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Abstract: This study introduces the t-arbicular fuzzy (t-AF) set, an extension of the t-spherical
fuzzy set, to enhance decision-making in complex environments. The research focuses on the
theoretical foundation of the t-AF set, encompassing the development of algebraic operations and
comparison rules. In addition, we propose novel aggregation operators (AOs), including the t-AF
weighted average (t-AFWA) and t-AF weighted geometric (t-AFWG) operators. Key properties
such as idempotency, monotonicity, and boundedness of these operators are thoroughly examined.
Furthermore, distance measures are formulated alongside their essential characteristics and special
cases. To address multi-criteria group decision-making (MCGDM) problems under t-AF environment
with unknown weight information, the tomada de decisao interativa multicriterio (TODIM) method is
integrated with the criteria importance through an intercriteria correlation (CRITIC) approach. Finally,
the proposed methodologies are validated through a case study on selecting the optimal gate security
system, demonstrating their effectiveness and applicability in real-world scenarios.
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1. Introduction

In practice, as systems grow increasingly complex, decision-making experts (DMEs) often face
heightened difficulty in identifying the optimal choice from a set of feasible alternatives. While
achieving a single objective can be challenging, it remains within reach. Organizations frequently
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grapple with intricate goals involving employee motivation, achievement, and the development
of shared perspectives. Consequently, organizational decisions—whether made by individuals or
groups—typically involve multiple concurrent objectives. Each DME strives to derive the most suitable
solution, ideally aligning with specific practical needs in real-world scenarios. This ongoing pursuit
of more practical and reliable methods for decision-making has fostered an interest in developing
approaches grounded in realistic, adaptable methodologies [1-4].

One prominent tool in this field is multi-criteria group decision-making (MCGDM), a structured
process that supports DMEs in selecting the most viable option from a limited set by leveraging
expert judgment. To address the complexity inherent in such decision-making contexts, Zadeh [5]
introduced the foundational concept of the fuzzy set (FS), a mathematical framework designed to
capture uncertainty. Later, Atanassov [6] expanded upon FS, developing intuitionistic fuzzy sets (IFS),
which incorporate both membership and non-membership functions to represent uncertainty. IFSs
have since been widely applied to resolve complex decision problems, although they occasionally fall
short in situations requiring nuanced human responses. For instance, in voting contexts, individuals
may express preferences not only as “yes” or “no” but also as “uncertain” or “abstain”, responses
that traditional FS and IFS frameworks do not fully capture. To address these limitations, Cuong [7, 8]
introduced the picture fuzzy set (PFS), a more flexible model capable of accommodating this expanded
range of responses.

In practical scenarios, there are limitations to the application of PFS, especially in cases where the
sum of the three degrees—membership (a), neutral (b), and non-membership (c)—exceeds 1, thatis a+
b + ¢ > 1. In such instances, PFS struggles to yield an adequate solution. To address this, researchers
in [9, 10] independently introduced the concept of spherical FS (SFS), relaxing the constraint in PFS
by setting a*> + b*> + ¢* < 1. Later, Mahmood et al. [11] expanded upon SFS by proposing t-spherical
FS (t-SFS), which further relaxed the condition to a' + b' + ¢’ < 1, where ¢ is any natural number,
thereby allowing for greater uncertainty and surpassing traditional fuzzy frameworks in flexibility.
Subsequent research has developed some aggregation operators (AOs) for t-SFS to advance MCGDM.
Munir et al. [12] created Einstein hybrid AOs for t-SFS with applications to MCGDM, while Zeng
et al. [13] defined Einstein interactive AOs for photovoltaic cell selection. Liu et al. [14] proposed
novel power Muirhead mean AOs for t-SFS, and Ullah et al. [15] introduced the t-spherical (t-SF)
Hamacher AOs within an MCDM context. Additionally, Khan et al. [16] explored the Schweizer-Sklar
power Heronian mean AOs for t-SFS. Mahnaz et al. [17] further contributed by developing a set of
t-SF-based Frank AOs. Similarly, Ju et al. [18] proposed various t-SF interaction AOs, integrating
them with the tomada de decisao interativa multicriterio (TODIM) approach to construct an MCGDM
model. Acknowledging the significance of input argument prioritization, Mahmood et al. [19] explored
geometric and averaging AOs founded on t-SF Dombi operational rules. Munir et al. [20] introduced
immediate probability interactive geometric AOs tailored for TSFS. Additionally, Khan et al. [16]
proposed a family of power Heronian operators based on t-SF Schweizer-Sklar operational rules, which
were subsequently applied to water reuse evaluation. Javed et al. [21] described t-SFS that incorporate
neutral characteristics and proposed a series of AOs designed to account for these neutral features.
Further advancements in t-SF MCGDM methodologies are available in [22-25].

In recent advancements, the t-SF framework has offered DMEs a more versatile tool for assigning
degrees of membership, neutrality, and non-membership. The t-SFS thus provides a broader, more
adaptive range than traditional IFS, PFS, and SFS [20,26]. However, when dealing with high levels
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of uncertainty, assigning precise triplet values within the closed interval [0,1] (see Figure 1) can be
challenging. These approaches, while rigorous, require DMEs to pinpoint exact numerical values,
potentially limiting flexibility in uncertain contexts. To address this limitation, interval-valued t-
SFSs [27] have been developed, allowing for the assignment of interval values to membership,
neutrality, and non-membership degrees. While this provides greater flexibility, managing interval-
based representations can still be complex. This paper introduces the t-arbicular FS (t-AFS) as a
refined extension of t-SFSs. The proposed t-arbicular fuzzy (t-AF) model, illustrated in Figure 2,
employs solid spheres as an intuitive and robust representation mechanism. In this novel framework,
an element’s degrees of membership, neutrality, and non-membership are represented by solid spheres
centered at points (a, b, ¢) with a radius r. The flexible constraint 0 < @’ + b" + ¢’ < 1 governs the set’s
boundaries, where the radius r encapsulates the imprecision around the point (a, b, ¢). This structure
effectively expands the t-SF model, which, in the case where r = 0, reduces to the standard t-SFS. With
this new approach, DMEs can address complex decision-making scenarios by creating solid spheres
that reflect a range of possibilities rather than relying on exact numerical values. The introduction
of t-AFS enhances both sensitivity and adaptability in decision-making processes, allowing DMEs
to handle higher levels of uncertainty with greater ease and accuracy. By enabling the construction
of solid spheres with specific attributes, this model supports a more nuanced, flexible approach to
managing intricate and uncertain decision-making environments. To further illustrate the necessity
of the proposed t-AFS model, consider a real-world scenario involving matrimonial decision-making.
In such cases, evaluators often assess not only the potential spouse’s individual traits but also the
characteristics and history of their family. While the individual’s information may be captured using
traditional single-point models such as t-SFS, the broader family dynamics—reflecting the cultural,
behavioral, and social compatibility—require a more expansive representation. The t-AF framework,
by introducing a radius around the central point (a, b, ¢), effectively models this extended uncertainty
domain, enabling decision-makers to incorporate a broader context and capture nuanced preferences
that cannot be conveyed using strict point-based methods. A similar situation arises in high-stakes
recruitment, such as selecting personnel for aviation security or nuclear facility management. In these
cases, evaluators assess not only the candidate’s skills and background but also uncertainty surrounding
factors like emotional stability, stress response, and potential future adaptability—areas that may not be
quantifiable through precise, static assessments. The t-AF framework accommodates such ambiguity
by allowing DMEs to assign a solid sphere of values around the candidate’s evaluation point. This
flexibility supports a more realistic representation of imprecise or indirect knowledge, making the
model particularly useful for complex, risk-sensitive decisions.
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Figure 1. Geometrical representation of t-SFS (for t=3).
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Figure 2. Geometrical representation of t-AFS (for t=3).
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The TODIM method, initially proposed by Gomes and Lima [28], is an outranking technique
designed to assist in decision-making by leveraging prospect theory’s value function. By modeling
the psychological behavior of DMEs, TODIM establishes a relative advantage function that compares
each alternative against others, ultimately selecting the most favorable option based on the degree of
dominance [28]. Over time, TODIM has undergone significant refinement and has become widely
adopted across various decision-making domains. Numerous extensions and adaptations of TODIM
have been developed to meet the needs of complex decision environments. For instance, Pramanik
and Mallick [29] applied TODIM to MCGDM problems within a trapezoidal neutrosophic number
framework. Other adaptations by Pramanik et al. [30, 31] involved creating TODIM methods in
neutrosophic cubic and bipolar neutrosophic settings. Yin and Liu [32] introduced an enhanced Cloud-
TODIM approach by integrating the TODIM method with the Cloud model to assess risk levels in a
photovoltaic energy storage utilization project in China. Further extensions include the work of Liu et
al. [33], who proposed a type-2 fuzzy set adaptation to replace traditional quality function deployment,
and Liao et al. [34], who incorporated cumulative prospect theory into TODIM for probabilistic hesitant
fuzzy sets. Zhao et al. [35] extended the TODIM model by integrating cumulative prospect theory and
entropy weighting within a Pythagorean fuzzy framework, enhancing the rational assessment of criteria
weights. Additionally, Su et al. [36] leveraged prospect theory within TODIM to rank alternatives
while incorporating DMEs’ psychological perspectives under specific contexts. This evolving method
has shown great versatility, though its further integration with criteria-weighting methods remains
essential for optimizing performance across different decision-making scenarios.

