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1. Introduction

Altun et al. [1] introduced the concept of p-proximal contractions and p-proximal contractive
mappings on metric spaces. Amini-Harandi [2] proved the best proximity point theorem for non-self
proximal generalized contractions. Aydi et al. [3] generalizedMT - cyclic contraction mappings with
respect to an auxiliary function φ and investigated the existence of a best proximity point of such
mappings in the setting of metric spaces. Basha [4] proposed a best proximity point theorem for
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non-self-proximal contractions. Debnath [5] discussed existing theories as well as recent
developments in the area of metric fixed point theory. Hussain et al. [6] proved the existence of best
proximity point results in the context of b-metric spaces. Kostić et al. [7] introduced a special type of
w-distance which generalizes some recent best proximity point results involving simulation functions.
Nesić [8] proved fixed point theorems on metric space. Raj [9] proved a best proximity point theorem
for weakly contractive non-self-mappings. Samet [10] proved the existence and uniqueness of best
proximity points for two classes of non-self-contractive mappings. Todorčević [11] proved fixed point
theorems on harmonic quasiconformal mappings and hyperbolic-type metrics.

To understand the need of proximal point,we will start from fixed points.
By a fixed point, we shall mean a point that is invariant under any transformation. Let Q be a

nonempty set and let H : Q → Q. If H(θ) = θ, then θ is a fixed point of H. To understand the concept,
we shall consider a quadratic equation θ2 − 8θ + 15 = 0. If we write H(θ) = θ

2+15
8 , then θ = 3 and θ = 5

are two fixed points of H.
However, an equation of the form Hθ = θ does not necessarily have a solution if H happens to be a

non-self-mapping. In such cases, fixed-point theorems do not apply directly, and a fixed point might
not exist within the domain. In this case, we get an appropriate solution. Therefore, we can say that
when we can not get the fixed point of a function, then we need a best proximity point (BPP) so that
we can get an approximate solution.

Let H be a mapping from S to T which is non-self-mapping, where S, and T are closed subsets of a
metric space (MS) (Q, ℘). Clearly, the set of fixed point is empty. In this case, we find an element θ in
the domain S it is closest to Hθ, which is in the co-domain T. We will get the solution of this type of
problem in the BPP analysis as applicable.

If the distance of θ and Hθ is equal to the distance of the set S and T then the point θ in S is called
the BPP of H.

Example 1.1. Let Q = R2 be a completeMS with the usual metric ℘. Let S = {(1, θ) : θ ∈ R} and
T = {(0, θ) : θ ∈ R} be closed subsets of Q and we have ℘(S,T) = 1. Let H : S → T be defined by
H((1, θ)) = (0, θ). Therefore, we have no fixed point but we do have a BPP (1, 0).

Alam et al. [12] established a fixed point for a class of interpolative contractions by introducing
novel forms of interpolative generalized Gupta-Saxena-Reich-type contractions and generalized Gupta-
Saxena-Kannan-type contractions within the setting of Mb

v -metric spaces. Dong et al. [13] studied a
class of second-order geometric quasilinear hyperbolic partial differential equations. Shcheglov et
al. [14] established the parameter identification problem in a system of time-dependent quasi-linear
partial differential equations. Ye and Hofmann [15] obtained non-negative stable approximate solutions
to ill-posed linear operator equations in a Hilbert space setting, and developed two novel non-negativity
preserving iterative regularization methods. Lin et al. [16] developed a new numerical approach to
reconstruct the locations of the discontinuity of the conduction coefficient in elliptic partial differential
equations. Baravdish et al. [17] introduced a new image denoising model: the damped flow, which
is a second-order nonlinear evolution equation associated with a class of energy functionals of an
image. Sen and Karapinar [18] investigated some convergence properties of quasi-cyclic and cyclic
Jungck modified TS -iterative schemes in complete metric spaces and Banach spaces. Naraghirad [19]
introduced the notion of the BUC property, which extends the notion of the UC property. Abkar and
Norouzian [20] introduced the notion of quasi-cyclic-noncyclic pair and its relevant new notion of
coincidence quasi-best proximity points in a convex metric space.
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2. Preliminaries

Now, we recall a few notations for the better understanding of best proximity points theory. Here
MS means metric space, BPP means best proximity point, P-Pro means P-property, and UFP means
unique fixed point.

Let (Q, ℘) be aMS and S, T be two non-empty subsets of a completeMS (Q, ℘).

℘(S,T) =inf{℘(θ, ℓ) : θ ∈ S, ℓ ∈ T};
S0 ={θ ∈ S : ℘(θ, ℓ) = ℘(S,T), for some ℓ ∈ T};
T0 ={ℓ ∈ T : ℘(θ, ℓ) = ℘(S,T), for some θ ∈ S}.

Definition 2.1. Let H : S→ T be a non-self- mapping and an element θ ∈ S is known to be a BPP of
H iff it satisfies the condition

℘(θ,Hθ) = ℘(S,T).

Definition 2.2. [9] Let (Q, ℘) be aMS and S,T be non-void subsets of Q with S0 , ∅. Then (S,T) is
referred to be P-Pro if

℘(θ1, ℓ1) = ℘(S,T)
℘(θ2, ℓ2) = ℘(S,T)

 implies ℘(θ1, θ2) = ℘(ℓ1, ℓ2),

where θ1, θ2 ∈ S and ℓ1, ℓ2 ∈ T.

