harmonic analysis on p-adic fields
has been drawing more and more attention (cf. [14, 15, 20] and references therein).

The p-adic m-linear n-dimensional Hardy operator [5] is defined by

T p
1 ( f1, ..., fm)(x) =

1
|x|mn

p

∫
|(y1,...,ym)|p6|x|p

f1(y1) · · · fm(ym)dy1 · · · dym,

where x ∈ Qn
p\ {0}. Batbold and Sawano [5] obtained that the norm of T p

1 on p-adic Lebesgue spaces
and p-adic Morrey spaces is

‖T p
1 ‖Lq1 (Qp,|x|

α1q1/q
p )×···×Lqm (Qp,|x|

αmqm/q
p )→Lq(Qp,|x|αp) =

(1 − p−1)m∏m
j=1 (1 − p(1/q j)+(a j/q)−1)

,

and
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‖T p
1 ‖Lq1 ,λ1 (Qp,|x|

β1q1/q
p )×···×Lqm ,λm (Qp,|x|

βmqm/q
p )→Lq,λ(Qp,|x|

β
p) =

(1 − p−1)m∏m
i=1 (1 − pδi)

.

The p-adic m-linear n-dimensional Hilbert operator [5] is defined by

T p
2 ( f1, ..., fm)(x) =

∫
Qn

p

· · ·

∫
Qn

p

f1(y1) · · · fm(ym)
(|x|np + |y1|

n
p + · · · + |ym|

n
p)m dy1 · · · dym,

where x ∈ Qn
p\ {0}. The p-adic m-linear n-dimensional Hausdorff operator [21] is defined by

T p
Φ

( f1, ..., fm)(x) =

∫
Qn

p

· · ·

∫
Qn

p

Φ(x/|y1|p, ..., x/|ym|p)
|y1|

n
p · · · |ym|

n
p

f1(y1) · · · fm(ym)dy1 · · · dym,

where x ∈ Qn
p\ {0}, and Φ is a nonnegative function on Qn

p. Chen et al. [6] obtained the norm of the
multilinear Hausdorff operator on a p-adic function space.

Computation of the operator norm of integral operators is a challenging work in harmonic analysis.
In 2017, Batbold and Sawano [4] studied one-dimensional m-linear Hilbert-type operators, incuding
the sharp bounds for the Hardy-Littlewood-Pólya operator on weighted Morrey spaces. He et al. [13]
extended the results in [4] and obtained the sharp bound for the generalized Hardy-Littlewood-Pólya
operator on weighted central and noncentral homogenous Morrey spaces. In 2011, Wu and Fu [23]
obtained the sharp estimate of the m-linear p-adic Hardy operator on Lebesgue spaces with power
weight.

Inspired by the above, we study a more general operator, which includes the p-adic Hardy and
Hilbert operator as a special case. We consider their operator norm on two power weighted p-adic
Morrey space and its central version. Finally, we also find the sharp bound for the Hausdorff operator
on power weighted central and noncentral Morrey spaces, which generalizes the previous results. Fu
and Wu et al. [8–10] conducted many related research, which is the basis for our research.

We present the definition of the weighted p-adic Morrey space Bq,λ(Qn
p, ω1, ω2) on Qn

p, where ω1,
ω2: Qn

p → (0,∞) are positive measurable functions.

Definition 1.1. Let 1 < q < ∞, 1
q < λ < 0, then the weighted p-adic Morrey space Lq,λ(Qn

p, ω1, ω2) is
the set of all f ∈ Lq

loc(Q
n
p) for which the norm

‖ f ‖Lq,λ(Qn
p,ω1,ω2) = sup

a∈Qn
p,γ∈Z

(∫
Bγ(a)

ω1(x)dx
)−λ− 1

q
(∫

Bγ(a)
| f (x)|qω2(x)dx

) 1
q

< ∞. (1.2)

Definition 1.2. Let 1 < q < ∞, 1
q < λ < 0, Bγ replace with Bγ (0) in the above definition, then the

weighted p-adic Morrey space Bq,λ(Qn
p, ω1, ω2) is the set of all f ∈ Lq

loc(Q
n
p) for which the norm

‖ f ‖Bq,λ(Qn
p,ω1,ω2) = sup

γ∈Z

(∫
Bγ
ω1 (x)dx

)−λ− 1
q
(∫

Bγ
| f (x)|q ω2 (x)dx

) 1
q

< ∞. (1.3)
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2. Proofs of the main results

In this section, we will study the p-adic m-linear n-dimensional integral operator with a kernel. Let
K : Qn

p × · · · ×Q
n
p → (0,∞) be a measurable radial kernel such that K (y1, ..., ym) = K(|y1|

−1
p , ..., |ym|

−1
p ),

then satisfies that

Cp =

∫
Qn

p

· · ·

∫
Qn

p

K (y1, ..., ym)
m∏

i=1

|yi|
nλ j−

β j
q +α(1+ 1

q j
)

p dy1 · · · dym < ∞, (2.1)

where λ j, β j, q j, q, α are pre-defined indicator and some fixed indicators, j = 1, 2, ...,m. The p-adic
m-linear n-dimensional integral operator with a kernel is defined by

T p ( f1, ..., fm) (x) =

∫
Qn

p

· · ·

∫
Qn

p

K (y1, ..., ym) f1(|x|−1
p y1) · · · fm(|x|−1

p ym)dy1 · · · dym, (2.2)

where x ∈ Rn\ {0} and f j is a measurable radial function on Qn
p with j = 1, 2, ...,m. Note that T p is in

fact an integral operator with a homogeneous radial K of degree −mn.
In this paper, we will obatin the sharp bound of the p-adic m-linear n-dimensional integral operator

with a kernel on p-adic weighted Morrey space. Finally, by taking a particular kernel K in operator Cp

defined by (2.1), then we obtain the sharp bounds of the p-adic Hardy and Hilbert operators.

Lemma 2.1. Let α ∈ R, 1 < q < q j < ∞, 1
q = 1

q1
+ · · · + 1

qm
, λ = λ1 + · · · + λm, β = β1 + · · · + βm,

− 1
q j
< λ j < 0, −1

q < λ < 0, y j ∈ Q
n
p, if f j ∈ Lq j,λ j(Qn

p, |x|
α
p , |x|

q jβ j/q
p ) or Bq j,λ j(Qn

p, |x|
α
p , |x|

q jβ j/q
p ), where

j = 1, 2, ...,m, then we have∥∥∥ f j(|y j|
−1
p · x)

∥∥∥
Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j/q
p )

= |y j|
nλ j−

β j
q +α(λ j+

1
q j

)
p

∥∥∥ f j

∥∥∥
Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j/q
p )

, (2.3)

and ∥∥∥ f j(|y j|
−1
p · x)

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j/q
p )

= |y j|
nλ j−

β j
q +α(λ j+

1
q j

)
p

∥∥∥ f j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j/q
p )

. (2.4)

For convenience of this paper, we define the dilation index in (2.3) and (2.4) by

d (λ, q, α, β) = nλ −
β

q
+ α(λ +

1
q

), d(λ j, q j, α,
q jβ j

q
) = nλ j −

β j

q
+ α(λ j +

1
q j

).