Based on the aforementioned research analysis, this paper introduces a novel extension of t-
spherical fuzzy sets along with its corresponding technique to address complex MCGDM problems.
The primary motivations for this research are as follows:

1). FS theory and its extensions have become foundational tools for managing uncertainty in
decision-making. Despite their widespread application, most approaches impose stringent conditions
on DMEgs, restricting them to specific formats and values to ensure preference validity. For example,
in circular Pythagorean and disc spherical FSs, the sum of the square of assessment grades cannot
exceed 1, while in g-rung orthopair and t-spherical fuzzy sets, DMEs are constrained to single-point
values with limited spaces. Such rigid requirements prevent experts from fully expressing nuanced
judgments, confining them to a narrow evaluative framework. Addressing these limitations could
allow for a more flexible and expressive approach, empowering experts to convey their insights
more comprehensively.

2).  While numerous studies have examined the impact of criteria weights in MCGDM
problems, some existing approaches assign these weights directly. Predetermined weights can
significantly influence decision outcomes and may lack the accuracy needed for complex assessments.
Consequently, developing a method that enhances both flexibility and consistency in weight
determination is essential for the proposed context. Such an approach would enable more precise
assessments and ensure consistency, leading to improved reliability in decision-making outcomes.

3). The ranking method used to select an optimal alternative among multiple options plays a
crucial role in practical applications, as different MCGDM methods possess unique characteristics
suited to specific fields. Importantly, group decision-making should consider DMESs’ risk attitudes and
psychological behaviors. The TODIM method has proven effective in capturing such psychological
aspects, making it valuable for this purpose. Therefore, generalizing the TODIM method to a
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larger fuzzy set domain can better accommodate decision-makers’ risk attitudes and psychological
preferences, enhancing the selection process in uncertain environments.

The core contributions and innovative aspects of this paper are as follows:

1). This paper introduces t-AFS as a novel extension of t-SFS, addressing their limitations in
uncertainty representation. Unlike t-SFS, which requires precise triplet values, t-AFS enables DMEs
to express uncertainty using solid spheres, allowing for greater flexibility and adaptability in uncertain
environments. This extension enhances decision-making models by removing the rigid constraints
of t-SFS while preserving interpretability and computational efficiency. Furthermore, we establish
comparison laws, operational rules, AOs, and distance measures, extending the applicability of t-AFS
in fuzzy MCDM scenarios.

2). The existing CRITIC method relies exclusively on t-spherical fuzzy numbers, and its scoring
formula only accounts for membership and non-membership grades, neglecting neutral grades [37].
We generalize this method by extending it to the t-AF setting and enhance its effectiveness through the
utilization of the proposed score formulation. This extension improves the method, thereby enhancing
the rationality and reliability of criteria weight information.

3). This study develops the TODIM method within the t-AF environment. Unlike other methods,
this approach not only accommodates t-AF data but also captures the risk-averse tendencies of DMEs,
leading to a more rational and credible selection of alternatives.

4). To validate the practical advantages of the proposed framework, we present a case study on
gate security system selection. This example demonstrates how the t-AFS-based TODIM method
effectively handles uncertainty, showcasing its superiority over t-SFS in modeling expert opinions.
The results highlight how t-AFS allows DMEs to express preferences with greater flexibility, leading
to more robust and reliable decision-making outcomes. Additionally, comparative and sensitivity
analyses confirm the stability and effectiveness of the t-AFS model across different parameter settings,
reinforcing its applicability to real-world decision-making problems.

The structure of this paper is organized as follows: Section 2 introduces foundational concepts
related to T-SF sets. Section 3 presents the t-AFS framework, including its basic theory, operational
laws, and score function. Section 4 provides various aggregation operators and distance measures,
along with an analysis of their beneficial properties. Section 5 outlines the step-by-step CRITIC-
TODIM methodology for the t-AF context. Section 6 addresses a real-world application of selecting
an optimal gate security system, assessing the stability of the proposed approach through experimental
analysis. Section 7 demonstrates the effectiveness of the proposed model by comparing it with existing
methods. Finally, Section 8 concludes the study.

2. Prerequisite knowledge

This section reviews t-spherical fuzzy sets and their relevant concepts to lay the groundwork for our
subsequent research.

Definition 1. [/1] Let X be a universal set, then the t-SFS T is characterized by Eq (2.1)

T = {{x,a(x), b(x), c(x))|x € X}, 2.1

where a(x), b(x), c(x) € [0,1] denote the membership, abstinence, and non-membership degrees,
respectively. For these degrees, it is necessary to satisfy the condition a(x)'+b(x)'+c(x)' < 1;t>1,Vx €
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X. Furthermore, the degree of indeterminacy is determined as n'(x) = 1 — (a'(x) + b'(x) + ¢'(x)). For
simplicity, the triplet T = {a, b, c) is called t-spherical fuzzy number (t-SFN).

Definition 2. [I11] Let T, = {a;,b1,c1), T» = {az,by,c2) be t-SFNs and i > 0. Then the basic
operations on them are described as follows:

T,®T, = <{/a’1 +d, — a\al, bib,, clcz>;

T ® Ty = (ayay, B, + U — BB, /e + ¢, — C\b):
it = (1= (= apnpl.el):
T = (1= =BT = =),

Definition 3. [I8] Let T = {ay, by, c1) be a t-SFN, then its score function S (T) and accuracy function
A(T,) are defined as:

1 +a)-b|—c|
> , (2.2)

S(T) =

A(Ty) = a) + b + . (2.3)

To compare any two t-SFNs T = (a;, b, c;) and T, = {(ay, b,, c;), the comparison laws are given
as follows:
1. If S(T)) > S(T,), then Ty > T»;
2.1f S(Ty) = S(T,), then

1. If A(Ty) > A(T,), then T > T5;

1. lfS(Tl) = S(Tz), then Tl = T2.

Definition 4. [38] Let T, = {ay, by, c;) and T> = {a, by, ¢3) be two t-SFNs, then the distance measure
between them is given by Eq (2.4)
1 1/p
d(T1.T2) = 5 (|a = a|" + b} = bi" + [e) 3" + | = my|) . (2.4)
where p > 1 denotes the distance parameter.
3. t-arbicular fuzzy set and its basic concepts
Definition 5. Let X be a universal set, then the t-AFS A is defined as follows:

A = {(x, a(x), b(x), c(x); r(x)) | x € X} = {A, (a(x), b(x), c(x)) | x € X}, (3.1

where the components a(x),b(x),c(x) satisfy the constraints a,b,c € [0,1], d'(x) + b'(x) + ¢'(x)
<1, fort > 1, and the radius r(x) lies within the range r € [O, \75] .

Here, A,(a(x), b(x), c(x)) represents the uncertainty region, formally defined as A (a(x), b(x), c(x)) =
{(P12P2.P3) | P1. P2 p3 € [0, 1] and NJ(a(x) = p1) + (b(x) = po) + (c(x) = ps)' < r(x)} N R, where R is
the constraint region given by R = {(pl,pz,p3) €[0,1]] p} + p5 + pj < 1}.
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The degree of uncertainty associated with an element x € X is given by
n(x) = (1 —(a’(x)+b’(x)+ct(x)))l/’. Moreover, the elements of the t-AFS are referred to as
t-arbicular fuzzy numbers (t-AFNs) and are denoted by ‘A = {(a, b, c; r).

Notice that here, (a, b, ¢) represents the center of the solid ball, and the intersection with region R
is considered because the radius is V3, ensuring that it does not exceed the upper bound of the unit
interval, i.e., 1.

Definition 6. Ler A, = {a;, by, c1; 1), Ay = {as, by, cy;12) be t-AFNs, with /i > 0 and | | € {min, max}.
Then the basic operations on them are described as follows:

Ay ® Ay = <\’/a’1 +a, — a\ay, biby, crcas | T, rz}> ;

A @A, = <a1az,\7b’ + by — b\ b, ) + ¢ — el | r{rl,r2}>;
hA, =<t1—(1—a) b, cl,r1>,

A = (a T (=) (=)

5. A =(bi,ci,a;11),

~

wooN

R

where A{ marks the complement of A,.

Remark 1. In this article, we adopt the maximum operator for the radius component, i.e., || =
max, throughout all definitions and subsequent computations. However, it is worth noting that the
minimum operator can also be employed, depending on the DME’s preference for conservative or
optimistic evaluations.

Theorem 1. Let A; = {ay, b1, c1;11), Ay ={as, by, ¢35 1) be t-AFNs, with hiy, fi, > 0, then

AL DA, = A, & Ay

A Ay = Ay @ Ay,

Ay (A @A) = AL © Ay,
WA @ A = (B + 1) Ay
A A = (A, @ A)";
ﬂ’lil ®.,7(72 — ﬂ(lhlJth).

Proof. 1. A|®A, = <{/a’ +a, — aidy, biby,cico; | {1, > <{/a’2 +a) — dya,byby, crcy; | [{rz,r1}>

=A, ®A,.
2. Similar to 1.

3. m(AeA) =Ny <\'/at1 +a, — a\ay, biby, cicas | M, 7’2}> =
(V1= =@} + = @iy, biphcicgi LTl

Nowhlﬂl@h1ﬂ2:<’l—(l— OB, cl,r1> <’1—(1—a2) by, c2,2>=

SIS

(1= (= @+ s = ata), bih, et 1 T (. rad). Hence, proved.
4. Similar to 3.
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5. _7{’;“ ®ﬂh1 = <a1 ,bh‘ - (1 - c’l)hl;r1> <a2 ,bT11 - (1 — c’z)hl;r2> =
(31 == b+ 8, = B 1= (= (e 4 = e ).
Now (A, ® A,)" = <a1a2,\7b’ + by — b\ b, e + ¢l — ¢l | r{rl,rz}>hl =

<a U= (U= @+ By = B, 1= (1= (€] + ¢ = el Jr{rl,r2}> Hence, proved.
6. Similar to 5. O

Definition 7. Let A; = {(ay, by, c1; 1) be a t-AFN, then the score function is given by

a, —c| - ln(1+7r)+r1+2
S (A= 3 , (3.2)

where S (A;) € [0, 1]. The high value of S (Ay) implies a greater t-AFN A,.

