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1. Introduction

In recent years, researchers on mathematical physics have paid increasing attention to p-adic fields,
because p-adic numbers are widely used in theoretical and mathematical physics [1,2,22]. For this
reason, the harmonic analysis of p-adic fields has attracted significant attention [16—18].

For a prime number p, let Q, be the field of p-adic numbers, which is defined as the completion of
the field of rational numbers Q with respect to the non-Archimedean p-adic norm | - |,. This norm is
defined as follows: |0], = 0. If any non-zero rational number x is represented as x = p”*', where m and
n are integers that are not divisible by p and v is an integer, then |x|, = p™. It is not difficult to show
that the norm satisfies the following properties:

|xy|p = |x|p|y|p’ lx + ylp < max{|x|p, |y|p}’
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and
lIxlpylp = XL Y dxly) = Ix'dy,  x € Q.

It follows from the second property that when |x|, # [y|,, then |x + y|, = max{|x|,,|yl,}. From the
standard p-adic analysis [22], we see that any non-zero p-adic number x € Q, can be uniquely
represented in the canonical series

X=pyzajpj, y=y(x) €Z, (1.1)
j=0

where a; are integers, 0 < a; < p — 1, ap # 0. The series (1.1) converges in the p-adic norm because
|ajpj|p = p~7. The space Q;’, consists of points x = (xy, X, ..., X,), where x; € Q,, j = 1,2,...,n. The
p-adic norm on Q7 is

X|p = Maxj|Xx;|,.
|x[, 1<j<n| ilp

Denoted by B, = {x € QZ . |x —al, < p”}, the ball with center at x; € Q, and radius p”, y € Z. Itis
clear that S, (a) = B,(a)\B,-(a) and

Bia)=| JSu@), (xeQ):lx—al,<p}=|]Swa.

k<y k<y

We set B,(0) = B, and §,(0) = §,,.

Since Q) is a locally compact commutative group under addition, it follows from the standard
analysis that there exists a unique Haar measure dx on Q} (up to positive constant multiple) that is
translation invariant. We normalize the measure dx so that

f dx = |Bo(0)|lz =1,
By(0)

where |E|y denotes the Haar measure of a measurable subset E of Q7. From this integral theory, it is
easy to obtain that |B,(a)ly = p” and |S,(a)ly = p”"(1 — p™) for any a € Q;. For a more complete
introduction to p-adic fields, see [19].

In recent years, p-adic analysis has received a lot of attention due to its application in mathematical
physics (cf. [1,2]). There are numerous papers on p-adic analysis, such as [11, 12] about Riesz
potentials, and [3] about p-adic pseudo-differential equations. The harmonic analysis on p-adic fields
has been drawing more and more attention (cf. [14, 15,20] and references therein).

The p-adic m-linear n-dimensional Hardy operator [5] is defined by

Tf(fla SE3) fm)(x) =

|

.....

where x € Q’;\ {0}. Batbold and Sawano [5] obtained that the norm of Tf on p-adic Lebesgue spaces
and p-adic Morrey spaces is

-1
/ _ (1-p7)"
g 1491/4,,... m (qum/‘l_) ay T . . _ >
LA (Qp, |l )X X LM (Qps ] )= LI@Qp.|xlp) Hj’”_”:l (1- p(l/qj)+(a,/4) 1)

Il
and
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EILAA @ ! oL (@ ) L4 @y oty T (1 = por)

The p-adic m-linear n-dimensional Hilbert operator [5] is defined by

sz(fl,...,fm)(w:fnm KO falom)

o QAT+ Dl + - + i)

where x € QZ\ {0}. The p-adic m-linear n-dimensional Hausdorff operator [21] is defined by

D s ees m
Td’;(fl’ e Jm)(X) = f T f (x/||y1r|zp X/Ly |p)f1(YI) o JaOm)dyr - dym,
o Jo Vil - [Yml)y

where x € Q3\ {0}, and @ is a nonnegative function on Q. Chen et al. [6] obtained the norm of the
multilinear Hausdorff operator on a p-adic function space.

Computation of the operator norm of integral operators is a challenging work in harmonic analysis.
In 2017, Batbold and Sawano [4] studied one-dimensional m-linear Hilbert-type operators, incuding
the sharp bounds for the Hardy-Littlewood-Pdlya operator on weighted Morrey spaces. He et al. [13]
extended the results in [4] and obtained the sharp bound for the generalized Hardy-Littlewood-Pdlya
operator on weighted central and noncentral homogenous Morrey spaces. In 2011, Wu and Fu [23]
obtained the sharp estimate of the m-linear p-adic Hardy operator on Lebesgue spaces with power
weight.

Inspired by the above, we study a more general operator, which includes the p-adic Hardy and
Hilbert operator as a special case. We consider their operator norm on two power weighted p-adic
Morrey space and its central version. Finally, we also find the sharp bound for the Hausdorft operator
on power weighted central and noncentral Morrey spaces, which generalizes the previous results. Fu
and Wu et al. [8-10] conducted many related research, which is the basis for our research.

We present the definition of the weighted p-adic Morrey space B44(Q", w;, w,) on Q", where w;,
ws: Q; — (0, o) are positive measurable functions.

