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1. Introduction

Special polynomials are highly important across mathematics, theoretical physics, and engineering
due to their fundamental roles and applications, particularly in analyzing the differential equations
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common to physics and engineering problems. Furthermore, these special polynomials readily yield
numerous useful identities and are foundational for defining new polynomial classes. Notably
significant are the Gould-Hopper and Bell polynomials, prized for their wide-ranging use across
mathematics [1-3].

The Apostol-type polynomials, particularly the Apostol-Bernoulli, Apostol-Euler, and
Apostol-Genocchi polynomials, are significant in pure and applied mathematics, attracting
considerable research. Studies by Luo et al. [4-6] and Ozarslan [7] explored fundamental properties
and explicit series representations for these polynomials. Srivastava [8] focused on explicit
representations via a generalized Hurwitz-Lerch; zeta function. Further, various extended forms of
Apostol-type polynomials have been explored, for example, parametric extensions [9, 10], hybrid
classes like truncated-exponential-Apostol-type polynomials [11]), unified formulas connecting to
other families [12], and unified frameworks [13, 14].

The following notations and definitions will be employed consistently in this study: R refers to the
set of real numbers, C refers to the set of complex numbers, Z refers to for the set of integers, N refers
to the set of positive integers, and Ny = N U {0} refers to the set of non-negative integers.

The Gould-Hopper polynomials Wﬁr)(wl ,w,) [15] are defined as follows:

eIt Z 7-{5’)((1)1, a)z)'u—', rezt (L.1)
T.
=0

and represented by the series
(]

" wzl'frk wg
H." (w1, wy) = 71! E—— (1.2)
p (t—rr)lk!
The classical Bell polynomials Bel.(w) [16, 17] are defined by
w(et-1) _ N /’LT
e - Zo Bel:(w) . (1.3)
The 2-variable Bell polynomials, denoted as Bel (w1, w,), are defined as follows [18, 19]:
e e D = N Bel, (wy, w,) % (1.4)

=0

Recently, the Gould-Hopper-Bell polynomials (GHBelP) WBelgr)(cul, Wy, 7) were introduced in [20]
by the generating function

et D 2 N Bel (wy, wi, ) (1.5)
=0 7!
and represented by the series
HBel (w1, w3, = ) (T)Wii<w1 , W) Bel,(2). (1.6)
K
k=0
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Operational methods involving differential operators, derived from the monomiality principle,
offer effective tools for studying classical polynomial classes and their diverse extensions. The
concept of monomiality originates from the notion of poweroid introduced by Steffensen [21]. This
concept was revisited and methodically applied by Dattoli [22]. In line with the monomiality
principle [21,22], a polynomial set p.(w) (7 € N, w € C) is termed quasi-monomial if it is possible to
define “multiplicative” (M) and “derivative” (P) operators for which

M{p(@)} = pror(w), (1.7)

Plpr(w)} = 7 pri(w), (1.8)

for all T € N. Moreover, these operators satisfy the relation
[P,M]=PM-MP =1 (1.9)

and therefore reveals the Weyl group structure. If the polynomial set {p.(w)}.en under consideration is
quasi-monomial, its properties can be readily determined from the properties of the operators M and
P. Consequently, we have:

(i) Differential realizations of M and P imply that p.(w) fulfills the differential equation
MP{p(w)} = T pr(w). (1.10)

(i) With the assumption that pg(w) = 1, we have an explicit construction for the polynomials p.(w)
as
pr(w) = M{po(w)} = M7{1}, (1.11)

from which we derive the series definition of p,(w).
(iii) Based on identity (1.11), we can express the exponential generating function of p.(w) as follows:

exp (D1} = ) pe@), il <oo. (1.12)
=0 ’

The quasi-monomiality of the GHBelP (HBel(Tr)(wl,a)z,z) [20] is established via the following
operators:

~ 0
Mcrge = w1 + i’szZl + zeP, (le = 67) (1.13)
1

and
PGHBel = le. (114)

Based on the monomiality principle, the GHBelP #Bel” (wy, wy, z) fulfills the following identities:

MergalnBel (Wi, w1, 2)} = 4 Bel') (wy, wa, 2), (1.15)

PousealnBel? (w1, ws, 2)} = T 4 Bel” (w1, w3, 2), (1.16)

MGHBelPGHBel{WBel-(rr)(wl LWy, =T WBEZ(Tr)(wl , W2, 2), (1.17)

exp(Mcrse p){1} = Z H1Bel(wy, w,7) % (lul < o0). (1.18)
=0 ’
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The Apostol-Bernoulli B (w;¢) [5], Apostol-Euler &7 (w;¢) [4], and Apostol-Genocchi
G (w; ¢) [23] polynomials, all of order o, are respectively defined by

BN o - N gy o 1 _
({eﬂ—l) € —;%T @) = (e +log § < 27,17 := 1), (1.19)
( : )Ue””:ig‘%'é)‘ﬁ (ke +log & <m 17 := 1) (1.20)
len+ 1 L7 X0 ’ ’

2\ N o o M .
() e = D0 @0 duistog d<mimi=), (1.21)

=0

where o and ( are arbitrary real or complex parameters. When w = 0 in Eqs (1.19)—(1.21), we get

B7(0:0) = BPQ), E7(0:0) = E7(Q) and G7(0:0) = GV(©),

which denote the Apostol-Bernoulli, Apostol-Euler, and Apostol-Genocchi numbers of order o,
respectively.
The unified family of generalized Apostol-type polynomials P

21—5 Iué o . b @ Iu'r
(—) et = Z PT,g(w;é,a,b); (

b _ 4b
ge a =0

(o)

y (w; 0,a,b) [7] are given by

u + blog ({)‘ <2, 6€N, a,beR", J,§€C), (1.22)

a
where P(T?(O; 0,a,b) = P(Ti?((i, a, b) denotes the generalized Apostol-type numbers. Also, we note that

PO 1,1,1) = 87 (w; 0, P(w;0,-1,1) = E7(w; )

and

a 1 (o
P w1, -5.1) = 67@; 0
»2

Special polynomials can be defined through several ways, such as generating functions, series
representations, determinant representations, and differential and integral representations. The hybrid
special polynomials can be defined mostly by means of the generating functions using several
techniques. The choice of the most suitable technique is determined by specific properties inherent to
the combined polynomials. Some of these techniques include the operational technique [24, 25] and
series expansion technique [26,27]. In recent years, there has been growing interest in a novel method
concerning special functions, known as the determinant approach, which was introduced by Costabile
et al. [26,28,29].

The generalized special polynomials enhance the applicability of classical special polynomials by
integrating their advantages and offering increased adaptability. This evolution renders them more
adaptable and potent in addressing intricate contemporary challenges across diverse fields. These
polynomials prove especially effective in tackling multifaceted, cross-disciplinary issues and driving
progress in both theoretical frameworks and practical applications within mathematics. By
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generalizing classical polynomials, researchers can unlock new tools for approximation, interpolation,
and solving differential equations, while also gaining deeper insights into the relationships between
different polynomial families.

In recent studies, various researchers have utilized operational techniques in combination with the
monomiality principle to study classical special polynomials and to develop generalized classes.
Notable contributions in this area are presented in several works [11, 24, 30-32], with further
advancements and applications reported in several studies [33-35], as well as in extended
formulations explored in recent literature [36-38]. Further, several researchers presented certain
results for the hybrid form of special polynomials associated with the Apostol-type
polynomials [39,40].

In this work, in Section 2, by combining the Gould-Hopper-Bell polynomials and the unified
Apostol-type polynomials, and in view of the monomiality principle, we provide a generalized class
of hybrid special polynomials, referred to as the trivariate Gould-Hopper-Bell-Apostol-type
polynomials. Next, the series representations, quasi-monomial operators, and differential equations

are derived. In Section 3, we establish some summation formulae for the trivariate
Gould-Hopper-Bell-Apostol-type polynomials. In Section 4, we investigate some related differential
and integral identities. In Section 5, the Gould-Hopper-Bell-Apostol-Bernoulli,

Gould-Hopper-Bell-Apostol-Euler, and Gould-Hopper-Bell-Apostol-Genocchi polynomials are
introduced as specific cases, and their associated results are also discussed. Finally, the zero
distributions and graphical representations are examined.