Lemma 2.2. Assume that real parameters q, q j, λ, λ j, β, β j with j = 1, 2, ...,m are the same as in

Lemma 2.1, α + n > 0. Then we have |x|
d(λ j,q j,α,

q jβ j
q )

p ∈ Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ). Moreover,∥∥∥∥∥∥|x|d(λ j,q j,α,
q jβ j

q )
p

∥∥∥∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

=
(1 − p−n)−λ j

(1 − p−(α+n))−λ j−
1

q j (1 − p−(q jλ j+1)(α+n))
1

q j

. (2.5)

Lemma 2.3. Assume that real parameters q, q j, λ, λ j, β, β j with j = 1, 2, ...,m are the same as in

Lemma 2.1, α + n > 0. Then we have |x|
d(λ j,q j,α,

q jβ j
q )

p ∈ Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ). Moreover,∥∥∥∥∥∥|x|d(λ j,q j,α,
q jβ j

q )
p

∥∥∥∥∥∥
Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

= max

1,
(1 − p−n)−λ j

(1 − p−(α+n))−λ j−
1

q j
(
1 − p−(q jλ j+1)(α+n)) 1

q j

 . (2.6)
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Theorem 2.1. Let α ∈ R, 1 < q < q j < ∞, 1
q = 1

q1
+ · · · + 1

qm
, λ = λ1 + · · · + λm, β = β1 + · · · + βm,

− 1
q j
< λ j < 0, −1

q < λ < 0 with j = 1, 2, ...,m, f j be a radial function in Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ). We
obtain

‖T p ( f1, ..., fm) (x)‖Bq,λ(Qn
p,|x|αp ,|x|

β
p) 6 Cp

m∏
j=1

∥∥∥ f j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

, (2.7)

where Cp is the constant defined by (2.1). Moreover, if α + n > 0 and qλ = q1λ1 = · · · = qmλm, then Cp

is the sharp constant in (2.7), then

‖T p ( f1, ..., fm) (x)‖∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

= Cp.

Theorem 2.2. Assume that the real parameters q, q j, λ, λ j, β, β j with j = 1, 2, ...,m are the same as in

Theorem 2.1, f j be a radial function in Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ). We get

‖T p ( f1, ..., fm) (x)‖Lq,λ(Qn
p,|x|αp ,|x|

β
p) 6 Cp

m∏
j=1

∥∥∥ f j

∥∥∥
Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

, (2.8)

where Cp is the constant defined by (2.1). Moreover, if α + n > 0 and qλ = q1λ1 = · · · = qmλm, then Cp

is the sharp constant in (2.8), and we have

‖T p ( f1, ..., fm) (x)‖∏m
j=1 Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Lq,λ(Qn

p,|x|αp ,|x|
β
p)

= Cp.

Corollary 2.1. Assume that the real parameters q, q j, λ, λ j, β, β j with j = 1, 2, ...,m are the same as in

Theorem 2.1, f j be a radial function in Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ). Assume also that d(λ j, q j, α,
q jβ j

q )+n > 0.

Then T p
1 is bounded from

∏m
j=1 Bq j,λ j(Qn

p, |x|
α
p , |x|

q jβ j
q

p ) to Bq,λ(Qn
p, |x|

α
p , |x|

β
p). Furthermore, if α + n > 0,

then ∥∥∥T p
1 ( f1, ..., fm) (x)

∥∥∥∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

=
(1 − p−n)m∏m

k=1 (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
. (2.9)

The weighted Morrey space Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ) is similar.

Corollary 2.2. Assume that the real parameters q, q j, λ, λ j, β, β j with j = 1, 2, ...,m are the same as

in Theorem 2.1, f j be a radial function in Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ). Assume also that d(λ j, q j, α,
q jβ j

q ) +

n >0 and d(λ, q, α, β) < 0. Then T p
2 is bounded from

∏m
j=1 Bq j,λ j(Qn

p, |x|
α
p , |x|

q jβ j
q

p ) to Bq,λ(Qn
p, |x|

α
p , |x|

β
p).

Furthermore, if α + n > 0, then∥∥∥T p
2 ( f1, ..., fm) (x)

∥∥∥∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

=(1 − p−n)m
+∞∑

k1=−∞

+∞∑
k2=−∞

· · ·

+∞∑
km=−∞

1
(1 + pk1n + · · · + pkmn)m

m∏
j=1

pk j(d(λ j,q j,α,
q jβ j

q )+n)

6
(1 − p−n)m (1 − p−mn)

(1 − pd(λ,q,α,β))
∏m

k=1 (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
< ∞.

(2.10)
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The weighted Morrey space Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ) is similar.

2.1. Sharp bound for the p-adic integral operator with kernel

Proof of Lemma 2.1. We only prove the scaling in Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ), as the other case is similar.
By computing, we obtain

‖ f j(|y|−1
p · x) ‖

Lq j ,λ j (Qn
p,|x|αp ,|x|

q jβ j
q

p )

= sup
a∈Qn

p,γ∈Z

(∫
Bγ(a)
|x|αpdx

)−λ j−
1

q j
(∫

Bγ(a)
| f j(|y j|

−1
p x)|q j |x|

q jβ j
q dx

) 1
q j

=|y j|
− n

q j
−
β j
q sup

a∈Qn
p,γ∈Z

∫
|x−a|p6pγ

|x|αpdx
−λ j−

1
q j

∫
||y j |pz−a|p6pγ

∣∣∣ f j (z)
∣∣∣q j
|z|

q jβ j
q dz


1

q j

=|y j|
nλ j−

β j
q +α(λ j+

1
q j

) sup
a∈Qn

p,γ∈Z

∫
||y j|pz−a|p6pγ

|z|αpdz

−λ j−
1

q j
∫
||y j |pz−a|p6pγ

∣∣∣ f j (z)
∣∣∣q j
|z|

q jβ j
q dz


1

q j

=|y j|
d(λ j,q j,α,

q jβ j
q ) sup

a∈Qn
p,γ∈Z

∫
Bγ+logp |y j |p (a/|y j |p)

|x|αpdx

−λ j−
1

q j
∫

Bγ+logp |y j |p (a/|y j |p)

∣∣∣ f j (x)
∣∣∣q j
|x|

q jβ j
q dx


1

q j

=|y j|
d(λ j,q j,α,

q jβ j
q )

∥∥∥ f j

∥∥∥
Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

.

This finishes the proof of Lemma 2.1. �

Next, we will give the proofs of Lemmas 2.2 and 2.3.