Definition 1.1. Let 1 < g < oo, é < A < 0, then the weighted p-adic Morrey space L¥(Q", w;, w,) is
the set of all f € Lj (Q}) for which the norm

loc

_/l_é é
g = SUD ( [ wl(x)dx) ( | If(X)Iqwz(x)dx) <. (1.2)
By(a) B,(a)

a€Qy),yeZ

Definition 1.2. Let 1 < g < oo, L <2<, B, replace with B, (0) in the above definition, then the
q

weighted p-adic Morrey space B*"(Q", w,, w,) is the set of all f € L! (Qy) for which the norm

loc

-1
/lq

1A llgos @100 = Sup( f W) (X)dX) ( f lf (Ol wy (X)dx)q < . (1.3)
yezZ B B,

Y
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2. Proofs of the main results

In this section, we will study the p-adic m-linear n-dimensional integral operator with a kernel. Let
K: Q;; X e X Qg — (0, c0) be a measurable radial kernel such that K (yy, ..., y,,) = K(|y1|1_,1 s ees |ym|;1),
then satisfies that

n/l,—— a(l+ q
cpzf fm],.,ym)ﬂw, Py, - dy, < oo, .

where A;, B8, q;,q, a are pre-defined indicator and some fixed indicators, j = 1,2,...,m. The p-adic
m-linear n-dimensional integral operator with a kernel is defined by

T (fis oo fou) (X) = f f L T U T (R I WD R A (Y IR A TRy A (2.2)
Qp Qp

where x € R"\ {0} and f; is a measurable radial function on Q;’, with j = 1,2, ...,m. Note that 77 is in
fact an integral operator with a homogeneous radial K of degree —mmn.

In this paper, we will obatin the sharp bound of the p-adic m-linear n-dimensional integral operator
with a kernel on p-adic weighted Morrey space. Finally, by taking a particular kernel K in operator C?
defined by (2.1), then we obtain the sharp bounds of the p-adic Hardy and Hilbert operators.

LemmaZ.I.Leta/ER,1<q<qj<00,é:$+---+L A=+ +A, B=B1+ - +Bn

— <A <0 = <A< 0,y; € Q if f; € L@ Iy Il or BUA@ Il ™), where
Jj=1,2,...,m, then we have

nadj— Bq +a(4; + )

A" ey = il V7 e 2.3)
and
ndj— 5 +w(/l o )

A" Dl 05 gy = Wil [/ . 2.4)

For convenience of this paper, we define the dilation index in (2.3) and (2.4) by
1 B ~ 1

d(d,q,a,B) = nd — é +a(d+-), d;q;a, q]_,fa’,) =nd; - & +a(d; + —).

q q q q j

Lemma 2.2. Assume that real parameters q, q;, A, Aj, B, B with j = 1,2,...,m are the same as in

d(j.q .55 .y -
Lemma 2.1, a +n > 0. Then we have |x|,”"™"" * ~ € B4(Q0, |xly ,1x]," ). Moreover,
: —my—A
Ay gy, 20 (I-p™™
|xl, = — - (2.5)
B‘iij(Q}lﬂlxln’lxlpq ) (1 _ —(a/+n)) J tij(l _ —(qj/lj+1)(a+n))qj

Lemma 2.3. Assume that real parameters q, q j, A, A, B, Bjwith j = 1,2,...,m are the same as in

dd1q;, 4jBj
Lemma 2.1, a +n > 0. Then we have |x|, K ¢ g (@, Ixly . X, ). Moreover,
d(Ajq).a (I-p™)Y
|1, o =maxql, 1 = (- (2.6)
L afg e, T ) (1 = priem) i (1 = pr@tDiam)s
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Theorem2.1.LetaeR,1<q<qj<oo,%]:ql]+---+ql,/1:/11+---+/1m,,3:ﬁ1+...+ﬁm,

—5 <a; <0, —611 <A< 0with j =1,2,...,m, f; be a radial function in qu’ﬂf(Q;’,, |x|g,|x|p7). We
obtain

”Tp (.fl’ fm) ()C)”Bq i(Qn le" mﬁ) < C 1_[||f|| qjPj s (27)
=1 BUI Qi 1x(%1x, T )
where C? is the constant defined by (2.1). Moreover, if @ +n > 0 and gAd = g1y = - -+ = gy, then CP
is the sharp constant in (2.7), then
WT? (fis.es fin) (O] 98 =C".

.’/l. . v
[T7L, B9 (@Il )= BEAQ 1[5 Jxf))

Theorem 2.2. Assume that the real parameters q, q;, A, A; y B, Bj with j = 1,2, ...,m are the same as in
4P

Theorem 2.1, f; be a radial function in LY I(Qp, |x|p ,1xl,? ). We get

W7 (frseees o) O g o oy < €7 : Bi s (2.8)
Jived L@ty 1:1[ ”fj||qu’”f(QZs|xl;ﬂ|x|:J"J
where C? is the constant defined by (2.1). Moreover, if « + n > 0 and gl = g1 A1 = - -+ = guAd,n, then CP
is the sharp constant in (2.8), and we have

W77 (fisees fon) (Ol aj6; =C".

.,/l. -aq J
[Ty L9775 (@l )= LI 05 x15)

Corollary 2.1. Assume that the real parameters q, q;, A, ;, B, B with j = 1,2, ..., m are the same as in

Theorem 2.1, f; be a radial function in qu’ﬂf(Q;, |x|g Nxlp,? ). Assume also that d(4;, q}, a, q,TB,) +n>0.
4B

Then T} is bounded from HT:1 B"-/”AJ’(QZ, XI5, Ixl," ) to B’M(QZ, |x[ » |x|f,). Furthermore, if @ + n > 0,

then

1—py"
|77 (i oo ) ) i (1-p™)

P
17, B @l )= BIAQ L, |xP> T2, (1 = p~ @ aeag-ny

(2.9)

4jB;

The weighted Morrey space L4+ (Q”, leg xlp,? ) is similar.