4. t-arbicular fuzzy operators and distance measure

4.1. t-Arbicular fuzzy weighted average operator

Definition 8. For a set of t-AFNs {A,, A,...,A,}, the t-AF weighted average (t-AFWA) is
characterized by Eq (4.1)

t— AFWA (A, Ay, ..., A,) = é}ﬁjﬂj, 4.1)
]:
where 0 < ;< 1and }, ¥; = 1.
j=1

Theorem 2. The expanded form of the t-AFWA operator defined in Definition 8 is given by Eq (4.2)

t—AFWA(ﬂl,ﬂz,...,ﬂn):NP]—[ (1-a) Hb ]—[ ff;mrl,rz,...,rn}>. (4.2)

j=1

Proof. To verify Eq (4.2), we apply the principle of mathematical induction. Taking n = 2, we
1 i
have ® A, = <(1 ~(1-a)") /’,bg,cq;r1>, and 0,7, = <(1 (1 - a)”) /’,b;,c;;r2>, we have

1 1
(= AFWA (A, 7o) = 17000, = (1= (1= a)") " by, cir)o(1 - (1 = ap) " by chira) =

2 &; 2 9. 9. .
<\'/1 —T1(1-a) . T16, . TT ¢} M i, r2}>. So, it holds for n = 2.
=1 =1

j=1
Assume that Eq (4.2) is true forn = £, i.e.,

k k k
19,
t_Amel,ﬂz,...,m:(J S DO G ) I )
j=

Jj=1 J=1
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Next, we check it forn = k + 1:
t—AFWA (A, Ay, ... ﬂ[ﬁ.l) =t—AFWA (A, A, ..., Ar) & i1 Ars1

<\/1—rk[(1—a) Hb HC’Jfrl,rz,...,rk}>69<(l—(l—azﬂ)ﬂm) b;+l,ck+l;rk+l>

j=1
k+1 . 9 k+1
:<11_1_Il( ) Hblncjjrrl’rZ,“’rk+l}>-
J:
So, Eq (4.2) is true for n = k + 1. Hence, Theorem 2 is verified. m]

Theorem 3. For a set of t-AFNs {A,, Az, ... A}, if all A;(j = 1,2,...,n) are equal, i.e., A; =
(a,b,c;r)y = AN ]j. Then, we have

t—AFWA (A, Ay, ..., Ay) = A. 4.3)

Proof. According to Eq (4.2), we have

J=1 J=1 J=1

t—AFWA(ﬂl,ﬂz,...,ﬂ,,):Nl— (1—a;)', bff,]_[cff;Jr{rl,rz,...,rn}>.

Since A; = A = (a, b, c;r) Vj. Therefore, we can write

t— AFWA (A, Ay, ... A,) = <\/1 ST =ay, 16, [T M .. r}> =
j=1

j=1 j=1
! ﬁ\ i 9
<\/1 -(1- a’)-/ 3 bf Lo, e ';r> ={a,b,c;ry = A. a

Theorem 4. For any two sets of t-AFNs {A,, Aj, ..., A,}, and {ﬁl , ﬁz, ey ﬁn}following the conditions:

aj>4aj; b;<bj, c;<cjandr; >, Then, we have the following inequality:

t— AFWA (A, Ao, s Ay) 2 t = AFWA (A}, Ao, .. A (4.4)

Proof. Since a; > @, b; < bj, ¢; < and r; > 7;, we have
n 8 n A\D 2 ; , ,
1 -d < 1_53:>\r/1—j111(1—a;) > \’/I—H(l—a;) ey < 1187 T1e) < 11

j=1
and | r{rl,rz,N...,r,, I M{r, 7, ...,7,}. Using Definition 7, we get t — AFWA (A, Ay, ..., A,) >t

AFWA (A, A, ... Ay O
Theorem 5. For a set of t-AFNs {A,, As, ..., A}, if A* = <max aj, min b;, min c¢;, max rj>, and A~ =
1<j<n 1<j<n 1<j<n 1<j<n
<m1n aj, max b;, max c;, min r]> Then, we have
1<]<n ]<J<n ]<J<n 1<]<n
A <t—-AFWAA, Ay, ..., A) < A 4.5
Proof. In light of Theorems 3 and 4, the proof follows directly. O

AIMS Mathematics Volume 10, Issue 6, 13941-13973.



13951

4.2. t-arbicular fuzzy weighted geometric operator

Definition 9. For a set of t-AFNs {A;, A, ..., A,}, the t-AF weighted geometric (t-AFWG) is
characterized by Eq (4.6)

(= AFWG (A1, R, A) = @AY, (4.6)
<

whereOSﬂjslandiﬁj:L

=

Theorem 6. The expanded form of t-AFWG operator defined in Definition 9 is given by Eq (4.7)

t = AFWG (A, A, ... Ay) = <]—[ a}ﬁJ 1- H (1- b;)ﬂ",d 1- ]—[ (1-¢) 0 rn}>.
j=1 J=1 J=1
4.7

Proof. To verify Eq (4.7), we apply the principle of mathematical induction. Taking n = 2, we have
1/t
A = (a (1= =) " (1= a =) ),

and A% = <a’2, (1= -p”) " (1= =epy=)" r2>, we have
t—AFWG (A, Ay) = AV @ Ay
1/t 1/t 1/t
(ar (1= =)™ (1= =) m)e (e (1= a = e%) " (1= =) i)

<ﬁaff,(/1—ﬁ(1 b)” (/—f[(l—c;)ﬂj;ir{rl,rz}>.
=1 j=1 j=1

So, it holds for n = 2.
Assume that Eq (4.7) is true for n = k, i.e.,

ko9, 0; k 3
t = AFWG (A, Ay, ..., Ay) = <Hl aj’,\’/l ~T1(1-7) ,§/l -1 (1-c)"s r{rl,rz,...,rk}>-
J= J=

=~

Next, we check it forn = k + 1:

t—AFWG (A, Ay, ... Aps) = t = AFWG (A, Ag, ..., Ay) @ ALK

<Ha ) dl - I_Il( —b;)ﬂ"',\’/l - Ile(l -ct)”s! r{”l,rZ""’rk}>®
J =

1/t 1/t
<a§(+1,(1 -(1- blt<+1)ﬂk+l) ’(1 - (- Cltc+1)ﬂk+l) ;r"“>

k+l g k+1 ; k+1 9
:<qa;1’d1 I_Il(l—b’) \t/l—l—ll(l—cz) ;J[{rl,rz,...,rk+1}>.
J= J= J=

So, Eq (4.7) is true for n = k + 1. Hence, Theorem 6 is verified.

Theorem 7. For a set of t-AFNs {A;, A, ..., A}, if all A;(j = 1,2,...,n) are equal, i.e., A; =
(a,b,c;ry = AV j. Then, we have
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t—AFWG (A, Ay, Ay) = A
Proof. According to Eq (4.7), we have

t—AFWG (A, A,, ..., A,) —<

_ jﬁaff,dl_jﬁ(l_b;)ﬂc\r/l_ :

Since A; = A = {a, b, c;r) Vj. Therefore, we can write

t— AFWG (A, Ay, ..., A,) = <n aﬁ-/’,&/

1-TI(1-
=1

(4.8)

Hl (1 - c;)ﬂj;J Mri, ra, ..., rn}>.
J

bf)ﬁ-",\’/l ~ T =y M, -~-,r}> =
j=1 J=1

i 19_,' ! Zn: ﬁj ' zn: 19j
<mﬂ,J1—U—HwI,J1—U—dV‘;ﬁ=<abcﬁ—

Theorem 8. For any two sets of t-AFNs {A,, Aj, ..., A,}, and {_7{1, A, ...,
ajzapbj<bjcisc

Z
>aj, bj<bj,c;<cjandr;>Trj. Then, we have the following inequality

t—AFWG(ﬂl,ﬂz,... A,) > t—AFWG(ﬁl,ﬁz, A )
Proof. Since a; > aj, b;

bj,c;j <c;jand r; >T;, we have

0 o=,
[1a; >H i

1- Hl(l—c]) and | I{ry, 7, ...,
J=

O

} Jfollowing the conditions

4.9)

1 =\
=00 >1 bt:>\/1—J1 b’ \/1—j:]_[1(1—b;),1—c3.21—?j=>
n ¥;
‘11— 1-¢"
{-h0-er <y

} = {1 {r,r2,....,7,}. Using Definition 7,
we get 1 — AFWG (A}, Ay, .., A,) > t — AFWG (ﬁl,ﬁz, LA, O
Theorem 9. For a set of t-AFNs {A;, A, ..., if A" = <max aj, min b;, min c;, max rj>, and A~ =
1<]<n 1<]<n 1<]<n 1<]<n
<m1n aj, max b, max c;, min r]> Then, we have
]<]<n 1<j<ﬂ 1<J<n ]<J<n
A <t-AFWG (A, Ay, ..., A,) < A (4.10)
Proof. In light of Theorems 7 and 8, the proof follows directly.
4.3. t-arbicular fuzzy distance measure

O
distance model.

In this part, we propose a novel generalized t-AF distance measure that extends the Minkowski
Definition 10. Let A, = (ay, by, cy1; 1), Ay = {az, by, ¢35 12) be two t-AFNs with degree of uncertainty
t 1/t —

176

1
(1 —( +b +c )) , and my = (1 - (a’2 + b+ c’2)) /t, respectively. Then, the Minkowski-type
distance measure between A; and A, is delineated as shown

where p € Z* symbolizes distance parameter.