2. Family of trivariate Gould-Hopper-Bell-Apostol-type polynomials

In this section, we introduce a novel unified family of hybrid special polynomials, referred to as
the trivariate Gould-Hopper-Bell-Apostol-type polynomials (TGHBelATP), through generating
functions and series representations. Additionally, based on the principle of monomiality, the
generating function is utilized to derive the related multiplicative and derivative operators, as well as
the associated differential equation.

In the generating function (1.22), replacing w by the multiplicative operator Mgugsa (1.13) of the
GHBelP 4 Bel” (w1, w», 2), gives

21—6 0 \O R > )~ T
(Grortas) exPUansa ) = )P Wt 5.a.b)%. @.1)

=0

Applying Eq (1.18) to the preceding equation, and denoting P(T?(MGH&I; 6,a,b) by
q{gengy)(wl , Wy, 7; 0,a, b) (the trivariate Gould-Hopper-Bell-Apostol-type polynomials), yields:

T

21—5 Iué o, X * u
(r) — (o) .
({beﬂ — ab) ( E_O nBel (wl,wz,z)) = E_O HpelPr (W1, w2, 2:6,0,b) . (2.2)

Now, utilizing Eq (1.5) in the above equation, we arrive at the following definition.
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Definition 1. The trivariate Gould-Hopper-Bell-Apostol-type polynomials WgelPi‘Z”(wl, wy,7;0,a,b)
of order o are defined by the generating function:

21_6 6 7 r H_ - a.,r T
(ébeﬂ _,uab) pUIHrO +2(e =1) Z (nglPi{’ )(a)l, wy,7;0,a,b) %, (2.3)
=0 :
(u + blog (5) <2m, 6€N, a,beR*, 0,0 € c).
a

Remark 1. Setting z = 0 in generating relation (2.3), we get the unified Gould-Hopper-Apostol-type
polynomials (HP(T?)(M, wy; 0,a, b) of order o which are defined by:

T

1-6 ,,0
( 2K (2.4)

o [eS)
{beﬂ—— ab) €w1u+wz# — Z ngzr)(wl’ W 5, a, b) M
=0

prl
which is a special case of the polynomials defined by the generating function (2.1) in [41, P. 291].

Remark 2. Setting w, = 0 in generating relation (2.3), we get the new 2-variable unified Bell-Apostol-
type polynomials ge,P(Tf?(wl, 7;0,a,b) of order o given by the generating function

T

21—(5 IJ(S o . 00 u
I W (e"-1) _ (o) . H-
(é‘bey _ab) enEe T = E_O saPr (W1,2:0,a.0) . (2.5)

Remark 3. Setting r = 2, o = 1 in the generating relation (2.3), we get new special polynomials, called
trivariate Hermite Kampé de Fériet-Bell-Apostol-type polynomials q{gelF’fz(w 1, W2, 7250, a,b), given by
the generating function ‘

T

1-6 ,,0
( 2K (2.6)

[
24 o(et—1 2 . M
m) el o Z HBelP(T}(wh w,7;0,a,b)
é/ e a 7=0

H.
Remark 4. Setting o = 1 in the generating relation (2.3), we get the trivariate Gould-Hopper-Bell-
Apostol-type polynomials (ng,P(TZV(w 1, W2, 250, a, b), which are defined by the generating function

T

u

21—6 /16 7
7!’

o0
) e teH A = Z ‘HBelP(T;)“((Ul,wza z,6,a,b)
=0

Taking w; = w, = 0 and z = 1 in (2.3), we get unified Bell-Apostol-type numbers of order o, which
are defined by

21=6 6 \o . had - T
(L) el =Y w6 & 2.8)

bopt — 4b
ge a =0

Next, in view of generating function (2.3), we establish certain series representations of the

TGHBEIATP 45.,P\,” (w1, w,,2; 6, a, b) of order or.

Theorem 1. The trivariate Gould-Hopper-Bell-Apostol-type polynomials q{gelpg’r)(w] ,w2,72;0,a,b) of
order o satisfy the following series representations:

r - T a.,r
HpaP (w1, w2,:6,a,b) = ) (K)wPi_;?g(cul,wz;a,a,b) Bel,(2); (2.9)

k=0
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T

8P (W1, w2, 2:6,a,b) = Z (K)P(”) (0:6,a,b) 5 Bel (W), ws, 2); (2.10)

k=0

& W 5P, (w1,256,a,b)

. (ovr) . — T—TK
WBEZPT’{ (w19w29Z967a9b) T'KZ:(; K!(T—}"K)! (2.11)
Proof. In view of generating relations (1.3), (2.3), and (2.4), we have
x© T 21—(5 d \O .
Z(I—(BelP (W, w2, 236, 4, b) a (—b K b) ek (=)
g ! {Pet —a
AT <
§b€” _ ab
[ o, w300, ) | [ZBelK(z)—]
=0 K=
x> T+K
= > > #P (i, w2:6,a,b) Belk(z) (2.12)
=0 «=0
which, upon substituting T — 7 — « and applying the Cauchy product rule, yields:
N @) . B
TZWPM (@1 w2z0.0,b) & ZOZ;( ) P2 w1, w23 6,a,b) Bel,(2) (2.13)

from which, by comparing the coeflicients of powers of i, we derive Eq (2.9). Similarly, the assertions
in Eqgs (2.10) and (2.11) can be proved. O

Remark 5. Setting r = 2, o = 1 in series representations (2.9)—(2.11), we find that the trivariate
Hermite Kampé de Fériet-Bell-Apostol-type polynomials «Hggele()(wl , W, 7,0, a, b) satisfy the following
series representations: »

15PN w1, 2,2 6,0,b) = Z( )WPT (@1, w2:6,a,b) Bel,(2); (2.14)
k=0
4 T
HpaP(w1, 0, 2:6,a,b) = > (K)PT_K,4<0;6,a,b) HBeld (w1, w2, 2); (2.15)
k=0

(5]

W gelProoc (w1, 2 6,a,b)
HpatPp (w1, w3,336,a,b) = 7! ) 2T
‘ k=0

k!(t — 2x)!

(2.16)

Theorem 2. For the unified polynomials gqgelP( g w1, ws, 26, a,b), the associated multiplicative and
derivative operators demonstrating their quasi-monomial nature are:

A

o8(lPePor — ab) — oD, P eP
M,,p=w + ra)zDZ)_ll + zePor + ¢ = w &
D, ({PePr — ab)

(2.17)
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and

A

P

HBelP =

D.,, (2.18)
respectively.

Proof. Differentiating relation (2.3) partially with respect to u, gives

b u _ by _ b 1 1-6 ,,6 \o
(wl + I"(.Uz,ur_l + Zeﬂ-l-o-é(é/ € a ) O-/Jé/ e )( 2 M ) ew1y+w2p"+z(e“—l)

p(gPet — ab) (Pt — ab
_ i p@n) . p!
= T HBel Tl (w1, ws1,7;0,a,b) T, (2.19)
=0 .

which, upon replacing 7 by 7 + 1 in the right-hand side and using relation (2.3) the left-hand side,
becomes

b T

8(LPet — ab) — audle
U~ a) e )Zﬂﬁengr)(wl,wz,ﬁ 6,a,b) £
s ¥ T!

u(Lbet — ab)

(a)l + ra)z,u’_1 + zet'+

T

u

(o)
(or) .
= Z wsezP:,lr,{(wl, w>,2;06,a,b) o

=0

(2.20)

Matching the coefficients of corresponding powers of i in Eq (2.20), we obtain
o6(LPePor — ab) — O'lezjbele

le (é/bele - ab)
= 1P (W1, @), 2:6,a,b) . (2.21)

(w1 + rap Dy !+ zePa + )ﬂgezpi?)(wl,wz,z; 6,a,b)

Using Eq (1.7) (for 4P (w1, w2,2:6,a, b)) in (2.21), we obtain assertion (2.17).
Further, differentiating the left-hand side of (2.3) with respect to w,, we get

1-6 ,,6 \o 1-6 ,,0 \o
Dw [( 2 M ) ew]u+w2,ur+z(e"—l)] =pu [( 2 M ) ew|y+w2/1’+z(e“—l)]' (222)
1 é/bey —ab gbe,u —ab

Using relation (2.3) in expression (2.22), gives

(9] (o)

T

o M o U
le[ E HselPy (w1, w2, 7;6,a,b) ;] M [ HselPy (w1, w2, 7;6,a,b) —T,]
! — !

