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1. Introduction

Let Cn×n (Rn×n) denote the set of all n × n complex (real) matrices and N = {1, 2, . . . , n}. For
A =

(
ai j

)
∈ Rn×n, we say that A is a nonnegative matrix if ai j ≥ 0 for all i, j. This fundamental concept

plays a crucial role in nonnegative matrix factorization (NMF), which has become an important tool
in machine learning applications. Researchers [1,2] have comprehensively documented the theoretical
foundations and practical implementation of NMF.
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For n ≥ 2, an n × n matrix A is said to be reducible if there exists a permutation matrix P such that

PAPT =

(
B C
O D

)
,

where B and D are square submatrices of order at least one. The matrix A is called irreducible if no
such permutation matrix exists. For the special case of a 1 × 1 complex matrix, A is irreducible if and
only if its single entry is nonzero.

Recall that a square matrix A is a nonsingular M-matrix if there exists an n × n nonnegative matrix
P and some real number s, such that

A = sI − P, s > ρ(P),

where ρ(P) is the spectral radius of P and I denotes the identity matrix. The set of nonsingular M-
matrix of order n is denoted by Mn[3].

Let A =
(
ai j

)
∈ Cn×n. The comparison matrix m(A) = (mi j) of A is defined by

mi j =

|aii|, i = j,

−|ai j|, i , j.

As is known, A is an H-matrix if its comparison matrix m (A) ∈ Mn.
Let α, β ⊂ N be nonempty ordered index sets. We denote by A(α, β) the submatrix of A ∈ Cn×n with

rows α and columns β, A(α) = A(α, α), and the principal submatrix when α = β. For a nonsingular
principal submatrix A(γ), where γ ⊂ N, the Schur complement of A with respect to A(γ) is defined as:

A/A (γ) = A (γc) − A (γc, γ)
[
A (γ)

]−1A (γ, γc) ,

where γc denotes the complement of γ. The classical Schur determinantal formula [4] provides the
fundamental relation:

det A/A(α) =
det A

det A(α)
. (1.1)

Given a matrix A =
(
ai j

)
∈ Cn×n, if

|aii| ≥

n∑
k,i

|aik| , i ∈ N, (1.2)

then A is (row) diagonally dominant. The matrix A is strictly diagonally dominant if for every i ∈ N,
the following strict inequality holds:

|aii| >

n∑
k,i

|aik| .

A fundamental result in matrix theory is that strictly diagonally dominant matrices are necessarily
nonsingular, and this nonsingularity property is inherited by all principal submatrices.

The matrix A is called a doubly diagonally dominant matrix [5] if

|aii|
∣∣∣a j j

∣∣∣ ≥ n∑
k,i

|aik|

n∑
k, j

∣∣∣a jk

∣∣∣, i , j, i, j ∈ N. (1.3)
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A is further said to be strictly doubly diagonally dominant if all inequalities in (1.3) hold for all distinct
i, j ∈ N.

Let A =
(
ai j

)
∈ Cn×n (n ≥ 2) and denote

J (A) =

i

∣∣∣∣∣∣∣∣∣∣|aii| >

n∑
k=1
k,i

|aik| , i ∈ N

 .
Suppose that α and β are nonempty index sets satisfying α

⋃
β = N, α

⋂
β = ∅. We define the partial

absolute deleted row and column sums as follows:

ri
(α) (A) =

∑
k,i
k∈α

|aik|, ri
(β) (A) =

∑
k,i
k∈β

|aik|.

When the index set α contains only one element (i.e., α = {i0}), we adopt the convention that
ri0

(α) (A) = 0. Similarly, ri0
(β) (A) = 0 when β = {i0}.

Recall that A is generalized doubly diagonally dominant if there exist proper subsets α, β of N, such
that α

⋃
β = N, α

⋂
β = ∅ and[

|aii| − r(α)
i (A)

] [
|a j j| − r(β)

j (A)
]
≥ r(β)

i (A)r(α)
j (A) (1.4)

for all i ∈ α, j ∈ β. See [6] for details. We call A a strictly generalized doubly diagonally dominant
matrix if all inequalities in (1.4) hold for all i ∈ α, j ∈ β.
Remark 1.1. When n = 2, generalized doubly diagonally dominant matrices reduce to the classical
doubly diagonally dominant case.
Remark 1.2. The generalized doubly diagonally dominant property is partition-dependent: a matrix
A satisfying (1.4) for specific subsets α and β may fail to satisfy the condition for alternative partitions.

Following the convention established in [6], we adopt identical notation for matrices of order n ≥ 2.