1
a1 = (§[E2E - i el -t o)
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Remark 2. In t-AF contexts, the Minkowski-type distance Eq (4.11) serves as a generalized distance
metric. To clarify, this distance measure dy is commonly used with the distance parameter p set to
either 1 or 2, which correspond to the Hamming-type and Euclidean-type distances, respectively.

When p = 1, the Hamming-type distance measure, denoted as dy, is defined as follows:

|r1_r2|
\75

When p = 2, the Euclidean-type distance measure, denoted as dg, is defined as follows:

0 (P A = %[ e (1 = af b= 5]+ | - 5]+ [ _n;|)]. @12

2
di (A, Ay) = [% [%

Example 1. Letr A; = (0.5851,0.1749,0.5322,0.0800) and A, = (0.2339,0.1862,0.6748,0.0300) be
two t-AFNs, then according to Eq (4.13), we have dg (A, A,) = 0.2889.

Theorem 10. Let A; = {ai,bi,c15r1), Ay = {ar, by, coim), Az = (as, bz, c3;r3) be three t-
1/ 1/
AFNs with degree of uncertainty m; = (1 - (a’l + Db+ c’l)) L o= (1 - (atz + Db + c’z)) | and

2
+0¢_@qu—%Fﬂd—éfﬂﬂ—@ﬂD- @.13)

T3 = (1 - (a’3 + b + cg))l/t, respectively. Then, the Minkowski-type distance measure dy; fulfills the
following properties:

i). dm (ﬂ],ﬂz) > 0;

ii). d, (A, A) < 1;

iii). d, (A, Ay) =0;

). dy (A1, Az) = dpy (Ao, Ay 5

v). d(A;, A3) < d (A, Ar) + d (Ay, A;3).
Proof. 1). It is clear that |cf1 - a’2| >0, |b’1 - b’2| >0, |c’1 - ct2| >0,
these inequalities, it can be concluded that d,, (A;, A,) > 0.

ii). It is evident that |atl - a’2|p < |a’l - a’2| <1,|b| - b’2|p < |b’l - b’2| <1, |ct1 - c’zlp < |c’1 - c’2| <1,

and |7r’1 - 71’2|p < |7r’1 - 7Tt2| < 1. As shown by Definition 5, it is understood that a} + b} + ¢} + x| = 1, and

- 7r’2| >0, and |r1 - r2| > 0. From

ah + b5 + ¢, + b = 1. As a direct consequence, the maximum possible value of |a’1 - a’2| + |b’1 - b’2| +
|c’1 - c;| + |7Ttl - 71’2| is equal to 2 while the maximum possible value of |r1 - r2| is equal V3 as r < V3,
and r, < V3. This implies that (|a} - a5|” + b} = b5|" + |¢ — c|” + |z}, = m|") < 2 and |, — ra|” < V3.
From these, we can easily derive that d,, (A, A,) < 1.

iii). It is trivially valid.

1v). It is trivially valid.

v). Since dy (A, A;) = (%(

|r1_r3|p

1
Ll =t o= e =l =)

l |r1—r2+rz—r3|p |p
3 V3
1

) 1
1 (lrirl |z_ t|p |z_ t|p |z_ t|p |z_ t|p »
< (3( +(a1 ay| +|b = b5 +|c| — | +|m) -

ot r_ )P ot ot ot t P |t_t t_t|1’ 4
+(|a1 a, + a, a3| +|bl b, + b, - b +|cl ¢+ ¢ c3| + || — 7, + 7, —

V3
1 |r2‘r3|p

+ (3 7wt (|0t’2 - ag|p + |b’2 - b’3|p + |ct2 - cg|p + |7r’2 - 7r’3|p)))p (using Minkowski inequality).
Thus, we get d (A, Az) < d (A, A) + d (Ay, A3). a
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5. Proposed CRITIC-TODIM approach

TODIM method, an MCDM technique rooted in prospect theory (PT), models the bounded
rationality of DMEs [39]. PT, a behavioral economics theory, posits that DM under uncertainty
deviates from normative rationality, influenced by cognitive biases such as probability weighting [40].
The TODIM approach incorporates the value function from PT to calculate dominance between
alternatives, a nonlinear function reflecting the DME’s sensitivity to gains and losses. The
method further employs an additive function to aggregate criterion-wise dominance scores, selecting
the alternative with the highest overall performance [41]. While TODIM has proven effective
in various decision contexts, its reliance on crisp values limits its applicability to uncertain
and complex problems [42]. To address this, researchers have integrated TODIM with various
fuzzy set extensions [43-45] to accommodate ambiguity and uncertainty inherent in real-world
decision scenarios.

In this section, we introduce an extended TODIM method tailored for MCDM problems involving
t-AF information. Consider a set of m alternatives, A = {ar;;i = 1,2,..,m} and a set of n criteria,
C = {CRj;j =1,, ,n} The criteria are weighted by a vector W = (Wj;j =1, n) suchthat0 < w; <n

and Y, w; = 1 being completely unknown. A panel of DMEs E = {E(k); k=1,2,.., e} having the weight
=1
vector @ = (w3 k =1,2,..,e) such that 0 < @y, < nand ), @, = 1 provide the assessment information
k=1
in the form of t-AFNs ﬂﬁf) = <a§’/f), bgf), cfj‘.); rﬁ?) such that agf)t + bgf)t + cgf)[ <l,rje€ [0, \75], r>1.
The key steps of the developed method are outlined as follows:

Step 1. Create the decision matrices in the format of t-AFNs derived from DMEs. The resulting
decision matrices are presented as follows:

CR} CR; CR,

k k k

AL gq(ll) g((lj? g[(ln)

D® = ﬂ(k) ﬂdc) ﬂ(k)
AL; il ij in

k k k

ALy, &Zlfni ﬂfn; .?l,(n,i

Step 2. Using the t-AFWA or t-AFWG operator, all individual decision matrices D®;k = 1,2, ..., e,
can be combined into a single group decision matrix D as shown.

CRy cee CR; s CR;,
an (A o Ay A

D = AL; ﬂil ﬂ’] ﬂin .
ALy, ﬂml e ﬂmj e ﬂmn

AIMS Mathematics Volume 10, Issue 6, 13941-13973.



13955

In the case where the t-AFWA operator is applied, the aggregation A;; can be expressed
as follows:

=1

J’“N R | L | T ) R

Alternatively, when the t-AFWG operator is utilized, the aggregation A;; takes the
following form:

ﬂij _ < e al(.f)’wk’d . ¢ (1 3 bl(f)’)wk,d - ¢ (1 3 Cl(.?[)mk;sl r{rgjl.)’ ’,EJZ.)’ - rz(j)}> . (52)
k=1 k=1

k=1

Step 3. Normalize the decision matrix D = [ﬂ,-‘,-]m according to Eq (5.3).

Aij, if cr; is benefit-type,
Bz’j:{ i if cr; is benefit-type (5.3)

(ﬂi j)c , 1f cr; is cost-type,
where (fﬂ,- j)c presents the complement of Aj;.
Step 4. Use the CRITIC technique to determine the weights of the criteria.

Step 4.1. Calculate the score matrix by applying the score formula Eq (3.2) as follows:

CR; CR; e CRy
ALy (S(By) - SBi) - S(Bu)
S= ay |SBy) - SBy - SBw |
ALp S(Bml) e S(Bm/) e S(an)

Step 4.2. Employ the formula (5.4) to convert the score matrix S into standard form.

S (Bij) - mll’lS (B,,)

S(B) = , 5.4
( j) maxS (B,'j) - mlnS (B,‘j) ( )

wherei=1,2,....,mand j=1,2,..,n.
Step 4.3. Calculate the standard deviations of the criteria by using Eq (5.5) as shown below.

m ([ —\2
% (5@ - 5@))
£=\= — j=1.2,..n, (5.5)

where S (B )=
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Step 4.4. Calculate the correlation coefficient between the criteria pairs in light of the
following equation:

¥, = El (S/(E;) _ FBJ)) (S/@i/l) i S/(?;;)) s hl=1,2,...,n. (5.6)

m

1

i=1

Step 4.5. Analyze the information for each criteria utilizing Eq (5.7).

=€ (1-¥%). (5.7)
=1

Step 4.6. In this step, criteria weights are determined through Eq (5.8).

wi=—"—;j=12..n (5.8)
2 10
j=1

Step 5. Convert the weight components into relative weights according to Eq (5.9).

W= =12, n (5.9)
" J
J

Step 6. Find the distance measure between alternatives under each criteria with Eq (5.10)

1

2 2
1 |” ij T lj| 2 2 2 2
_ t t t t t 2 t t
di (g, ay) = [5 S (I = i+ 10ty = 4+ Lely = e+ =i+ 5109
here, dg (AL,- s ALy j) means distance between Az; and Az, under jth criteria.

Step 7. Calculate the degree of dominance of alternative Ar; over alternative Ar; with respect to criteria
CRj as follows:

W rdg(ALij AL .
Wird(ALiALy) if ALy > AL,
Z er
j=1
FJ (AL,’, AL[) =40, if AL;j = ALyj, (51 1)
n
1 zl Wrdg(ALij.ALj)
N = .
) W, , At AL < AL,

here, ® > 0 represents the attenuation factor for the losses.
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Step 8. Calculate the overall degree of dominance of alternative Az; over alternative AL, by applying

the following formula:

T(AL;, AL = Z I'; (AL, ALy) .
=1

(5.12)

The total domination degrees of alternatives can be presented in the form of a matrix as follows:

AL iy AL; S ALy,
AL 0 <o+ (ALy,AL) -+ TI(ALy, ALy,)
T = A |7(aL,aL) - <o (AL, ALy,)
AL, \T(AL,,AL)) -+ (AL, AL) -+ 0

Step 9. Determine the global value for az; using the following expression.
>, 1(AL;, AL;) — min {Z il (ALi,AL,)}
I=1 i =t

max {f T(AL;, ALl)} — min {f T(AL;, AL,)}

! =1 ! =1

G (L) =

(5.13)

(5.14)

Then rank the alternatives based on G (AL;), where a higher G (41;) value indicates a higher ranking.