=0 T

T+1

= Y waP o zsab e (223)
=0 ’

which, upon replacing 7 by 7 — 1 in the right-hand side and then comparing the coefficients of
corresponding powers of u in the resulting equation, we obtain

Dy, (18P (@1, 02,2,6,0,b)} = T pweaP] (w1, 2,76, b). (2.24)
Using Eq (1.8) (for (}-{gelPi::r)(a)l, w1, 7;6,a,b)) in (2.24), we obtain assertion (2.18). O
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Remark 6. For z = 0, Theorem (2) gives the associated multiplicative and derivative operators
demonstrating the quasi-monomial nature of the unified Gould-Hopper-Apostol-type polynomials
HP(TZJr)(wl, wy; 6, a,b) of order o:

A

_ r—1
M,p = wy +rwD,,~ +

a6(bePor — ab) — oD, PeP

le ({bele - ab)

(2.25)

and

A

P,p=D,,, (2.26)
respectively.

Theorem 3. The unified polynomials (Hggelp_(:;r)((x)l, wy,7;0,a,b) satisfy the following differential
equation:
a6(LePe — a) — oD, (PP

(GPeP —ab)

(wlle +rw,D;, +ze"1 D, + - T)(ngzpi?r)(wl,wz,& 8,a,b) = 0.

(2.27)

Proof. In view of Eq (1.10) (for wge,P(T?)(w], ws, 7,6, a, b)), utilizing operators (2.17) and (2.18), we
get the asserted result (2.27). » o

Remark 7. For z = 0, Theorem (3) gives the following differential equation that is satisfied by the
unified Gould-Hopper-Apostol-type polynomials q{P(T‘;:r)(a)l ,wy;0,a,b) of order o:

o6(LPePeor — ab) — O'DwI{bele

((PeP =)

(a)lDw] +rw, Dy, + - T)WP(T?)(CUI ,wy;0,a,b) =0. (2.28)

3. Summation formulae

In this section, we investigate certain remarkable summation identities for the trivariate Gould-
Hopper-Bell-Apostol-type polynomials ngPg‘T(’r)(wl , w,7;0,a,b) of order o

Theorem 4. For t € Ny, 6 € Nand 0,{ € C, we have
8Py (W1, 2,7;6,a,b)

1 (7 ;
=5 ak(wge,Pi‘i’:}(wl +1,02,26,8,b) + npuP (w1, w2, 26, 4, b)). 3.1)
2 k=0 K | b

Proof. From generating relation (2.3), it follows that:

T

u

(@ +1) ) wpaP @ w2 5:8.a.b) —

=0
.

H
7!’

(o) ’ #T (e} ’
= ‘HBelP(TZvr)(wl + 1, ws,7;0,a,b) ot Z WBezp(T?)(wl, wy,7;0,a,b) (3.2)
’ =0

=0
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which can be written as

> 48P (@1, 2,260, b) % 3.3)
7=0 .

1S T
- E(Z )(Z‘HBelP( )(wl +1,w,,2;9,a, b) + Z?‘((Belp )(w1,wz,z; 5.a.b) %)’

where, &, represents the Euler numbers defined by [42]:

2__ i& £ (3.4)

By applying the Cauchy product rule to (3.3) and equating the corresponding powers of u in the
resulting equation, we obtain (3.1). O

Remark 8. Setting z = 0in (3.1), we get the following summation formula:
1 T
HP (Wi, w336, a,b) = 5 Z (Z) BK(ﬂP(T(Z’Kr,)g(wl + Lwy6.a,b) + 4P7 (wi, w60, b))' 3-5
k=0

Theorem 5. The unified polynomials (nglP( p: w1, w, 2;6,a,b) satisfy the following summation
Jormula:

T

a.,r T T—
8Py (v, w3,7;6,a,b) = Z (K)(v — w1 + O y1puP 7 (@1 = 6,2, 8,a,b). (3.6)

k=0

Proof. Replacing w; by v in (2.3), we have

N (o,r) :uT 21_6/16 7 vp+wop”+z(e*—1)
D P W w2,z 8,a,b) = = () e
p—ry ’ 7! (et —a

1-6 ,,6 \o

_ 27 @10 = (1=v-O) o +2(e = 1)
é’bey _ ab

i

=" “"*”"Zw&zP( (Wi -6, w,7:6,a, b) =

7=0
> (U —w; + H)T \ < or ’
) (Z 1 )(Z(HBeZP-(r{’ (w1 - 6,w),2:6,a,b) &,)
=0 T
_ N T T—K (o, . /JT
= Z ( )(v W1 + 0 y5aP G (@1 = 0,02, 6,a,b) . (3.7)
- \k 7!
From (3.7), we get asserted result (3.6). O

Remark 9. For w, = 0 in (3.6), the unified polynomials BelP(T?(wl,z; 0,a,b) of order o satisfy the
following summation formula: »

T

.
8P, 2:6,a,b) = ) ( )(v — w1 + 0 5P (W)~ 0,2:6,a,b). (3.8)
: K :

k=0
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Theorem 6. For t € Ny, 6 € N, and 7,8, € C, we have

fHBezP P W) + X, w2+, 2 + 136, a, b) (3.9)

= Z( )wsezPT K((wl,wz,zﬁ a, b) ‘HBelPKé‘ (x,y,u;06,a,b).

k=0
Proof. In (2.3), replacing w;, w», z, and o by wy + x,w, + y,z + u, and o + B, respectively, we have

*© T

D 18P (@1 + x, w3+ y, 2+ 43 6,0, b) 'u—,
=0 T
21 -0 5 o+
- @ttty +(z+u)(e!~1)
( ber — ab)
16 40 1-5 ,,6
= ( 2 U w1u+wzu’+z(6"—1) (—2 H )ﬁ exﬂ+yu’+u(e“—l)
bep _ ab é‘bep _ (lb
o) @) K
=( HsaPy (W1, 3,76, a,b) )(Z‘H"BelP (x,y,u; 0, a,b) —)
N @) I
,r .
= Z ( )WBEZPT_’Q((QH , W), 75 6’ a, b) WBKIPK’g (x7 Y, U, 6a a, b) ; (310)
=0 k=0 K ’
From (3.10), we get the asserted result (3.9). O

Remark 10. Forr =2 and o = 1 in (3.9), the unified polynomials ﬂgelp( g(a)l, wy, 7,0, a, b) satisfy the
following summation formula:

BeP( B + x,wy + y, 2+ 36, a, b)

T
= Z (K)m;ezpiz_)“(wu w1, 7;0,a,b) WSele;vZ)(x, v, u;0,a,b). (3.11)
k=0

The generalized Stirling numbers of the second kind are given as follows [13,43]:

po_ (e —a)”

ZS(‘CO-’a,b’{)_ - (3.12)
gy 7! o!

Theorem 7. The unified polynomials q{gelF’ Nwi,ws,z;6,a,b) satisfy the following summation
formula:

iy (r —50)! !
HaP L0 (@1 w5, z56,a,b) = Z 5P (w1, w2, 2:6,a,b) S (k,0.0,5.0). (3.13)

Proof. In view of (2.3) and (3.12), we can write

21—6 ,u6

IJT
ZwBelP " (wy, w2, 7: 6, a, b) ] (m

—©
) ew1p+w2y’+z(e“—1)
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W(Z HBelPTg Nwy, ws,7;6,a,b) )(ZS(T 0,a,b,0) )

T

Z Z( )%e,PT 7 (w1, w,2:6,a,b) S (k. 0.4, b, g) (3.14)

=0 «=0

= (21 = 6)9

Upon simplifying the aforementioned relation and equating the coefficients of % on both sides of
the resulting equation, we obtain the stated result (3.13). O

Remark 11. For w, = 0 in (3.13), the unified polynomials BelP(T"T()(wl,z; 0, a, b) of order o satisfy the
following summation formula: ’

oo (T-00)!
361P§_Qé§’((wl, z;0,a,b) = 2@(? e 'Q Z ( )BelPT (W1,2:6,a,b) S(k,0,a,b,0). (3.15)

Theorem 8. The unified polynomials q{gelP(Ti:r)(wl,wz,z;é,a,b) satisfy the following summation
formula: ‘

H8elPys (@i + 1,0,2;6,a,b) (3.16)
21-9(7 + 6)! . ,
é«b {T Bel(T)(wl’w27 Z) + ab'}{.’BelP(Tké?(:(wb w7, Z; 6’ a, b) .