Proof of Lemma 2.2. For the case when α + n > 0, let f j(x) = |x|
d(λ j,q j,α,

q jβ j
q )

p for all x ∈ Qn
p\ {0} and

f j (0) := 0 ( j = 1, 2, ...,m). Then for any Bγ = B (0, pγ), we need to show that f j ∈ Bq j,λ j
γ (Qn

p, |x|
α
p , |x|

q jβ j
q

p ).
By computing, we have∥∥∥ f j

∥∥∥
Bq j,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

=sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
(∫

Bγ
|x|

d(λ j,q j,α,
q jβ j

q )
p |x|

q jβ j
q

p dx
) 1

q j

=sup
γ∈Z

 γ∑
k=−∞

∫
S k

|x|αpdx

−λ j−
1

q j
 γ∑

k′=−∞

∫
S k′

|x|nλ jq j+α(λ jq j+1)
p dx


1

q j

=sup
γ∈Z

 γ∑
k=−∞

pkα
∫

S k

dx

−λ j−
1

q j
 γ∑

k′=−∞

p(λ jq j(α+n)+α)k′
∫

S k′

dx


1

q j

=sup
γ∈Z

 γ∑
k=−∞

pkα × pkn(1 − p−n)

−λ j−
1

q j
 γ∑

k′=−∞

p(λ jq j(α+n)+α)k′ × pk′n(1 − p−n)


1

q j
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=(1 − p−n)−λ j

 γ∑
k=−∞

pk(α+n)

−λ j−
1

q j
 γ∑

k′=−∞

p(q jλ j+1)(α+n)k′


1
q j

.

Since α + n > 0 and 1 + q jλ j > 0, we have

γ∑
k=−∞

p(α+n)k =
p(α+n)γ(1 − (p−(α+n))∞)

1 − p−(α+n) =
p(α+n)γ

1 − p−(α+n) ,

γ∑
k′=−∞

p(q jλ j+1)(α+n)k′ =
p(q jλ j+1)(α+n)γ(1 − (p−(q jλ j+1)(α+n))∞)

1 − p−(q jλ j+1)(α+n) =
p(q jλ j+1)(α+n)γ

1 − p−(q jλ j+1)(α+n) .

Notice that (α + n) γ(−λ j −
1
q j

) + 1
q j
γ(q jλ j + 1) (α + n) = 0, so we obtain

∥∥∥ f j

∥∥∥
Bq j,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

=
(1 − p−n)−λ j

(1 − p−(α+n))
−λ j−

1
q j (1 − p−(q jλ j+1)(α+n))

1
q j

< ∞. (2.11)

Using (2.11), we have that f j ∈ Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ).
This finishes the proof of Lemma 2.2. �

Proof of Lemma 2.3. For the case when α + n > 0, let f j (x) = |x|
d(λ j,q j,α,

q jβ j
q )

p for all x ∈ Qn
p\ {0}

and f j (0) := 0 ( j = 1, 2, ...,m). Then for any Bγ (a) = B (a, pγ), we need to show that f j ∈

Lq j,λ j
γ (Qn

p, |x|
α
p , |x|

q jβ j
q

p ). We will consider the following two cases:
(i) If |a|p > pγ and x ∈ Bγ (a), since |x − a|p 6 pγ, it follows that |x|p 6 max{|x − a|p , |a|p} = |a|p > pγ.
Thus, we have ∥∥∥ f j

∥∥∥
Lq j,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

= sup
a∈Qn

p,γ∈Z

(∫
Bγ(a)
|x|αpdx

)−λ j−
1

q j
(∫

Bγ(a)
|x|

d(λ j,q j,α,
q jβ j

q )q j

p |x|
q jβ j

q
p dx

) 1
q j

= sup
a∈Qn

p,γ∈Z

(∫
Bγ(a)
|a|αpdx

)−λ j−
1

q j
(∫

Bγ(a)
|a|nλ jq j+α(λ jq j+1)

p dx
) 1

q j

= sup
a∈Qn

p,γ∈Z

|a|
α(−λ j−

1
q j

)+ 1
q j

(nλ jq j+α(λ jq j+1))
p

(∫
Bγ(a)

dx
)−λ j−

1
q j

(∫
Bγ(a)

dx
) 1

q j

= sup
a∈Qn

p,γ∈Z

|a|nλ j
p |Bγ (a) |−λ j

H = sup
a∈Qn

p,γ∈Z

|a|nλ j
p × p−nλ jγ 6 (pγ)nλ j × p−nλ jγ = 1.

(ii) If |a|p 6 pγ and x ∈ Bγ (a), since |x − a|p 6 pγ and |a|p 6 pγ, then |x|p = max{|x − a|p , |a|p} 6 pγ,
so we have x ∈ Bγ. For x ∈ Bγ, then |x|p 6 pγ, we have |x − a|p 6 pγ and x ∈ Bγ (a). So we have
Bγ (a) = Bγ, thus

∥∥∥ f j

∥∥∥
Lq j,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

= sup
a∈Qn

p,γ∈Z

(∫
Bγ(a)
|x|αpdx

)−λ j−
1

q j
(∫

Bγ(a)
|x|

d(λ j,q j,α,
q jβ j

q )q j

p |x|
q jβ j

q
p dx

) 1
q j
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= sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
(∫

Bγ
|x|nλ jq j+α(λ jq j+1)

p dx
) 1

q j

.

By the argument in the proof of Lemma 2.2, we have that for |a|p 6 pγ, x ∈ Bγ (a),∥∥∥ f j

∥∥∥
Lq j,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

< ∞. (2.12)

In conclusion, we can see that f j ∈ Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ).
This finishes the proof of Lemma 2.3. �

Proof of Theorem 2.1. First, we claim that the operator T p( f1, .., fm)(x) and its restriction to the
functions g(x) = g(|x|−1

p ) have the same operator norm. In fact, set

g j (x) =
1

1 − p−n

∫
|ξ j |p=1

f j(|x|−1
p ξ j)dξ j, x ∈ Qn

p, j = 1, ...,m.

