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1. Introduction

Let (b,c,0) : D xR — R% (B,7,0) : 0D* xRS — R? and & be small positive. Our
principal focus is the limit-solution, when & goes to zero, of the following nonlocal partial differential
equation (PDE) with rapidly oscillating coefficients:

a(; (t,x) = Lg’b’cu‘g(t, xX) + lg(x‘g, u®(t, x)).u’(t,x), xeD,
LOPYYE(t, x) + lh(xg, u®(t, x)).u(t, x) = 0, x €D, (I.1)
u®(0, x) = up(x), x €D,

where D = {(xl,...,xd) € RY : x' > 0}. Definitively, the boundary dD is supposed to be

homeomorphic to RY~!. Letting set x, := (51)»0’ 0. > 0, the family of linear integro-differential
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Wi, TisPi (
£

operators £ i :=1,2) are given by

LT () = f

d+1-i
R*+ i

d
[f (x + 8@ (6, )) = F(X) = & ) @] (x6,3) 0;£ () |V;(d)
=1

&

+ (f)a—l i 7 (x) 0,1 (%) + Zd: X (x)8,£(x), x € R#1,
=1

J=1

with @; in {0, 0}, 7; in {b, B} and 4; in {c, y} respectively.

Such a problem lends itself to a natural interpretation through the lens of stochastic
processes, particularly via the probabilistic representation of solutions to nonlocal partial differential
equations (PDEs) and integrodifferential operators. The connection with Keller-Segel-type models
emerges through the structural similarities in modeling interacting particle systems and their associated
mean-field limits. These links facilitate a deeper comprehension encoded in the solution u®, especially

in the context of aggregation phenomena, chemotaxis, and related collective behaviors (see, for
example [2, 8, 10]).

The study conducted by Diakhaby et al. [S] addresses a homogenization problem for PDEs involving
Wentzell-type boundary conditions, where the principal operator is generated by Brownian motion.
Their analysis relies on classical probabilistic homogenization applied to local dynamics driven by
diffusive processes. In a related but distinct direction, Huang et al. [9] investigated a class of PDEs
defined on the whole space R¢, in which the governing operator is of integrodifferential type, capturing
the nonlocal behavior characteristic of jump or Lévy processes. Their methodology is grounded in
nonlocal analytical techniques, tailored to address the singular nature of the operator.

The present work departs from these contributions in two significant respects. First, we
integrate homogenization methods with large deviation principles within a multiscale framework that
incorporates both typical fluctuations and rare events. This allows us to characterize the asymptotic
behavior of solutions to PDEs with rapidly oscillating coefficients while accounting for the influence
of rare but significant deviations. Second, our formulation encompasses nonlocal dynamics subject
to nonlocal boundary conditions, thereby extending the scope of previous analyses. In particular, our
framework accommodates integrodifferential operators not only in the domain but also at the boundary,
in the spirit of the approach initiated by [5], but adapted to a broader class of nonlocal phenomena.

To do this, we first derive an action functional S, expressed in terms of effective coeflicients of the
reflected stochastic differential equations (RSDEs). The solution #® of (1.1) is then formulated using
a type of BSDE in [1]. By the logarithm transform method, a family of Hamilton-Jacobi equations
is introduced [14], whose limit helps us to determine the asymptotic behavior of u® as & vanishes.
Finally, the existence of a potential function V* (which depends on S ,) is established, dictating that
the solution #® converges uniformly to zero when (¢, x) belongs to a negatively valued V* set and to one
when V* is zero.

The paper is organized as follows. In the next section, we present some general assumptions and
preliminary results. In Section 3, we derive the action functional for RSDE driven by multiplicative
Lévy noise in the half-space. The last section is devoted to the convergence of the solution of (1.1).
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2. Preliminaries: Assumptions and limit RSDE

Let (Q, 7, P, {F}>0) be a filtered probability space endowed with two independent Poisson random

_ - ~1 7.
measures Na " on R¢ x R, and N3 ' on R4-! x R, with jump intensity measures vl(dy) = Igyl’ff‘i and

vi(dy) =

€ Il
the usual P-null conditions. Letting N, and N, be the compensated Poisson random measures in the
following sense,

et l)ﬂ, — respectively, where @ € (1,2), € > 0. We assume that the filtration {F,},5, satisfies

N&"(dyds) := N° ' (dyds) — v\(dy)ds,
N& ' (dyds) := N2 (dyds) — v(dy)de®.