Proof. In view of (1.5) and (2.3) for o = 1, we can write

T

Z nBel )(wl’wz,z)— = guiHtw (1) (3.17)
=0
bey —-a
(gle)Z 5Py !l Nwr, w2, 236, a, b) 2

1 T
= —(21_5 B {§ Zﬂsesz>(w1 +1,w,2:6,a, b) ——a Z(;MMP iy (w1, w2,2;6,a,b) —}

T

- M
2]@+®,§W&Pﬁwmn+wazamb>—JW&Pi&mmw%za¢w}—n

DY 7!

which, upon comparing the coefficients of £ on both sides, yields the asserted result (3.16). O

Remark 12. For r = 2 in (3.16), the unified polynomials «nglP(TL’Z)(wl,wz,z;é, a,b) satisfy the
following summation formula: ’

ﬂwmigmn+1wbz6ab) (3.18)
219t + 6
-5 { (T! ! wBelP(wy, wy,7) + ahwge,P(TﬁL(wl,a)z,z;&,a,b)}.
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4. Differential and integral formulae

In this section, we establish some differential and integral formulae associated with the trivariate
Gould-Hopper-Bell-Apostol-type polynomials wsezp(fiir)(m , w,7;0,a,b) of order o

Theorem 9. Forv,7 € Ny, 6 € N, and o, € C, we have

)
! P 7 (w1,w2,2:6,a,b)
81/ el 1=vl >V

~NrsaP T (@1, w2, 2:6,a. b)) = = o TEY 4.1)
ow » 0, 0<7t<w

Proof. Differentiating the generating relation (2.3) v times with respect to w;, we obtain

& o’ T 21—6 6 \Oo . _
Z £ -ngngg (w1, w1, 7;0,a, b)} ,u_' = {(—{beﬂ _'uab) eI+ 1)}

=
T+V

8P (w1, 03,7 6,a,b) 0

8lM8

T

(T -l

= Z’HB@IPT y((wl,wz,z o,a,b)

=V

(4.2)

By simplifying Eq (4.2) and subsequently comparing the coefficients of ‘;—: on both sides of the
resultant equation, we arrive at the asserted result, as given by (4.1). O

Remark 13. Setting w, = 0 in (4.1), we have

! P (w1,z6,a,b)
0’ ki >V

—— {suP (@1, 26,0, b)} = S (4.3)
ow] 0, 0O<t<w

Similarly, upon differentiating relation (2.3) v times with respect to w,, we can get the following
result.

Theorem 10. Forv,7 € Ny,6 € N, and o, € C, we have

a.,r .
7! HBEIP‘(,-_,A,),’[((UI » W2, T 6, a, b)

{#80P (@1, w2, 26,0, b)) = T : 4.4)

61/
ow’,

>
Remark 14. Setting r = 2 and o = 1 in (4.4), we have

2
! 98P, [w1,w2,2;6,a,b)

(@) . _ A
; {saPCwr, w2, 2:6,a,b)} = = o : (4.5)

aV
ow

Theorem 11. For t € Ny, 6 € N, and o, { € C, we have

0

(or) .
7 P (@102, 7:6,a,b)

= (:) (80P (w1, w2, 236,a,b) = 5P (w1, 03 6,0, b) Bel (). (4.6)
k=0

AIMS Mathematics Volume 10, Issue 6, 13251-13277.



13264

Proof. We start with generating relation (2.3). Differentiating it with respect to z, followed by
simplification using equation (2.9), results in

T

‘ 4.7)

= (e,u — 1) (ﬂ)(r ewlﬂ+w2,u’+z(e“—l)
(:bell —ab
Z%} {Z HB r(wl,wz,z,é a, b) } {Z ng,P w1, w2, 7;6,a,b) %}
o T T (o,r) . 1) - ,LlT
= Z {WBeIPT—K{(CUl’CUZ,Z’ 6,a,b) — P~ (w1, w2 6,a,b) Belk(z)} il
=0\ ) ) T!

=0
7=0

o 0
Za— P (W1, w3, 236, 4, b)}
=0 T

From (4.7), we get the asserted result (4.6). O

Remark 15. Setting w, = 0 in (4.6), we have

0 o (T o -
. = pP 0 z6a,b)= Y (K) (P70 (w1, 2:6,a,b) = P, (w1:6.a,b) Bel,(2)). (4.8)

k=0
Similarly, we can derive the following outcome.
Corollary 1. For t € Ny, 0 € N, and o, € C, we have

0

7 1P (@1, 02,2.6,0,b)) = ywaP (@1 + 1, 02,2:6,0,b) = gBel (@i, @2, (49)

Theorem 12. The following formula holds true:

u+y
f (HBelP(Tiﬁr)(wl , 2,75 0,a,b) dw,
u

1 a.,r a.,r
p— ‘Iw{BelpiJr’lL«(” +7,w,2;6,a,b) — HsezP(T+’1?_((u, wy,7;0,a,b)|. (4.10)

Proof. By integrating both sides of Eq (2.3) with respect to w;, we obtain

T

e u+y

: 1
Zf #oaP (@1, 02,26,0,b) dwy —
=0 Y4

1-6 ,,6 1-6 6
= l[( 270p )O- ety +2(ef=1) _ (—2 H )U e“ﬂ+w2#r+z(€"—l)]
Chet — ab {”eﬂ —ab

1 N a.,r
_ ;[Z(HMP N+ 7y, w264, b)— - Z P (1, 36, a, b) Bel,(2) —]. @.11)
From (4.11), we get asserted result (4.10). a

Similarly, the following results can be proved.
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Theorem 13. The following formulas hold true:

u+y
f 8Py (W1, ,2;6,a,b) dw,
u

7!
(141!

u+y
f m;ezP(,‘,’Z)(wl ,w,2;6,a,b) dz

u

[ﬂgelpi‘::,}(wl, U +,2:6,a,b) = 1P (w1, u,z;a,a,b)], (4.12)

1 . T + 1 a.,r a.,r
b Z ( ' )%k [wzaezP(,;l)_k,g(wl, wy,u+7y;0,a,b) - WBeIP(H’l)_k,é«(wb wy, u;6,a, b)] . (4.13)
k=0

In the next section, we turn to the consideration of several special cases of the trivariate Gould-
Hopper-Bell-Apostol-type polynomials ﬂgele’;r)(wl, wy,2;0,a,b) of order o.

5. Applications

In this section, some applications related to the established polynomials (TGHBelATP
WgelP&?r)(wl, w»y, 7; 0, a, b) of order o) are presented. Certain examples are investigated. Further, the

zero distributions of the TGHBelATP Wgeng’r)(wl, w», 7; 0, a, b) of order o are examined.

5.1. Examples

Here, we introduce certain special members belonging to the unified family
8P (w1, 03,75 6,a, D),

with analogous results presented for each.

Example 1. Gould-Hopper-Bell-Apostol-Bernoulli polynomials
Since
P(w;1,1,1) = B (w; ),
therefore, taking 6 = a = b = 1 in generating function (2.3), gives
.

poy e _ N , Il
({eﬂ ~ 1) P A s o D Z ﬁBez%(T?)(wl,wz,z) ;’ (5.1)
=0 :

where Wgel%i?;r)(wl,wz,z) are referred to as the Gould-Hopper-Bell-Apostol-Bernoulli polynomials
(GHBelBP) of order o

The series representations of the GHBelBP wgel%(&’”(wl, Wy, 2) of order o are given as:

a,r C T o r
5B (w1, w2,2) = ) ( )Be,%i_;{@ H (w1, w2); (5.2)
= K:O K =
(NS - T a,r
1B (@1, 02.2) = Y ( )q{%:_;;(w],wg Bel,(2); (5.3)
» k=0 k 7
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.
.
H5a B (@1, w2,2) = Y (K)%i‘fl,g(m nBel (w1, w,72); (5.4)
k=0
Ll s Bel%-(ro_-)r,(’g(wl’ 2)

WBesz(T?Z)(wl,wz,Z) =7! Z (5.5)
k=0

K!'(T — rK)!