3. Main result

Now, we are going to introduce a new type of contraction condition called the M-type generalized
contraction for obtaining BPPs in aMS (Q, ℘) which follows:

Definition 3.1. Let H : S → T be a non-self-mapping, and it is said to be a M-type generalized
contraction if it satisfies the conditions

℘(θ1,Hℓ1) = ℘(S,T) and ℘(θ2,Hℓ2) = ℘(S,T)

implying

[1 + ϑ℘(ℓ1, ℓ2)]℘(θ1, θ2) ≤ ϑ [℘(ℓ1, θ1)℘(ℓ2, θ2) + ℘(ℓ2, θ1)℘(ℓ1, θ2)]

+ g max
{
℘(ℓ1, ℓ2), ℘(ℓ1, θ1), ℘(ℓ2, θ2),

1
2

[℘(ℓ2, θ1) + ℘(ℓ1, θ2)]
}
,

where θ1, θ2, ℓ1, ℓ2 ∈ S with θ1 , θ2(℘(θ1, θ2) > 0), ϑ ≥ 0, 0 < g < 1.

Example 3.1. Let S = [0, 2], T = [1], and define a non-self-mapping H : S→ T as

H(θ) = 1 ∈ [1, 3], ∀ θ ∈ [0, 2].

Also define the metric ℘(θ, ℓ) = |θ − ℓ|.
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Take θ1 = 0, θ2 = 2, ℓ1 = 2, and ℓ2 = 0.

℘(θ1,Hℓ1) = ℘(S,T) = 1 and ℘(θ2,Hℓ2) = ℘(S,T) = 1.

Choose ϑ = 1 and g = 1.

[1 + ϑ℘(ℓ1, ℓ2)]℘(θ1, θ2) ≤ ϑ [℘(ℓ1, θ1)℘(ℓ2, θ2) + ℘(ℓ2, θ1)℘(ℓ1, θ2)]

+ g max
{
℘(ℓ1, ℓ2), ℘(ℓ1, θ1), ℘(ℓ2, θ2),

1
2

[℘(ℓ2, θ1) + ℘(ℓ1, θ2)]
}

where θ1, θ2, ℓ1, ℓ2 ∈ S with θ1 , θ2, ϑ ≥ 0, 0 < g < 1.

Now, we are ready to establish a proximal point theorem using Definition (3.1).

Theorem 3.1. Let S and T be closed subsets of a completeMS (Q, ℘) implying that S0 and T0 both
are non-empty. Assume that H : S→ T satisfies the following:

(i) H is continuous and satisfies the M-type generalized contraction;

(ii) H(S0) ⊆ T0;

(iii) the pair (S,T) satisfies the P-Pro.

Then, there exists a unique element θ in S implying that

℘(θ,Hθ) = ℘(S,T).

Proof. Let θ0 ∈ S0. Since H(S0) ⊆ T0, we have Hθ0 ∈ T0. By the definition of T0, we can find an
element θ1 ∈ S0 implying that

℘(θ1,Hθ0) = ℘(S,T).

Again, since H(S0) ⊆ T0, guaranteeing that we can find an element θ2 ∈ S0 implying that

℘(θ2,Hθ1) = ℘(S,T).

Proceeding in this way, we can construct a sequence {θv} in S0 implying that

℘(θv+1,Hθv) = ℘(S,T), for all v ≥ 0. (3.1)

Since (S,T) satisfies the P-Pro, we have

℘(θv, θv+1) = ℘(Hθv−1,Hθv), for all v ∈ N. (3.2)

If for some v0 ∈ N, ℘(θv0 , θv0+1) = 0, consequently ℘(Hθv0−1,Hθv0) = 0 implying Hθv0−1 = Hθv0 implies
℘(θv0 ,Hθv0) = ℘(S,T). Thus θv0 is the BPP of H.
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Let us consider ℘(θv, θv+1) > 0, for all v ≥ 0. By the M-type generalized contraction, we have

[1 + ϑ℘(θv−1, θv)]℘(θv, θv+1) ≤ ϑ
[
℘(θv, θv−1)℘(θv+1, θv) + ℘(θv, θv)

℘(θv+1, θv−1)
]
+ g max

{
℘(θv, θv−1),

℘(θv−1, θv), ℘(θv+1, θv),
1
2

[
℘(θv, θv)+

℘(θv+1, θv−1)
]}
,

≤ ϑ[℘(θv, θv−1)℘(θv+1, θv)] + g max
{
℘(θv, θv−1),

℘(θv, θv+1),
1
2

[℘(θv+1, θv) + ℘(θv, θv−1)]
}
.

Therefore,

℘(θv, θv+1) ≤ g max
{
℘(θv, θv−1), ℘(θv, θv+1),

1
2

[℘(θv+1, θv) + ℘(θv, θv−1)]
}
, (3.3)

for all v ∈ N.
If ℘(θv, θv−1) < ℘(θv+1, θv), from (3.3), we have

℘(θv, θv+1) ≤ g ℘(θv+1, θv).

But ℘(θv, θv+1) is never less than 0. So, (1 − g) ≤ 0. But g is in (0, 1). So, we get a contradiction.
Now, if ℘(θv+1, θv) < ℘(θv, θv−1), from (3.3), we have

℘(θv, θv+1) ≤ g ℘(θv−1, θv).

Similarly, we have

℘(θv−1, θv) ≤ g ℘(θv−2, θv−1).