• Dn : Diagonally dominant matrices;
• S Dn : Strictly diagonally dominant matrices;
• DDn : Doubly diagonally dominant matrices;
• S DDn : Strictly doubly diagonally dominant matrices;
• GDDα,βn : Generalized doubly diagonally dominant matrices;
• S GDDα,βn : Strictly generalized doubly diagonally dominant matrices.

Upon examining condition (1.4), we observe that when the index set β (or analogously, α) is empty,
all terms involving r(β)

i (A) and r(β)
j (A) vanish. In this degenerate case, we may interpret the inequality

(1.4) as |aii| − r(α)
i (A) ≥ 0, which corresponds to A being diagonally dominant. Following standard

convention, we denote this special case as

GDDN,∅
n = GDD∅,Nn = Dn

and
S GDDN,∅

n = S GDD∅,Nn = S Dn.
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The study of matrix families often focuses on whether key properties or structures are preserved
under operations such as submatrix extraction or matrix transformations. Notably, several important
matrix classes exhibit inheritance properties. For example, both principal submatrices and Schur
complements of positive semidefinite matrices remain positive semidefinite [7]. Similar inheritance
holds for M-matrices, H-matrices, inverse M-matrices, diagonally dominant matrices, and doubly
diagonally dominant matrices, as demonstrated in [8–11].

In the context of developing divide and conquer algorithms for computing stationary distributions
of Markov chains, Meyer [12,13] pioneered the concept of Perron complements for nonnegative
irreducible matrices. Given a nonnegative irreducible matrix A ∈ Rn×n and nonempty subsets α and β,
satisfying α

⋃
β = N, α

⋂
β = ∅, the Perron complement of A(α) in A is formally defined as:

P(A/α) = A(β) + A(β, α)[ρ(A)I − A(α)]−1A(α, β). (1.5)

Meyer’s foundational work established two key properties. First, the Perron complement P(A/α)
inherits the nonnegativity and irreducibility of the original matrix A. Second, the matrices P(A/α) and
A share identical spectral radius, i.e., ρ(P(A/α)) = ρ(A).

In 2002, Lu [14] introduced a key modification by replacing ρ(A) with λ in Eq (1.5), thereby
proposing the generalized Perron complement of A with respect to A(α), defined as follows:

Pλ(A/α) = A(β) + A(β, α)[λI − A(α)]−1A(α, β), (1.6)

where λ > ρ(A(α)). Clearly, Pλ(A/α) is well-defined for λ > ρ(A(α)).
Lu proposed a novel methodology that exploits the relationship between the spectral radius of a

nonnegative irreducible matrix and its generalized Perron complement, establishing the following key
result:

ρ(Pλ(A/α))


< ρ(A), if λ > ρ(A),
= ρ(A), if λ = ρ(A),
> ρ(A), if ρ(A(α)) < λ < ρ(A).

The estimation of eigenvalue bounds via Perron complement techniques represents a fundamental
research direction with significant theoretical and practical implications. Extensive investigations have
yielded substantial advancements in this domain. For example, Perron complement matrices have
been utilized to refine eigenvalue bounds for Z-matrices [15]. In the case of nonnegative irreducible
matrices, Huang et al. [16–18] developed innovative Perron complement approaches that achieve
optimal spectral radius bounds.

Moreover, the Perron complement is a powerful analytical tool for investigating matrix properties
through its intrinsic relationship with the parent matrix. For specialized treatments of this approach
applied to particular matrix classes, we refer to the following comprehensive analyses in the literature.
Zhong and Zhao [19] rigorously investigated the extended Perron complements of M-matrices,
whereas Zhou and Huang [20] focused on Perron complements of inverse N0-matrices, building
upon Neumann’s earlier work [21] on inverse M-matrices. Fallat and Neumann [22] established
fundamental results regarding Perron complements of totally nonnegative matrices, which were later
generalized by Adm and Garloff [23] to broader matrix classes. Collectively, these studies provide
a rigorous theoretical framework for understanding Perron complements across different matrix
structures, highlighting their mathematical properties and potential applications.
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Building upon the theoretical framework developed in [8–11,20–23], we investigate the properties
of generalized Perron complements for strictly generalized doubly diagonally dominant matrices. In
Section 2, we establish that under appropriate conditions, the generalized Perron complements of
strictly generalized doubly diagonally dominant and nonnegative irreducible matrices retain strict
diagonal dominance as well as strict generalized doubly diagonal dominance. The theoretical results
are subsequently validated through two numerical experiments presented in Section 3. We conclude
with a summary of key findings in Section 4.