Let {Li;] D> 0} be the multi-dimensional Lévy process given by

! !
L = f f yNe (dydss) + f f yN® (dyds), (i=1,2),
0 B\{0} 0 Be

where B is the open ball in R*!~/ centering at the origin with radius one. Fixing a in (1,2), we next
consider the following RSDE :

g1 go-1

50—11’(? )dt+c(6 )dt+so-(;,dLT:)+;,8( )d¢t +y( )dq), +gg( = dL;,)

F

dXF =

Xg:xeﬁ, and ¢ = 0

2.1
Note that X' represents the first component of X®. We assume that X* evolves within ﬁ, 1.€.,
X' remains non-negative, and the local times ¢° increases when and only when X'* is zero. We
denote by C* (C’;) the spaces of (bounded) continuous functions whose derivatives up to order k (with
integer k > 0) exist and are also (bounded) continuous. The Holder spaces C* (Cj) are defined as the
subspaces of C!*! (ClLfJ) consisting of functions whose |« |-th order partial derivatives are locally Holder
continuous (uniformly Holder continuous) with exponent k — |k, k > 0. Notice that the two spaces
C and C})’d obviously coincide when the underlying domain is compact. The space C,L,"J is a Banach
space endowed with the norm || f]l, = [If1l, + [VLKJf l«—x]» Where the seminorm [-],, with 0 < ¥’ < 1is

defined as:

| fo-ro)l
[fle := su —.
xyxy el

For the assumptions we start with the followings (For more details, see [9]).
(Ay)

1) 7; and 4; are all periodic of period 1 in each component (i := 1, 2).
il) x = @;(x, ) is 1-periodic in each component (i := 1, 2).
iii) 7; and 4; are of class C} with « satisfying : 1 = 7 <« < 1.
iv) 7 is such that y!(x) = 1.

In the sequel, the d-vectors-valued functions o and S are defined with the convention that o' = ﬂl =0.
Moreover, we impose that all jumps from D are inside D. In other words, Vx € D, x + w;(x, -) € D.

(Az)
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i) y = @;(-, y) is of class C? and there exists @ — 1 < A < 1 such that:
|wi(X1,y) - wi(xl,Y)l < C |x1 - x2| |y| ’ x,1’ -x,2 € Rd+l_i.

11) Vy € Rd+]_i9 zD-i('9 —Y) = _wi('ay)’ (l = 192)
ii1) Vy@,(-,y) is non-degenerate (i := 1,2).
iv) There exists & € C, (R**17, R) such that (i := 1,2):

EO 7 < @i y) < EOy.

Owing to the oddness condition A,. ii) and the inherent symmetry of the jump intensity measure v;, let
us introduce the linear operator A”*" defined as [9]:

d
AT f(x) = fR . [ FO+y) = f) = > yo,f (x)lg(y)]v“”"(x, dy),

J=1

Q1

where the kernel v®*' is given by
v7(x, A) = f Ly (@i(x, ) vi(dy), xR A e BRI,
Rijﬂ_i

By identifying the periodic function on R of period 1 with its restriction on the d-dimensional torus

T, we define the quotient process X? := (%Xféa gatyp» Vi the canonical quotient map 7 : RY — RY/Z4.
It is not hard to check that the corresponding local time is ¢¢ := (%qﬁfén P By virtue of self-similarity,
we have

e _ -1 & d
{;Lfmg/aw-l)t} = {;Lz‘,@/s)w} = {Li}-

(A3) The sequence (9,.) decreases at a rate greater than (g).

Fix x € T, we next consider the following RSDE X, defined as:
f f 2 f
X:x+fb %, ds+f,8 X,)dd, + fa.fg_,dL,.,s,
e [o)ass [a(t)ao ) [

where @;(-,y) = <Vyw,-(-,0),y> is the point-wise limit as £ | 0 of Zo; (-, §y). A stronger form of
o, &

convergence is required, as detailed below. Explicitly, we need the folfowing to be in force.

(Ay) %wi(-, ny) — @;(-,¥) uniformly, as n — 0, Yy € R*!= (j := 1,2).

Let’s define £; (i := 1,2) as the linear integro-partial differential operators given by
Li=A"" +7;-V.