Certain corresponding results related to the GHBelBP ygel%&?r)(wl , W, 7) of order o are presented
in Table 1. ’

Table 1. Findings for the Gould-Hopper-Bell-Apostol-Bernoulli polynomials
(HBel'sB.(:;r)(wl , W2, 2).

(r({en‘“l - 1)*0’Dw] {eD‘*’l A _
Dy, ePor-y > [ omsa® T

Multiplicative and M

HBe

— r—1 D,
8 = W1 +roaDy +zet e + D,,

derivative operators

a'({eD‘“l —1)—0'le {eD“’l

Differential equation (wlle +rw, D), + zePa D, + - T)r/-{zge[%_(:zr)(a)l, w,2) =0

(gePer -1y
. s 1 B s
Summation mgel%g”(wh W2,2) = 5 Yico (:) Sk(ﬂBel%ii,:?((wl + 1wy, 2) + 7{&1533125(0)1, wy, Z))
T
Formulae HsaByy 0, 02,2) = 3 () = @1 + O 5B (@1 ~ 6, w2,2)
(@+por) : (@) )
7818y P+ X1 + Y,z +u) = Y (Z)V—(Bel%fi,ig(wl , W2, 7) ‘/-{Bel%,(févr (x, y, u)

- —0)! o! — g
HsaBe 2 (W1, w),7) = THE z (BT (@1, @2.2) S (k. 0.0)
Z

(1.9 L f ) )
BB (W1 + 1wy, 2) = ¢ {(T + Dy Bel (w, w, 2) + wgez%ﬁi,{(wl,wz&)}

! B (01,02,2)

. . y — e T T2
Differential and (% {(ngl%(‘r”)(a)l, ws, Z)} = @)
w| 7.0
0, 0<t<w
(or)
il (o,r) T Hga®B L, (1,02,2)
a7 {‘HBel%T’{ (wl,wz,Z)} e e T
il (ovr) _ (o) (o)
5B (W1, 02,9} = X1 (7) s B0 (w1, 02,2) = 4B (w1, w2) Bel,(2)]
il (or) _ (or)
P wzsel%;;r (w1, w2, 7)1 = WBeZSBT(i,:’g(wl + 1wy, 2) — gBel (w1, w1, 7)

uty (o) 1 (o) ,
Integral Formulae fu 8By (W1, W2, 7) dwy = m[wge,%gi{(u +y,w,7) — ’HBel%E—i]r?g(u7 wy, z)]
uty (o) .
fu 8By (W1, w2, 7;0,a,b) dz

1 1 ) . ) .
= +1 Z};:O (T-]t )%k I:(/'{Bel%.(:;f)_k’g(wla wr, U + Y 6’ a, b) - WﬂEI%(T(:f_k’g(wla wWo, U, 57 a, b)]

The first few members of the GHBelBP
HBelEB(T?)(wl , W2, 2),
foro =1andr =3 are given as:
WB@IEB(()I,;)(wla wy,7) =0,
1
-1
2{ 2{&)1 2w 2§Z 2z
B 2t 2 2t 2 2’
-0 - - -1 -1

1,3
WBEI%E{ )((U], Wy, Z) =

13
Hoe By (W1, w),7) =
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3, 3¢ 3w; 6lw 6wz 37
(6%(1’3) s s = L -
N7 7y e B T e I
3z 6{z
+ -~ =
-1 @-1n
43 162 47 4doi 1200t 120z

(1,3) _ _ - -
HEay s @100 = G T T T = T r=1 = 1p T 7=l
128%w, 124w, 12072 12wz 24wz 24w, 473
+ + + + - + +
2uN V7 2uS ) A R B 7 § Sl oy
2 2 2
N 127 3 12¢z N 12477 N 12¢z N 47 B 12¢z '
—1 -y sl -1y

Example 2. Gould-Hopper-Bell-Apostol-Euler polynomials
Since

PO(w;0,-1,1) = E7(w; 0),
therefore, taking 6 = 0,a = —1 and b = 1 in generating function (2.3), gives

2 o r o] = /,l
({e# " 1) eI+ 1) Z ‘HBelaszr)(wl,wz,Z) ;’ (5.6)
7=0 :

where
(o.r)
(HBezaT,g (w1, w2, 2)

are referred to as the Gould-Hopper-Bell-Apostol-Euler polynomials (GHBelEP) of order o.
The series representations of the GHBelEP

Sy (W1, w3, 7)

of order o are given as:

a.,r - T (o3 r
HaEry (W1, w,2) = ) ( )Belai_;l@ H (w1, w2); (5.7)
= K:O K =
ot - T a.,r
H5aE (W1, w0, 2) = ) ( )ﬂai_;g(wb w,) Bel,(2); (5.8)
= K:0 K S
g _ N (T ") .
H Bel .0 (C()] , W2, Z) - K)ST—K,_((O) WBelK ((1)1 , W, Z)7 (59)
k=0

L

HpaEly (@1, 00, 2) = 7! )
K

wy Bezg(i),,(,{(wl, 2)

k(T —rk)!

]
(5.10)
=0

Certain corresponding results related to the GHBelEP wgeIS(Ty)(wl, Wy, 7) of order o are presented
in Table 2. A
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Table 2. Findings for the Gould-Hopper-Bell-Apostol-Euler polynomials
?(Bel(g.(:;r)(wl , W2, 2).

D,
alicati Y — r—1 D, _ el B —
Multiplicative and M, & = wi + rw Dy, " + ze e T P,..e = Do,

derivative operators

Differential equation (wlle +rw,Dl, +zeP1 D, — % - T)rﬂgela(:;r)(a)l, w2,2) =0
Summation i€ @1, w2,0) = § Lo () E{ BT @1 + 12 2) + a8 w1, 02,2))
Formulae q{gelS(TiEr) W, wy,2) = i (Z)(v —w + O 7{831822’” (w1 — 0, w1, 7)
ﬂBelS(T?ﬁ’r)(wl +Xx, Wty z+u) = i (:)Wﬂezag’,?;(wl, w2, 7) wseza,(fg)()f,y, u)

(T—or) I 5 ,
w7 @1, @2,2) = § % (sl @2,2) S k,0.0)
2

1, 1 1,
wBeza(T,{r)(wl +1,wy,2) = 7 {2 uBel (wy, w,7) - ‘HBelS-(Hgg(wl,wZaZ)}

| (0.r)
! 1B, (01,02,7)

il : o —
o {wgezaﬁr)(wl,wz,Z)} = et
! 0, 0<t<v.

a.r,
7! (HBeIS(T,,zv[(‘UI 2w2,2)

. . > .
Differential and T2V,

Jild (o) -
£ {fHBelaT,; (w1, ws, Z)} =

(T—rv)!

2808 (@1, w2, 2} = 7o () fr8aE ) (w1, 2,2) = HETD (w1, w)) Bel(2)
0 s s
2 18uE (W1, 0, D)) = HBaE (w1 + 1,w),2) = Bel(wy, wo, 2)
ll+’)/ A 1 A A
Integral Formulae fu ?{Belaiir)(wla wy,7) dwy = ‘HBela(:; &(u +Y,w2,2) - 74&18(7(: &(M, Wy, Z)]

u+y
[ 180 (w1, w2, 7:6,a,b) dz

_ 1 +1 (0,r) . (o) .
~ Tl ZZ:O (Tk )%k [7‘(8@187—(:;_](’((0)17 wy, U+ Y 5’ a, b) - 7{861870_;{_](,5(“)1’ Wo, U, 59 a, b)]

The first few members of the GHBelEP

(HBelg(T?) (w1, w2, 2),

for o =2andr = 3 are given as:

4
(1,3) —
7’(36180’{ (CL)],CL)Z, Z) - (é, + 1)2’
8 40w, 4w, 4z 4Lz
(1,3) - _
i o) S e ey Ty TGy TGy
16¢° 8¢ doi  16{w; | Bwiz 47
(1,3) — _ 1 _
O O S N T G TG @ @R @Iy
47 16{z
+ - ’
@+1? @+
3273 5602 8, 403 24 w? 12wz
(1,3) _ _ _ 1 _ 1 1
S A7 T E VS TSR 7 ) N 7 A7 VE NS e
48{2(01 24{(01 12(,4)]Z2 126()1Z 4850)]Z 240.)2 423