Obviously, g j satisfies g j (x) = g j(|x|−1
p ), T p (g1, ..., gm) (x) is equal to

T p (g1, ..., gm) (x)

=

∫
Qnm

p

K (y1, ..., ym) g1(|x|−1
p y1) · · · gm(|x|−1

p ym)dy1 · · · dym

=

∫
Qnm

p

K (y1, ..., ym)
m∏

j=1

(
1

1 − p−n

∫
|ξ j |p=1

f j(| |x|−1
p y j|

−1
p ξ j)dξ j

)
dy1 · · · dym

=
1

(1 − p−n)m

∫
Qnm

p

K (y1, ..., ym)
m∏

j=1

(∫
|ξ j |p=1

f j(|x|−1
p |y j|

−1
p ξ j)dξ j

)
dy1 · · · dym

=
1

(1 − p−n)m

∫
Qnm

p

K (y1, ..., ym)
m∏

j=1

(∫
|z j |p=|y j |p

f j(|x|−1
p z j)|y j|

−n
p dz j

)
dy1 · · · dym

=
1

(1 − p−n)m

∫
Qnm

p

∫
|y1 |p=|z1 |p

· · ·

∫
|ym |p=|zm |p

K(|y1|
−1
p , ..., |ym|

−1
p )

m∏
j=1

f j(|x|−1
p z j)|y j|

−n
p dy1 · · · dymdzm · · · dz1

=
1

(1 − p−n)m

∫
Qnm

p

∫
|t1 |p=1

· · ·

∫
|tm |p=1

K(|z1|
−1
p , ..., |zm|

−1
p )

m∏
j=1

f j(|x|−1
p z j)dt1 · · · dtmdzm · · · dz1

=

∫
Qnm

p

K(z1, ..., zm) f1(|x|−1
p z1) · · · fm(|x|−1

p zm)dz1 · · · dzm

=T p( f1, ..., fm)(x).

In the fourth to fifth lines, we let z j = |y j|
−1
p ξ j. From the fifth to sixth lines, we perform an integral

permutation. In the sixth to seventh lines, we set y j = |z j|
−1
p t j. On the other hand, using the Holder’s

inequality, we conclude∥∥∥g j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )
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=sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
(∫

Bγ

∣∣∣∣∣∣ 1
1 − p−n

∫
|ξ j |=1

f j(|x|−1
p ξ j)dξ j

∣∣∣∣∣∣q j

|x|
q jβ j

q
p dx

) 1
q j

=sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j 1
1 − p−n

(∫
Bγ

∣∣∣∣∣∣
∫
|ξ j |=1

f j(|x|−1
p ξ j)dξ j

∣∣∣∣∣∣q j

|x|
q jβ j

q
p dx

) 1
q j

6
1

1 − p−n sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
∫

Bγ

∫
|ξ j |=1
| f j(|x|−1

p ξ j)|q jdξ j

(∫
|ξ j |=1

dx
)q j−1

|x|
q jβ j

q
p dx

 1
q j

=
(
1 − p−n)− 1

q j sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
(∫

Bγ

∫
|ξ j |=1
| f j(|x|−1

p ξ j)|q jdξ j |x|
q jβ j

q
p dx

) 1
q j

=
(
1 − p−n)− 1

q j sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
∫

Bγ

∫
|z j |p=|x|p

| f j(z j)|q j |x|−n
p dz j |x|

q jβ j
q

p dx
 1

q j

=
(
1 − p−n)− 1

q j sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
∫

Bγ

∫
|x|p=|z j |p

|x|−n
p |x|

q jβ j
q

p dx| f j(z j)|q jdz j

 1
q j

=
(
1 − p−n)− 1

q j sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
(∫

Bγ

∫
|t j |=1
|z j|
−n
p |t j|

−n|z j|
q jβ j

q |t j|
q jβ j

q | f j(z j)|q j |z j|
n
pdt jdz j

) 1
q j

=sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
(∫

Bγ
| f j(z j)|q j |z j|

q jβ j
q dz j

) 1
q j

=
∥∥∥ f j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

.

From the third to fourth lines, we apply Hölder’s inequality. In the fifth to sixth lines, we let z j = |x|−1
p ξ j.

From the sixth to seventh lines, we perform an integral permutation. In the seventh to eighth lines, we
set x = |z j|

−1
p t j. Therefore, we have

‖T p ( f1, ..., fm)‖Bq j ,λ j
(
Qn

p,|x|αp ,|x|
β
p

)∏m
j=1

∥∥∥ f j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

6
‖T p (g1, ..., gm)‖Bq j ,λ j

(
Qnm

p ,|x|αp ,|x|
β
p

)∏m
j=1

∥∥∥g j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

,

which implies that the operators T p and their restriction to the function g satisfying g j (x) = g j(|x|−1
p )

have the same operator norm in Bq,λ(Qn
p, |x|

α
p , |x|

β
p). So without loss of generality, we assume that

f j ∈ Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ) with j = 1, 2, ...,m satisfies that f j (x) = f j(|x|−1
p ) in the rest of the proof.

The following sequence is obtained by Minkowski’s inequality and Holder’s inequality; notice that
1
q = 1

q j
+ · · ·+ 1

qm
, λ = λ1 + · · ·+ λm, β = β1 + · · ·+ βm, then q

q j
+ · · ·+

q
qm

= 1 and f (|x|−1
p y j) = f (x|y j|

−1
p ),

thus we have

‖T p ( f1, ..., fm) (x)‖Bq,λ
(
Qn

p,|x|αp ,|x|
β
p

)

=sup
γ>0

(∫
Bγ
|x|αpdx

)−λ− 1
q
∫

Bγ

∣∣∣∣∣∣
∫
Qmn

p

|x|
β
q
p K (y1, ...ym) f1(|x|−1

p y1) · · · fm(|x|−1
p ym)dy1 · · · dym

∣∣∣∣∣∣q dx
 1

q

6sup
γ>0

(∫
Bγ
|x|αpdx

)−λ− 1
q
∫
Qmn

p

(∫
Bγ
|x|βp|K (y1, ...ym) f1(|x|−1

p y1) · · · fm(|x|−1
p ym)|qdx

) 1
q

dy1 · · · dym

AIMS Mathematics Volume 10, Issue 6, 14012–14031.
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=sup
γ>0

∫
Qmn

p

K (y1, ..., ym)
(∫

Bγ
|x|αpdx

)−λ− 1
q
(∫

Bγ
|x|βp| f1(x |y1|

−1
p ) · · · fm(x |ym|

−1
p )|qdx

) 1
q

dy1 · · · dym

6sup
γ>0

∫
Qmn

p

K (y1, ..., ym)
(∫

Bγ
|x|αpdx

)−λ− 1
q m∏

j=1

(∫
Bγ
| f j(x|y j|

−1
p )|q j |x|

q jβ j
q

p dx
) 1

q j

dy1 · · · dym

=sup
γ>0

∫
Qmn

p

K (y1, ..., ym)
m∏

j=1

(∫
Bγ
|x|αpdx

)−λ j−
1

q j
m∏

j=1

(∫
Bγ
| f j(x|y j|

−1
p )|q j |x|

q jβ j
q

p dx
) 1

q j

dy1 · · · dym

6

∫
Qmn

p

K (y1, ..., ym)
m∏

j=1

∥∥∥ f j(x|y j|
−1
p )

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

dy1 · · · dym.

Using Lemma 2.1, we can deduce that

‖T p( f1, ..., fm) (x)‖Bq j ,λ j (Qn
p,|x|αp ,|x|

β
p)6

∫
Qmn

p

K (y1, ...ym)
m∏

j=1

|y j|
d(λ j,q j,α,

q jβ j
q )

p dy1 · · · dym

m∏
j=1

∥∥∥ f j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

= Cp
m∏

j=1

∥∥∥ f j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

.