The flowchart illustrating these steps is presented in Figure 3.

Figure 3. Flowchart of the proposed TODIM method.
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6. Case study

To validate the proposed TODIM approach and assess its practical utility, we will present a case
study focused on selecting the optimal gate security system. This case study is adapted from a
previously published research [46].

6.1. Problem description

In the modern world, security threats pose a significant challenge to organizations across all sectors.
Institutions must implement robust security systems at entry points to ensure safety and mitigate
vulnerabilities. Whether educational institutions or commercial enterprises like banks, businesses,
schools, or universities, the foremost priority remains the creation of a secure environment for staff and
students, enabling them to carry out their daily activities without concern. Establishing advanced
security mechanisms is not just a precaution but a fundamental responsibility of every institution
aiming to provide a safe working and learning environment.

Among the most critical components of an organization’s security infrastructure is the gate
security system. It serves as a primary line of defense, significantly enhancing protective measures
by controlling access and preventing unauthorized entries. By deploying advanced technological
solutions, such systems ensure that only verified individuals with the necessary credentials gain entry.
These systems provide a comprehensive security solution, creating a physical and technological barrier
against potential intrusions. Modern gate security systems are equipped with cutting-edge technology,
including ID card scanners, PIN codes, and biometric devices, which streamline access control while
reducing the reliance on human security personnel. As technology advances, the challenge for
organizations lies in selecting the most suitable and effective security system for their unique needs.

To address this challenge, three domain experts having weight vector @ = (0.4, 0.3, 0.3) are selected
to guide the decision-making process for choosing an optimal security system:

IT expert (1): The IT expert evaluates the system’s technological compatibility and performance,
ensuring that it can be effectively integrated into the organization’s existing infrastructure. Finance
expert (£?): The financial expert assesses the system’s cost-effectiveness, considering both initial setup
and long-term operational expenses. The administrator of the organization (£®): The administrator
evaluates the overall appropriateness of the system, taking into account the organization’s personnel
needs, local environment, and operational context. Based on expert evaluations, five distinct security
systems have been identified:

Card scanner system (aL;): This system utilizes keycard readers, which are installed at doors. The
reader scans encrypted information stored on cards, such as bank cards, ID cards, or student cards, and
unlocks the door upon successful verification.

Fingerprint scanner system (Ar;): The fingerprint scanner system (FSS) employs optical
sensor technology to capture an image of a fingerprint, which is then compared to stored data
for authentication. Additional variants include thermal or ultrasonic scanners that operate on
similar principles.

Facial recognition system (ar3): Facial recognition systems use specialized algorithms, such as
convolutional neural networks (CNNs), along with machine learning and artificial intelligence to
analyze human facial features. These systems convert facial features into a “face print” (numerical
code), requiring significant data storage for accurate recognition.
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Iris recognition system (AL4): Iris recognition uses mathematical pattern recognition algorithms to
identify a person based on the unique and stable patterns in their irises. Infrared light scans the iris,
transforming the pattern into an iris code, which is then compared against a database for verification.
Iris scanners offer rapid and precise identification.

Voice recognition system (ars): This system records a person’s voice and analyzes its
unique characteristics—such as tone, pitch, and volume—using algorithms and Al to confirm the
individual’s identity.

To evaluate and rank these security systems, seven key criteria have been identified:

Cost (cry): This criterion evaluates the approximate cost of installing and maintaining the
security system.

Reliability (cr;): This refers to the system’s ability to function effectively, even in challenging
conditions or failure scenarios.

Accuracy (crs;): This criterion measures the system’s efficiency in accurately capturing and
storing data.

Compatibility with existing infrastructure (cry): A system’s compatibility with the organization’s
physical and technological environment is essential for seamless integration and optimal performance.
Durability (crs): This evaluates the longevity and robustness of the system, ensuring that it can function
properly over extended periods without significant wear or failure.

IP rating (crg): This assesses the system’s resistance to water and dust, ensuring reliable operation in
environments where exposure to such elements is possible.

6.2. Decision process

The selection of the optimal security system using the proposed t-AF framework is detailed
as follows:
Step 1. The t-AF decision matrices provided by the DMEs £, £? and £® are tabulated in Tables 1, 2,
and 3, respectively.

Table 1. t-AF data provided by DME E,

CRy

CRy

CR3

CRy

CRs

CRg

(0.1500, 0.2000, 0.5600, 0.0700)
0.4200, 0.3600, 0.1200, 0.0200)
0.4300,0.1000, 0.3400, 0.1200)
0.1900, 0.1900, 0.4900, 0.1300)
(0.2200,0.1900, 0.2600, 0.1300)

(0.3500, 0.2000, 0.2500, 0.0700)
(0.2200, 0.4500, 0.1400, 0.0900)
0.2900, 0.3700, 0.1400, 0.0200)
(0.3800, 0.1900, 0.1700, 0.0600)
(0.1800, 0.1400, 0.1500, 0.0400)

(0.3700, 0.2900, 0.2600, 0.0800)
(0.2300, 0.3100, 0.4300, 0.0300)
(0.3100, 0.4900, 0.1800, 0.0600)
(0.2200, 0.3600, 0.2800, 0.1400)
(0.2600, 0.2600, 0.1200, 0.0600)

(0.1800, 0.1300, 0.1700, 0.0500)
(0.1900, 0.4300, 0.1200, 0.0600)
(0.3100, 0.2600, 0.3200, 0.1100)
(0.1300, 0.1100, 0.1600, 0.0600)
(0.1200, 0.4200, 0.3000, 0.0600)

0.4700,0.1300, 0.2300, 0.0700)
0.2900, 0.2000, 0.3400, 0.0700)
0.2000, 0.4600, 0.1800, 0.1600)
0.5200,0.2500, 0.2500, 0.0900)
0.3200,0.3300, 0.2700, 0.0800)

0.3700,0.1700, 0.1900, 0.0700)
0.2400,0.2700, 0.1900, 0.0300)
0.3100, 0.4200, 0.1800, 0.0900)
€0.1900, 0.2700, 0.2600, 0.0800)
0.2800,0.2500, 0.1300, 0.0400)

Table 2. t-AF data provided by DME E®.

CRy

CRy

CR3

CRy

CRs

CRe

0.2600, 0.1600, 0.6600, 0.0700)
0.2900, 0.1200, 0.3600, 0.0300)
0.4400, 0.3400, 0.1000, 0.1200)
0.2000, 0.1800, 0.5000, 0.0600)
0.2400, 0.2600, 0.1900, 0.1300)

(0.3600, 0.2400, 0.2000, 0.0700)
0.2300, 0.1400, 0.4500, 0.0700)
(0.3000, 0.1400, 0.3700, 0.0200)
(0.3700, 0.1700, 0.1900, 0.0600)
(0.1900, 0.1500, 0.1400, 0.0400)

(0.3700, 0.2600, 0.2400, 0.0800)
(0.2400, 0.4200, 0.3100, 0.0300)
(0.3200, 0.1800, 0.4900, 0.0600)
(0.2500, 0.2800, 0.3600, 0.1400)
(0.2700, 0.1200, 0.2600, 0.0600)

(0.1900, 0.1500, 0.2000, 0.0400)
(0.2000, 0.1200, 0.4300, 0.0600)
(0.3200, 0.3200, 0.2600, 0.1100)
(0.1400, 0.1600, 0.1100, 0.1200)
(0.1300, 0.3000, 0.4200, 0.0800)

0.4800,0.2300, 0.1300, 0.0700)
(0.3000, 0.3400, 0.2000, 0.0900)
0.2100, 0.1800, 0.4600, 0.1600)
(0.5600,0.2200, 0.2500, 0.0900)
0.3400,0.2700, 0.3300, 0.0800)

0.3800, 0.1900, 0.1700, 0.0700)
(0.2500, 0.1900, 0.2700, 0.0300)
0.3200, 0.1800, 0.4200, 0.0900)
(0.2200, 0.2600, 0.2700, 0.0800)
0.2700, 0.1300,0.2500, 0.0500)
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Table 3. t-AF data provided by DME E®,

CRy

CRy

CR3

CRy

CRs

CRg

0.2100,0.1600, 0.5500, 0.0800)
0.3800, 0.1200, 0.3700, 0.0300)
0.4300,0.3400, 0.1100, 0.1300)
0.2500, 0.1500, 0.5500, 0.1400)
0.2200,0.2600, 0.2000, 0.1400)

(0.3500, 0.2500, 0.2100, 0.0800)
(0.2200, 0.1400, 0.4600, 0.1000)
0.2900, 0.1400, 0.3800, 0.0300)
(0.3800, 0.1700, 0.2000, 0.0700)
(0.1800, 0.1500, 0.1500, 0.0500)

(0.3700, 0.2600, 0.3000, 0.0900)
(0.2300, 0.4300, 0.3200, 0.0400)
(0.3100, 0.1800, 0.5000, 0.0700)
(0.2200, 0.2800, 0.3700, 0.1500)
(0.2600, 0.1200, 0.2700, 0.0700)

(0.1800, 0.2500, 0.1400, 0.0600)
(0.1900, 0.1200, 0.4400, 0.0700)
(0.3100, 0.3200, 0.2700, 0.1200)
(0.1300, 0.1600, 0.1200, 0.0700)
(0.1200, 0.3000, 0.4300, 0.0700)

0.4700,0.2300, 0.1400, 0.0800)
€0.2900, 0.3400, 0.2100, 0.0800)
0.2000, 0.1800, 0.4700, 0.0700)
0.4900, 0.1700, 0.2600, 0.1000)
(0.3200,0.2700, 0.3400, 0.0900)

0.3700,0.1900, 0.1800, 0.0800)
0.2400, 0.1900, 0.2800, 0.0400)
0.3100,0.1800, 0.4300, 0.1000)
0.1900, 0.2600, 0.2800, 0.0900)
0.5800,0.2000, 0.2600, 0.0500)

Step 2. Using Eq (4.2) (setting t=2 and | [ = max), the overall decision matrix is obtained as shown in
Table 4.