Proceeding in this way, we have

℘(θv, θv+1) ≤ g ℘(θv−1, θv) ≤ g2 ℘(θv−2, θv−1) ≤ ...
(3.4)

; gv ℘(θ0, θ1), for all v ∈ N. (3.5)

Letting v→ +∞, we have

lim
v→+∞

℘(θv, θv+1) = 0. (3.6)

Now, we will show that the sequence {θv} is a Cauchy sequence. To obtain this, we have the following:
For each v > m,

℘(θm, θv) ≤ ℘(θm, θm+1) + ℘(θm+1, θm+2) + ... + ℘(θv−1, θv)
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≤ gm℘(θ0, θ1) + gm+1℘(θ0, θ1) + ... + gv−1℘(θ0, θ1)
= gm[1 + g + g2 + ... + g(v−1)−m]℘(θ0, θ1)
≤ ℘m[1 + g + g2 + ...]℘(θ0, θ1)

= gm
(

1
1 − g

)
℘(θ0, θ1).

Let ϵ > 0 be an arbitrary small positive number, and since g ∈ (0, 1), we can find a large N ∈ N
implying that

gN <
ϵ(1 − g)
℘(θ0, θ1)

.

Then by choosing m and v sufficiently larger than N , we write

℘(θm, θv) <
ϵ(1 − g)
℘(θ0, θ1)

(
1

1 − g

)
℘(θ0, θ1).

This implies,

℘(θm, θv) < ϵ.

which concludes that {θv} is a Cauchy sequence in Q.
Since S is a closed subset of a completeMS (Q, ℘), then we can find a point θ in S implying that

lim
v→+∞

℘(θv, θ) = 0. (3.7)

Suppose H is continuous, so (3.7) implies lim
v→+∞

℘(Hθv,Hθ) = 0. Therefore, the continuity of the metric
℘ implies that

℘(θv+1,Hθv) = ℘(θ,Hθ). (3.8)

Using (3.1) and (3.8), we have

℘(θ,Hθ) = ℘(S,T).

This shows that θ is a BPP of H.
To prove the uniqueness of the BPP, suppose κ is another BPP of H, that is,

℘(κ,Hκ) = ℘(S,T).

Replacing θ1 = θ, θ2 = κ, ℓ1 = θ, and ℓ2 = κ in the M-type generalized contraction, we have

[1 + ϑ℘(θ, κ)]℘(θ, κ) ≤ ϑ[℘(θ, θ)℘(κ, κ) + ℘(θ, κ)℘(κ, θ)] + g max
{
℘(θ, κ),

℘(θ, θ), ℘(κ, κ),
1
2

[℘(θ, κ) + ℘(κ, θ)]
}
.

This implies,

℘(θ, κ) ≤ g ℘(θ, κ)
(1 − g)℘(θ, κ) ≤ 0.

This is a contradiction because 1 − g > 0.
Therefore, θ and κ must be identical. Hence, H has a unique BPP. □
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Next, the following is a BPP theorem for a non-self-mapping satisfying the M-type generalized
contraction condition without assuming continuity of H.

Theorem 3.2. Let S and T be closed subsets of a completeMS (Q, ℘) implying that S0 and T0 both
are non-empty. Assume that H : S→ T satisfies the following:

(i) H is an M-type generalized contraction;

(ii) H(S0) ⊆ T0;

(iii) the pair (S,T) satisfies the P-Pro.

Then, there exists a unique element θ in S implying that

℘(θ,Hθ) = ℘(S,T).

Proof. Similar to Theorem 3.1, we can construct a sequence {θv} in S0 implying that

℘(θv+1,Hθv) = ℘(S,T), for all v ≥ 0. (3.9)

The sequence {θv} is a Cauchy sequence, and we can prove this part the same way as in Theorem 3.1.
Since S is a closed subset of a completeMS (Q, ℘), then there exists a point θ in S implying that

lim
v→+∞

℘(θv, θ) = 0. (3.10)

Since (S,T) satisfies the P-Pro, we have

℘(θv, θv+1) = ℘(Hθv−1,Hθv), for all v ∈ N. (3.11)

If for some v0 ∈ N, ℘(θv0 , θv0+1) = 0, consequently ℘(Hθv0−1,Hθv0) = 0 implies Hθv0−1 = Hθv0 implying
℘(θv0 ,Hθv0) = ℘(S,T). Thus θv0 is the BPP of H.

Let us consider ℘(θv, θv+1) > 0, for all v ≥ 0. By the M-type generalized contraction, we have,

[1 + ϑ℘(θv−1, θv)]℘(θv, θv+1) ≤ ϑ
[
℘(θv, θv−1)℘(θv+1, θv) + ℘(θv, θv)

℘(θv+1, θv−1)
]
+ g max

{
℘(θv, θv−1)

℘(θv, θv−1), ℘(θv+1, θv),
1
2

[
℘(θv, θv) + ℘(θv+1, θv−1)

]}
,

≤ ϑ[℘(θv, θv−1)℘(θv+1, θv)] + g max
{
℘(θv, θv−1),

℘(θv, θv+1),
1
2

[℘(θv+1, θv) + ℘(θv, θv−1)]
}
.

This implies,

℘(θv, θv+1) ≤ g max
{
℘(θv, θv−1), ℘(θv, θv+1),

1
2

[℘(θv+1, θv)+℘(θv, θv−1)]
}
, (3.12)
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for all v ∈ N.
If ℘(θv, θv−1) < (θv+1, θv), from (3.12), we have.