2. Major results

Our first theorem states that if A is a strictly generalized doubly diagonally dominant and
nonnegative irreducible matrix with respect to subsets α and β of N, then the generalized Perron
complement Pλ(A/α) is strictly diagonally dominant and nonnegative irreducible. Before proceeding
to the main theorem, we establish some pivotal lemmas, which are crucial in our proof process.
Lemma 2.1 [3]. Let A be an n × n nonnegative matrix, then

min
i

n∑
k=1

aik ≤ ρ(A) ≤ max
i

n∑
k=1

aik.

This lemma demonstrates that the spectral radius of a nonnegative matrix lies between its minimum
row sum and maximum row sum.
Lemma 2.2 [14]. Let A be an n × n nonnegative irreducible matrix and nonempty subsets α and β
satisfying α ∪ β = N, α ∩ β = ∅, then the generalized Perron complement Pλ(A/α) is nonnegative
irreducible for any λ > ρ(A(α)).
Lemma 2.3 [21]. Let A be an n × n nonnegative irreducible matrix and nonempty set α ⊂ N. For any
∅ , γ1, γ2 ⊂ α with γ1 ∪ γ2 = α and γ1

⋂
γ2 = ∅, the following holds:

Pλ(A/α) = Pλ (Pλ(A/γ1)/γ2) , λ ≥ ρ(A).

Building upon the foundation established in Lemma 2.3, the following result naturally emerges.
Lemma 2.4. Let A be an n × n nonnegative irreducible matrix and nonempty set α ⊂ N. For any
∅ , γ1, γ2 ⊂ α with γ1 ∪ γ2 = α and γ1

⋂
γ2 = ∅, the following holds:

Pλ(A/α) = Pλ (Pλ(A/γ1)/γ2) , λ > ρ(A(α)).

Lemma 2.5 [6]. Let A ∈ S Dn, S DDn, or A ∈ S GDDn. Then, m (A) ∈ Mn.
This lemma proves that the comparison matrices of strictly diagonally dominant (S D) matrices,

strictly doubly diagonally dominant (S DD) matrices, and strictly generalized doubly diagonally
dominant (S GDD) matrices are all M-matrices.
Lemma 2.6 [6]. Let A ∈ S GDDα,βn . Then, A (α) ∈ S D and A (β) ∈ S D.

Lemma 2.6 demonstrates that if A ∈ S GDDα,βn , then both A (α) and A (β) are strictly diagonally
dominant matrices.
Lemma 2.7 [6]. Let A ∈ Cn×n. If A ∈ S GDDα,βn , then α ⊆ J (A) or β ⊆ J (A).
Lemma 2.8 [3]. Given a nonnegative matrix A ∈ Rn×n, the spectral radius of any principal submatrix
Ak satisfies ρ(Ak) ≤ ρ(A).
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Lemma 2.8 demonstrates that the spectral radius of any principal submatrix of a nonnegative matrix
does not exceed that of the original matrix.

The first result of this paper is stated as follows.
Theorem 2.1. Let A =

(
ai j

)
∈ Rn×n be a nonnegative irreducible matrix and A ∈ S GDDα,βn . If

α ⊆ J(A) and λ ≥ 2|aii| for all i ∈ α,

then the generalized Perron complement

Pλ (A/α ) = A (β) + A (β, α) [λI − A (α)]−1A (α, β) , λ > ρ (A (α))

is nonnegative irreducible and strictly diagonally dominant. Moreover,

β ⊆ J(A) and λ ≥ 2|a j j| for all j ∈ β,

then the generalized Perron complement

Pλ (A/β ) = A (α) + A (α, β)
[
λI − A (β)

]−1A (β, α) , λ > ρ (A (β))

is nonnegative irreducible and strictly diagonally dominant.
Proof. We suppose that α = {i1, i2, · · · , is}, β = { j1, j2, · · · , jt} with s + t = n. Since A ∈ S GDDα,βn , by
Lemma 2.7, we have α ⊆ J(A) or β ⊆ J(A). Here, we provide the proof for the case where α ⊆ J(A);
the case β ⊆ J(A) follows analogously. Since

α ⊆ J (A) =

i

∣∣∣∣∣∣∣∣∣∣|aii| >

n∑
k=1
k,i

|aik| , i ∈ N

 (2.1)

and λ ≥ 2|aii| for all i ∈ α, we obtain

λ ≥ 2|aii| = |aii| + |aii| (2.2)

and

|aii| + |aii| > |aii| +

n∑
k=1
k,i

|aik| =

n∑
k=1

|aik| =
∑
k∈α

|aik| +
∑
k∈β

|aik| ≥
∑
k∈α

|aik|. (2.3)

From inequalities (2.2) and (2.3), we obtain

λ >
∑
k∈α

|aik|, i ∈ α.

