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1. Introduction

This paper studies the fractional nonlinear porous medium equation of the form
u(x,1) + (=Ape) "0 0) = fu.0), m= 1, (x,1) € Qx (0, ), (L.1)

where  denotes an open, bounded subset of a stratified (Lie) group G. The model involves the
extension of the p-Laplacian operator by the fractional p-sub-Laplacian (—AP,G)S with p € (1, o) and
s € (0,1). Note that case s = 1 is understood as the p-sub-Laplacian operator. The source function f
satisfies f(0) = 0, and f(u#) > 0 when u > 0. We consider the initial condition

u(x,0) =up(x) >0, x€Q, ue Cy(Q), (1.2)

and the boundary condition
u(x,t) =0, xe€o0Q, t>0. (1.3)
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The porous medium equation is a well-known nonlinear parabolic equation with numerous
applications in fluid flow, diffusion, and various other fields such as lubrication and mathematical
biology. For a comprehensive mathematical analysis, see [1], and for more recent references, see [2].
The fractional porous medium equation is discussed by [3,4]. Fractional Sobolev spaces are well
described in [5], while the fractional p-sub-Laplacian is covered in [6]. For studies on blow-up
phenomena and global existence in Euclidean space, the seminal reference is the book by [7]. Blow-up
in the fractional setting is studied in [8, 9], and within group settings in [10].

Fractional Laplacian models have also been used in many applications instead of integer-order
Laplacians [11]. For instance, when m = 1 in Eq (1.1) on the Euclidean space, it describes stable jump
Lévy processes, anomalous diffusion, and population dynamics [12].

Stan and Vazquez [13] studied the propagation properties of the problem with p = 2. Their research
suggests that exponential propagation is a common phenomenon, and the presence of traveling wave
behavior can be reduced to the classical Fisher-KPP model. They also studied the existence of a unique
mild solution to problem (1.1) using the semigroup approach. Grillo, Muratori, and Punzo [14, 15]
investigated the existence and uniqueness of the solution to the problem with p = 2 and f = 0.

Blow-up and global existence phenomena have also been extensively investigated using the
perturbed energy method, with notable contributions found in [16, 17] and the references therein. For
additional related results concerning existence, blow-up behavior, and optimal decay estimates, we
refer the reader to [18, 19] and the references cited therein.

In recent years, various researchers have investigated the global and blow-up behavior of solutions
to nonlinear equations using different techniques. One approach is the so-called concavity method,
which was first introduced by Levine [20,21]. Chung and Choi [22] recently proposed a condition of
the form

afu f(s)ds <uf(u)+pu’ +ab, u>0, (1.4)
0

for certain parameters 3, @, and 6. Utilizing the concavity method, they established blow-up results
for parabolic equations. Building on this work, Ruzhansky, Sabitbek, and Torebek [23] extended the
analysis to a nonlinear porous medium equation by generalizing condition (1.4) to obtain similar blow-
up criteria for positive solutions. We also refer to an earlier related work of Jleli, Kirane, and Samet on
the Heisenberg group [24]. Nevertheless, relatively limited research has been conducted on fractional
problems for the Heisenberg group and/or more general classes of stratified Lie groups.

Recently, the fractional version of this problem with m = 1 (the linear case) in the Euclidean space
has been investigated in our papers [25,26]. Additionally, important results related to global and blow-
up solutions, with the nonlinearity function represented as f(u#) = u(u — 1), can be found in [27].

In this work, we aim to expand on existing ideas by investigating the global and blow-up phenomena
of the fractional porous medium problem (1.1) on stratified groups. Our contribution seems new not
only for the case of general stratified groups but also for the Heisenberg group case and even for the
classical Euclidean case. Specifically, we prove the existence of global and blow-up solutions under
certain conditions.

To structure this paper, we organize our discussion as follows: Section 2 provides preliminaries on
stratified groups, fractional Sobolev spaces, and a blow-up property. Section 3 establishes the main
results on the global existence and blow-up phenomena of the solution to the fractional nonlinear
porous medium equation on stratified groups by using the concavity method. In Section 4, we briefly
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discuss consequences of our results in the context of the Euclidean setting.
2. Preliminaries

Extensive research has been conducted in the field of fractional Sobolev spaces on stratified groups,
with contributions from recent works such as [28, 29]. In this section, we aim to facilitate an
understanding of the subsequent sections by introducing essential notations that hold importance.