Table 4. t-AF overall decision matrix.

CRy

CRy

CRy

CRy

CRs

CRg

0.5322,0.1749,0.5851,0.0800
0.6748,0.1862,0.2339,0.0300
0.7155,0.2084,0.1679,0.1300
0.5384,0.1741,0.5104,0.1400
0.5518,0.2293,0.2187,0.1400

0.6594,0.2259,0.2219,0.0800
0.5487,0.2233,0.2840,0.1000
0.6120,0.2065,0.2528,0.0300
0.6769,0.1777,0.1846,0.0700
0.5070,0.1459,0.1469,0.0500

0.6719,0.2716,0.2650,0.0900
0.5584,0.3746,0.3567,0.0400
0.6284,0.2687,0.3303,0.0700
0.5550,0.3096,0.3283,0.1500
0.5862,0.1635,0.1930,0.0700

0.5070,0.1651,0.1684,0.0600
0.5179,0.1999,0.2599,0.0700
0.6284,0.2945,0.2857,0.1200
0.4463,0.1377,0.1312,0.1200
0.4326,0.3432,0.3697,0.0800

0.7412,0.1831,0.1670,0.0800
0.6120,0.2750,0.2509,0.0900
0.5285,0.2620,0.3181,0.1600
0.7724,0.2143,0.2530,0.1000
0.6388,0.2926,0.3073,0.0900

0.6741,0.1817,0.1808,0.0800
0.5679,0.2187,0.2372,0.0400
0.6284,0.2526,0.3014,0.1000
0.5248,0.2640,0.2689,0.0900
0.6961,0.1922,0.1947,0.0500

Step 3. Upon examining the nature of the six selected criteria, it is observed that only criterion cr,
is of the cost type, while the remaining criteria are classified as benefit type. By Eq (5.3), the overall
decision matrix, as presented in Table 4, has been transformed into its normalized form, as illustrated
in Table 5.

Table 5. Normalized t-AF decision matrix.

CRy

CRy

CR3

CRy

CRs

CRg

0.5851,0.1749,0.5322,0.0800
0.2339,0.1862,0.6748,0.0300
0.1679,0.2084,0.7155,0.1300
0.5104,0.1741,0.5384,0.1400
0.2187,0.2293,0.5518,0.1400

0.6594,0.2259,0.2219,0.0800
0.5487,0.2233,0.2840,0.1000
0.6120,0.2065,0.2528,0.0300
0.6769,0.1777,0.1846,0.0700
0.5070,0.1459,0.1469,0.0500

0.6719,0.2716,0.2650,0.0900
0.5584,0.3746,0.3567,0.0400
0.6284,0.2687,0.3303,0.0700
0.5550,0.3096,0.3283,0.1500
0.5862,0.1635,0.1930,0.0700

0.5070,0.1651,0.1684,0.0600
0.5179,0.1999,0.2599,0.0700
0.6284,0.2945,0.2857,0.1200
0.4463,0.1377,0.1312,0.1200
0.4326,0.3432,0.3697,0.0800

0.7412,0.1831,0.1670,0.0800
0.6120,0.2750,0.2509,0.0900
0.5285,0.2620,0.3181,0.1600
0.7724,0.2143,0.2530,0.1000
0.6388,0.2926,0.3073,0.0900

0.6741,0.1817,0.1808,0.0800
0.5679,0.2187,0.2372,0.0400
0.6284,0.2526,0.3014,0.1000
0.5248,0.2640,0.2689,0.0900
0.6961,0.1922,0.1947,0.0500

Step 4. In the subsequent steps, the proposed CRITIC technique is employed to calculate the unknown
weights of the criteria.
Step 4.1. According to Eq (4.1), the score matrix is obtained as shown below.

CRy

AL; (0.3548
ALy 10.2414

= aLz [0.2498
ALy [0.3388
ALs \0.2726

CRy CR3 CRy4 CR5 CRg
0.4010 0.4102 0.3398 0.4374 0.4060
0.3600 0.3606 0.3437 0.3859 0.3566
0.3700 0.3854 0.3985 0.3655 0.3911
0.4051 0.3758 0.3337 0.4571 0.3530
0.3377 03678 0.3246 0.3962 0.4102

Step 4.2. In accordance with Eq (5.4), the standardized form of the table is derived as follows:

AIMS Mathematics

CRy

ALy (0.1538
AL, 10.0000

= Lz [0.0000
ALy 10.0411
ALs \0.0000

CR» CR3 CRy4 CR5 CRg
0.6271 0.7212 0.0000 1.0000 0.6783
0.8208 0.8250 0.7080 1.0000 0.7976
0.8083 0.9115 1.0000 0.7780 0.9499
0.5783 0.3408 0.0000 1.0000 0.1559
0.4733 0.6918 0.3781 0.8983 1.0000
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Step 4.3. Based on Eq (5.5), the standard deviations £;;j = 1,2, ...,6 are computed as follows:
£, =0.0596, £, = 0.1345, £5 = 0.1948, £, = 0.3934, £5 = 0.0879, £, = 0.3024.

Step 4.4. Following Eq (5.6), the correlation coefficients among the criteria are computed and are
listed in Table 6.

Table 6. Correlation coefficient among criteria.

CR1 CRy CR3 CRy CRs CRg
cry  1.0000 -0.2176 -0.1914 -0.6938 0.4816 -0.3205
Ccry -0.2176 1.0000 0.6231 0.7116 -0.2268 0.2055
cry -0.1914 0.6231 1.0000 0.7851 -0.5455 0.8748
cry -0.6938 0.7116 0.7851 1.0000 -0.7249 0.6698
crs 04816 -0.2268 -0.5455 -0.7249 1.0000 -0.6070
CRs -0.3205 0.2055 0.8748 0.6698 -0.6070 1.0000

Step 4.5. Equation (5.7) is employed to analyze the details for each criterion as follows:
LI, = 0.3541, I, = 0.5251, I3 = 0.6730, L1, = 1.6728, LIs = 0.5825, 11 = 1.2631.

Step 4.6. Under Eq (5.8), the following objective weights are assigned to the considered six criteria.
w = (0.0698,0.1036,0.1327,0.3299,0.1149, 0.2491)
Step 5. The relative weights of the criteria, determined using Eq (5.9), are presented as follows:
wi, = 0.2117, wyp, = 0.3139, w3, = 0.4023, wy, = 1.0000, ws, = 0.3482, wg, = 0.7551.
Step 6. According to Eq (5.10), the distance measure between each of the two alternatives are
constituted in Table 7.
Step 7. Fixing ® = 2 in Eq (5.11), the degree of dominance of alternatives are obtained in Table 8.
Step 8. The total degree of dominance of alternatives are calculated by Eq (5.12), and the results is
tabulated in matrix T.

ALy ALy ALj3 ALy ALs
ALj 0 -0.7532 -0.4119 -0.1899 -0.9673
AL, 119193 0 1.5194  1.3507 1.2641
T'= a; [1.6183 -0.5211 0 0.7405  0.5588
ALy | 1.1405 -0.2194 0.6112 0 —0.7005
ALs \2.2534 -0.0647 0.7252  2.0891 0

Step 9. Based on Eq (5.14), the global value G (a;); i = 1,2, ..., 5 is derived as follows:
G (aLy) = 0.0000, G (aL,) = 1.0000, G (aL3) = 0.5634, G (ALs) = 0.3766, G (aLs) = 0.8746.
Following the above derived global values, we get the following ranking:

ALy > ALs > AL3 > ALgq > ALj.

Note that if the operator | [ in Eq (4.2) is taken as min instead of max, an alternative set of results
is obtained: G (aL;) = 0.0000, G (a1,) = 1.0000, G (aL3) = 0.5633, G (aL4) = 0.3765, G (aLs) = 0.8747.

In this case, the final ranking of alternatives is as follows: AL, > aALs > ALz > ALy > Ary. This
illustrates the sensitivity of the radius component in aggregation; however, the overall decision pattern
remains stable across both scenarios.
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Table 7. Distance measure between each of two alternatives.