This implies that
λ > max

i∈α

∑
k∈α

|aik|.

Combined with Lemma 2.1, we obtain

λ > max
i∈α

∑
k∈α

|aik| ≥ ρ(A(α)). (2.4)
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According to Lemma 2.2, the generalized Perron complement Pλ(A/α) is nonnegative and irreducible.
In the following section, we consider the strictly diagonal dominance of Pλ(A/α).
By λ ≥ 2|aii| for all i ∈ α, we have λ − |aii| ≥ |aii|. Furthermore, we obtain

λ − |aii| − r(α)
i (A) ≥ |aii| − r(α)

i (A) > 0, i ∈ α. (2.5)

The second inequality in (2.5) holds because for any i ∈ α

|aii| >

n∑
k=1
k,i

|aik| =
∑
k,i
k∈α

|aik| +
∑
k,i
k∈β

|aik| = ri
(α) (A) + ri

(β) (A)

and
|aii| − r(α)

i (A) > r(β)
i (A) ≥ 0.

Since λ − |aii| − ri
(α) (A) = λ −

s∑
k=1

∣∣∣ai,ik

∣∣∣ holds, applying inequality (2.5) yields

λ −

s∑
k=1

∣∣∣ai,ik

∣∣∣ ≥ |aii| − ri
(α) (A) > 0, i ∈ α. (2.6)

Therefore, it follows that
1

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ ≤ 1
|aii| − ri

(α) (A)
, i ∈ α.

According to the definition of r(β)
i (A), we have r(β)

i (A) ≥ 0, i ∈ α. Thus,

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ ≤ ri
(β) (A)

|aii| − ri
(α) (A)

≤ max
i∈α

ri
(β) (A)

|aii| − ri
(α) (A)

.

Therefore, it holds that

max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ ≤ max
i∈α

ri
(β) (A)

|aii| − ri
(α) (A)

. (2.7)

Denote the column vector

X = (x1, x2, · · · , xs)T = [λI − A (α)]−1

 t∑
k=1

ai1 jk ,

t∑
k=1

ai2 jk , · · · ,

t∑
k=1

ais jk

T

, (2.8)

or equivalently written as  t∑
k=1

ai1 jk ,

t∑
k=1

ai2 jk , · · · ,

t∑
k=1

ais jk

T

= [λI − A (α)] X. (2.9)
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Let xq = max{x1, x2, · · · , xs}, where xi denotes the i-th component of vector X. From Eq. (2.9), we
obtain the following result:

t∑
k=1

aiq jk =
(
λ − aiqiq

)
xq +

s∑
k=1
k,q

(
−aiqik

)
xk

≥
(
λ − aiqiq

)
xq +

s∑
k=1
k,q

(
−aiqik

)
xq

= λxq −

aiqiq +

s∑
k=1
k,q

aiqik

 xq

=

λ − s∑
k=1

aiqik

 xq.

According to inequality (2.6), we have

λ −

s∑
k=1

|aiqik | > 0, iq ∈ α.

Therefore, we obtain

xq ≤

t∑
k=1

∣∣∣aiq jk

∣∣∣
λ −

s∑
k=1

∣∣∣aiqik

∣∣∣ =
riq

(β) (A)

λ −
s∑

k=1

∣∣∣aiqik

∣∣∣ .
This implies that

xq ≤ max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ . (2.10)

Furthermore, we derive

X ≤

max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ ,max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ , · · · ,max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣


T

= max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ (1, 1, · · · , 1)T. (2.11)

Note that A(α) is nonnegative and that λ > ρ(A(α)) (by inequality (2.4)), so that λI − A(α) is an
M-matrix. This shows that [λI − A(α)]−1 ≥ 0.
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Since A ∈ S GDDα,βn , for all i ∈ α, j ∈ β, we have(
|aii| − r(α)

i (A)
) (
|a j j| − r(β)

j (A)
)
> r(β)

i (A)r(α)
j (A).

By inequality (2.6), for arbitrary i ∈ α, |aii| − r(α)
i (A) > 0, it consequently follows that

|a j j| − r(β)
j (A) >

r(β)
j (A)

|aii| − r(α)
i (A)

r(α)
j (A).