Corollary 2.2. Assume that the real parameters q, qj, A, A, 5, B with j = 1,2, ...,m are the same as
4P
in Theorem 2.1, f; be a radial function in BY J(QP, |x|p X, ). Assume also that d(4;,q;, a, q’ﬂ’) +
4P

n >0 and d(A,q,@.,B) < 0. Then T} is bounded from [1'L, BUY(Q%, [x|% x|, ) to BE1(QY, |x[5, |x5).
Furthermore, if @ + n > 0, then

T2 (fio oo fi) )] »

T2, B (@3, T )= BIAQ {3 Jxf)

1 T kg
=(1 - py" Z Z Z R T lj:[pk,(d(a,/,q_, 155y 1) (2.10)

k1=—00 ky=—00
By 0=y - .
=X B .
(1 = pletand) [T, (1 = it
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4jB;

The weighted Morrey space L4+ (QZ, |x|g , |x|pT) is similar.
2.1. Sharp bound for the p-adic integral operator with kernel
4jBj
Proof of Lemma 2.1. We only prove the scaling in qu”lf(Qg, lez ,1xl," ), as the other case is similar.

By computing, we obtain

B »

A e
L73(@p Il Jd @ )

—/lj—% L
J
= sup ( | IxIde) ( I dx)
acQ}y,y€Z \J B, (a) B, (a)
1 n
_n_bi o A qj qj, 4P 9j
=ly %7 sup |x[%dx 1 @|" |l dz
aeQ},yeZ \Jx—dal,<p” |lyilpz=al ,<p”
_q—-L 1
Bj 7 q; 3. qj
=L +a(d+1) / qj, 4P /
=[y, "7 sup l2ldz 1 @[ el dz
acQh,yeZ ||yj|pz—a|p<p7 ||yj|pz—a|p<m

Q-1
N 7 aj, 4P aj
|x[%dx | " 1x 7 dx
By+10gp \yj\p (a/lyjlp) By+10gp \yj\p (a/l)/jlp)

qjﬁj .
L T xlS1x, T )

qiB;j
ddiq:, ’#
=[yjl @275 qup
aeQZ,yeZ

iy

This finishes the proof of Lemma 2.1. O

Next, we will give the proofs of Lemmas 2.2 and 2.3.

"Jﬂj
Proof of Lemma 2.2. For the case when a +n > 0, let £(x) = [xl, """ "¢ for all x € @\ {0} and

2j8j
fi(0):=0(j=1,2,...,m). Then for any B, = B(0, p”), we need to show that f; € Bz"’ﬂj(Q;’J, x5 [xl,* ).
By computing, we have

||fj || q,-;a_,-
B (@,

1
(@} aqlﬁ] Wi aj
=sup f |x|“dx) ( f bl T dx)
YEL B,
_1 L
Y (Y ]
sap| D [ s |3 [ g
yeZ - Sy

—00 k'=—oc0
1
y 7
_ ka (A;qi(a+n)+a)k’
—51615 Z p j; dx] (Z p i f dx]
k4 k=—c0 k k'=—00
Y A= ql i
=sup Z pka X pkn(l _ p—n)] ( Z p(/l,q,(a+n)+(y)k’ % pk n(l p ))
YeL \j=—oo k'=—c0
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Y _/lj_qij b4 ’ %
=(1 - p—n)—ﬂj ( Z pk(a+n)J ( Z p(qjﬂj+1)(a+n)k) .

k=—00 k' =—o00

Sincea+n>0and 1 +g;4; > 0, we have

i @k p(a+n)y(1 _ (p—(a+n))oo) _ p(a+n)y
p =
p—

1- p—(fl*'") - 1= p—(a+n)’
Z @A+ D@k p(q,/l_,+l)(a+n)y(1 —(p @4+ 1 (@+n))eoy ~ p(q,A_,+1)(a+n)y
k,:_oop - 1 — p~ajdj+Dla+n T 1 = praA D

Notice that (& + 1) y(=4; = ;) + ;-¥(q;4; + 1) (@ + n) = 0, so we obtain

(I-p™
17l = — — < co. @2.11)
BUI@ i, T (] = ptamy T (] @i i)
4j8j
Using (2.11), we have that f; € qu'ﬂf(Q;’,, |x|g Xl ).
This finishes the proof of Lemma 2.2. O

.
Proof of Lemma 2.3. For the case when a +n > 0, let f;(x) = xfy """"* for all x € Q2\{0}

and f;(0) := 0(j=1,2,..,m). Then for any B,(a) = B(a,p”), we need to show that f; €
L (Q}, Ix07 121, ). We will consider the following two cases:

(1) If |al, > p” and x € B, (a), since |x —al, < p?, it follows that |x|, < max{|x —al,,lal,} = lal, > p”.
Thus, we have

”fJ” L

LIT (@ Jadg Jd, )

A3 98 G \&
o ([ (e
= ‘ :
ez \Jp@ o
_/lj_% qi
= sup (f |Cl|adx) ! (f |a|”/l_/qj+a(/l./q_i+1)dx) J
- p
aQrez B By(@)
1 1
Q(=Aj= )+ 35 gy 1) Ty 4
= Sup |a|p J j dx dx
aEQ;!YEZ B,(@ 5

A -4 A; —nds . .y
= sup lal,” 1B, (@), = sup lal,” x p™ < (p)"V x pT = 1.
agQy,yeZ acQ} yeZ