T VTS ) VS | E VO R VS s R VS | A N} =
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1272 2477 487%z 4z 2407 24/7

T ) E OO S VN | T LR VN RN PN b

64, 26473 14472 8¢ 4wt 32w
C+1F @08 @+DF @HDF @H1E + 1Y
.\ 16w3z .\ 962wt _ 48¢ w1 .\ 24wiz? s 24wiz ~ 96{wiz 1288w,
+1D? @+ @+ @+ @+ (G+1)P (&+1y
s 2247w, 32w, N 96w W, . 16w, 7> N 48w, 7 ~ 96 w7 . 1928%w,z
+1)° @+ @+ @+ (+1)? @&+1yP  @+D*
. 16wz 96{wiz  96lwiz  192{w, . 96w,z N 4z* . 2473
+1)? @+1P @+Df (+1)} @+1)F &+ (+1)
B 327 N 9627 N 2877 B 96(7° B 48(7° B 128737 N 9627
+1° @+D* @+1) @+ +DF @+1yY @G+
2247%z 4z 32(z 48(z 32z

R RV R 7N | RN VN VN

Example 3. Gould-Hopper-Bell-Apostol-Genocchi polynomials
Since

1,3
7’[861851’4* )((1)1, wy, Z) =

(o 1 a
P wil=5:1) = 67w,
»2

therefore, taking 6 = 1,a = —%, b=1land{ — % in generating function (2.3), gives
2,u 7 Wit +z(e—1) N (o,r) ur
({6”4— 1) e - ;HBEIQT{ (wl’wZ,Z) ‘['_!’ (511)

where Wgelgg’r)(w],wz,z) are referred to as the Gould-Hopper-Bell-Apostol-Genocchi polynomials
(GHBelGP) of order o.

The series representations of the GHBelGP ﬂgelgg r)(a)l, w», 7) of order o are given as:

e
ﬂBezg(Tzﬁr)(wl, w,7) = ZT: (Z)B‘flgg(,g(Z) H (w1, w)); (5.12)
k=0
(H:Belgf;r)(wla w,7) = ZT: (Z)ng‘:&(wl, wy) Bel(2); (5.13)
k=0
HBaGey (W1, @2,7) = Z (Z)gi‘il,g(m HBel(wy, wy, 2); (5.14)
x=0

L7

wBezg(Tzﬁr)(wl, wy,7) = 7! Z
K

W 3Gy (@152)

Kk!(t —ri)!

I
(5.15)
=0

Certain corresponding results related to the GHBelGP (H&,giﬁ;’”(wl, Wy, 7) of order o are presented
in Table 3. A
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Table 3. Findings for the Gould-Hopper-Bell-Apostol-Genocchi polynomials
?{Belg(:zr)(wla w2, 2).

(P +1)=0Dy L7 4 _ 5
le(é'ele-%-l) 4 HBelG — w1

Multiplicative and M, ¢ = w; + ras DT+ zePer +

derivative operators

o(£e”1 +1)-0 Dy, e

Differential equation (a)lle +rw, D), +zeP D, + - T)q{gelgi‘::r)(a)l,wz,z) =0

@ePr+1)
Summation  5aG (@1, 02,2) = 4 510 () E{naG L @1 + 1,02,2) + 1isaG L (w1, w2,2)
Formulae HBaGry (U, w2, 7) = i (w - w1 + O™ 4G (@1 = 6, w2, 7)
HsaGy T (W) + X,y + Y2+ 1) = ) (Z)W&l@i’&(wl, 02.2) HpaGry (X, Y. )

.

H Gy (@1 02,0) = S % (G (w1020 S (6:0,0)

pan
HBaGy) (w1 + 1,02,2) = 2T + DyBel (w1, 02,2) = $waGLy) (w1, w2, 2))
! gwaGe ) (@1.02.2)

Differential and % {ﬂgelg(;?r)(wl, ws, z)} = =) ’
l ) , O<t<w
7! 'HBelg(:',rzy((wl W2,2)

(t=rv)!

T2V,

o ,
s {(}-{Belg.(;r)(wl , W2, Z)} =

9 , , )
92 ﬁBeZQ(:(r)(wl’ W, 2)| = Zi:o (Z) {ﬁsezg(i&(wl, w,7) — (Hg(:,i)g(wb wy) BelK(Z)}
2 wsezgfg”(wl,wz,z) = ’/‘(Belg(ri’,:,)((wl +1,w,,2) = gBel (w1, ws, 7)

N
Integral Formulae fu “ ngelgi_o;r)((l)l, ws,7) dw; = %

u+y A .
[ 180G (w1, w2, 26,0, b) dz

u

1 7+1 s . s .
= o7 Zk=o (TJ,: )%k [’I‘IBelg.(::;)_k,g(wla wy, u+y;6,a,b) - ﬁBezg(Tilr)_k,{(wl, w, u; 6, a, b)]

180G+ 7,02,2) = 105G s 2,9

The first few members of the GHBelGP ﬁgelgg’?r)(a)], w1, 2), for o = 1 and r = 3 are given as:

13
wBezgg,g (w1, w2,2) =0,

2
(1,3)
H Wi, W1,27) = ——,
8eG\; (W1, W2,2) Z+1

(1.3) _ 4 4w 4w, 4z 4z
18l Gy} (W1, W2,7) = TS + Cr 17 + 17 + T 17 + T
(13) B 62 6 6w} 12w 12wz 672 6z
7 N7 T 7 | Y I A
B 12¢7
¢+ 1%
873 322 8, 8wi 24w 24wz

1,3
e @1 ond) = G R T e T el @t T
2472w, B 240w, N 24w, 7 N 24w 72 B 48wz N 48w, N 8z N 2472
+1)3 @C+1)»  +1 l+1 (+1)?2 +1 +1 C+1
24(7° 247%7 8z 24(z7 24(z7

BN ) S S BV | AR 7 ek
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The established family in this study, the TGHBelATP «ng,P(T‘Z’)(wl,wz,z; 6,a,b) of order o, can
be considered as a generalization of the Gould-Hopper, Bell, unified Apostol-type, Gould-Hopper-
Bell, Apostol Bernoulli, Apostol Euler, Apostol Genocchi, Gould-Hopper-Apostol-type, Apostol-type-
Hermite, Bell-Apostol-type, Gould-Hopper-Bernoulli, Gould-Hopper-Euler, Gould-Hopper-Genocchi,
Bell-Bernoulli, Bell-Euler, and Bell-Genocchi polynomials [39,44,45].

5.2. Zeros and graphical representations

In this subsection, we explore the distributions of zeros and present graphical illustrations of the
TGHBelATP q{ge,P(T"Z:’)(wl, w1, 750, a, b) of order o for specific parameter values and indices.
In view of (2.3), we list the first six terms of the TGHBelATP

8Py (w1, 03,75 6,a,b)
for6 =2,0=1,and r = 3 as:

1,3
WBEZPE)’é’ )(Cl)l, (1)2, Z’ 2’ a9 b) = 0’

13 _
ﬂseng,g (w1, w2,7:2,a,b) =0,

1
WBeZP(Zl,f)(w] ,w,2;2,a,b) = =g
37 3 b 3 b 37qb 3770
5P (W1, 2,732, a,b) = — g N L wi{”  3za .\ 0 ’
N @-0F @-0F @-07 @-07 @-0
6abb 672 60> 12001 12
WBelPil’f)((Ul,(Uz,Z; 2,a,b) = a’g S+ ¢ S 1 __ w1 - a)lzb
(b —ab)y (P —-ab)y -a” (P-ab) P-a
+ 62" 1224 6z

b — qb - ({”—ab)z + o —a

40a"?> 10 .\ 10w]  30wig” .\ 30wiz

@- @-) T-d @y I-d

B 30w a’’ B 30w, N 30w, 7% N 30wz B 60w, 2"
@- @-¢) P-d T-d @ -ay
60w, 10z° 3072 307227 30zalc?