Thus, for arbitrary j ∈ β, we obtain

|a j j| − r(β)
j (A) > max

i∈α

r(β)
j (A)

|aii| − r(α)
i (A)

r(α)
j (A). (2.12)

Denote the element of Pλ(A/α) located in the jm-th row and jk-th column as (b jm jk). Thus, for any
jm ∈ β, we have∣∣∣b jm jm

∣∣∣ − t∑
k=1
k,m

∣∣∣b jm jk

∣∣∣
=

∣∣∣∣a jm jm +
(
a jmi1 , a jmi2 , · · · , a jmis

)
[λI − A (α)]−1

(
ai1 jm , ai2 jm , · · · , ais jm

)T∣∣∣∣
−

t∑
k=1
k,m

∣∣∣∣a jm jk +
(
a jmi1 , a jmi2 , · · · , a jmis

)
[λI − A (α)]−1

(
ai1 jk , ai2 jk , · · · , ais jk

)T∣∣∣∣
≥

∣∣∣a jm jm

∣∣∣ − (∣∣∣a jmi1

∣∣∣ , ∣∣∣a jmi2

∣∣∣ , · · · , ∣∣∣a jmis

∣∣∣) [λI − A (α)]−1
(∣∣∣ai1 jm

∣∣∣ , ∣∣∣ai2 jm

∣∣∣ , · · · , ∣∣∣ais jm

∣∣∣)T

−

t∑
k=1
k,m

[∣∣∣a jm jk

∣∣∣ + (∣∣∣a jmi1

∣∣∣ , ∣∣∣a jmi2

∣∣∣ , · · · , ∣∣∣a jmis

∣∣∣) [λI − A (α)]−1
(∣∣∣ai1 jk

∣∣∣ , ∣∣∣ai2 jk

∣∣∣ , · · · , ∣∣∣ais jk

∣∣∣)T
]

=
∣∣∣a jm jm

∣∣∣ − t∑
k=1
k,m

∣∣∣a jm jk

∣∣∣ − (∣∣∣a jmi1

∣∣∣ , ∣∣∣a jmi2

∣∣∣ , · · · , ∣∣∣a jmis

∣∣∣) [λI − A (α)]−1

 t∑
k=1

ai1 jk ,

t∑
k=1

ai2 jk , · · · ,

t∑
k=1

ais jk

T

=
∣∣∣a jm jm

∣∣∣ − t∑
k=1
k,m

∣∣∣a jm jk

∣∣∣ − (∣∣∣a jmi1

∣∣∣ , ∣∣∣a jmi2

∣∣∣ , · · · , ∣∣∣a jmis

∣∣∣) X (by Eq. (2.8))

≥
∣∣∣a jm jm

∣∣∣ − t∑
k=1
k,m

∣∣∣a jm jk

∣∣∣ − (∣∣∣a jmi1

∣∣∣ , ∣∣∣a jmi2

∣∣∣ , · · · , ∣∣∣a jmis

∣∣∣) max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣ (1, 1, · · · , 1)T (by (2.11))

=
∣∣∣a jm jm

∣∣∣ − t∑
k=1
k,m

∣∣∣a jm jk

∣∣∣ −max
i∈α

ri
(β) (A)

λ −
s∑

k=1

∣∣∣ai,ik

∣∣∣
s∑

k=1

∣∣∣a jmik

∣∣∣
≥

∣∣∣a jm jm

∣∣∣ − t∑
k=1
k,m

∣∣∣a jm jk

∣∣∣ −max
i∈α

ri
(β) (A)

|aii| − ri
(α) (A)

s∑
k=1

∣∣∣a jmik

∣∣∣ (by (2.7))
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=
∣∣∣a jm jm

∣∣∣ − r jm
(β) (A) −max

i∈α

ri
(β) (A)

|aii| − ri
(α) (A)

r jm
(α) (A)

>0. (by (2.12))

The above proof demonstrates that Pλ(A/α) is strictly diagonally dominant. This completes the
proof.

Our first main result (Theorem 2.1) demonstrates that the generalized Perron complement of a
strictly generalized doubly diagonally dominant (S GDDα,βn ) matrix inherits strict diagonal dominance
when certain structural conditions are satisfied. We now extend this analysis to prove a more
comprehensive property.
Theorem 2.2. Let A =

(
ai j

)
∈ Rn×n be a nonnegative irreducible matrix and A ∈ S GDDα,βn . If

α ⊆ J(A) and λ ≥ 2|aii| for all i ∈ α,

then the generalized Perron complement Pλ(A/γ) is nonnegative irreducible and strictly generalized
doubly diagonally dominant for any proper subset γ of α. Moreover,

β ⊆ J(A) and λ ≥ 2|a j j| for all j ∈ β,

then the generalized Perron complement Pλ(A/γ) is nonnegative irreducible and strictly generalized
doubly diagonally dominant for any proper subset γ of β.
Proof. We suppose that α = {i1, i2, · · · , is}, β = { j1, j2, · · · , jt} with s + t = n. Since A ∈ S GDDα,βn , by
Lemma 2.7, we have α ⊆ J(A) or β ⊆ J(A). Here, we provide the proof for the case where α ⊆ J(A);
the case β ⊆ J(A) follows analogously. Let

α ⊆ J (A) =

i

∣∣∣∣∣∣∣∣∣∣|aii| >

n∑
k=1
k,i

|aik| , i ∈ N

 . (2.13)

From inequality (2.4), we obtain

λ > ρ(A(α)).