(ii) If |a|, < p” and x € B, (a), since |x —al, < p” and |a|, < p?, then |x|, = max{|x —dl,,lal,} < p?,
so we have x € B,. For x € B,, then |x|, < p”, we have [x—a|, < p” and x € B, (a). So we have
B, (a) = B,, thus

-1 B, B, 1
N 7 djgpenLhyg; W0\
Il = sup [xlydx Il ], dx
LUSi@Qp I 1, T ) acQp,¥€Z \J By (a) By(a)
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—/lj—i 1

2 ndjgi+a(digi+l) , \Y

= sup (f |x|;dx) (f |, TS x|
yeZ B, B,

By the argument in the proof of Lemma 2.2, we have that for |a|, < p”, x € B, (a),

17 0 < 00, (2.12)
LA (@ %, T )
L
In conclusion, we can see that f; € L4t Q, |x|Z LX)
This finishes the proof of Lemma 2.3. m|

Proof of Theorem 2.1. First, we claim that the operator T7(f,.., f,,)(x) and its restriction to the
functions g(x) = g(le;l) have the same operator norm. In fact, set

fUx Epdé;, xe@h, j=1,..m.

I€j1p=1

g (x) = 1= p

Obviously, g; satisfies g; (x) = gj(|x|;,1), T7? (g1, ..., 8m) (x) is equal to

T? (g1, ..s 8m) (X)

:f K 1, oo Ym) (X5 y1) - Xl yddyn - - dy
Qnm

P

= 1
= K (yl, ceey ym) ( _ f(l |.x|_1 y |_1§)d§)dyl .. dym
Lﬁlf” l;[ L=p Jgp ™0 2
! f = ( 1. -1 )
e — K1y Ym) (x> [yl ENdE; Ndyy - - - dym
(1 _ p_n) Q;m (yl Yy l]:_ll . .f] p yj p é:j ‘g:j Y1 Y
1 m
= m K(y 9 ey )’m) (f f’(|X|_1 Z~)|y~|_ndz )dy PP dym
A=p" Jgp 1]:_1[ SR e

1 . T _ .
=T, f f K(yil,' s ooes yml, ) l—lfj(|x|p1 zply,l " dyy - - - dymdzy - - - dz
A =p™" Jam Iy =il Jivul, =k, i

o I S ) R
= K(zil, s s lzml, ) | | fillxl, z)dty - - - dtyndzy, - - - dz
(1 - p_n)m Zm |tl|p:1 |tm|p:1 P g l;[ ! P

:fQ K@ty s za) il 20) - foul(20 2z - -~ dz
=TP(fi, wees ) (2.

In the fourth to fifth lines, we let z; = |y J-I;,lf ;. From the fifth to sixth lines, we perform an integral
permutation. In the sixth to seventh lines, we set y; = |z;|,'¢;. On the other hand, using the Holder’s
inequality, we conclude

-1
>

el o
BN @, T )
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~A= qj qiBj L

7 1 _ 27 4j
s [ wpas) ([ | [ s e 1, as)
yeZ \JB, B |1 =P I€j1=1

_/lj_% 1 4B -
:sup( f |x|;dx) — ( f f,-<|x|;1§j)d§j |x|p dx)
yeZ \JB, - P B, |Jjl=1

1 = q ~ =1 485 ‘117/
<1 —sup (f |x|“dx) (f f If( |x| ENITdE; (f dx) |x[, dx)
— P " yez B l€il=1 lgjl=1

1 _2’_6 " , i) %
=(1-p™) % sup f Ix|7dx f f Il €19 dE; |xd,? dx)
Y€eZ B, By, JI§jl=1
1 _Af_qij 48; #
=(1=p™) % sup f |x|5dx f f @I 1] dzj1x] dx)
YezZ By By Jlzjlp=Ix,

1

1 1
J q; ' qj
=(1-p™) % sup f |x[5dx f f |x[," lep a’xlfj(zj)qudzj)
YyEZ B, 1xl,=lzjlp
-1 1
L T _ _ 9B 4B ) aj
=(1-p™) ¥ sup f xlpdx f f 21,5zl el |Je<z,->|qf|z,~|;dt,-dz,-)
yez \JUB, B, Jitjl=1

_1.—-L L
7a 4B aj
=sup (f |x|zdx) (f |fi(@ )%zl de)
YEL B B,

Y

=||f,|| N 4B -
BN (@3, T )

From the third to fourth lines, we apply Holder’s inequality. In the fifth to sixth lines, we let z; = |x|1;1 ;.
From the sixth to seventh lines, we perform an integral permutation. In the seventh to eighth lines, we
set x = |z;[,'t;. Therefore, we have

\\” (fb ooy ﬁ")lquf‘ﬂf(QZ,lxlg,lxli) \r» (gla ooy gm)l|B‘1jv4j(Q7)m’|x|g’|xﬁ))

X
m m
=1 ”f]” . 4B j=1 ”81” . 4jBj
BUI(@Qp xS 0x, T ) BUI Qx5 14, )

’

which implies that the operators 77 and their restriction to the function g satisfying g;(x) = g j(lxl;])

have the same operator norm in B‘”(Q’;, |x|; , |x|§). So without loss of generality, we assume that
L
fi€ B"f'”lf(Q;, |x|Z ,1xl,? ) with j = 1,2, ..., m satisfies that f; (x) = fj(lxll_,]) in the rest of the proof.
The following sequence is obtained by Minkowski’s inequality and Holder’s inequality; notice that
sttt A=At A f= P+ B then L4k = Tand f(lxl, ) = fGrlylD,
thus we have