Now, we will show that the operator norm of T p( f1, ..., fm)(x) is equal to Cp. Taking

f j = |x|
d(λ j,q j,α,

q jβ j
q )

p , j = 1, 2, ...,m.

Since α + n > 0, using Lemma 2.2, then f j ∈ Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ), we calculate that

T p ( f1, ..., fm) (x) =

∫
Qmn

p

K (y1, ...ym) f1(|x|−1
p y1) · · · fm(|x|−1

p ym)dy1 · · · dym

=

∫
Qmn

p

K (y1, ...ym)
m∏

j=1

(|x|p |y j|p)d(λ j,q j,α,
q jβ j

q )dy1 · · · dym

= Cp
m∏

j=1

|x|
d(λ j,q j,α,

q jβ j
q )

p = Cp |x|d(λ,q,α,β)
p .

Since λ = λ1 + · · · + λm, 1
q = 1

q j
+ · · · + 1

qm
, qλ = q1λ1 = · · · = qmλm, we have

‖T p ( f1, ..., fm) (x)‖Bq j ,λ j
(
Qn

p,|x|αp ,|x|
β
p

)
=sup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ− 1
q
(∫

Bγ
|Cp |x|d(λ,q,α,β)

p |q |x|βp dx
) 1

q

=Cpsup
γ∈Z

(∫
Bγ
|x|αpdx

)−λ− 1
q
(∫

Bγ
|x|nqλ+α(qλ+1)

p dx
) 1

q

=Cpsup
γ∈Z

m∏
j=1

(∫
Bγ
|x j|

α
pdx j

)−λ j−
1

q j
m∏

j=1

(∫
Bγ
|x j|

nq jλ j+α(q jλ j+1)
p dx j

) 1
q j

.
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Notice that (nq jλ j + α(q jλ j + 1) + n) 1
q j

+ (n + α) (−λ j −
1
q j

) = 0, we obtain

‖T p ( f1, ..., fm) (x)‖Bq j ,λ j
(
Qn

p,|x|αp ,|x|
β
p

)
=Cp

m∏
j=1

sup
γ j∈Z

(∫
B0

|y j|
α
pdy j

)−λ j−
1

q j
(∫

B0

|y j|
nq jλ j+α(q jλ j+1)
p dy j

) 1
q j

=Cp
m∏

j=1

sup
γ j∈Z

∫
Bγ j

|z j|
α
pdz j

−λ j−
1

q j
∫

Bγ j

∣∣∣∣∣∣|z j|
d(λ j,q j,α j,

q jβ j
q )

p

∣∣∣∣∣∣q j

|z j|

q jβ j
q

p dz j


1

q j

=Cp
m∏

j=1

∥∥∥ f j

∥∥∥
Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

.

In the first to second lines, we let x j = p−γy j. From the second to third lines, we let y j = z j pγ j . Through
the above steps, we have completed the proof of Theorem 2.1. It is

‖T p ( f1, ..., fm) (x)‖∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

= Cp.

�

Proof of Theorem 2.2. The previous step is similar to the proof of Theorem 2.1, using Lemma 2.3, then

f j ∈ Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ), finaly we obtain that

‖T p ( f1, ..., fm) (x)‖Lq j ,λ j
(
Qn

p,|x|αp ,|x|
β
p

)
= sup

a∈Qn
p,γ∈Z

(∫
Bγ(a)
|x|αpdx

)−λ− 1
q
(∫

Bγ(a)
|Cp |x|d(λ,q,α,β)

p |q |x|βp dx
) 1

q

=Cp sup
a∈Qn

p,γ∈Z

(∫
Bγ(a)
|x|αpdx

)−λ− 1
q
(∫

Bγ(a)
|x|nqλ+α(qλ+1)

p dx
) 1

q

=Cp sup
a∈Qn

p,γ∈Z

m∏
j=1

(∫
Bγ(a)
|x j|

α
pdx j

)−λ j−
1

q j
m∏

j=1

(∫
Bγ(a)
|x j|

nq jλ j+α(q jλ j+1)
p dx j

) 1
q j

.

Notice that (nq jλ j + α(q jλ j + 1) + n) 1
q j

+ (n + α) (−λ j −
1
q j

) = 0, we obtain

‖T p ( f1, ..., fm) (x)‖Lq j ,λ j
(
Qn

p,|x|αp ,|x|
β
p

)
=Cp sup

a∈Qn
p,γ∈Z

m∏
j=1

(∫
B0(pγa)

|y j|
α
pdy j

)−λ j−
1

q j
m∏

j=1

(∫
B0(pγa)

|y j|
nq jλ j+α(q jλ j+1)
p dy j

) 1
q j

=Cp
m∏

j=1

sup
a j∈Q

n
p

(∫
B0(a j)

|y j|
α
pdy j

)−λ j−
1

q j
(∫

B0(a j)
|y j|

nq jλ j+α(q jλ j+1)
p dy j

) 1
q j

=Cp
m∏

j=1

sup
a j∈Q

n
p,γ j∈Z

∫
Bγ j (p−γ j a j)

|z j|
α
pdz j

−λ j−
1

q j
∫

Bγ j (p−γ j a j)

∣∣∣∣∣∣|z j|
d(λ j,q j,α j,

q jβ j
q )

p

∣∣∣∣∣∣q j

|z j|

q jβ j
q

p dz j


1

q j
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=Cp
m∏

j=1

sup
a j∈Q

n
p,γ j∈Z

∫
Bγ j (a j)

|z j|
α
pdz j

−λ j−
1

q j
∫

Bγ j (a j)

∣∣∣∣∣∣|z j|
d(λ j,q j,α j,

q jβ j
q )

p

∣∣∣∣∣∣q j

|z j|

q jβ j
q

p dz j


1

q j

=Cp
m∏

j=1

∥∥∥ f j

∥∥∥
Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )

.

In the first to second lines, we let x j = p−γy j. From the third to fourth lines, we let y j = z j pγ j . Through
the above steps, we have completed the proof of Theorem 2.2. It is

‖T p ( f1, ..., fm) (x)‖∏m
j=1 Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Lq,λ(Qn

p,|x|αp ,|x|
β
p)

= Cp.

�

2.2. Sharp bound for p-adic Hardy operator

Proof of Corollary 2.1. Next, we will use the methods in [23]. If we take the kernel

K (y1, ..., ym) = χ{|(y1,...,ym)|p61} (y1, ..., ym) (2.13)

in Theorems 2.1 and 2.2, by a change of variables, it is easy to verify that T p( f1, ..., fm)(x) =

T p
1 ( f1, ..., fm)(x), then T p

1 ( f1, ..., fm)(x) can be denoted by

T p
1 ( f1, ..., fm)(x) =

∫
|(y1,...,ym)|p61

f1(|x|−1
p y1) · · · fm(|x|−1

p ym)dy1 · · · dym,

respectively, then it is all reduced to calculating

Cp
1 =

∫
|(y1,...,ym)|p61

m∏
j=1

|y j|
d(λ j,q j,α,

q jβ j
q )

p dy1 · · · dym.