℘(θv, θv+1) ≤ g ℘(θv+1, θv).

But ℘(θv, θv+1) is never less than 0, and so, (1 − g) ≤ 0. But g is in (0, 1). So, we get a contradiction.
Now, if ℘(θv+1, θv) < ℘(θv, θv−1), from (3.12), we have,

℘(θv, θv+1) ≤ g ℘(θv−1, θv).

Similarly, we have

℘(θv−1, θv) ≤ g ℘(θv−2, θv−1).

Proceeding in this way, we have

℘(θv, θv+1) ≤ g ℘(θv−1, θv) ≤ g2 ℘(θv−2, θv−1) ≤ ...
≤ gv ℘(θ0, θ1), for all v ∈ N. (3.13)

On the other hand, from (3.11) and (3.13), we have

℘(Hθv−1,Hθv) = ℘(θv, θv+1) ≤ gv℘(θ0, θ1), for all v ∈ N. (3.14)

To obtain this, we have the following: For each v > m,

℘(Hθm−1,Hθv−1) ≤ ℘(Hθm−1,Hθm)+℘(Hθm, θHm+1)+...+℘(Hθv−2, θv−1),
≤ gm℘(θ0, θ1) + gm+1℘(θ0, θ1) + ... + gv−1℘(θ0, θ1),
= gm[1 + g + g2 + ... + g(v−1)−m]℘(θ0, θ1),
≤ gm[1 + g + g2 + ...]℘(θ0, θ1),

= gm
(

1
1 − g

)
℘(θ0, θ1).

Let ϵ > 0 be an arbitrary small positive number, and since g ∈ (0, 1), we can find a large N ∈ N
implying that

gN <
ϵ(1 − g)
℘(θ0, θ1)

.

Then by choosing m and v sufficiently larger than N , we write

℘(Hθm−1,Hθv−1) <
ϵ(1 − g)
℘(θ0, θ1)

(
1

1 − g

)
℘(θ0, θ1).

This implies,

℘(Hθm−1,Hθv−1) < ϵ.

This concludes that {Hθv} is a Cauchy sequence in Q.
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Since T is a closed subset of a completeMS (Q, ℘), then we can find a point θ∗ in T implying that

lim
v→+∞

℘(Hθv, θ∗) = 0. (3.15)

From (3.9), (3.10), and (3.15), we have

℘(θ, θ∗) = lim
v→+∞

℘(θv+1,Hθv) = ℘(S,T). (3.16)

Thus θ must be an element of S0. Since H(S0) ⊆ T0, we have

℘(κ,Hθ) = ℘(S,T) (3.17)

for some element κ in S.
Using the P-Pro, (3.16), and (3.17), we have

℘(θv+1, κ) = ℘(Hθv,Hθ), for all v ∈ N.

If for some v0, ℘(θv0+1, κ) = 0, consequently ℘(Hθv0 ,Hθ) = 0 implies Hθv0 = Hθ implying ℘(θv0 ,Hθv0) =
℘(S,T). Thus θv0 is the BPP of H.

So,for all v ≥ 0, ℘(θv+1, κ) > 0, by M-type generalized contraction, we have

[1 + ϑ℘(θv+1, κ)]℘(θv, θ) ≤ ϑ[℘(θv+1, θv)℘(κ, θ) + ℘(κ, θv)℘(θv+1, θ)]

+ g max
{
℘(θv+1, κ), ℘(θv+1, θv), ℘(κ, θ),

1
2
[
℘(κ, θv) + ℘(θv+1, θ)

]}
.

Letting v→ +∞, we obtain

[1 + ϑ℘(θ, κ)]℘(θ, θ) ≤ ϑ[℘(θ, θ)℘(κ, θ) + ℘(κ, θ)℘(θ, θ)] + g max
{
℘(θ, κ),

℘(θ, θ), ℘(κ, θ),
1
2

[℘(κ, θ) + ℘(θ, θ)]
}
.

This implies,

g ℘(θ, κ) ≤ 0,

which implies that θ and κ must be identical. From (3.17), we have

℘(θ,Hθ) = ℘(S,T).

This shows that θ is a BPP of H.
To prove the uniqueness of the BPP, suppose υ be another BPP of H, that is,

℘(υ,Hυ) = ℘(S,T).

Replacing θ1 = θ, θ2 = υ, ℓ1 = θ, and ℓ2 = υ in the M-type generalized contraction, we have

[1 + ϑ℘(θ, υ)]℘(θ, υ) ≤ ϑ[℘(θ, θ)℘(υ, υ) + ℘(θ, υ)℘(υ, θ)] + g max
{
℘(θ, υ), ℘(θ, θ),

AIMS Mathematics Volume 10, Issue 6, 13622–13639.
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℘(υ, υ),
1
2

[℘(θ, υ) + ℘(υ, θ)]
}
.

This implies ,

℘(θ, υ) ≤g ℘(θ, υ)
(1 − g)℘(θ, υ) ≤0.

This is a contradiction because 1 − g > 0.
Therefore, θ and υ must be identical. Hence, H has a unique BPP. □

If ϑ = 0 in Theorem 3.2, we have the following corollary:

Corollary 3.1. Let S and T be closed subsets of a completeMS (Q, ℘) implying that S0 and T0 both
are non-empty. Suppose that H : S→ T satisfies the following conditions:

(i)

℘(θ1,Hℓ1) = ℘(S,T) and ℘(θ2,Hℓ2) = ℘(S,T)

which implies

℘(θ1, θ2) ≤ g max
{
℘(ℓ1, ℓ2), ℘(ℓ1, θ1), ℘(ℓ2, θ2),

1
2
[
℘(ℓ2, θ1) + ℘(ℓ1, θ2)

]}
where θ1, θ2, ℓ1, ℓ2 ∈ S with θ1 , θ2, 0 < g < 1;

(ii) H(S0) ⊆ T0;

(iii) the pair (S,T) satisfies the P-Pro.