”Tp (fl7 (X3 fm) (-x)HBq,/l(Qn |x|a |x|ﬁ)

op( 5] ([ o] ]

<Sug(j; IXIZdX) f (f DB IK (1, ) fr(ad, y1) - I, ym)|qu) dyi -+ dyn
0\,
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B
f Xl K s ey fillx y0) - fullx yuddys - - dy,



14021
-1 1
:sug)f K1,y Ym) f legdx) (f |x|f,|f1(x|y1|;1)"'fm(xlyml;])lqu) dyy -+ dyp
»)/> Qﬂ”‘l B,y B

Ay m Wi \@
<Supf Ky, ym) f |x|“dx) (f |fi(xlyl, 14 |x],,° dx) dy; -+ dy,
y>0 Jomm

m L a8 %
:supf K1y ey Yim) \l(f |xlgdx) (f |f](x|yj|1—71)|qj x|, * dx) dyy -+ - dy,
>0 Japn -1 \Js,

< f@ KOy | G sy dyp,
P =1

.,/l . q
B QI3 I,

Using Lemma 2.1, we can deduce that

m
d(1j.q;..~,
ITPCFis s ) OOl g sy < f K iy ¥m) ﬂ 1 g dya| JI5l »
Q" j=1 B (Qp Al lxl, T )
[
j=1 B (@l lxl, T )
Now, we will show that the operator norm of T7(f, ..., fi,,)(x) 1s equal to C?. Taking

d(dj,q;., —)

.f_l |p ,j=1,2,...,m.

a8
Since a + n > 0, using Lemma 2.2, then f; € qu’ﬂf(QZ, |x|§," ,1xl," ), we calculate that

TP (fis s o) (%) = f K 1, cym) fillxl," y0) - fullx, ! yiddyn - - dy
Q

P

4;
= f K (yl, . ym) 1_[ (lxlp |yJ|p)d(/1/ 4 )dyl s dym
Q"
d 277
=P n 1l (Aj.qj.a —CP |X|Z(/I,q,a,ﬁ).

Since/l:/11+~-+/lm,é:qu+---+qim,q/l:q1/ll:---:qm/lm,wehave

”Tp (fl’ ) fm) (x)l|Bq_/s/‘_j(Q;,|x|(pv,|x|§)

-1 1

q q

=sup ( f le‘;dx) ( f |CP lei“"”"’ﬁ) K |x|f, dx)
yeZ B B,

Y

-3 1
_Cpsup (f |x|0‘dx) (f |x|nq/l+a(q/l+1) dx )
Y€EZ B

m L
=CPsu f |X cxdx) ‘1 (f | |nq,/l jra(qd; +1)d ) /'
[ [(f, e ;

AIMS Mathematics Volume 10, Issue 6, 14012-14031.



14022

Notice that (l’lq//lj + Cl(qj'/lj

17" (fi

m

—cr|]
j=1

m

—cr[]
j=1
m

=C?

j=1

In the first to second lines,

115

+1)+ n)qij +(n+a) (-4, - qij) = 0, we obtain

9 oee fm (X)”Bq, /( nlxlar |x|,8)
nqjdj+a(q;dj+1) 4
SUP(f vil, dy,) ( byl dy )
V€L
1
B |4 qa;Bj qj
ddg 4j ./) ajPj J
sup[ |21 dZJ) ( 2l lzjlp" dz;
V€L
Lﬁf .
B @ IxG 0, T )

we let x; = p~”y;. From the second to third lines, we lety; = z;p?/. Through

the above steps, we have completed the proof of Theorem 2.1. It is

177 (fis oo

Proof of Theorem 2.2. Th

4jB;

= CP.
)= BEA(Q|x(3.Ixlp)

Jm) (Ol

4j8j
A
n;(l:] B J(Q;’lxlzalxll) K

O

e previous step is similar to the proof of Theorem 2.1, using Lemma 2.3, then

fi € L5(Qn, |l 1xl,* ), finaly we obtain that
P
T (fl,---,fm) (x)l|qu’ﬂ-/(QZ,|X|$,|X|€,)
-1 1
! dA.q.aB) !
= sup Ix|%dx ICP |l 0P |7 |l dx
acQ)yyeZ \J By(a) By(a)
_/l_a =
I )
acQ),,yeZ \J B,(a) By(a)
/lj*% m 7
Aj+algidj+1
=CP sup n(f |Xjad.x]) n(f | Jlnqj jralgid; +)d ) .
acQ),yeZ B,(a) j=1 By (a)

Notice that (nq;4; + a(q;d; + 1) + m) - + (n+ ) (-1; = ;) = 0, we obtain
J J

1T (fr, s

=C? sup
aerﬂ,yeZ
m
(15
=1 4€Q

—CP

m
=C? sup
=1 4i€Qp.y €

AIMS Mathematics

Sm) (x)||Lq_/~4.i(Q;',,|x|‘;,|x|§)

m 7/117?
]_[( | ijli,’dyj)
j=1 By(pYa)
_/1.,._# %
/ ngjdj+a(gjAj+1) 7
( | |yj|gdy,-) ( [ ey )
B()(aj) BO(”/)

m i_
(f | |nqj/l j+a(gjd; +1)d )
Yj
1 Bo(p?a)

Jj=

4 ap

q;j ﬂ,) :
lzjlp" dz;

d(4j.qj.),
| ]|P

1
)qj
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q;Bj
d(Aj,qj.;, /j)

W\
| ]lp |Zj|[’q de

i
m i7g;
=C? n sup [f |zj|‘;dzj) (f
j=1 4€QpY€Z\V By (a;) By, (aj)
m
:CPH”JCJH o 95 -
j=1

A
LA T (@ Jalflxl, T )

In the first to second lines, we let x; = p™y;. From the third to fourth lines, we let y; = z;p?/. Through
the above steps, we have completed the proof of Theorem 2.2. It is

ITZ (frseees fon) Ol a8 = C”.