To calculate this integral, we divide the integral into m parts. Let

D1 = {(y1, ..., ym) ∈ Qn
p · · ·Q

n
p : |y1|p 6 1, |yk|p 6 |y1|p , 1 < k 6 m},

Di = {(y1, ..., ym) ∈ Qn
p · · ·Q

n
p : |yi|p 6 1, |y j|p < |yi|p, |yk|p 6 |yi|p, 1 6 j < i < k 6 m},

Dm = {(y1, ..., ym) ∈ Qn
p · · ·Q

n
p : |ym|p 6 1, |y j|p < |ym|p , 1 6 j < m}.

It is clear that
m⋃

j=1

D j = {(y1, ..., ym) ∈ Qn
p · · ·Q

n
p : |(y1, ..., ym)|p 6 1},

and Di ∩ D j = ∅ (i , j). Let

I j :=
∫

D j

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dy1 · · · dym.

Then

Cp
1 =

m∑
j=1

I j : =

m∑
j=1

∫
D j

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dy1 · · · dym.
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Now, let us calculate I j, j = 1, 2, ...,m. Since d(λ j, q j, α,
q jβ j

q ) + n > 0, then d (λ, q, α, β) + mn > 0, so
we have

I1 =

∫
D1

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dy1 · · · dym

=

∫
|y1 |p61

∫
|y2 |p6|y1 |p

· · ·

∫
|ym |p6|y1 |p

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dym · · · dy1

=

∫
|y1 |p61

|y1|
d(λ1,q1,α,

q1β1
q )

p

 m∏
k=2

∫
|yk |p6|y1 |p

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk

 dy1

=

∫
|y1 |p61

|y1|
d(λ1,q1,α,

q1β1
q )

p

m∏
k=2


logp |y1 |p∑

i=−∞

∫
S i

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk

dy1

=

∫
|y1 |p61

|y1|
d(λ1,q1,α,

q1β1
q )

p

m∏
k=2


logp |y1 |p∑

i=−∞

pid(λk ,qk ,α,
qkβk

q )
×

∫
S i

dyk

dy1

=
(1 − p−n)m−1∏m

k=2
(
1 − p−d(λk ,qk ,α,qkβk/q)−n) ∫

|y1 |p61
|y1|

d(λ,q,α,β)+(m−1)n
p dy1

=
(1 − p−n)m−1∏m

k=2
(
1 − p−d(λk ,qk ,α,qkβk/q)−n) 0∑

i=−∞

(
pi(d(λ,q,α,β)+(m−1)n)

∫
S i

dy1

)
=

(1 − p−n)m(
1 − p−d(λ,q,α,β)−mn)∏m

k=2
(
1 − p−d(λk ,qk ,α,qkβk/q)−n) .

Similarly, for i = 2, ...,m − 1, we have

Ii =

∫
Di

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dy1 · · · dym

=

∫
|yi |p61

|yi|
d(λi,qi,α,

qiβi
q )

p

 i−1∏
j=1

∫
|y j |p<|yi |p

|y j|
d(λ j,q j,α,

q jβ j
q )

p dy j


 m∏

k=i+1

∫
|yk |p6|yi |p

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk

 dyi

=

∫
|yi |p61

|yi|
d(λi,qi,α,

qiβi
q )

p

 i−1∏
j=1

logp |yi |p−1∑
u=−∞

∫
S u

|y j|
d(λ j,q j,α,

q jβ j
q )

p dy j


 m∏

k=i+1

logp |yi |p∑
v=−∞

∫
S v

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk

 dyi

=
(
1 − p−n)m−1

∫
|yi |p61

|yi|
d(λi,qi,α,

qiβi
q )

p

 i−1∏
j=1

logp |yi |p−1∑
u=−∞

pu(d(λ j,q j,α,
q jβ j

q )+n)


 m∏

k=i+1

logp |yi |p∑
v=−∞

pv(d(λk ,qk ,α,
qkβk

q )+n)

 dyi

=
(1 − p−n)m−1 ∏i−1

j=1 p−d(λ j,q j,α,
q jβ j

q )−n∏
16k6m,k,i (1 − p−d(λk ,qk ,α,

qkβk
q )−n)

∫
|yi |61
|yi|

d(λ,q,α,β)+(m−1)n
p dyi

=
(1 − p−n)m ∏i−1

j=1 p−d(λ j,q j,α,
q jβ j

q )−n

(1 − p−d(λ,q,α,β)−mn)
∏

16k6m,k,i (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
.
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The case of i = m is similar to the previous step, and we have

Im =

∫
|ym |p61

|ym|
d(λm,qm,α,

qmβm
q )

m−1∏
j=1

∫
|y j |<|ym |p

|y j|
d(λ j,q j,α,

q jβ j
q )dyi

 dym

=
(1 − p−n)m ∏m−1

j=1 p−d(λ j,q j,α,
q jβ j

q )−n(
1 − p−d(λ,q,α,β)−mn)∏m−1

j=1 (1 − p−d(λ j,q j,α,
q jβ j

q )−n)
.

Now, we will calculate their sum, let

Am =
(1 − p−n)m(

1 − p−d(λ,q,α,β)−mn)∏m
k=1 (1 − p−d(λk ,qk ,α,

qkβk
q )−n)

, −dk =

k∑
i=1

−d(λi, qi, α,
qiβi

q
).

Notice that −dm = −d (λ, q, α, β), then

Cp
1 = I1 +

m−1∑
i=2

Ii + Im

= Am

(
(1 − p−d1−n) + (p−d1−n − p−d2−2n) + · · · + (p−dm−1−(m−1)n − p−dm−mn)

)
= Am

(
1 − p−dm−mn

)
=

(1 − p−n)m∏m
k=1 (1 − p−d(λk ,qk ,α,

qkβk
q )−n)

.

This finishes the proof of Corollary 2.1. �

2.3. Sharp bound for p-adic Hilbert operator

Proof of Corollary 2.2. If we take the kernel

K (y1, ..., ym) =
1

(1 + |y1|
n
p + · · · + |ym|

n
p)m (2.14)

in Theorems 2.1 and 2.2, by a change of variables, it is easy to verify that T p( f1, ..., fm)(x) =

T p
2 ( f1, ..., fm)(x), then T p

2 ( f1, ..., fm)(x) can be denoted by

T p
2 ( f1, ..., fm)(x) =

∫
Qnm

p

1
(1 + |y1|

n
p + · · · + |ym|

n
p)m f1(|x|−1

p y1) · · · fm(|x|−1
p ym)dy1 · · · dym,

respectively, then it is all reduced to calculating

Cp
2 =

∫
Qnm

p

1
(1 + |y1|

n
p + · · · + |ym|

n
p)m

m∏
j=1

|y j|
d(λ j,q j,α,

q jβ j
q )

p dy1 · · · dym.