2.1. Fractional Sobolev spaces and stratified Lie groups

Definition 2.1. A Lie group G = (R", o) is said to be a stratified group (or a homogeneous Carnot
group) if it satisfies the following conditions:

e The space R" can be decomposed as RY = RV x...xRM for some natural numbers Ny, N,, ..., N,
such that N = Ny + N, + - - - + N,, and the dilation 6, : G — G is provided by

52x) = o, (2, x@, XY = (X, 2P, LX)

is an automorphism of the group G for every 1 > 0, where X’ = x) € RM and x® € RM for
k=1,2,..r

e Let N be defined as above, and let X, ..., Xy be the left-invariant vector fields on G satisfying
Xi(0) = 9/0xi|o for k = 1,...,N. Then the iterated commutators of Xi,..., Xy span the Lie
algebra of G. That is, we have the Hormander condition

rank(Lie{X;, X5, ...Xy}) = N

for every x € RY.

Note that the left-invariant vector fields X;, X5, ...X are called the Jacobian generators of a stratified
group G, and r is called the step of G. Additionally, the left-invariant vector fields X; can be written in

the explicit form
.
0
O (y -1
X = Z akm > X ) a0
6xk =2 m=1 0,

where aﬁffm is a homogeneous polynomial with degree / — 1.

The homogeneous dimension of G is given by
0= Zka, N=N,.

Remark 2.2. The (classical) Euclidean group (R, +) with the dilation
0, (x)=Ax, A1>0,

where Jacobian generators are given by d,,...,0y, with step r = 1, is obviously a (Abelian)
stratified group.

AIMS Mathematics Volume 10, Issue 6, 13498—13511.



13501

In this paper, to simplify the notations, u(x, f) can be written simply as u. However, if u is part of
an integrand with the differential dr, then it is understood as u := u(x, 7). The same idea applies for

u(x) ;= u(x,t), u(y) := u(y,t), and f(u) := f(u(x,1)).

Definition 2.3. Let Q C G be an open subset. Let u : 2 — R be a measurable function. The Gagliardo
semi-norm [u], , o is defined as follows:

u(x) — u(y)|? ’
‘ = ———dxd .
[lfi]‘,p,Q [f(;fg; |y—1 . x|Q+1’*‘ X y]

Definition 2.4. Let QO ¢ G be an open subset. For p > 1,and 0 < s < 1, the space W*?(Q) is defined as
W (Q) = {u € LM(Q) : [ul,pa < o}, 2.1)

and is equipped with the norm

1
lallwsrcey = (el ) + 117, 6)" -
This space is called the fractional Sobolev space on G.

We define the space W,”(€) as the closure of C;’(€2) with respect to the norm |lull.») + [ pc. It
can be represented in the form

Wy (Q) = {ue WP(G) : u=0inG\Q},

where Q is an open bounded set (with at least a continuous boundary 9Q2).

Definition 2.5. Let | < p < oo and 0 < s < 1. The fractional p-sub-Laplacian on G is defined
as follows:

_ -2 -
lu(x) — u(y)|? (ZEZC) u(y)) dy, xeG, (2.2)

(-Apc) u(x) = Co,PV. f

o Pes
where P.V. denotes the Cauchy principal value, and Cy ;, > 0 is independent of u.

We define the following product:

— -2 _ _
(~Bp0) wg) = f fG B Ju(x) — 4O — kON@) ~ 0N 4 23

1 O+ps
[y o

for all ¢ € W, ().

2.2. Fractional p-sub-Laplacian eigenvalue problem

The equation on a stratified group G of the form

S _ ) .
{ (—A,,,G) u = AlulP~"u, in Q, (2.4)

u=0in G\Q
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is called the fractional p-sub-Laplacian eigenvalue problem.
We recall the Poincaré inequality for the Gagliardo seminorm [28]:

top@ [weopar< [ [ '“(’?‘Tgﬂf dxdy. @5)
.

where p > 1,0 < s < 1, and 1, ,(Q) = C(Q, p, S PIQ[% > 0.