By assumptions, there exists a Feller process on RY*!~" with generator £;. Furthermore, due to the
periodicity of the coefficients, this process induces a process X on T~/ which is a strong Markov
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process. Moreover, such a process is ergodic (see, [9]). We denote by y; the unique invariant measure
on ("]I‘d“‘i ,B (T"*l‘i)). For the limit of the RSDE (2.1), the centering condition must hold.

(As) f T(xX)ui(dx) = 0 (i := 1,2) for 7; in {b, B}.

Td+1-i

From [9, Proposition 4.11], there exists a unique periodic b; € C*** (ﬁ, Rd) solution of equation:
Lb;+71,=0 such that f bi(x)ui(dx) = 0. (2.2)
Td+1-i
We now define (i := 1,2):

Ti= [ (1 Ih) onwu.
Td+1-i

vi(A) = f f 1, (wi(x,y)) ui(dx)vi(dy), A € B(Riﬂ—i) ’
Rgﬂ—z Td+1-i

T/ () = f |
RZH—:

Now we are in a position to state the limit of the RSDE (2.1) with effective coefficients.

d d
F 9 = 0= Y Vo F@L[F@n + YT -0,
=1

J=1

Theorem 2.1. Suppose assumptions (A;)—(As) hold true. The process X° weakly converges to the
process X as € | 0. Moreover, on the space D ([0, T, T") equipped with the sup-norm topology,

X° = X, =x+¢t+ Ly, +(7+Lo,) el (o)

where Zi’, is a symmetric Lévy process with jump intensity measure vi(A), A € B (Rf*l‘i) ,1:=1,2.

Proof. This 1is the same as the combination of the proof of [9, Proposition 5.2], which applies in the
absence of a boundary, and the proof of [11, Theorem 1] (see, also [13]), which accounts for the
presence of a boundary. O

For the coefficients of PDE (1.1), we impose uy € C, (Rd) and supuyp(x) < oo. Set U, :=

x€R4

{x eD: uy(x) > O}, then we have lofo = Uy. Let fintheset{g,h} (i := 1,2). The function
i+ R x R — R is periodic in each direction with respect to the first argument. We also need
the following.

(Ag) ¢; € (R x R, R) and satisfies:

i) Gi(x,y) > 0,¥x e R ye[0,1) UR’;
i) Zi(x,y) <0,Vx e R y>1;
iii) max £i(x,y) = i(x) = £i(x,0) > 0, Vx € R*!,

Before concluding this section, it is interesting to make a heuristic study of (1.1). Consider a version
of the BSDE that was introduced in [1].
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For each fixed (¢, x) € [0, T'] X D, let (Y*,U?) (i := 1,2) be a solution of :
(7 (xe 1
Y? = up(XF) + - g( ) Yedr+ ( stqb Z U?,dL,-,, ,
ey ¢ ’
\/ f f U5, 0w (dy)dr + \/ f f U2, (0)Pvady)dd < oo.

We have for all (¢, x) € [0, +oo[ X D, the solution u?(t, x) of the PDE (1.1) is of the form

Y5 = u’(t, x).
Remark 2.2.

o If up<1,then Ve >0, 0<Y{ <1,dPxdsa.s..
o If £i(-,y) < ki(y) <0y € ]1,+oo[, where k; (i = 1,2) is Lipschitz continuous, then limsup Y7 < 1

&—0

uniformly in any compact set of ]0, +oo[ x R,

To demonstrate this, we will follow by combining similar results established in [12, 14].
3. Action functional

The corresponding action functional is obtained by the Legendre transform of the limit (if it
exists, [6,7]) of the logarithmic moment generating function defined as :

lir% A(O) = lirré elogE {exp (1<6, Xf))} :
Let b € Co* (ﬁ, Rd) be as in (2.2), and let n € C*** (ﬁ, Rd) be the solution of the system

{L]n =0 in R,
(3.1)

Ln=7- (I + VB)y on dD.
In view of the fact that v;(eA) = e™*v(A) (i := 1, 2), let us introduce for all ¢ € C***
£ ) € Je d+1-i
H(x,) = g+ —wi(x, = +)) = (), x e R,
O¢ &
QF(x) 1= A TSN () — AT (x), x € R,

From [9, Lemma 5.3] we notice that: for all ¢ € C**¥,

a-1 a-1

%Tt S [ ye STI S (e Te
5f Q (X)ds+5f0 Q¥ (X2)dge| —

f f ‘W X‘g,y Ni(dyds)| —
Rﬁ+l i
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In addition, as f Lon(x)ua(dx) = 0, we have (see, for example [3,4]):
Td-1

lim E{ max

-0 0<t<T

B7 4 o [1 (X ) = 1 050 |} =0,

where

£ sl

-1

! <

g e N A [~ ~ g
22 = s, f A (X2) dgs - f
0 0

Using Itd’s formula along with the correctors defined in Eqgs (2.2) and (3.1), we have

t Vb (X2) ds.