Then, there exists a unique element θ in S implying that

℘(θ,Hθ) = ℘(S,T).

Let (Q, ℘) be aMS and S,T are subsets of Q. If S ∩ T , ∅, then ℘(S,T) = 0. In this case, the BPP
result is converted into a fixed point result as given below.

Theorem 3.3. Let S and T be closed subsets of a completeMS (Q, ℘) implying that S0 and T0 both
are non-empty. Suppose that H : S→ T satisfies the following conditions:

[1 + ϑ℘(ℓ1, ℓ2)]℘(Hℓ1,Hℓ2) ≤ ϑ
[
℘(ℓ1,Hℓ1)℘(ℓ2,Hℓ2) + ℘(ℓ2,Hℓ1)

℘(ℓ1,Hℓ2)
]
+ g max

{
℘(ℓ1, ℓ2), ℘(ℓ1,Hℓ1),

℘(ℓ2,Hℓ2),
1
2
[
℘(ℓ2,Hℓ1) + ℘(ℓ1,Hℓ2)

]}
for all ℓ1, ℓ2 ∈ S, where ϑ ≥ 0, 0 < g < 1, and H(S0) ⊆ T0. Then, H has a UFP.

If we take S = T = Q, then the Theorem 3.2 converts into Nesič [8] result, which is as follows:
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Theorem 3.4. Let (Q, ℘) be a completeMS and suppose that H : Q → Q is the mapping satisfying
the following conditions:

[1 + ϑ℘(ℓ1, ℓ2)]℘(Hℓ1,Hℓ2) ≤ ϑ
[
℘(ℓ1,Hℓ1)℘(ℓ2,Hℓ2) + ℘(ℓ2,Hℓ1)

℘(ℓ1,Hℓ2)
]
+ g max

{
℘(ℓ1, ℓ2), ℘(ℓ1,Hℓ1),

℘(ℓ2,Hℓ2),
1
2
[
℘(ℓ2,Hℓ1) + ℘(ℓ1,Hℓ2)

]}
for all ℓ1, ℓ2 ∈ Q, where ϑ ≥ 0, 0 < g < 1. Then, H has a UFP.

If we take ϑ = 0, then the Theorem 3.4 is as follows:

Theorem 3.5. Let (Q, ℘) be a completeMS and suppose that H : Q → Q is the mapping satisfying
the following conditions:

℘(Hℓ1,Hℓ2) ≤ g max
{
℘(ℓ1, ℓ2), ℘(ℓ1,Hℓ1), ℘(ℓ2,Hℓ2),

1
2
[
℘(ℓ2,Hℓ1) + ℘(ℓ1,Hℓ2)

]}
for all ℓ1, ℓ2 ∈ Q, where 0 < g < 1. Then, H has a UFP.

Now, we shall give an example to support our main theorem:

Example 3.2. Let Q = R2 be a completeMS with the usual metric ℘ defined by

℘((θ1, θ2), (ℓ1, ℓ2)) =
√

(θ1 − ℓ1)2 + (θ2 − ℓ2)2,

for all (θ1, θ2), (ℓ1, ℓ2) ∈ R2.
Let S = {(1, a) : a ∈ R} and T = {(0, a) : a ∈ R} are closed subsets of Q, then we have ℘(S,T) = 1,

S0 = S, and T0 = T.
Let H : S→ T is defined by

H((1, a)) =
(
0,
a

2

)
.

Here, H((1, 0)) = (0, 0),H((1, 1)) = (0, 0.5),H((1, 2)) = (0, 1), and so on. This implies that H(S0) ⊆ T0.
For all a1, a2, a3, a4 ∈ R, we have,

℘((1, a1),H(1, a3)) = 1 implies a1 =
a3

2

and

℘((1, a2),H(1, a4)) = 1 implies a2 =
a4

2
,

which implies that the pair (S,T) satisfies the P-Pro.
Now,

[1 + ϑ|ϱ3 − ϱ4|]|ϱ1 − ϱ2| ≤ ϑ[|ϱ1 − ϱ3||ϱ2 − ϱ4| + |ϱ1−ϱ4||ϱ2 − ϱ3|]

+ g max
{
|ϱ1−ϱ2| , |ϱ1−ϱ3| , |ϱ2−ϱ4| ,

1
2

[
|ϱ1−ϱ4|+|ϱ2−ϱ3|

]}
,
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[
1 + ϑ|ϱ3 − ϱ4|

] |ϱ3 − ϱ4|

2
≤ ϑ

[
|ϱ3||ϱ4|

4
+

∣∣∣∣∣ϱ3

2
− ϱ4

∣∣∣∣∣ ∣∣∣∣∣ϱ4

2
− ϱ3

∣∣∣∣∣]
+ g max

{
|ϱ3 − ϱ4|

2
,
|ϱ3|

2
,
|ϱ4|

2
,

1
2

[∣∣∣∣∣ϱ3

2
− ϱ4

∣∣∣∣∣ + ∣∣∣∣∣ϱ4

2
− ϱ3

∣∣∣∣∣]}.
Therefore,

|ϱ3 − ϱ4|

2
≤ a

[
|ϱ3||ϱ4|

4
+

∣∣∣∣∣ϱ3

2
− ϱ4

∣∣∣∣∣ ∣∣∣∣∣ϱ4

2
− ϱ3

∣∣∣∣∣ − |ϱ3 − ϱ4|
2

2

]
+ bmax

{
|ϱ3 − ϱ4|

2
,
|ϱ3|

2
,
|ϱ4|

2
,

1
2

[∣∣∣∣∣ϱ3

2
− ϱ4

∣∣∣∣∣ + ∣∣∣∣∣ϱ4

2
− ϱ3

∣∣∣∣∣]} , (3.18)