Definition 2.6. u" € L™ (0, T: W;”(Q)), with u, € L* (0, T; L*()). is called a weak (local) solution
of (1.1)—(1.3) if it satisfies the following equation:

f u (x, Dp(x)dx + f f " (x) — u" )P (x) — u" () (p(x) — v0))
Q GxG

—1 Q+ps
[t o 4

- [ ranptas 2.6)

for all ¢ € W;”(Q) and a.e. time 0 < ¢ < T with
u"(x,0) = uf'(x)  in W,"(Q).

2.3. Blow up property

Here we provide a definition of the blow-up phenomena and recall an important lemma that is used
in our proofs.

Definition 2.7. Assume that u(x,t) is a weak solution to problem (1.1). We say that u(x, t) blows up in
finite time T if it satisfies the estimate

!
lim fum”(x, T)dxdr = +00.
t—>T- 0 Q
Lemma 2.8. [21,30,31] Let &(t) be a twice-differentiable function satisfying the following inequalities
for some constant p > 0:
E'MHED -1 +p)&E*1) =0, t>0, 2.7)
EW0)>0, and &(0)>0. '
Then there exists
&E(0)

0<Tr< ,
p&(0)

such that lim,_, - &(t) = +oo0.
3. Global existence and blow-up solutions

Throughout this paper, we refer to the function u as a weak solution in the sense of Definition 2.6.
Furthermore, we assume the existence of a local weak solution for the problem under consideration.
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Theorem 3.1. Let Q2 be a bounded open set of a stratified group G. Assume that

aF(u) > u" f(u) + pu’™ + ab, u>0,

_ pm ! m—1
=" fo S f(s)ds,

(@ = (m+1)Ag,, ()
(m+1)

where

form > 1, and

0>8> ,and a <0,

(3.1)

(3.2)

where 1 < p < oo, and Ay, () > 0 is the constant given in (2.5). For the initial data uy € C§ (), if

we have a constant 6 > 0 such that
[uol? o < (m+ 1) f (F(up) - 0)dx,
Q
then a non-negative solution u of problem (1.1)—(1.3) is global and satisfies the estimate

1 1
||M(x, I)HT;H(Q) < ||MO(X)||’Z:+1(Q)

Proof. Assume that u > 0 is a solution of the fractional porous medium Eq (1.1), and

E(t) := f " (x, f)dx.
Q
Then

E'@®)=(m+ l)fu (x, Hu,(x, t)dx

= (m+ 1) ff W) - ”m(Y)V’ 2" (x) — u’”(y))2 dxdy

_1 O+ps
o x|

+ f W™ (x, 1) f(u(x, t))dx).
Q

Applying the Poincaré inequality and the assumptions (3.1) and (3.2), we have

E'(t) < (m+ 1) - f f W) = WO o+ f (@F(u) — pu™ ~ af)dx)
Q

-1 O+ps
bt oo

|t (x, 1) — u™ (y, DI
<(m+ Da (—m LL 1 o x|or dxdy + fQ(F(u) - H)dx)

+[(@ = 0m+ 1)Ag,,(Q) = (m + 1)B] fg juCx, D" dx

1 " (x, 1) — u™(y, )P
<(m+ Da (_m 3 [@f@ T o 20 dxdy + ‘fQ(F(u) - H)dx)

<(m+ Dal(r),

(3.3)

(3.4)
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where we set

I(t) =

1 " (x, £) — u"™(y, 1)
1 »[G f@ ly~! o x|@+ps dxdy + Q(F(M) —0)dx.

We can further derive that

I(1) = 1(0) + f 4 e = 100y + ™ f f [ (x, 2™ (x, T)dxdT.
0 dT m+1 0 O

To see it, we compute

"d

‘IO‘EI(T)CZT

___ 1 (a4 " (x, ) = u"(y, D)
s [ [
f f —(F(u(x, 1)) — O)dxdr

_ f ff " (x) — " WP (" (x) = w" )" ()] = [ W]
B m+1 0o Ja Iy_l o x|Q+I7Y
+ f f (F,(u(x, ))u(x, )dxdr
0 Jao
___ P f ' f f ™ (x) = " (WP (" (x) — u" N[ ()] = [W" )]
 om+1 [y~! o x|Q+rs

m—1
m 1 f f (x, 7) f(u) u(x, 7)dxdr,

From the definition of the weak solution, it implies that

! d B p ! "
j; d_TI (n)dt = p— f(; fQ u(x, uy (x, T)dxdt
p [ m
- = f ff(u) u?' (x, T)dxdt
m—1
m 1 f f (x, ) f(w) u(x, 7)dxdt