80 = X; v [b(2) - b| +an(2) - ne| 4=
0,

6&: &

! ; ,
=x+ fo (I + Vlss) ce (X5)ds + 7[0 L xecon)dds + L 0 (Xf_, de_;) + fo £0¢ (Xf_, dLg_;) +o(1),

where f.(x) = f (51) for f(x) in {c, VB(x), o(x,-),o(x, -)}. Please note that X* and X¢ have the same
limit, when & goes to zero. For 6 € R, let 7—(;”"(’” i be defined by:

1

HED () = f {e "™ 1 — (0, @i, 1)) 1s0)|vi(dy).
Rfﬂ—z

From Girsanov’s formula:

g1

A%(6) = (6, x) + log E{ exp (6_ f ! (0.(I+Vb)c(Xe) )ds)
£ Jo

sa—1

I A .

X eXp (; fo 0.7 l{xg’azo}>d¢(5g/sw>s) 34

£ gl

65: Ti ?{U(Xf,y),vld 1 Ti ?{Q(Xf’y)’nd &

X exp - ) s . 0 Pouenys ) (>

where E is the expectation operator with respect to the probability P defined as
a-1 sl
~ 5g Ft Xs 1 Tt Xva
d? i=exp( - f HOED N G)ds — - f HED2O0)dg, )
8(1 0 £ 0 £

a-1

o0y %t Se 1 Séigt Ve
X exp(—a f (0.0 (X.dLy,)) + - f (0.0(X2. dLy gy -1y, >) X dP.
€ 0 € Jo
For all 6 € R4, let ®; (i := 1, 2) be as follows:
©1(z,0) := (0, (I + Vb) c () ) + HT®V"(9) and Dy(z,6) := H"(6).

Let W,y € C** (i := 1,2) be (respectively) the unique solution of:

Li¥16() + Qi(z,0) = fd D, (z, O (d2),

T

AIMS Mathematics Volume 10, Issue 6, 13512-13523.
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and
qu’z,a(Z) =0
LoWo4(2) = f » Dy(z, Dpa(dz) — Oa(z,0).
-
Such that Y, g(x)ui(dx) = 0. Such a solution ¥;y must exist once more due to the Fredholm

Td+1-i
alternative. Using Itd’s formula to 66—‘_1 [21-2:1 \Pl"g] (f(g"sﬁ), substituting the result into Eq (3.4), and
considering the two limits in (3.2) and (3.3), we then obtain:

A7(0) =<0, x) +1- f ®y(z, Ou(dz)

Td

+elog E{ exp( [(9 Y+ ]T:“ Dy (z, G)ﬂ(dz)] 1{}?’1,5:0}@2)
X exp( - 62:1 f w i V¥, c(f(f) ds)
& Jo Py
f m L [Z V\Ple ¢ )
§ 2
X exp (6‘ [Z ‘I’, 0\ X - 1/5”); Z ‘P, ol Xe )| + 0(1))}
i=1

Given that the coefficients are bounded and considering the exponential integrability of the local time ¢,
and a certain analytical property of its logarithmic moment-generating function (see, for example [3]),
we observe that

X exp(

timzlog & exp (*[(6.7) + f CROIE) Y

Td-1

F ATE g AT A?f““‘ﬁ)} N ((0, 7) + f e H)yz(dz)) .
"

Now, we have
lim A7(6) = (x,0) + t((@ 7+ Z f D(z, Q)ﬂi(dZ)) = J ().
T d+1-1

Letting 7 be the Legendre-Fenchel transform of . Similarly as in [3], we put Sor(¢) :=
T

f J (@(s))dsif g € Z)([O, T], Rd) and ¢(0) = x ; S 7(p) := +oo if else. Then, we have
0

Theorem 3.1. Fix x € D and suppose (A|)—(As) hold. Then, the path-family of X7}, satisfies a large
deviations principle with good rate function S o r(¢) for all ¢ € D ([O, T];B).