L S i e b N2 b 3
- P-a P-a (P-ab) (@ - ()

N 10z 30z¢° B 30z2% B 10a?0b

O-d @-a) @-) @-)

1,3
WBeng:( )(U)] , W2, T 2’ a, b) = -

To show the shapes of the TGHBelATP q{Be,P(T‘zr)(wl,a)z,z;é, a,b) for r = 2;3;4;5;6;7,—-100 <
wi <100, w, = %,z = %,{ =T7,a=5,b=2,0=1,r=3,and ¢ = 2, Figure 1 is given.
Certain interesting zeros of the TGHBelATP WBKIP(f”)(wl, Wy, 7;0,a,b) =0,foroc=1,r=3,06 =2,

74
and 7 = 60 are shown in Figure 2.
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Remark 16. We observed that zeros the TGHBelATP .ngngfzr)(wl, wy,7;6,a,b), foroc=1,r=3,6 =
2, and T = 60 have the following properties:

(1) When t is assigned a non-negative value m > 2, the TGHBelATP q{ge,P(Ti;r)(wl,wz,z, a,b)
possesses m — 2 zeros.

(2) Altering the variables, parameters, or indices generates distinct zero distributions and varied
graphical configurations.

(3) The zeros (complex zeros) of ﬂge,P(T‘zr)(wl , Wy, Z,a, b) = 0 exhibit symmetry about the real axis.

The stacking structures of approximation zeros of the TGHBelATP
HselP (W1, w,7:6,a,b) = 0,

foro=1,r=3,0=2,and 3 < 7 < 60, give 3D structures, which are presented in Figure 3.

d) w, = 1/25,z
5/2,{ =2a=50b
1.5 2

€ w, = 1/4,z
1/2,¢ = 3,a = 5,b

Figure 3. Stacking structure zeros of q{Bgle’Z)(wl,wz,z; 0,a,b) = 0. This figure shows

the 3D plot of the zeros of the TGHBelATP ‘HBelP.(:;r)(wl’ wy,7,0,a,b) =0, foro = 1,r =
3,0=2and 3 <7 <60.
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6. Conclusions

The hybrid form of special polynomials has attracted significant attention from numerous
researchers. In this work, we presented and explored a novel hybrid class of special polynomials,
referred to as the trivariate Gould-Hopper-Bell-Apostol-type polynomials. By employing the
monomiality principle, we constructed the associated generating function, series representations,
quasi-monomial operators, and differential equation. Additionally, summation formulae, differential
representations, and integral representations were derived, providing a comprehensive framework for
the study of these polynomials.

Special examples of this unified family-such as the Gould-Hopper-Bell-Apostol-Bernoulli, Gould-
Hopper-Bell-Apostol-Euler, and Gould-Hopper-Bell-Apostol-Genocchi polynomials were examined,
revealing analogous results for each. These results underscore the adaptability and relevance of the
unified family across diverse mathematical contexts. Furthermore, computational investigations using
Mathematica were conducted to explore the zero distributions and graphical representations of the
trivariate Gould-Hopper-Bell-Apostol-type polynomials. The visual and numerical analyses offer a
more profound understanding of the behavior and characteristics of these polynomials.

In summary, this work not only establishes a new class of polynomials, but also lays the
groundwork for further research into their theoretical and practical applications. The results presented
here contribute to the broader field of special functions and polynomial theory, offering a unified
approach to studying diverse polynomial families. Future research could explore the degenerate forms
of the established special polynomials in this study, along with their associated applications.

Author contributions

Rabeb  Sidaoui: Conceptualization, Methodology, Investigation; = Abdulghani Muhyi:
Conceptualization, Formal analysis, Writing-oiginal draft preparation; Khaled Aldwoah:
Writing-review & editing, Supervision, Project administration; Ayman Alahmade: Methodology,
Investigation, Data curation; Mohammed Rabih: Validation, Visualization; Amer Alsulami: Software,
Data curation; Khidir Mohamed: Validation, Resources, Visualization. All authors have read and
approved the final version of the manuscript for publication.

Use of Generative-Al tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

This research work was funded by the Deanship of Graduate Studies and Scientific Research at
Qassim University for financial support (QU-APC-2025).

AIMS Mathematics Volume 10, Issue 6, 13251-13277.



13275

Contflict of interest

The authors declare no conflict of interest.

References

1. S. Benbernou, S. Gala, M. A. Ragusa, On the regularity criteria for the 3D magnetohydrodynamic
equations via two components in terms of BMO space, Math. Meth. Appl. Sci., 37 (2014), 2320—
2325. https://doi.org/10.1002/mma.2981

2. R.B. Boas, R. C. Buck, Polynomial expansions of analytic functions, Berlin: Springer, 2013.
3. J. Sandor, B. Crstici, Handbook of number theory, Dordrecht: Kluwer Academic Publishers, 2004.

4. Q. M. Luo, Apostol-Euler polynomials of higher order and Gaussian hypergeometric functions,
Taiwanese J. Math., 10 (2006), 917-925. https://doi.org/10.11650/twjm/1500403883

5. Q. M. Luo, H. M. Srivastava, Some generalizations of the Apostol-Bernoulli
and Apostol-Euler polynomials, J. Math. Anal. Appl, 308 (2005), 290-302.
https://doi.org/10.1016/j.jmaa.2005.01.020

6. Q. M. Luo, H. M. Srivastava, Some generalizations of the Apostol-Genocchi polynomials
and the Stirling numbers of the second kind, Appl. Math. Comput., 217 (2011), 5702-5728.
https://doi.org/10.1016/j.amc.2010.12.048

7. M. A. Ozarslan, Unified Apostol-Bernoulli, Euler and Genocchi polynomials, Comput. Math.
Appl., 62 (2011), 2452-2462. https://doi.org/10.1016/j.camwa.2011.07.031

8. H. M. Srivastava, Some generalizations and basic (or g-) extensions of the Bernoulli, Euler and
Genocchi polynomials, Appl. Math. Inf. Sci., 5 (2011), 390-444.

9. H. M. Srivastava, C. Kizilates, A parametric kind of the Fubini-type polynomials, RACSAM, 113
(2019), 3253-3267. https://doi.org/10.1007/s13398-019-00687-4

10. H. M. Srivastava, S. Khan, S. Araci, M. Acikgoz, M. Riyasat, A general class of the three-variable
unified Apostol-type g-polynomials and multiple power q-sums, Bull. Iran. Math. Soc., 46 (2020),
519-542. https://doi.org/10.1007/s41980-019-00273-9

11. H. M. Srivastava, S. Araci, W. A. Khan, M. Acikgoz, A note on the truncated-exponential based
Apostol-type polynomials, Symmetry, 11 (2019), 538. https://doi.org/10.3390/sym11040538

12. S. Araci, M. Riyasat, S. Khan, S. A. Wani, Some unified formulas involving generalized-Apostol-
type-Gould-Hopper polynomials and multiple power sums, J. Math. Computer Sci., 19 (2019),
97-115. https://doi.org/10.22436/jmcs.019.02.04

13. B. Kurt, A parametric unified Apostol-type Bernoulli, Euler, Genocchi, Fubini polynomials and
numbers, Filomat, 37 (2023), 6307-6317. https://doi.org/10.2298/FIL.2319307K

14. V. Kurt, On the unified family of generalized Apostol-type polynomials of higher order and
multiple power sums, Filomat, 30 (2016), 929-935. https://doi.org/10.2298/FIL1604929K

15. H. W. Gould, A. T. Hopper, Operational formulas connected with two generalizations of Hermite
polynomials, Duke Math. J., 29 (1962), 51-63. https://doi.org/10.1215/S0012-7094-62-02907-1

AIMS Mathematics Volume 10, Issue 6, 13251-13277.


https://dx.doi.org/https://doi.org/10.1002/mma.2981
https://dx.doi.org/https://doi.org/10.11650/twjm/1500403883
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2005.01.020
https://dx.doi.org/https://doi.org/10.1016/j.amc.2010.12.048
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.07.031
https://dx.doi.org/https://doi.org/10.1007/s13398-019-00687-4
https://dx.doi.org/https://doi.org/10.1007/s41980-019-00273-9
https://dx.doi.org/https://doi.org/10.3390/sym11040538
https://dx.doi.org/https://doi.org/10.22436/jmcs.019.02.04
https://dx.doi.org/https://doi.org/10.2298/FIL2319307K
https://dx.doi.org/https://doi.org/10.2298/FIL1604929K
https://dx.doi.org/https://doi.org/10.1215/S0012-7094-62-02907-1