for all ϱ3, ϱ4 ∈ R
+ and a ≥ 0, 0 < b < 1. We can see that the right hand side of (3.18) is greater than

the left hand side as shown in Figure 1.

Figure 1. The right hand side is greater than the left hand side

Hence H is a M-type generalized contraction. Finally, it is easy to see that H has a unique
BPP (1, 0). Therefore, all hypotheses of Theorem 3.2 are satisfied.

Now that we have the opportunity, let us talk about an application for Theorem 3.5. We will develop
a solution for the boundary value problem.

4. An application for the boundary value problem

As an application of the above result, we are trying to solve the boundary value problem for the
third-order differential equation: 

ℓ′′′(θ) = F (θ, ℓ(θ)), θ ∈ [0, 1],
ℓ(0) = 0 = ℓ′(1),
ℓ′(0) = ℓ(1),

(4.1)
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where F : [0, 1] ×R→ R is a continuous function. This problem is equivalent to the integral equation

ℓ(θ) =
∫ 1

0
G(θ, υ)F (υ, ℓ(υ))dυ, for θ ∈ [0, 1], (4.2)

where

G(θ, υ) =

−υ
2

2 (θ2 − 2θ − 1) + υ(θ2 − 2θ); 0 ≤ υ ≤ θ ≤ 1,
− θ

2

2 (υ2 − 2υ + 1) + θ(υ2 − υ); 0 ≤ θ ≤ υ ≤ 1.

First, consider the space Q = C([0, 1],R+) as the space of non-negative continuous real-valued
functions defined on [0, 1]. Now, we define the metric ℘ on Q, that is,

℘(ℓ1, ℓ2) = sup
θ∈[0,1]

|ℓ1(θ) − ℓ2(θ)| ,

for ℓ1, ℓ2 ∈ Q. Then (Q, ℘) is a completeMS.
Consider the self-mapping H : Q→ Q defined by

H(ℓ(θ)) =
∫ 1

0
G(θ, υ)F (υ, ℓ(υ))dυ, θ ∈ [0, 1].

Suppose the following condition holds:

|F (υ, ℓ1(υ)) − F (υ, ℓ2(υ))| ≤ |ℓ1 − ℓ2| , for all υ ∈ [0, 1] and ℓ1, ℓ2 ∈ Q.

Then the system of third-order differential equations given by (4.2) has a unique solution ℓ∗ ∈ Q.
Finally, we will show that, for each ℓ1, ℓ2 ∈ Q, we have

℘(Hℓ1,Hℓ2) ≤ ϑmax
{
℘(ℓ1, ℓ2), ℘(Hℓ1, ℓ1), ℘(Hℓ2, ℓ2),

1
2

[℘(Hℓ1, ℓ2) + ℘(Hℓ2, ℓ1)]
}
.

To this end, let ℓ1, ℓ2 ∈ Q. Therefore, for each θ ∈ [0, 1], we have

℘(Hℓ1,Hℓ2) = sup
θ∈[0,1]

|Hℓ1(θ) − Hℓ2(θ)| ,

= sup
θ∈[0,1]

∣∣∣∣∣∣
∫ 1

0
G(θ, υ)F (υ, ℓ1(υ))dυ −

∫ 1

0
G(θ, υ)F (υ, ℓ2(υ))dυ

∣∣∣∣∣∣ ,
= sup
θ∈[0,1]

∣∣∣∣∣∣
∫ 1

0
G(θ, υ) [F (υ, ℓ1(υ)) − F (υ, ℓ2(υ))] dυ

∣∣∣∣∣∣ ,
≤ sup
θ∈[0,1]

∫ 1

0
|G(θ, υ)| |F (υ, ℓ1(υ)) − F (υ, ℓ2(υ))| dυ,

≤ sup
θ∈[0,1]

∫ 1

0
|G(θ, υ)| |ℓ1(υ) − ℓ2(υ)| dυ,

≤ sup
θ∈[0,1]

∫ 1

0
|G(θ, υ)| sup

υ∈[0,1]
|ℓ1(υ) − ℓ2(υ)| dυ,
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= ℘(ℓ1, ℓ2) sup
θ∈[0,1]

∫ 1

0
|G(θ, υ)| dυ. (4.3)

It is easy to verify that
∫ 1

0
|G(θ, υ)| dυ = − θ

3

6 +
θ2

6 +
θ
6 , and we can see that sup

θ∈[0,1]

∫ 1

0
|G(θ, υ)| dυ ≤ 1

6 .

In Figure (2), we see that the value of G(θ, υ) is negative for υ < θ and θ < υ both.

Figure 2. Graph of G(θ, υ).