AIMS Mathematics Volume 10, Issue 6, 13512-13523.



13520

Let us define

2
I = Zl fT Gepud).

We have

Corollary 3.2. Let K be a Borel subset on Z)([O, t];l_)) and h,g be elements of C*™* (Rd) and
Cotx (Rd‘l), respectively. Then, we have

{1f’ xe 1f’ X
- g(—]dw— h[—]d¢§ .
liml(i)nfslog E[lKe eJo R0 eJo 1o ] <Ilr - infSo,,(QS),

PEK
t £ t £
{1 f R f h[ﬁ]m} -
limsupelogE[lKe eJo Mol edo Ao ]SHI—infSO’,(gb).
€l0 oK

4. Convergence

The solution of the PDE (1.1) has the following representation:
L (xe I A5
- g(_’ Ys)ds+_ h(_’Ys)d¢v
u®(t, x) = E{uo (X?)e\e Jo o £Jo % }
Before proceeding, let us introduce the Hamiltonian FH*®

&

HETIWe (1, x) = f [e{l[wa(t, x + ew(x,y)) — wi(t, x)]}

=i
Rf*’ i

—-1- W(XS,y) ajws (t, X) 13()’)]1/,(61))), xe Rd+]_i.

To summarize, at least informally, w(t,x) = elogu®(z,x) is a viscosity solution of (see, for
example [14]):

ow*

5 (1, x) = LTPW(t, x) + HET"'wo(t, x) — AT WA (1, x) + h(xa, e{éws(”x)}), x €D,
LEPTWEO(t, x) + HECIWH (L, X) = AW, X) + g(xe e[%wg(”")}) =0, x € dD,
w?(0, x) = elog (up(x)), x € U,
lim w*(t, x) = —oo, x € D\U,.
—

Let us define

W (t,x) =limsup {(w*(s,y) : & <7, (5,7) € By(t, %)},
n—0

w,(t,%) = lim inf (w'(s.y): & <7, (s5.3) € By(t. ).
n—

AIMS Mathematics Volume 10, Issue 6, 13512-13523.



13521

Remark 4.1. [3]w" and w,_ are sub- and super-viscosity solutions of :

o _ _
max (a—v:(t, x) — HO"Vyw(t, x) — ¢ - Vw(t,x) —I1| = 0, x €D,
(H'7 +7) Vw(t, x) =0, x € 4D,
w(0,x) =0, x e Uy,
limw(r, x) = —co, x € D\U,,
1—

where

Iy = f (e — 1= w3 L)ty
Rg+[—1
Set pz(t’ x,y) := inf {So,t(tp) D0 = X, = y} and pz(t, x,Up) = inUf Pz(t, x,y). From this, we have
yelo

Remark 4.2. [12] For all (z, x) € ]0, oo[ X D,
—pz(t, x,Up) <w (t,x) <w'(f,x) < min (ﬁt - pz(t, x, Up); O).
Then we have w_ > w".

Now, let O be an open subset in R X ﬁ, and 7 defined as:
T:=710(t,0) = inf{s c(t—s,9(5)) € O}.
Take ®, the set of Markov functions 7. Let ¢ > 0, x € ﬁ, and V*(¢, x) be the function:

V*(t, x) = inf sup {Mir—So.(9)}. 4.1
7€O =
{#eD(10.1.D).6(0)=x.¢(1)eUo }

Finally, our main result is:

Theorem 4.3. Suppose assumptions (A,)—(A¢) hold true. Then, for every (t, x) € R} X D,
lil%l elogu®(t, x) = V*(t, x).

We have
Corollary 4.4. [7]

lim (2. x) 0 from any compact of the set {(t, x) e R} % D; V*(t, x) < 0},
imu®(t, x) = _
&l0 1 from any compact of the set {(l, x) € R XD; V*(t,x) = 0}.

5. Conclusions

In this work, we analyze the asymptotic behaviour of the solution to a family of nonlocal PDEs
in the half-space. The principal operator of these equations is the generator of a Lévy process. We
characterize such systems when the first-order moment and local time at the boundary exist. When
direct control over the first-order moment (when @ € (0, 1)) and local time is not possible, we will
demonstrate a certain dexterity in our approach.
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