A
T, L9 @l T )= L9 QY Jlf Jat)

2.2. Sharp bound for p-adic Hardy operator
Proof of Corollary 2.1. Next, we will use the methods in [23]. If we take the kernel

K1, e Vi) = X001ymly<t) D15 w05 Vi) (2.13)

in Theorems 2.1 and 2.2, by a change of variables, it is easy to verify that T7(f,..., fu)(x) =
T{(fis .- f)(X), then T7(fi, ..., fw)(x) can be denoted by

TV (s oo fi) () = f| A ol s
LYl p <

respectively, then it is all reduced to calculating

m qiBj
d(2j.gj.a,~20)
P _ PAPT g
Cl—f | ||J|p dyy - -dyy.
1 ym)lp<] =1

To calculate this integral, we divide the integral into m parts. Let
Dl = {@l9~-~9ym) € QZ QZ : |}’1|p < 1,|Yk|p < |)’1|p,1 < k < m}9
Dl = {()’1, ---,ym) € Q; o Q?) : |yi|p < l,lyj|p < |yi|p,|yk|p < |yi|p,1 < .] <i<k< m}a
Dm = {(y1’ aym) € QZ : QZ : |}’m|,, < 1, |yj|p < |)’m|p, 1< .] < m}

It is clear that

D

(s

j = {(YI’ '-"ym) € QZ . QZ . |(y], ...,ym)lp < 1}’

duk e, "kﬁ")
k=1

~.
Il
—

and D;ND; =@ (@ # j). Let

/

m m m
dgra, qkﬁk)
ct= 0 :zf el i dyn.
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Now, let us calculate /;, j = 1,2, ...,m. Since d(4;,q;,a, q’ﬂ’) +n > 0,thend(4,q,a,B) + mn > 0, so
we have

d(Ayegieer, BEL )
f ﬂ| ey dy, -+ - dyy
Dy

L dgea, 2
IIIMp dym - - dy,
i<l |yz|,,<|y1|,, ymlp<vily k=1
d(d1.q1.0, 180 d(Agegcr, B2k
- f il [ [ o dyk]dyl
yilp<1 k=2 ~ il <vil,

log , [yl
d(dr.qr.a, 220 p ! d(Ap g, B2
= ily | klp dyi |dy:
il <1

m
k=2 t——oo
log,[yil,
/31 m (d
d(A.q1.0, 121 id(Ay, ’“ﬁk
— dk>@s
—f vil, | E p dyy. |dy:
|)’1|p\ k=2 |=—00 Si

_ (1 _ p—n)m—l
= HII?—Z (1 — —d(/lk,qk,a,qkﬂk/q)_n)

|y |d(/l ,4,0.3)+(m— l)ndy

Iyl ngl

(a-pmm
Z iddg.apyrm=tm [ gy
m (1 — prdaeaabila-n) Ml

3 1-p™"
- (1 — p—d(ﬂ,q,a,ﬁ)—mﬂ) HZLZ ( 1 - p—d(ﬂk,qk,mqkﬁk/q)—n)'

Similarly, fori = 2,...,m — 1, we have

B
Ao, 5 )
q
I = f [ Jvely ™"y -+ dy,,
Di }=1
i—1 . m
di.gir 21 dy g, 20 1—[ Ay qua, B
= | zlp | ]lp d)’; | klp dyk dyz
yilp<1 =1 Iy/lp<|y,|,, k=i+1 ~ Dl <lyil,
i—1 logplyil,— m log,,lyil
d( i, 2 p y d(qp 22 p g A qusr, 2 k)
= il | Vilp dy; kal k| dyi
il <1 j=1 u——oo k i+1 v——oo

i— 1 logplyllp m ]nglytlp

e d(di.gi.r, 220 q/ j ab
— (1 —p n)m 1 f | llp qi» @, 1—[ Z pu(d(/l/ NIRA )+n) l_[ Z pv(d(/lk Gk, )+n) d}’z
lyil,<1

k=i+1 v=—c0

oy WP
m 11—[]_ p—d(/lj,q],a, 7 )-n

(1-
d(,q.a, -1
- P f |yi|p( qap)+(m=n dyi
[Ti<k< i (1 = P_d(/lk’qk’a’T)_") lyil<1
<ks<m,k#i
Wi,

(1 _ p—n)m i— 11 p d(/lj,qj,(l’, q
J=

_ _ —d(Ae,qx, ’Lﬁk _
(1= praam) [ g e (1 = p~ 0007
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The case of i = m is similar to the previous step, and we have

m—1
qiB;j
_ A s, 2By d(Aj,9;.a,-L1)
I, = f [y A, 1D gy dy,,
[yml,<1 yjl<lyml,

j=!

qjP;
(1= p™)" [T p e

- q;8; :
(1 — p-dgapy-mn) H’}:ll a- p—d(Aj,qj,a,#)—n)