Additionally, since γ ⊆ α and A(α) is nonnegative, according to Lemma 2.8, we have ρ(A(α)) ≥
ρ(A(γ)). Therefore, we derive λ > ρ(A(γ)). It follows from Lemma 2.2 that the generalized Perron
complement Pλ(A/γ) is nonnegative irreducible.

Next, we prove the strictly generalized diagonal dominance of Pλ(A/γ). The proof proceeds by
considering two distinct cases.

Case 1. γ contains only one element.
If γ = {i1} = α, by Theorem 2.1, we obtain

Pλ(A/γ) = Pλ(A/α) ∈ S Dn−1 = S GDD∅,βn−1.
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If γ = {i1} ⊂ α, for any fixed jh ∈ β and im ∈ α − {i1}, let

A′ =



λ −
∣∣∣ai1i1

∣∣∣ −ri1
(α) (A) −ri1

(β) (A)

−
∣∣∣aimi1

∣∣∣ ∣∣∣aimim

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣aimik

∣∣∣ −rim
(β) (A)

−
∣∣∣a jhi1

∣∣∣ −
∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣ ∣∣∣a jh jh

∣∣∣ − r jh
(β) (A)


. (2.14)

Through direct computation, we obtain the Schur complement of A′ with respect to A′(1) as follows:

A′/A′ (1) =



∣∣∣aimim

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣aimik

∣∣∣ − ∣∣∣∣∣∣ aimi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(α) (A) −rim

(β) (A) −

∣∣∣∣∣∣ aimi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(β) (A)

−
∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣ − ∣∣∣∣∣∣ a jhi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(α) (A)

∣∣∣a jh jh

∣∣∣ − r jh
(β) (A) −

∣∣∣∣∣∣ a jhi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(β) (A)


.

Because A ∈ S GDDα,βn , for i1, im ∈ α, jh ∈ β, we have[∣∣∣ai1i1

∣∣∣ − ri1
(α) (A)

] [∣∣∣a jh jh

∣∣∣ − r jh
(β) (A)

]
≥ ri1

(β) (A) r jh
(α) (A)

and [∣∣∣aimim

∣∣∣ − rim
(α) (A)

] [∣∣∣a jh jh

∣∣∣ − r jh
(β) (A)

]
≥ rim

(β) (A) r jh
(α) (A) ,

that is [∣∣∣ai1i1

∣∣∣ − ri1
(α) (A)

] [∣∣∣a jh jh

∣∣∣ − r jh
(β) (A)

]
≥ ri1

(β) (A)

∣∣∣a jhi1

∣∣∣ +∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣
 (2.15)

and ∣∣∣aimim

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣aimik

∣∣∣ − ∣∣∣aimi1

∣∣∣

[∣∣∣a jh jh

∣∣∣ − r jh
(β) (A)

]
≥ rim

(β) (A)

∣∣∣a jhi1

∣∣∣ +∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣
 . (2.16)

According to λ ≥ 2|aii| for all i ∈ α and Eq. (2.13), we derive

λ −
∣∣∣ai1i1

∣∣∣ ≥ ∣∣∣ai1i1

∣∣∣ > 0. (2.17)

Since A ∈ S GDDα,βn , it follows from Lemma 2.6 that A(α) ∈ S D, A(β) ∈ S D. This shows that for
i1 ∈ α, jh ∈ β, we have ∣∣∣ai1i1

∣∣∣ − ri1
(α) (A) > 0 (2.18)

and ∣∣∣a jh jh

∣∣∣ − r jh
(β) (A) > 0. (2.19)

From inequalities (2.17) and (2.18), we obtain

λ −
∣∣∣ai1i1

∣∣∣ − ri1
(α) (A) ≥

∣∣∣ai1i1

∣∣∣ − ri1
(α) (A) > 0. (2.20)
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Therefore, combining inequalities (2.19), (2.20), and (2.15), we obtain[
λ −

∣∣∣ai1i1

∣∣∣ − r(α)
i1

(A)
] [∣∣∣a jh jh

∣∣∣ − r(β)
jh

(A)
]
≥

[∣∣∣ai1i1

∣∣∣ − r(α)
i1

(A)
] [∣∣∣a jh jh

∣∣∣ − r(β)
jh

(A)
]

≥ r(β)
i1

(A)

∣∣∣a jhi1

∣∣∣ +∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣
 . (2.21)

According to inequalities (2.16) and (2.21), we observe that

A′ ∈ S GDD{1,2},{3}3 .