2 m—1
m+ I f f[uT(x U™ (x, T)dxdt

f ff(u) u(x, Ty~ Y(r, x)dxdr

m+1
m—1
m 1 f f (x, 7) f(u) u(x, 7)dxdt

2 m 1
m+1ffu7(x )] (x, T)dxdr.

dxdydr

dxdydt

(3.5)

Observe that 7(¢) > 0, due to the assumption Z(0) > 0 (given in (3.3)) and the positive integrand

in (3.5).
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Finally, we conclude

m+1

E() < (m+ Da (I(0)+ P f f [t (e, TP (x, T)dxdT) <0,

since @ < 0. It yields that
E() - E) <0,

and

1 1
||I/l(x, t)”anr:H(Q) < ”u()(x)”zlmtl(g)

for all ¢ € (0, 00). |

Theorem 3.2. Assume Q is a bounded open set of a stratified group G, and let f be a function that
satisfies the inequality
aF(u) <u” f(u) + Bu’™ +ab, u>0,

where 1 < p < oo, § > 0 is a constant, and m > 1. Here we have

F(u) := % f " f(s)ds.
0

(a=(m+D)Ag p.s(Q)

Furthermore, suppose that« > m+ 1 and 0 < 8 < , where Ag ), () > 0 is the constant

(m+1)
given in (2.5).
If the initial condition uy € C;(Q2) satisfies
[uo]} , o < (m+1) f(F(uo) — 0)dx, (3.6)
Q
for a constant 6, then a solution u of (1.1)—(1.3) blows up in finite time T*, that is,
M
0<T"<
o fQ mH(0dx
where )
pm ( fQ u’”“(x)dx)
~ (m+ 1)X(\Japm — (m + 1))I(0)

withp = & = Y2 _ | 5,

Proof. Let u > 0 be a solution of the fractional porous medium Eq (1.1). Assume that

!
&E(r) ::ffum+1(x,7)drdx+M,
o Jo

where M > 0 is a constant that will be defined later.
According to Lemma 2.8, we need to prove that

&' MEW) — (1 +p) (E(1)* > 0. (3.7)
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Applying the fundamental calculus, we have

&) = f " (x, )dx
Q

=(m+1) f f W (x, T (x, T)drdx + f Ul (x)dx.
QJO Q

Now we compute

E'H=m+1) f u™ (x, Hu,(x, )dx

Q

> (m+ 1)( - f f '”T(xl)_]‘ggflpdxdw f (aF (1) ~ Bu™ — ab)dx)
G JG yox Q

Z(m+l)a(—; f f e 1) = OO f (F(u(x,r))—e)dx)
G JG Q

m+ 1 [y~! o x|@+ps

[t = 00+ 1)@ = -+ 1] [ a0

Q

z<m+1>a(-L f f W0 ) = w3 DF f <F<u<x,r>>—9>dx)
m G JG Q

+1 [y~ o x|@+ps

> (m+ Dal(1),

where

1) = —— f f W) Z w00 f (F(u(x, 1)) — O)dx,
G JG Q

m+ 1 [y~ o x|@+tps

and 0 < B < ez D Aops@) it Ag,p.s(€) > 0 is the constant given in (2.5). Moreover, we have

(m+1)

Z(0) > 0 from the assumption (3.6), and estimate

I()=710)+ pr f f[uT(x, 12" (x, T)dxdt > 0
0 Jo

m+1

obtained in the proof of Theorem 3.1. Therefore, it yields
E"(t) = (m+ Dal(r)

> (m+ 1)aZ(0)+apm f f [u:(x, T)2u™ (1, x)dxdr,
0 Ja

where @ > m + 1. For arbitrary & > 0, we use the Cauchy-Schwarz inequality to obtain
t
2
[E'0]) = ((m +1) f f W (x, T (x, T)drdx + f ug+1(x)dx)
QJO Q

t 2
<(m+1D*(1+¢) (ff u" (x, T)u(x, T)dxdT)
aJo

1 2
+(1 +—)(f ug“l(x)dx) :
€ Q

AIMS Mathematics Volume 10, Issue 6, 13498-13511.