Considering the above facts, the inequality (4.3) gives us

℘(Hℓ1,Hℓ2) ≤
1
6
℘(ℓ1, ℓ2),

which implies that

℘(Hℓ1,Hℓ2) ≤
1
6

max
{
℘(ℓ1, ℓ2), ℘(ℓ1,Hℓ1), ℘(ℓ2,Hℓ2),

1
2

[℘(ℓ2,Hℓ1) + ℘(ℓ1,Hℓ2)]
}
.

Thus, H satisfies all the conditions of Theorem 3.5.
Hence, by Theorem 3.5, H has a UFP ℓ∗ ∈ Q. Hence, the integral equation (4.2) has a unique

solution.

Example 4.1. Let S = [0, 1], T = [2, 3], and define a mapping H : S
⋃

T→ S
⋃

T as

H(θ) =

2, i f θ ∈ [0, 1],
1, i f θ ∈ [2, 3].

Since S
⋂

T = ϕ, H cannot have a fixed point.
Also define the metric ℘(θ, ℓ) = |θ − ℓ|.

dis(S,T) = inf{|θ − ℓ|: θ ∈ S and ℓ ∈ T} = 1.

Now,

℘(θ,H(θ)) = dis(S,T) = 1.

Therefore θ = 1 ∈ S and θ = 2 ∈ T are best proximity points.
Hence, H has no fixed point but best proximity points exist.
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5. Application in production-consumption equilibrium

For production θp and consumption θτ, whether prices are rising or decreasing, daily pricing patterns
and prices have a significant influence on markets. As a result, the economists are interested in the
present cost ℓ(θ). Now, assume

θp = σ1 + η1ℓ(θ) + τ1
dℓ(θ)

dθ
+ ζ1

d2ℓ(θ)
dθ2

,

θτ = σ2 + η2ℓ(θ) + τ2
dℓ(θ)

dθ
+ ζ2

d2ℓ(θ)
dθ2

,

initially ℓ(0) = 0, dℓ
dθ (0) = 0, where σ1, σ2, η1, η2, τ1, τ2, ζ1 and ζ2 are constants. A state of dynamic

economic equilibrium occurs when market forces are in balance, indicating that the current gap
between production and consumption stabilizes, that is, θp = θτ. Thus,

σ1 + η1ℓ(θ) + τ1
dℓ(θ)

dθ
+ ζ1

d2ℓ(θ)
dθ2

= σ2 + η2ℓ(θ) + τ2
dℓ(θ)

dθ
+ ζ2

d2ℓ(θ)
dθ2

,

(σ1 − σ2) + (η1 − η2)ℓ(θ) + (τ1 − τ2)
dℓ(θ)

dθ
+ (ζ1 − ζ2)

d2ℓ(θ)
dθ2

= 0,

ζ
d2ℓ(θ)

dθ2
+ τ

dℓ(θ)
dθ
+ ηℓ(θ) = −σ,

d2ℓ(θ)
dθ2

+
τ

ζ

dℓ(θ)
dθ
+
η

ζ
ℓ(θ) =

−σ

ζ
,

where σ = σ1 − σ2, η = η1 − η2, τ = τ1 − τ2, ζ = ζ1 − ζ2. Now, our initial value problem is modeled as

ℓ
′′

(θ) +
τ

ζ
ℓ
′

(θ) +
η

ζ
ℓ(θ) =

−σ

ζ
, with ℓ(0) = 0 and ℓ

′

(0) = 0. (5.1)

In the study of production and consumption of the duration time Γ, problem (5.1) is equivalent to

ℓ(θ) =
∫ Γ

0
G(θ, b)F (b, θ, ℓ(θ))dθ, (5.2)

where the Green function G(θ, b) is

G(θ, b) =

θe
η
2τ (b − θ), 0 ≤ θ ≤ ℓ ≤ Γ,
ℓe

η
2τ (b − θ), 0 ≤ ℓ ≤ θ ≤ Γ,

and F : [0, Γ] × Q2 → R is a continuous function.
Let an operator H : Q→ Q be described as

Hℓ(θ) =
∫ Γ

0
G(θ, b)F (b, θ, ℓ(θ))dθ. (5.3)

Then, the solution of the dynamic market equilibrium problem is expressed as (5.1) being a fixed point
of H. (5.1) controls the current price ℓ(θ). Let C[0, Γ] symbolize the family of real continuous functions
on [0, Γ] and assume Q = C[0, Γ]. Define ℘ : Q×Q→ R+ as ℘(ℓ1, ℓ2) = supθ∈[0,Γ] |ℓ1(θ)−ℓ2(θ)|, ℓ1, ℓ2 ∈
Q. Then (Q, ℘) is a completeMS.
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Theorem 5.1. Let us assume the map H : Q→ Q is a completeMS (Q, ℘), such that

(1) there is a continuous function F : [0, Γ] × Q2 → R such that

|F (b, θ, ℓ1(θ)) − F (b, θ, ℓ2(θ))| ≤ |ℓ1(θ) − ℓ2(θ)|,

(2) supθ∈[0,Γ]

∫ Γ
0
G(θ, b)dθ ≤ 1

7 .

Then, the dynamic market equilibrium problem (5.1) has a unique solution.