13276

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

L.Carlitz, Some remarks on the Bell numbers, Fibonacci Quart., 18 (1980), 66-73.
https://doi.org/10.1080/00150517.1980.12430191

D. S. Kim, T. Kim, Some identities of Bell polynomials, Sci. China Math., 58 (2015), 1-10.
https://doi.org/10.1007/s11425-015-5006-4

U. Duran, S. Araci, M. Acikgoz, Bell-based Bernoulli polynomials with applications, Axioms, 10
(2021), 29. https://doi.org/10.3390/axioms 10010029

U. Duran, M. Acikgoz, Bell-based Genocchi polynomials, NTMSCI, 9 (2021), 50-55.

R. A. Al-Jawfi, A. Muhyi, W. E. H. Al-shameri, On generalized class of Bell polynomials associated
with geometric applications, Axioms, 13 (2024), 73. https://doi.org/10.3390/axioms 13020073

J. F. Steffensen, The poweriod, an extension of the mathematical notion of power, Acta Math., 73
(1941), 333-366.

G. Dattoli, Hermite-Bessel and Laguerre-Bessel functions: A by-product of the monomiality
principle, Adv. Spec. Funct. Appl., 1999, 147-164.

Q. M. Luo, Extensions of the Genocchi polynomials and their Fourier expansions and integral
representations, Osaka J. Math., 48 (2011), 291-309.

G. Yasmin, H. Islahi, A. Muhyi, Certain results on a hybrid class of the Boas-Buck polynomials,
Adv. Differ. Equ., 2020 (2020), 362. https://doi.org/10.1186/s13662-020-02824-5

S. Khan, N. Raza, General-Appell polynomials within the context of monomiality principle, Int. J.
Anal., 2013 (2013), 328032. https://doi.org/10.1155/2013/328032

F. A. Costabile, S. Khan, H. Ali, A study of the g-truncated exponential-Appell polynomials,
Mathematics, 12 (2024), 3862. https://doi.org/10.3390/math12233862

S. Khan, M. Haneef, M. Riyasat, Construction of certain new families related to g-Fubini
polynomials, Georgian Math. J., 29 (2022), 725-739. https://doi.org/10.1515/gm;j-2022-2170

F. Costabile, F. Dell’ Accio, M. 1. Gualtieri, A new approach to Bernoulli polynomials, Rend. Mat.
Appl., 26 (2006), 1-12.

F. A. Costabile, E. Longo, A determinantal approach to Appell polynomials, J. Comput. Appl.
Math., 234 (2010), 1528-1542. https://doi.org/10.1016/j.cam.2010.02.033

F. A. Costabile, M. 1. Gualtieri, A. Napoli, Bivariate general Appell interpolation problem, Numer.
Algor., 91 (2022), 531-556. https://doi.org/10.1007/s11075-022-01272-4

M. Fadel, A. Muhyi, On a family of g-modified-Laguerre-Appell polynomials, Arab J. Basic Appl.
Sci., 31 (2024), 165-176. https://doi.org/10.1080/25765299.2024.2314282

F. A. Costabile, M. I. Gualtieri, A. Napoli, Umbral interpolation: A survey, Mathematics, 13
(2025), 271. https://doi.org/10.3390/math13020271

F. A. Costabile, M. I. Gualtieri, A. Napoli, Towards the centenary of Sheffer polynomial sequences:
Old and recent results, Mathematics, 10 (2022), 4435. https://doi.org/10.3390/math 10234435

A. Muhyi, A new class of Gould-Hopper-Eulerian-type polynomials, Appl. Math. Sci. Eng., 30
(2022), 283-306. https://doi.org/10.1080/27690911.2022.2055754

A. Muhyi, S. Araci, A note on g-Fubini-Appell polynomials and related properties, J. Funct.
Spaces, 2021 (2021), 3805809. https://doi.org/10.1155/2021/3805809

AIMS Mathematics Volume 10, Issue 6, 13251-13277.


https://dx.doi.org/https://doi.org/10.1080/00150517.1980.12430191
https://dx.doi.org/https://doi.org/10.1007/s11425-015-5006-4
https://dx.doi.org/https://doi.org/10.3390/axioms10010029
https://dx.doi.org/https://doi.org/10.3390/axioms13020073
https://dx.doi.org/https://doi.org/10.1186/s13662-020-02824-5
https://dx.doi.org/https://doi.org/10.1155/2013/328032
https://dx.doi.org/https://doi.org/10.3390/math12233862
https://dx.doi.org/https://doi.org/10.1515/gmj-2022-2170
https://dx.doi.org/https://doi.org/10.1016/j.cam.2010.02.033
https://dx.doi.org/https://doi.org/10.1007/s11075-022-01272-4
https://dx.doi.org/https://doi.org/10.1080/25765299.2024.2314282
https://dx.doi.org/https://doi.org/10.3390/math13020271
https://dx.doi.org/https://doi.org/10.3390/math10234435
https://dx.doi.org/https://doi.org/10.1080/27690911.2022.2055754
https://dx.doi.org/https://doi.org/10.1155/2021/3805809

13277

36

37.

38.

39.

40.

41.

42.

43.

44,

45.

@ AIMS Press

. H. M. Srivastava, R. Srivastava, A. Muhyi, G. Yasmin, H. Islahi, S. Araci, Construction of a
new family of Fubini-type polynomials and its applications, Adv. Differ. Equ., 2021 (2021), 36.
https://doi.org/10.1186/s13662-020-03202-x

G. Yasmin, A. Muhyi, Certain results of hybrid families of special polynomials associated with
Appell sequences, Filomat, 33 (2019), 3833-3844. https://doi.org/10.2298/FIL1912833Y

G. Yasmin, A. Muhyi, Extended forms of Legendre-Gould-Hopper-Appell polynomials, Adv. Stud.
Contemp. Math., 29 (2019), 489-504.

S. Khan, G. Yasmin, M. Riyasat, Certain results for the 2-variable Apostol-
type and related polynomials, Comput. Math. Appl, 69 (2015), 1367-1382.
https://doi.org/10.1016/j.camwa.2015.03.024

S. Khan, T. Nahid, M. Riyasat, On degenerate Apostol-type polynomials and applications, Bol.
Soc. Mat. Mex. 25 (2019), 509-528. https://doi.org/10.1007/s40590-018-0220-z

W. A. Khan, K. S. Nisar, M. Acikgoz, U. Duran, A. H. Abusufian, On unified Gould-Hopper based
Apostol-type polynomials, J. Math. Comput. Sci., 24 (2021), 287-298.

E. D. Rainville, Special functions, New York: Chelsea Publishing, 1971.

H. M. Srivastava, B. Kurt, V. Kurt, Identities and relation involving the modified degenerate
Hermite-based Apostol-Bernoulli and Apostol-Euler polynomials, RACSAM, 113 (2019), 1299—
1313. https://doi.org/10.1007/s13398-018-0549-1

N. Khan, S. Husain, Analysis of Bell based Euler polynomials and their application, Int. J. Appl.
Comput. Math., 7 (2021), 195. https://doi.org/10.1007/s40819-021-01127-x

U. Duran, M. Acikgoz, Hermite-Bell based Genocchi polynomials of order a, In: Western Balkan
Conference on Mathematics and Applications, Prishtine, Kosovo, 2022.

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 6, 13251-13277.


https://dx.doi.org/https://doi.org/10.1186/s13662-020-03202-x
https://dx.doi.org/https://doi.org/10.2298/FIL1912833Y
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2015.03.024
https://dx.doi.org/https://doi.org/10.1007/s40590-018-0220-z
https://dx.doi.org/https://doi.org/10.1007/s13398-018-0549-1
https://dx.doi.org/https://doi.org/10.1007/s40819-021-01127-x
https://creativecommons.org/licenses/by/4.0

	Introduction
	Family of trivariate Gould-Hopper-Bell-Apostol-type polynomials
	Summation formulae 
	Differential and integral formulae
	Applications
	Examples
	Zeros and graphical representations

	Conclusions