After a series of simple operations, we have

Cp
2 =

∫
Qn

p

· · ·

∫
Qn

p

+∞∑
km=−∞

∫
S km

1
(1 + |y1|

n
p + · · · + |ym|

n
p)m

m∏
j=1

|y j|
d(λ j,q j,α,

q jβ j
q )

p dym · · · dy1
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=

+∞∑
k1=−∞

+∞∑
k2=−∞

· · ·

+∞∑
km=−∞

∫
S k1

· · ·

∫
S km

1
(1 + |y1|

n
p + · · · + |ym|

n
p)m

m∏
j=1

|y j|
d(λ j,q j,α,

q jβ j
q )

p dym · · · dy1

=

+∞∑
k1=−∞

+∞∑
k2=−∞

· · ·

+∞∑
km=−∞

1
(1 + pk1n + · · · + pkmn)m

m∏
j=1

pk jd(λ j,q j,α,
q jβ j

q )
∫

S k1

· · ·

∫
S km

dym · · · dy1

=

+∞∑
k1=−∞

+∞∑
k2=−∞

· · ·

+∞∑
km=−∞

1
(1 + pk1n + · · · + pkmn)m

m∏
j=1

pk jd(λ j,q j,α,
q jβ j

q )
m∏

j=1

pk jn(1 − p−n)

= (1 − p−n)m
+∞∑

k1=−∞

+∞∑
k2=−∞

· · ·

+∞∑
km=−∞

1
(1 + pk1n + · · · + pkmn)m

m∏
j=1

pk j(d(λ j,q j,α,
q jβ j

q )+n).

What we want to prove is that the sum of this series is bounded. Because it is a challenging problem to
calculate the sum of this series, we can indirectly prove that this series sum is bounded by an inequality.
Clearly,

[max(1, |y1|
n
p , · · · , |ym|

n
p)]m = max

16 j6m
{1, |y j|

mn
p } 6 (1 + |y1|

n
p + · · · + |ym|

n
p)m.

Then we have

Cp
2 6 Dp =:

∫
Qnm

p

1
[max (1, |y1|

n
p , ..., |ym|

n
p)]m

m∏
j=1

|y j|
d(λ j,q j,α,

q jβ j
q )

p dy1 · · · dym.

So if we prove that Dp is bounded, it means that Cp
2 is bounded. Next, we refer to the methods in [7]

to calculate Dp.
To calculate this integral, we divide the integral into m parts. Let

E0 = {(y1, ..., ym) ∈ Qn
p × · · · × Q

n
p : |yk|p 6 1, 1 6 k 6 m};

E1 = {(y1, ..., ym) ∈ Qn
p × · · · × Q

n
p : |y1|p > 1, |yk|p 6 |y1|p , 1 < k 6 m};

Ei = {(y1, ..., ym) ∈ Qn
p × · · · × Q

n
p : |yi|p > 1, |y j|p < |yi|p , |yk|p 6 |yi|p , 1 6 j < i < k 6 m};

Em = {(y1, ..., ym) ∈ Qn
p × · · · × Q

n
p : |ym|p > 1, |y j|p < |ym|p , 1 6 j 6 m}.

Its clear that
m⋃

j=0

E j =Qn
p × · · · × Q

n
p,

and Ei ∩ E j = ∅ (i , j). Let

J j :=
∫

E j

1
[max(1, |y1|

n
p , ..., |ym|

n
p)]m

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dy1 · · · dym,

then we have

Dp =

m∑
j=1

J j : =

m∑
j=1

∫
E j

1
[max(1, |y1|

n
p , ..., |ym|

n
p)]m

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dy1 · · · dym.
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Now, let us calculate J j, j = 1, 2, ...,m. Since d(λ j, q j, α,
q jβ j

q ) + n > 0, we have

J0 =

m∏
k=1

∫
|yk |p61

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk =

m∏
k=1

 0∑
i=−∞

∫
S i

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk


=

m∏
k=1

 0∑
i=−∞

pid(λk ,qk ,α,
qkβk

q ) pin(1 − p−n)


=

(1 − p−n)m∏m
k=1 (1 − p−d(λk ,qk ,α,

qkβk
q )−n)

.

For j = 1, since d (λ, q, α, β) < 0, d(λ1, q1, α,
q1β1

q ) + n > 0, then we have

J1 =

∫
E1

1
[max(1, |y1|

n
p , ..., |ym|

n
p)]m

m∏
k=1

|yk|
d(λk ,qk ,α,

qkβk
q )

p dy1 · · · dym

=

∫
|y1 |p>1

|y1|
d(λ1,q1,α,

q1β1
q )−mn

p

m∏
k=2

∫
|yk |p6|y1 |p

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk

 dy1

=
(1 − p−n)m−1∏m

k=2 (1 − p−d(λk ,qk ,α,
qkβk

q )−n)

∫
|y1 |p>1

|y1|
d(λ,q,α,β)−n
p dy1

= Bm

∫
|y1 |p<∞

|y1|
d(λ,q,α,β)−n
p dy1 −

∫
|y1 |p61

|y1|
d(λ,q,α,β)−n
p dy1


= Bm

 +∞∑
i=−∞

∫
S i

|y1|
d(λ,q,α,β)−n
p dy1 −

0∑
j=−∞

∫
S j

|y1|
d(λ,q,α,β)−n
p dy1


= Bm

+∞∑
j=1

∫
S j

|y1|
d(λ,q,α,β)−n
p dy1 =

(1 − p−n)m pd(λ,q,α,β)(
1 − pd(λ,q,α,β))∏m

k=2 (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
,

where

Bm =
(1 − p−n)m−1∏m

k=2
(
1 − p−d(λk ,qk ,α,qkβk/q)−n) .