Now, we will calculate their sum, let

k
) _dk = Z _d(/lh q a, %ﬁl)

i=1

Ay = (a-p)
" (1 _ p—d(/l,q,a,ﬁ)—mn) HZ’ZI (1 _ p—d(ﬂk’qk,a,

aUBk_
q )—n

Notice that —d,, = —d (4, g, @, 8), then

m—1

Cr=n+) L+1,

i=2
=A, ((1 - p‘d| —’1) + (p‘dl—n - p_dz—Z") 4+ e+ (p— -1 —(m—1n _ p_dm—mn)) A (1 ) p_dm—mn)
= (1 - p_n)m
Hf—l (1- p_d(’lksqk,a,qkTﬁ")_n ’
This finishes the proof of Corollary 2.1. D

2.3. Sharp bound for p-adic Hilbert operator
Proof of Corollary 2.2. 1f we take the kernel

1
(L4l + -+ lymlp)"

KOty ym) = (2.14)

in Theorems 2.1 and 2.2, by a change of variables, it is easy to verify that T7(fi,..., fu)(x) =
Ty (fis .o f)(x), then T5(fi, ..., f,)(x) can be denoted by

TY(fis woos ) (%) = fQ SiQx v - Sl yuddy - - dyp,

o (1 |yl + -+ + [yml)™
respectively, then it is all reduced to calculating

i)

1 7 d(1j.qj.a,
Cy = ; ; il 7 dyr - dy.
2 Qu (1+|)’1|p+"'+|)7m|p)m1;[ P

After a series of simple operations, we have

+00 m B
1 (g0, 20
C”:f---f g | ||yj| P Ay - dyy
2 n n St (1 + |yl|; + -+ |ym|;)m j=1 P

P ky=—00
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ﬁj
Z Z Zf f A+l + ot ol )mn|j|du]q, Ty dy,

1=—00 kp=—00 km:_oo

2.0 Z Z (1+Pk'" ] kmn)ml—[pkd(/l,q,aqfﬁ/)f f dyy, -+ dy;

k1=—0c0 kp=—c0

Z Z Z 1+ pk|n 4 planyn Dpkjd(/lj’qj’a’%ﬁj) l;[pkjn(l —p"

kl =—00 kz——oo

m
(1 + pkln . +pkmn)m o

kl =—00 kz_—oo =

What we want to prove is that the sum of this series is bounded. Because it is a challenging problem to
calculate the sum of this series, we can indirectly prove that this series sum is bounded by an inequality.
Clearly,

[}

[max(1, [yil, -, [ymlp)]" = 1rg;_':gfn{l,lyj,, S+ ly + -+ lyal)™

Then we have

1 A0, 220
C”<D”=1f 7 ; sty dyy - dy
2 Q;‘l)m [maX(1,|y1|p,---,|ym|p)]m ﬂ J

So if we prove that D? is bounded, it means that Cg’ i1s bounded. Next, we refer to the methods in [7]
to calculate D?.
To calculate this integral, we divide the integral into m parts. Let

Eo = {1, s ym) € QX --- X Q) s Iyl < 1,1 <k <ml;
Er ={01, s ym) € QX -+ X Q) 2 yil, > Llyl, < il 1 <k <m;
Ei = {1, ym) € QXX Q2 yil, > LAyily < il s vl
Eyp = {01 s ym) € QX -+ X QG 2yl > Llyjlp < lyml, . 1

bl 1<) <icksnm

Its clear that

UEJ:QZX"'XQZ’
=0

and E,NE; =2 (i # j). Let

1 A g, “"‘*k>
= - [kl “dYm,
’ fE,. [max(1, [yl 5 s [Yml)]" n

then we have

S S 1 digpe )
=) J;:= f - - [Vl dyi -+ - dym.
JZ::‘ ’ ; g, [max(L, [yl oo lymlp)1™ l—[
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Now, let us calculate J;, j = 1,2,...,m. Since d(4;, g;, @, q"g’) +n > 0, we have

- d(Ag.qua, 2% - deqire, qkﬁk)
JOZH [Vl )’k:l—[ |k| Vi
k=1 v bulp<l k=1
m
[ [ D praa i p‘"))

[=—00

(1 — p )
H;cnzl (1 — p_d(/lk,qk,(l,%)_n *

i=—0o0

For j =1,sinced(4,q,a,B) <0,d(1,q,a, qlTﬂ‘) + n > 0, then we have

d(qu, qkﬁk)
el - dyy
f [max(l, |y1|,,,.. vl )]mﬂ ‘ M

d(1,q1,, qlﬁl) —-mn d(Ak,qr,, qkﬂk
il ]_[ el dy |y,
yil,>1 k=2 \Yl,<l,

—nym—1
_ a-p™ ly, [{aBn
m —-d(4, 1% M)—n Y1 P Y1
", (1 -p lo Qi@ =4 ) y1l,>1

By ( f Iy [SE@O7 gy — f [ dyl)
y1l,<eo |y||,,<1
+o0
dQ, m
= f|)’|(qaﬂ)"dy— f|y|(qaﬁ)ndy

l_—OO

= Bm Zf |y1|1d)(/l,q,(x,,8)—ndyl =
j=1vYS,

(1 _ p—n)m pd(/l,q,a,ﬁ)

B ’
(1 = pletaad) [T, (1 = prieaeton)

where
(a-pm!
1—[ka2 (1 - p_d(/lk#kﬂstkﬁk/q)—n) :