CRy CR> CR3 CRy4 CRs CRg
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.2889 0.1436 0.1330 0.0757 0.1668 0.1350
0.3273 0.0708 0.0590 0.2805 0.2633 0.0835

dg (ALU,ALU
dg (ALIJ,ALQJ

dE EALU, ALz

dp (ALyj, ALsj)  0.0956  0.0317 0.1388 0.0888 0.1082 0.1717
de (AL, ALsj) 03278 0.2696 0.2107 0.1975 0.1328 0.0452
dp (ALyj, AL j)  0.2889 0.1436  0.1330 0.0757 0.1668 0.1350

)
)
)
)
)
; 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
) 0.0721 0.0742 0.0918 0.2135 0.1012 0.1386
) 0.2235 0.1529 0.0842 0.1584 0.2507 0.0441
) 0.2068 0.1504 0.2259 0.1359 0.0852 0.1766
) 0.3273 0.0708 0.0590 0.2805 0.2633 0.0835
AL3j,AL2J) 0.0721 0.0742 0.0918 0.2135 0.1012 0.1386
AL3J,AL31) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

)

)

)

)

)

)

)

)

)

)

)

)

dE (ALZJ,Asz
dg (Asz,Ang
dg (ALZJ,AL4J
dE ALyj, ALsj
dE

AL3j, ALy

dp\AL3j, AaLsj)  0.2765 0.0797 0.0927 0.3680 0.3442 0.1581
dp(ALsj, ALsj)  0.2742  0.2049 0.1923 0.2010 0.1674 0.0875
dp\ALsj, ALj)  0.0956 0.0317 0.1388 0.0888 0.1082 0.1717

0.2235 0.1529 0.0842 0.1584 0.2507 0.0441
0.2765 0.0797 0.0927 0.3680 0.3442 0.1581
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.2328 0.2658 0.1459 0.2582 0.1851 0.2104
0.3278 0.2696 0.2107 0.1975 0.1328 0.0452
0.2068 0.1504 0.2259 0.1359 0.0852 0.1766
0.2742 0.2049 0.1923 0.2010 0.1674 0.0875
0.2328 0.2658 0.1459 0.2582 0.1851 0.2104
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

(

(

(

dE AL4j, ALy j

dp (ALsj, AL3;

dE AL4j, AL4j
E ALyj, ALsj

dE (ALSJ,ALlj

dg (AL5],AL2J

dg (AL5J,AL3J

dE EALSJ,AL4J

dg (ALsj, ALs;
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Table 8. Degree of dominance among alternatives.

CR1 CR» CR3 CR4 CR5 CRg
I'; (aLy,aL;)  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000
I'; (AL, AL) -0.2687 -0.1895 -0.1823 0.2752 -0.2042 -0.1837
I';(aL,A3) -0.2861 -0.1330 -0.1215 0.5296 -0.2566 -0.1445
I'j(aLy,aL) -0.1546  0.1782  -0.1862 -0.1490 0.3290 -0.2072
I'j(aL,ALs)  -0.2863 -0.2596 -0.2295 -0.2222 -0.1822 0.2126
I'j(aLy,ALy) 05375 0.3789  0.3647 -0.1376 0.4084  0.3674
I'; (aLp,AL2)  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000
I'j (AL, aL3)  0.2686 0.2724  0.3030 0.4621 -0.1590 0.3723
I'j(ALy,ALy) 04728  0.3910 0.2902 -0.1990 0.5007 -0.1050
I';(ALy,ALs)  0.4547 -0.1939 0.4753 -0.1843 0.2920 0.4203
I';(aLs,aL;) 05721 0.2660 0.2429 -0.2648 0.5132  0.2889
I (AL3,4L,) -0.1343  -0.1362 -0.1515 -0.2310 0.3181 -0.1861
I';(aL3,A3)  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
I';(aLs,ALs) 05258  0.2823  -0.1522 -0.3033 0.5867 -0.1988
I';(aLs,ALs) 05237  -0.2263 -0.2192 -0.2241 0.4091 0.2957
I'j(ALs,aL;) 03093 -0.0891 0.3725 0.2980 -0.1645 0.4143
I'j(ALs,ALy) -0.2364 -0.1955 -0.1451 0.3980 -0.2504 0.2099
I'j(aLs,AL3) -0.2629 -0.1411 0.3044 0.6066 -0.2934 0.3976
I'; (ALs, ALy)  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000
I'j (AL, ALs)  -0.2413  -0.2578 -0.1910 -0.2541 -0.2151 0.4587
I';(aLs,aLy) 05726 0.5192  0.4590 0.4444 0.3645 -0.1063
I'j(aLs,ALy) -0.2274  0.3878 -0.2377 0.3686 -0.1460 -0.2101
I'j(aLs,aL3) -0.2618 0.4527 0.4385 0.4483 -0.2046 -0.1479
I'j(aLs,ALs)  0.4825 0.5156 0.3820 0.5081 0.4302 -0.2294
I'; (aLs,ALs)  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

6.3. Influence analysis

This section aims to evaluate the stability of the developed TODIM model under variations in
parameters ® and 7. In what follows, a comprehensive experimental analysis is conducted to assess
the model’s sensitivity to these factors.

To examine stability concerning ®, we used various values for ®: 1, 2, 3,4, 5, 10, 50, 100, and 150,
reapplying the proposed algorithm to the case study with each value. The final ranking results are
presented in Table 9 and illustrated in Figure 4. From Table 9, it can be observed that the global values
for alternatives aL; and AL, remain constant, while the values for other alternatives increase as ® grows.
Despite these changes, the rankings of alternatives remain consistently unchanged: ar, > Ars > ar; >
ALy > ALy. This analysis demonstrates that the developed model is robust and insensitive to varying
values of ©.
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Table 9. Ranking orders of alternatives for different values of ©.

Global values of alternatives
0 GUL) GUn) Gs) G(aL) G(aLs) Ranking
1 0.0000 1.0000 0.5459 0.3614 0.8361 AL, > ALs > ALz > ALy > AL
2 0.0000 1.0000 0.5634 0.3766 0.8746 AL, > ALs > ALz > ALs > AL
3 0.0000 1.0000 0.5722 0.3842 0.8940 ALy > ALs > ALz > ALy > AL;
4 0.0000 1.0000 0.5776 0.3889 0.9057 ALy > ALs > ALz > ALy > AL
5 0.0000 1.0000 0.5811 0.3920 09136 AL, > ALs > ALz > ALy > AL
10  0.0000 1.0000 0.5893 0.3990 0.9315 ALy > ALs > ALz > ALy > AL;
50 0.0000 1.0000 0.5970 0.4057 09484 ALy > ALs > ALz > ALy > AL;
100 0.0000 1.0000 0.5981 0.4066 0.9508 AL, > ALs > ALz > ALy > AL;
150 0.0000 1.0000 0.5984 0.4069 0.9515 ALy, > ALs > ALy > ALy > ALy
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Figure 4. Ranking results for different values of ©.

Next, we evaluate the effect of the parameter ¢ on the outcome rankings. For this, we applied
different values of ¢ within the proposed approach, with the results shown in Table 10. From Table 10
and Figure 5, we observe that for t = 2 and ¢ = 3, the ranking is AL, > ALs > ALz > ALy > AL
Att =4 andt = 35, alternatives Ar4 and AL, switch positions. Further analysis reveals that from ¢ = 10
to t = 50, the ranking changes to AL; > AL, > ALs > ALy > AL4, and at t = 75, the ranking becomes
ALy > ALy > ALz > ALs > AL4. This indicates that the proposed TODIM methodology is highly sensitive
to changes in ¢; notably, AL, initially the worst alternative at = 2 and ¢ = 3, becomes the top choice at
higher values of .

The results in Table 10 indicate that the ranking of alternatives varies with different values of ¢,
particularly for lower values (# = 2 to t = 5) and stabilizes for higher values (r > 10). This variation
does not contradict the stability of the proposed methodology but rather highlights the sensitivity of
the TODIM-based decision model to parameter selection. The parameter ¢ influences the weight given
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to hesitation and uncertainty, which affects the dominance degrees of alternatives. To further validate
the robustness of our approach, we conducted additional sensitivity analysis, demonstrating that for
a sufficiently large 7, the rankings converge, ensuring stability in decision-making over a reasonable
parameter range. This aligns with the expected behavior of fuzzy decision models, where minor
fluctuations at lower ¢ values represent initial sensitivity, while higher values provide a more stable
preference ordering.

In practical applications, an appropriate value of t can be chosen based on the fundamental
constraint a’ + b' + ¢’ < 1, which ensures the valid representation of t-AF elements. The smallest value
of ¢ that satisfies this condition is considered the most suitable, as it captures the inherent uncertainty
without excessive amplification. For example, in the given case, ¢t = 2 is the minimum value satisfying
this constraint. However, DMEs may choose higher values of ¢ based on domain-specific sensitivity
requirements or robustness preferences.

Table 10. Ranking orders of alternatives for different values of ¢

Global values of alternatives

1 Gn) GL) Gas) Ga) G(aLs) Ranking
2 0.0000 1.0000 0.5634 0.3766 0.8746 AL, > ALs > ALz > ALy > AL
3 0.0000 1.0000 0.6713 0.1380 0.7329 AL, > ALs > ALz > ALy > AL|
4 0.0397 1.0000 0.5240 0.0000 0.5708 AL, > ALs > ALz > AL; > ALy
5 0.3104 1.0000 0.4893 0.0000 0.8638 AL, > ALs > ALz > AL; > ALy
10 1.0000 0.8913 0.3042 0.0000 0.4063 AL; > ALy > ALs > ALy > ALy
25 1.0000 0.6055 0.1368 0.0000 0.1389 AL; > ALy > ALs > ALy > ALy
50 1.0000 0.5188 0.0267 0.0000 0.0269 AL; > ALy > ALs > ALy > ALy
75 1.0000 0.5030 0.0039 0.0000 0.0020 AL; > ALy > ALz > ALs > ALy
1.0 e 1 — ‘ . —
" 0.8¢ 1
% ] — G(AL,)
© 0.6+ 1 — G(AL,)
P o
O _ G(AL,)
0.2 1 — G(ALy)
0.0te¢ v ; ; ; , : —
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Figure 5. Ranking results for different values of ¢.

AIMS Mathematics

Volume 10, Issue 6, 13941-13973.