Similarly for i = 2, ...,m − 1, we have

Ji =

∫
|yi |p>1

|yi|
d(λi,qi,α,

qiβi
q )−mn

p

 i−1∏
j=1

∫
|y j |p<|yi |p

|y j|
d(λ j,q j,α,

q jβ j
q )

p dy j


 m∏

k=i+1

∫
|yk |p6|yi |p

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk

 dyi

=
(1 − p−n)m−1 ∏i−1

j=1 p−d(λ j,q j,α,
q jβ j

q )−n∏
16k6m,k,i (1 − p−d(λk ,qk ,α,

qkβk
q )−n)

∫
|yi |p>1

|yi|
d(λ,q,α,β)−n
p dyi

=
pd(λ,q,α,β) (1 − p−n)m ∏i−1

j=1 p−d(λ j,q j,α,
q jβ j

q )−n

(1 − pd(λ,q,α,β))
∏

16k6m,k,i (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
.
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When i = m, similarly to the previous step, we show that

Jm =

∫
|ym |p

|ym|
d(λm,qm,α,

qmβm
q )−mn

 i−1∏
j=1

∫
|y j |p<|yi |p

|yi|
d(λ j,q j,α,

q jβ j
q )

p dy j


 m∏

k=i+1

∫
|yk |p6|yi |p

|yk|
d(λk ,qk ,α,

qkβk
q )

p dyk

 dym

=
pd(λ,q,α,β) (1 − p−n)m ∏m−1

j=1 p−d(λ j,q j,α,
q jβ j

q )−n(
1 − pd(λ,q,α,β))∏m−1

k=1 (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
.

Now, we will calculate their sum, let

Dm =
(1 − p−n)m pd(λ,q,α,β)(

1 − pd(λ,q,α,β))∏m
k=1 (1 − p−d(λk ,qk ,α,

qkβk
q )−n)

, and − dk =

k∑
i=1

−d(λi, qi, α,
qiβi

q
).

Notice that −dm = −d (λ, q, α, β), then

Dp = J0 + J1 +

m−1∑
i=2

Ji + Jm

= Dm

(
1 − pd(λ,q,α,β)

pd(λ,q,α,β) + (1 − p−d1−n) + (p−d1−n − p−d2−2n) + · · · + (p−dm−1−(m−1)n − p−dm−mn)
)

= Dm

(
1 − pdm

pdm
+ 1 − p−dm−mn

)
= Dm p−dm

(
1 − p−mn)

=
(1 − p−n)m (1 − p−mn)(

1 − pd(λ,q,α,β))∏m
k=1 (1 − p−d(λk ,qk ,α,

qkβk
q )−n)

< ∞.

In conclusion, we prove that Dp is bounded, which also means that Cp
2 is bounded, that is

(1 − p−n)m
+∞∑

k1=−∞

+∞∑
k2=−∞

· · ·

+∞∑
km=−∞

1
(1 + pk1n + · · · + pkmn)m

m∏
j=1

pk j(d(λ j,q j,α,
q jβ j

q )+n) < ∞.

Our results also show that Dp is Hilbert’s bound. This finishes the proof of Corollary 2.2. �

3. Further results: sharp estimate for the Hausdorff operator

In this section, we will use the previous results to give the sharp bound for the p-adic m-linear
n-dimensional Hausdorff operator on p-adic weighted Morrey spaces.

Corollary 3.1. Assume that the real parameters q, q j, λ, λ j, β, and β j with j = 1, 2, ...,m are the same
as in Theorem 2.1, and a nonnegative function Φ on Rn satisfies

Cp
Φ

=

∫
Qn

p

· · ·

∫
Qn

p

Φ (y1, ..., ym)
|y1|

n
p · · · |ym|

n
p

m∏
j=1

|y j|
d(λ j,q j,α,

q jβ j
q )dy1 · · · dym < ∞, (3.1)

then T p
Φ

is bounded from
∏m

j=1 Bq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ) to Bq,λ(Qn
p, |x|

α
p , |x|

β
p).
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Furthermore, if α + n > 0, then∥∥∥T p
Φ

( f1, ..., fm) (x)
∥∥∥∏m

j=1 Bq j ,λ j (Qn
p,|x|αp ,|x|

q jβ j
q

p )→Bq,λ(Qn
p,|x|αp ,|x|

β
p)

= Cp
Φ
.

The weighted Morrey space Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ) is similar.

Proof of Corollary 3.1. By a change of variables, the p-adic m-linear n-dimensional Hausdorff operator
becomes

T p
Φ

=

∫
Qn

p

· · ·

∫
Qn

p

Φ (y1, ..., ym)
|y1|

n
p · · · |ym|

n
p

f1(x |y1|
−1
p ) · · · fm(x |ym|

−1
p )dy1 · · · dym.

According to the proof of Theorem 2.1 and Lemma 2.2, notice that there is no need to let f j be a radial
function, and we have∥∥∥T p

Φ
( f1, ..., fm) (x)

∥∥∥∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

= Cp
Φ
< ∞.

The weighted Morrey space Lq j,λ j(Qn
p, |x|

α
p , |x|

q jβ j
q

p ) is similar, so we omit the details. This finishes the
proof of Corollary 3.1. �

4. Conclusions

First, the m-linear n-dimensional integral operator with a kernel has a sharp estimate. The sharp
estimate on central and noncentral p-adic Morrey spaces with power weighted is given by

‖T p ( f1, ..., fm) (x)‖∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

= ‖T p ( f1, ..., fm) (x)‖∏m
j=1 Lq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Lq,λ(Qn

p,|x|αp ,|x|
β
p)

=

∫
Qn

p

· · ·

∫
Qn

p

K (y1, ..., ym)
m∏

i=1

|yi|
nλ j−

β j
q +α(1+ 1

q j
)

p dy1 · · · dym := Cp,

where the kernel K(y1, .., ym) satisfies Cp < ∞.
Second, as an application, we derive the sharp bounds for the m-linear n-dimensional Hardy operator

and Hilbert operators on weighted Morrey spaces, that is∥∥∥T p
1 ( f1, ..., fm) (x)

∥∥∥∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

=
(1 − p−n)m∏m

k=1 (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
,

and ∥∥∥T p
2 ( f1, ..., fm) (x)

∥∥∥∏m
j=1 Bq j ,λ j (Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

=(1 − p−n)m
+∞∑

k1=−∞

+∞∑
k2=−∞

· · ·

+∞∑
km=−∞

1
(1 + pk1n + · · · + pkmn)m

m∏
j=1

pk j(d(λ j,q j,α,
q jβ j

q )+n)

6
(1 − p−n)m (1 − p−mn)

(1 − pd(λ,q,α,β))
∏m

k=1 (1 − p−d(λk ,qk ,α,
qkβk

q )−n)
< ∞.
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Finally, based on the previous result, we also find the estimate for the Hausdorff operator on
weighted Morrey spaces:

∥∥∥T p
Φ

( f1,..., fm)(x)
∥∥∥∏m

j=1B
q j ,λ j(Qn

p,|x|αp ,|x|
q jβ j

q
p )→Bq,λ(Qn

p,|x|αp ,|x|
β
p)

∫
Qn

p

· · ·

∫
Qn

p

Φ(y1,...,ym)
|y1|

n
p· · ·|ym|

n
p

m∏
j=1

|y j|
d(λ j,q j,α,

q jβ j
q )dy1· · ·dym :=Cp

Φ
,

where the nonnegative function Φ on Rn satisfies Cp
Φ
< ∞.
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