13507

Now we apply the Holder inequality to obtain
¢ 2
[ED)P =m+ 1) +¢) (ff u D2 m=D2 Yy (x, T)dxdT)
2 Jo
[re2) ([ sm]
+|1+ - Uy (x)dx
2 Q
¢ 1/2 ' 1/2 2
<m+ 1> +¢) (f (f um”dr) (f W ug(x, T)]sz) dx]
o \Jo 0
[re2) (o]
+|1+ - Uy (x)dx
2 Q
<m+ 17> +¢) (f fum“dxdr) (f fum_l[uT(x, T)]dedT)
0 Ja 0 Ja
[ro2) (o]
+|1+ - ug  (x)dx| .
€ Q

Using the computations above, we have

&' (08 2 [(m + DI (0) + apm f f [t (x, )P (7, x)dxdlr |

0 Q
!
X ( W™ (x, T)drdx + M)
Q JO

> (m+ DaZl(O)M

! !
+ apm f f [u:(x, ) 2u™  (x, T)dxdT f f " (x, T)drdx.
0 Ja aJo

Finally, using the estimates above, we obtain

&' (&) - (1 +p) (E 1)

>a(m+ 1)I0)M + apm (f f[uT(x, DPu™ 1 (x, T)dxdT) (ff " (x, T)d‘rdx)
0 Ja aJo
—(1+p)(1+&) (m+ 1) (f fu’"”(x, T)dxdT) (f fum_l(x, u(x, T)]zdxdr)
1 0 Ja i 0 Ja
- +p)(1 + —)(f u'g;“(x)dx) :
&€ Q

VP _ 1S 0, and

m+1

We choose p = ¢ =

2
e pm (fg ug”l(x)dx)
" (m+ D2(~Japm — (m + 1))I(0)

Thus, we arrive at

E'OE(t) — (1 +p) (E (1))

AIMS Mathematics Volume 10, Issue 6, 13498-13511.



13508

2
>a(m+ 1IO0)M - (1 +p)(1 + é) (f ’"”(x)a’x) >0
Q

Consequently, the blow-up time is given by
M
p fg u’””(x)dx

It completes the proof. O

0<

Remark 3.3. Note that the value of 6 in Theorems 3.1-3.2 can be chosen to satisfy the condition
F(u) > 6 due to the conditions Z(#) > 0 and the assumption Z(0) > 0 in the theorems.

4. Conclusions

Let us briefly discuss some special cases, that is, the consequences in the Euclidean setting.
Specifically, for an open, bounded subset Q c R", consider the problem

u(x,0) + (=A,) (e, 0) = fuCe,n), m> 1, (x,1) € Qx (0,),
u(x,0) = up(x) >0, xeQ, 4.1)
wx, 1) =0, inRNQ, >0,

where the fractional operator is denoted by

Ju(x) = u)P > (w(x) — u(y))

RN |x y|N+ps

with p € (1,00) and s € (0, 1). A function f satisfies f(0) = 0, and f(x) > O when u > 0.

According to Remark 2.2, (4.1) is a particular case of Eq (1.1) with initial-boundary conditions
given by (1.2) and (1.3). Thus, the results presented in Theorems 3.1 and 3.2 imply new insights in the
Euclidean case.

Specifically, in the context of problem (4.1), a global solution exists when

(-4,) u(x) := Cy,PV. xeRY, (4.2)

aF(u) > u" f(u) + Bu’™ + ab, u>0,

with .
m
F(I/l) — p—f Zm_lf(Z) dZ, m> 1,
m+1 J

and certain conditions on the parameters «, 3, and 8 given in Theorem 3.1. Additionally, under other
conditions on the parameters «, 5, and 6 provided in Theorem 3.2, blow-up solutions exist when

aF(uw) <u” f(u) + pu’™ +ab, u>0.
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