13966

7. Results and discussion

For the comparative analysis presented in this section, we utilize the data from Table 5 to evaluate
it with established methodologies. Specifically, we incorporated a set of prominent techniques,
comparing their ranking outcomes with our initial rankings to validate and highlight the robustness of
our proposed theoretical framework. The following methodologies are selected for comparison: Ashraf
et al. [47] introduced the CRADIS decision model tailored for disc spherical fuzzy (DSF) contexts,
while their subsequent work [48] elaborated on DSF-based Sugeno-Weber operators. Additionally,
Ahmad et al. [49] developed Aczel-Alsina (AA) operators for DSF applications, and Ali and Yang [50]
investigated Dombi AOs in circular g-ROFS frameworks. Anjum et al. [37] employed the WASPAS
method, and Thilagavathy and Mohanaselvi [44] explored the TODIM method within the t-SFS
setting. These methods were systematically applied to the dataset in Table 5, using the weight vector
w = (0.0698,0.1036,0.1327,0.3299,0.1149,0.2491) generated by the proposed CRITIC method to
enhance the accuracy of the comparisons. To enable the application of existing methods—each
originally designed for different fuzzy environments (such as DSF, circular q-ROFS, and t-SFS)—to
the t-AFNSs dataset presented in Table 5, necessary adjustments are made. Specifically, for methods
based on circular -ROFSs [50], the neutral membership degrees (b;;) are removed to align with the
two-component structure of q-ROFSs. For t-SFS-based methods [37, 44], the radius values were
set to zero to match the requirements of the t-spherical structure. Similarly, methods under DSF
settings [47—-49] are applied without modification, but they interpret the radius in a less generalized
or structurally distinct manner compared to t-AFNs. These transformations, while necessary for
compatibility, led to partial loss of evaluation information—particularly the psychological neutrality
captured through b;; and the DME’s certainty modeled via the radius. Hence, while such modifications
allowed for a uniform comparison, they also highlight the advantages of the proposed t-AF TODIM
model, which preserves and fully utilizes the three-dimensional structure inherent to t-AFNs, ensuring
a more accurate and informative evaluation.

The final computed results are detailed in Table 11.

Table 11. Comparative analysis results

Approach Final results Ranking
Ashraf et al. [47] 0.8980, 1.3143,1.0210,1.0317,1.0269 AL, > AL4 > ALs > ALy > AL,
Ashraf et al. [48] 0.1174,0.0372, 0.0424, 0.0902,0.0717 AL; > ALy > ALs > AL3 > AL
Ahmad et al. [49] 0.4937,0.4381,0.4316,0.4769,0.4520  AL; > ALy > ALs > ALy > ALj
Ali and Yang (t-conorm) [50] 0.0469,0.0074,0.0230,0.0297,0.0212  AL; > ALy > ALz > ALs > ALy
Ali and Yang (t-norm) [50] 0.0469,0.0074,0.0230,0.0297,0.0212  AL; > ALy > ALz > ALs > ALy
Anjum et al. [37] 0.8793,0.8104,0.8384,0.7502,0.7114 ALy > AL; > ALy > ALy > ALjs
Thilagavathy and Mohanaselvi [44]  0.0000,1.0000,0.4030,0.4482,0.8848 AL, > ALs > ALy > ALz > ALy
Proposed method 0.0000,1.0000,0.5634,0.3766,0.8746 ALy > ALs > ALz > ALy > AL;

i). From Table 11, it is evident that the CRADIS approach [47] identifies AL, as the best alternative and
AL; as the worst, consistent with the rankings produced by the developed TODIM method. Minor
variations are observed in the rankings of other alternatives, which can be attributed to differences
in the mathematical formulation structures. Ashraf et al. [47] rely on a scoring formula, S (A;) =
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}L(al — by —c1 + \V2r,2h - l)), where h € [0, 1], which encounters limitations when r = 0,
h = 1, and where the sums of b; and ¢, are equal to a;. Although this approach works for the
current dataset, it may not be applicable in scenarios where the condition a} + b} + ¢} < 1 does
not hold for = 1 or ¢ = 2, limiting its general validity.

ii). Ashraf et al. [48] and Ahmad et al. [49] have developed methods based on Sugeno-Weber and
AA aggregation, respectively, both of which rank az; as the optimal alternative. This finding
stands in stark contrast to our ranking, which identifies Az; as the least favorable option. The
primary reason for this significant discrepancy lies in the foundational principles of these existing
methods, which rely solely on data aggregation. Their aggregation formulas treat the radius
r similarly to membership or non-membership components. In contrast, our developed theory
approaches this formulation based on maximum or minimum values, reflecting a fundamentally
different perspective. Moreover, the scoring formula is critical in determining the rankings of
alternatives, and both existing approaches employ the same scoring formula previously discussed,
along with its inherent limitations. This reliance may contribute to the observed differences in
results. Despite these drawbacks, the existing methods [48,49] possess certain advantages: their
operators are more generalized due to the inclusion of Sugeno-Weber and AA parameters, and
they are simpler compared to the TODIM technique.

iii). To implement the approach proposed by Ali and Yang [50] on the data presented in Table 5, we
excluded the neutral grades, denoted as b;;, from the t-AFNs. This adjustment transformed the
data into circular q-rung orthopair fuzzy context. While this modification allowed Ali and Yang’s
method [50] to be applied, it resulted in the loss of crucial information from the experts, leading to
a significant shift in the rankings: as per the framed approach, the best alternative, AL,, was moved
to the third position, while the worst alternative, AL, ascended to the top rank. Furthermore, this
existing aggregation approach is unable to compute criteria weights when faced with scenarios in
which this information is unknown.

iv). From Table 11, it is evident that the rankings derived from the methodology of Anjum et al. [37]
differ significantly from those produced by our proposed t-AF method, similar to previous
aggregation-based approaches. In contrast, the rankings from Thilagavathy and Mohanaselvi [44]
exhibit considerable similarity, except for the switched positions of Az; and az4. Both of these
existing methods [37,44] are founded on a t-spherical fuzzy context. To enable the application
of these approaches, the considered data has been reduced to a t-spherical fuzzy context by
setting the radius value of each t-AFN to zero. However, this adjustment may result in the
loss of critical information, leading to inaccuracies in the rankings. The similarity between the
results of Thilagavathy and Mohanaselvi [44] and our proposed approach lies in both utilizing
the TODIM methodology and accounting for the DMEs’ psychological behavior. The differences
arise from the contexts, as Thilagavathy and Mohanaselvi’s method is specifically valid for t-
SF settings, whereas our proposed method applies to t-AFS, which is a generalization of t-SF.
Furthermore, the methodology presented by Anjum et al. [37] employs a scoring function defined
as S (A) = a} — ¢}, which ranges from -1 to 1. In our case study, several negative values were
obtained, rendering the weighted product step of the WASPAS method unworkable. To address
this issue and ensure suitability for obtaining the final ranking results, we replaced this scoring
function with the formulation proposed by Zedam et al. [51].
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Based on the analysis presented, we can outline the following advantages of the developed theory
and method:

). The t-AF context introduced in this article is more general than existing frameworks and is
particularly effective in scenarios characterized by greater uncertainty. This fuzzy context can be
reduced to a circular spherical fuzzy set by fixing # = 2 or to a circular q-rung orthopair fuzzy setting
by eliminating neutral grades. Consequently, it offers a broader range for DMEs to articulate their
perspectives more clearly.

i1). The proposed novel t-AF TODIM method remains unaffected by variations in the parameter O,
as illustrated in Table 9. This stability enhances the robustness of the approach, allowing for consistent
results across different settings.

ii1). Utilizing the TODIM method to rank alternatives in MCGDM problems emphasizes the
psychological aspects of decision-making. This approach acknowledges the cognitive processes and
subjective preferences of DMEs, allowing for a more nuanced evaluation of alternatives. This focus on
human psychology contributes to more realistic and applicable results in practical scenarios.

iv). The proposed score computation employs a more accurate formulation that is unaffected by
setting the radius values to zero or by equating the sums of neutral and non-membership grades to the
membership value, allowing for a clearer and more consistent evaluation of alternatives without the
limitations present in previous approaches [47-50].

However, the model does have certain limitations, including:

i). The criteria weight estimation method determines weights objectively, with limited consideration
of subjective input from DME:s.

i1). The presented approach is based on the assumption that the experts weights should be known in
advance, which may not align with actual scenarios.

8. Conclusions

In this paper, we proposed the t-AFS, an extension of several existing fuzzy set frameworks,
including FSs, g-ROFSs, circular g-rung orthopair FSs, disc spherical FSs, and t-spherical FSs. This
framework effectively represented vagueness and fuzziness in real-world problems by incorporating
radius and the parameter ¢, providing DMEs with greater flexibility to express their perspectives.
We defined fundamental operations for t-AFNs and established a range of identities, alongside a
robust score and accuracy function for comparing t-AFNs. Additionally, we presented a series of
aggregation operators with their essential properties and validated distance measures that satisfied the
axioms of distance measurement. Building on these developments, we explored the CRITIC method
for objective criteria weight determination, leveraging the advantage of capturing correlations among
criteria. We also extended the TODIM method to the t-AF context to enable the ranking of alternatives
while incorporating the psychological aspects of decision-making. Finally, we presented a case study
on selecting an optimal gate security system, followed by a sensitivity analysis and comparative
discussion, which demonstrated the stability, validity, and superiority of the developed model.

Future research could focus on enhancing the framework by introducing independent parameters
for each grade, as proposed by Ali and Naeem [52], to improve flexibility. The model could also
be applied to other decision-making problems, such as healthcare, risk analysis, and supply chain
management, to validate its effectiveness across domains. Another promising direction is integrating t-
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AFS with three-way decision-making TWD to refine classification into acceptance, rejection, or a
neutral zone, improving decision robustness. Additionally, refining the TODIM method in the t-AFS by
incorporating alternative distance measures and adapting it for group decision-making could strengthen
its applicability.
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