Proof.

|Hℓ1(θ) − Hℓ2(θ)| =
∣∣∣∣∣ ∫ Γ

0
G(θ, b)F (b, θ, ℓ1(θ))dθ −

∫ Γ

0
G(θ, b)F (b, θ, ℓ2(θ))dθ

∣∣∣∣∣
≤

∫ Γ

0

∣∣∣∣∣G(θ, b)F (b, θ, ℓ1(θ))dθ − G(θ, b)F (b, θ, ℓ2(θ))dθ
∣∣∣∣∣

≤

∫ Γ

0

∣∣∣∣∣G(θ, b)(F (b, θ, ℓ1(θ)) − F (b, θ, ℓ2(θ)))dθ
∣∣∣∣∣

≤

∫ Γ

0
G(θ, b)|(F (b, θ, ℓ1(θ)) − F (b, θ, ℓ2(θ)))|dθ

≤

∫ Γ

0
G(θ, b)|ℓ1(θ) − ℓ2(θ)|dθ.

Taking the supremum on both sides, we have

℘(Hℓ1,Hℓ2) ≤
1
7
℘(ℓ1, ℓ2),

which implies that

℘(Hℓ1,Hℓ2) ≤
1
7

max
{
℘(ℓ1, ℓ2), ℘(ℓ1,Hℓ1), ℘(ℓ2,Hℓ2),

1
2

[℘(ℓ2,Hℓ1) + ℘(ℓ1,Hℓ2)]
}
.

Thus, H satisfies all the conditions of Theorem 3.5. Hence, the Eq (5.1) has a unique solution. □

6. Conclusions

In this paper, we introduced a generalized contraction condition designed to obtain best proximity
points in complete metric spaces. Our results extend and unify several classical fixed point theorems,
demonstrating the versatility of the proposed framework. Through the derivation of multiple
corollaries, we showed the wide applicability of our method across various mathematical contexts.
Furthermore, the effectiveness of our approach was illustrated by its application to boundary value
problems and dynamic market equilibrium models. These examples highlight not only the theoretical
significance of our findings but also their potential for addressing real-world problems. Future
research may explore further generalizations and additional applications in diverse areas such as
differential equations, optimization, and economic modeling.
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11. V. Todorčević, Harmonic quasiconformal mappings and hyperbolic type metrics, Cham: Springer,
2019. https://doi.org/10.1007/978-3-030-22591-9

12. K. H. Alam, Y. Rohen, A. Tomar, M. Sajid, On fixed point and solution to nonlinear matrix
equations related to beam theory in Mb v-metric space, J. Nonlinear Convex Anal., 25 (2024),
2149–2171.

13. G. Dong, M. Hintermueller, Z. Ye, A class of second-order geometric quasilinear hyperbolic
PDEs and their application in imaging, SIAM J. Imaging Sci., 14 (2021), 645–688.
https://doi.org/10.1137/20M1366277

14. A. Shcheglov, J. Li, C. Wang, A. Ilin, Z. Ye, Reconstructing the absorption function in a quasi-
linear sorption dynamic model via an iterative regularizing algorithm, Adv. Appl. Math. Mech., 16
(2023), 237–252. https://doi.org/10.4208/aamm.OA-2023-0020

15. Z. Ye, B. Hofmann, Two new non-negativity preserving iterative regularization
methods for ill-posed inverse problems, Inverse Probl. Imag., 15 (2021), 229–256.
https://doi.org/10.3934/ipi.2020062

16. G. Lin, X. Cheng, Z. Ye, A parametric level set based collage method for an inverse
problem in elliptic partial differential equations, J. Comput. Appl. Math., 340 (2018), 101–121.
https://doi.org/10.1016/j.cam.2018.02.008

17. G. Baravdish, O. Svensson, M. Gulliksson, Y. Zhang, Damped second order flow applied to image
denoising, IMA J. Appl. Math., 84 (2019), 1082–1111. https://doi.org/10.1093/imamat/hxz027

18. M. D. L. Sen, E. Karapinar, On a cyclic Jungck modified TS -iterative procedure with application
examples, Appl. Math. Comput., 233 (2013), 383–397. https://doi.org/10.1016/j.amc.2014.02.008

19. E. Naraghirad, Bregman best proximity points for bergman asymptotic cyclic
contraction mappings in banach spaces, J. Nonlinear Var. Anal., 3 (2019), 27–44.
https://doi.org/10.23952/jnva.3.2019.1.04 .

20. A. Abkar, M. Norouzian, Coincidence quasi-best proximity points for quasi-
cyclic-noncyclic mappings in convex metric spaces, IJMSI, 17 (2022), 27–46.
https://doi.org/10.52547/ijmsi.17.1.27

© 2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 6, 13622–13639.

http://dx.doi.org/https://doi.org/10.1016/j.na.2011.04.052
http://dx.doi.org/https://doi.org/10.1007/s10957-013-0269-9
http://dx.doi.org/https://doi.org/10.1007/978-3-030-22591-9
http://dx.doi.org/https://doi.org/10.1137/20M1366277
http://dx.doi.org/https://doi.org/10.4208/aamm.OA-2023-0020
http://dx.doi.org/https://doi.org/10.3934/ipi.2020062
http://dx.doi.org/https://doi.org/10.1016/j.cam.2018.02.008
http://dx.doi.org/https://doi.org/10.1093/imamat/hxz027
http://dx.doi.org/https://doi.org/10.1016/j.amc.2014.02.008
http://dx.doi.org/https://doi.org/10.23952/jnva.3.2019.1.04
http://dx.doi.org/https://doi.org/10.52547/ijmsi.17.1.27
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Main result
	An application for the boundary value problem
	Application in production-consumption equilibrium
	Conclusions