Moreover, it is straightforward to observe that A′ = m(A′). Since A′ ∈ S GDD{1,2},{3}3 , it follows from
Lemma 2.5 that A′ = m(A′) ∈ M3. Consequently, we derive

det A′ > 0. (2.22)

Identify the (m, h)-entry of Pλ(A/γ) by bim jh . Upon computation, for im, jh ∈ N \ γ, we obtain

∣∣∣bimim

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣bimik

∣∣∣

∣∣∣b jh jh

∣∣∣ −∑
u,h
ju∈β

∣∣∣b jh ju

∣∣∣
 −

∑
ju∈β

∣∣∣bim ju

∣∣∣ ∑
k,1
ik∈α

∣∣∣b jhik

∣∣∣

=


∣∣∣∣∣∣aimim +

aimi1ai1im

λ − ai1i1

∣∣∣∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣∣∣∣aimik +
aimi1ai1ik

λ − ai1i1

∣∣∣∣∣∣
 ×


∣∣∣∣∣∣a jh jh +

a jhi1ai1 jh

λ − ai1i1

∣∣∣∣∣∣ −∑
u,h
ju∈β

∣∣∣∣∣∣a jh ju +
a jhi1ai1 ju

λ − ai1i1

∣∣∣∣∣∣


−
∑
ju∈β

∣∣∣∣∣∣aim ju +
aimi1ai1 ju

λ − ai1i1

∣∣∣∣∣∣ ∑
k,1
ik∈α

∣∣∣∣∣∣a jhik +
a jhi1ai1ik

λ − ai1i1

∣∣∣∣∣∣
≥

∣∣∣aimim

∣∣∣ − ∣∣∣∣∣∣aimi1ai1im

λ − ai1i1

∣∣∣∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣aimik

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣∣∣∣aimi1ai1ik

λ − ai1i1

∣∣∣∣∣∣
 ×

∣∣∣a jh jh

∣∣∣ − ∣∣∣∣∣∣a jhi1ai1 jh

λ − ai1i1

∣∣∣∣∣∣ −∑
u,h
ju∈β

∣∣∣a jh ju

∣∣∣ −∑
u,h
ju∈β

∣∣∣∣∣∣a jhi1ai1 ju

λ − ai1i1

∣∣∣∣∣∣


−

∑
ju∈β

∣∣∣aim ju

∣∣∣ +∑
ju∈β

∣∣∣∣∣∣aimi1ai1 ju

λ − ai1i1

∣∣∣∣∣∣
 ×


∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣ +∑
k,1
ik∈α

∣∣∣∣∣∣a jhi1ai1ik

λ − ai1i1

∣∣∣∣∣∣


=

∣∣∣aimim

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣aimik

∣∣∣ −∑
k,1
ik∈α

∣∣∣∣∣∣aimi1ai1ik

λ − ai1i1

∣∣∣∣∣∣
 ×

∣∣∣a jh jh

∣∣∣ −∑
u,h
ju∈β

∣∣∣a jh ju

∣∣∣ −∑
ju∈β

∣∣∣∣∣∣a jhi1ai1 ju

λ − ai1i1

∣∣∣∣∣∣


−

∑
ju∈β

∣∣∣aim ju

∣∣∣ +∑
ju∈β

∣∣∣∣∣∣aimi1ai1 ju

λ − ai1i1

∣∣∣∣∣∣
 ×


∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣ +∑
k,1
ik∈α

∣∣∣∣∣∣a jhi1ai1ik

λ − ai1i1

∣∣∣∣∣∣

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=

∣∣∣aimim

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣aimik

∣∣∣ − ∣∣∣∣∣∣ aimi1

λ − ai1i1

∣∣∣∣∣∣ ∑
k,1
ik∈α

∣∣∣ai1ik

∣∣∣
 ×

∣∣∣a jh jh

∣∣∣ −∑
u,h
ju∈β

∣∣∣a jh ju

∣∣∣ − ∣∣∣∣∣∣ a jhi1

λ − ai1i1

∣∣∣∣∣∣∑
ju∈β

∣∣∣ai1 ju

∣∣∣


−

∑
ju∈β

∣∣∣aim ju

∣∣∣ + ∣∣∣∣∣∣ aimi1

λ − ai1i1

∣∣∣∣∣∣∑
ju∈β

∣∣∣ai1 ju

∣∣∣ ×

∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣ + ∣∣∣∣∣∣ a jhi1

λ − ai1i1

∣∣∣∣∣∣ ∑
k,1
ik∈α

∣∣∣ai1ik

∣∣∣


=

∣∣∣aimim

∣∣∣ − ∑
k,1,m
ik∈α

∣∣∣aimik

∣∣∣ − ∣∣∣∣∣∣ aimi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(α) (A)

 ×
(∣∣∣a jh jh

∣∣∣ − r jh
(β) (A) −

∣∣∣∣∣∣ a jhi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(β) (A)

)

−

(
rim

(β) (A) +

∣∣∣∣∣∣ aimi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(β) (A)

)
×


∑
k,1
ik∈α

∣∣∣a jhik

∣∣∣ + ∣∣∣∣∣∣ a jhi1

λ − ai1i1

∣∣∣∣∣∣ ri1
(α) (A)


= det

(
A′/A′ (1)

)
=

det A′