Bm =
Similarly fori = 2,...,m — 1, we have

3. 2 m
digi, ) —mn d(Aj.qj.e ) (g, B2
Ji= |yi|p | | I ]lp dy} | | | klp dyk dyz
[yilp>1 i=1 Yyjlp<lil, k=i+1 ¥ Vlp,<lyil,

j=1
(1-p™" - =1 p‘d“mﬁm%ﬁj)—n f s
- [yi| S dy,;
[Ti<kem k#i (1- P_d(ﬂk’qk’a’%)_") lyil,>1 b

o WP
pd(/l,q,a,ﬁ)(l —n) H] L p —d(1).q),a,=—)=n

—d(A, gk, 7@ _ ’
(1 = paed) T e (1 = p 070
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When i = m, similarly to the previous step, we show that

a;B;j m
d(2}.qj.a, =) dAegra, qk ky
[vil, dy; Vil dyk dyn,
|yj|p<|yl|p k=i+1 ‘yk|p<|yl|

pd(ﬂ,q’mﬁ) 1-pm" ;;1 p—d(ﬂjﬂjsm%)‘”

(1 = ptteed) 5 (1

Now, we will calculate their sum, let

i-1

A sGim qmﬁm —
[ e
[ymlp

J=1

Iin

Bk )=n '
q

—n\m a k
(1-p™)" pttaed) 9B

aKb, ’ and - dk = d(/lh qi, @, )
(1 = pdhaap) H;("zl (1- p—d(/lk,qk @, Bk )~ -y 121: q

D, =

Notice that —d,, = —d (4, q, @, ), then

m—1

D" =Jo+ i+ ) Ji+

i=2

l_pd(ﬂqdﬁ) g —di— —dr—2 —dpyy —(m—1 ~dy—
=Dm(W+(1—p T A (P = ) e (T

1 B pdm —d,—mn — —mn
=Dm( i +1-p )=Dmp"'"(1—p )
A-p""d-p™)

= p < 00,
(1 — pdae) T, (1 - p—d(/lk,qka Wby

In conclusion, we prove that D is bounded, which also means that Cg is bounded, that is

400 m
“n ki(dA g0 22Dy )
rr $ S g [
=1

1=—00 kp=—00

Our results also show that D” is Hilbert’s bound. This finishes the proof of Corollary 2.2. O
3. Further results: sharp estimate for the Hausdorff operator

In this section, we will use the previous results to give the sharp bound for the p-adic m-linear
n-dimensional Hausdorff operator on p-adic weighted Morrey spaces.

Corollary 3.1. Assume that the real parameters q, q;, A, A, B, and B; with j = 1,2, ...,m are the same
as in Theorem 2.1, and a nonnegative function ® on R" satisfies

q)(yl" ,Ym) da 4hj
c”:f f by 1D gy, dy, < oo, 3.1)
" Ja Jo by valh 1—[ Y e

4jBj

then Ty is bounded from 1, B1"5(Q, |x[5 , |xI," ) to B#4 (@), |xl7, lef;).
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Furthermore, if @ + n > 0, then

P _ P
75 (frsooes f) )| ) o = Cy.
[T, B (@G Il T )= BEA@ xS )
4jB;

The weighted Morrey space L4+ (QZ, |X|Z , |x|pT) is similar.

Proof of Corollary 3.1. By achange of variables, the p-adic m-linear n-dimensional Hausdorff operator

becomes q)(y )
I‘l l m

According to the proof of Theorem 2.1 and Lemma 2.2, notice that there is no need to let f; be a radial
function, and we have

|75 i eees Si) @) ) = P < 0.
T, I (@ Jcl5 111, ¢ )—>Bq~‘(Q7,,|xIZ,IxI/,§)

4P
The weighted Morrey space qu’AI(QZ, leg ,|1x]," ) is similar, so we omit the details. This finishes the
proof of Corollary 3.1. O

4. Conclusions

First, the m-linear n-dimensional integral operator with a kernel has a sharp estimate. The sharp
estimate on central and noncentral p-adic Morrey spaces with power weighted is given by

TP (fis s frn) (O] a8
[Ty B @ I, T )= BA I Ixf))
=IT7 (frs er f) Ol 4jb;

.1/,*'
T17y L7 (@I, 7 )—)Lq’/‘(Q”,leg,lxli)

na; ——+a(
:f f K()’l, . aym) 1_[ |)’z q, dyl dym = Cp,

where the kernel K(yy, .., y,,) satisfies C? < oo.
Second, as an application, we derive the sharp bounds for the m-linear n-dimensional Hardy operator
and Hilbert operators on weighted Morrey spaces, that is

» (1-p™"
77 (frsoons ) D, s :
m g j» 4| A(O" [y —d(/l Q’M)—n
T, B (@l T )= BIAQG I M) [T, (- koot

and

T2 (fio oo fi) )] »

[T, B @3, T )= BIAQ {3 Jxf)

=(1=p7)" Z Z Z (1 + phin +1. 4 planyn li[l?k’(d(d"’q"a SR

k1=—00 ky=—00
By 0=y - .
=X B .
(1 = pletand) [T, (1 = it
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Finally, based on the previous result, we also find the estimate for the Hausdorff operator on
weighted Morrey spaces:

DY1yeeeVm) T o0 P
T2 Cfreeesfd) )| o F f f 1—nl—[|yj|dwq,, Sy, dy,:=CP,
e

m pdidicem | a q G.A(ON || nlylln"'ly |
[T B Q. Ixllxlp T y-BEA(Qp, I3 |x QW 1p mip izq
where the nonnegative function ® on R” satisfies Cj < co.
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