det A′ (1)
(by Eq. (1.1))

=
det A′

λ −
∣∣∣ai1i1

∣∣∣
>0. (by (2.17) and (2.22))

Therefore, for γ = {i1} ⊂ α, we obtain

Pλ (A/γ ) = Pλ (A/i1 ) ∈ S GDDα−{i1},βn−1 .

Case 2. γ contains two elements. Without loss of generality, let γ = {i1, i2} ⊆ α. Applying Lemma
2.4, we have

Pλ (A/γ ) = Pλ (Pλ (A/i1 )/i2 ) ∈ S GDDα−{i1,i2},βn−2 .

If γ contains more than two elements and γ ⊆ α, we can deduce, by induction, that Pλ(A/γ) ∈
S GDD.

3. Numerical examples

The following numerical examples serve to validate the theoretical results established in Theorems
2.1 and 2.2.
Example 3.1. Consider nonnegative irreducible

A =


4 2 0
4 6 2
4 0 4

 ,
and it has been verified that matrix A ∈ S GDDα,β3 , where α = {1} ⊆ J(A) = {1}, β = {2, 3}. Since
λ ≥ 2|aii|, i ∈ α, we may set λ = 9. Through direct computation, we obtain the generalized Perron
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complement of A with respect to A(α) as follows:

Pλ(A/α) =
(
6 2
0 4

)
+

(
4
0

)
(9 − 4)−1

(
2 0

)
=

(
7.6 2
1.6 4

)
.

Clearly, Pλ(A/α) is nonnegative and irreducible. Moreover, it is straightforward to verify that
Pλ(A/α) is strictly diagonally dominant, which agrees with the conclusion of Theorem 2.1.
Example 3.2. Consider nonnegative irreducible

B =


9 3 3 0
3 9 0 3
6 3 12 3
3 6 3 12

 ,
and it has been verified that matrix B ∈ S GDDα,β4 , where α = {1, 2} ⊆ J(A) = {1, 2}, β = {3, 4}. Since
λ ≥ 2|aii|, i ∈ α, we may set λ = 19. For a proper subset γ = {1} ⊂ α, through direct computation, we
obtain the generalized Perron complement of B with respect to B(γ) as follows:

Pλ(B/γ) =


9 0 3
3 12 3
6 3 12

 +

3
6
3

 (19 − 9)−1
(
3 3 0

)

=


9.9 0.9 3
4.8 13.8 3
6.9 3.9 12

 .
Clearly, Pλ(B/γ) is nonnegative and irreducible. Moreover, it is straightforward to verify that

Pλ(B/γ) ∈ S GDD{1},{2,3}3 , which agrees with the conclusion of Theorem 2.2.

4. Conclusions

In this study, we elucidate the fundamental properties of generalized Perron complements for
strictly generalized doubly diagonally dominant matrices. Our principal findings demonstrate that
for nonnegative irreducible matrices, the generalized Perron complement preserves strict diagonal
dominance. Additionally, it preserves the strict generalized double diagonal dominance and the
nonnegative irreducibility of the parent matrix. These results extend the classical Perron complement
theory to generalized Perron complement while maintaining essential structural properties. Looking
ahead, these results naturally lead to important open questions regarding Perron complements and
generalized Perron complements of strictly γ-diagonally and product γ-diagonally dominant matrices.
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