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1. Introduction

The majority of prey-predator models focus on interactions between one or two species. For
example, Hsu [1], Hsu and his co-researchers [2], and Saunders and his co-researchers [3] have
developed several competition models involving two species and a resource within a chemostat.
Yorke et al. presented a network-based model [4]. Food webs were regarded as energy filters
by Hubbell [5] and May [6]. General discussions on the ecological behavior of food webs were
provided by Conrad [7], Gallopin [8], Kerner [9], and Rosenzweig [10]. De Angelis [11] examined the
connection between food webs and stability. Recently, [12] examined a diffusive predator-prey model
incorporating non-local competition and a Beddington-DeAngelis-type functional response. Similarly,
Zhu et al. [13] examined a diffusive predator-prey model incorporating non-local competition and the
fear effect.

On other hand the dynamics of a tri-trophic food web model can be significantly more complex, as
demonstrated by mathematical developments [14, 15]. Analyzing how three species are connected
to form a food chain is a common approach to mathematically and biologically understanding
population dynamics. Tri-trophic food chains, comprising prey, intermediate predator, and top predator
species, represent a foundational structure in ecological modeling. These systems are instrumental in
analyzing energy transfer, species interactions, and population regulation mechanisms. In conventional
food chains, the middle predator feeds on the basal prey, while the apex predator feeds on the
middle predator. Mathematical models that simulate interactions between three species have attracted
considerable attention. Rescigno and his co-author [16] examined the most general Kolmogorov-type
model and provided some geometrical interpretations of equilibrium as well as possible outcomes. The
food-chain model studied by Hausrath [17] is a perturbed Lotka-Volterra model, but in this case, the
middle level is not the only trophic level capable of reaching the highest level. He proved that the model
admits a perturbed equilibrium that is asymptotically stable. In [18], using fractional-order derivatives,
Seralan et al. investigated the dynamics of a three-species food chain model with a vigilance effect.
In [19], Pal et al. studied a three-species food chain model involving a generalist predator with a fear
effect.

In population biology, the maximum population size or density that an environment can support is
referred to as the carrying capacity. The fundamental idea is that population growth follows a logistic
pattern, meaning that as the population approaches its carrying capacity, the growth rate slows down.
Carrying capacity is widely applied in various fields of mathematical biology, including conservation
biology, ecological modeling, epidemiology, and population dynamics. A significant body of literature
examines the carrying capacity of a species [20–23].

In [24], the authors investigated the following ordinary-order mathematical tri-trophic food web
model with carrying capacity: 

u′ = u
[
ξ1

(
1 −

u
K

)
− ξ12v

]
,

v′ = v
(
ξ2 + ξ21u − ξ23w

)
,

w′ = w(−ξ3 + ξ32v),
u(0) = g1, v(0) = g2,w(0) = g3.

(1.1)

Model (1.1) has been modified by involving Holling-type predation of the first predator on the prey as
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presented by [24]: 

u′ = u
[
ξ
(
1 −

u
K

)
−

ςv
1 + au

]
,

v′ = v
(
− θ +

bςu
1 + au

− εw
)
,

w′ = w(−κ + cεv),
u(0) = g1, v(0) = g2,w(0) = g3.

(1.2)

The Holling-type predation refers to a type of predator-prey interaction modeled by the Canadian
biologist C.S. Holling. It plays a crucial role in understanding predator-prey interactions and dynamics,
the impact of predators on prey populations, and ecosystem stability and resilience.

Classical mathematical models typically assume logistic growth for the prey population and
incorporate functional responses such as Holling type-II or type-III to account for predation saturation.
Several studies (see, for instance, [18, 19, 24, 25]) have rigorously investigated the stability properties,
bifurcation scenarios, and chaotic dynamics of such systems under various ecological conditions.
However, the majority of the aforementioned models are based on integer-order differential equations,
which inherently neglect memory and hereditary characteristics often observed in biological processes.
This limitation reduces their capacity to accurately model long-term ecological behavior. Although
fractional-order models based on Caputo or Riemann-Liouville derivatives have been explored to
some extent, very few investigations have addressed the joint role of memory and fractal geometry
in ecological contexts. To overcome this shortcoming, the present study introduces memory effects
by employing a fractal-fractional differential operator, thereby enhancing the realism and descriptive
power of tri-trophic models. We reformulate the food-chain model (1.2) and investigate its existence
and stability in the sense of the fractal-fractional Caputo (FF-Caputo) derivative, as given by



FFCDζ,Λu(t) = u
[
ξ
(
1 −

u
K

)
−

ςv
1 + au

]
,

FFCDζ,Λv(t) = v
(
− θ +

bςu
1 + au

− εw
)
,

FFCDζ,Λw(t) = w(−κ + cεv),
u(0) = g1, v(0) = g2,w(0) = g3,

(1.3)

where u is the number of the lowest trophic species or prey, v is the number of the middle trophic level
species or first predator, and w is the number of the highest trophic level species or second predator.
The parameters ξ, K, ς, c, a, θ, κ, b, and ε are defined in Table 1.

The proposed operator blends non-local memory effects with the scaling behavior inherent in fractal
structures, offering a more biologically consistent representation of ecological dynamics. For more
about fractal-fractional calculus and its applications, please refer to [26–30].

We mention that all parameters given in Table 1 are dimensionless, scaled following standard
practice to reflect interaction strengths rather than absolute population sizes.
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Table 1. Description of model parameters.

Parameters Definition Value Reference
ξ It is the intrinsic growth rate of the prey. 0.5 [31]
K It is the carrying capacity of the prey. 1.2 [32]
ς It is the predation rate of the first predator on the prey. 1 [32]
a It is the half saturation constant for the Holling-type predation. 1 Assumed
ε It is the second predator’s predation rate on the first predator. 1.80 Assumed
θ It is the mortality rate of the first predator. 0.3 [33]
κ It is the rate of mortality of the secondary predator. 0.3 [33]
b The efficiency with which the first predator utilizes prey resources. 0.9 [32]
c The efficiency with which the second predator utilizes prey resources. 0.8 [34]

The concept of existence results plays a crucial role in mathematical research, mainly focusing on
differential equations (DEs) and the study of complex systems. This theory serves as the foundation
for determining whether a given system of DEs possesses a solution, thereby enabling further
analysis. Additionally, the uniqueness theorem ensures that the obtained solution is distinct. Stability
analysis, on the other hand, is a highly specialized and significant area of research. It facilitates
significant advancements in the study of linear and nonlinear systems, as well as in optimization
and approximation theories. For several results on fixed points and stability, references can be found
in [35–40].

The equilibrium points E1(û, v̂, ŵ), E2(û, v̂, ŵ), E3(û, v̂, ŵ), and E4(û, v̂, ŵ) of the model specifically
named as trivial equilibrium, prey-only equilibrium, prey-predator equilibrium, and coexistence
equilibrium, respectively, are derived by setting

u′ = 0⇒ u
[
ξ
(
1 −

u
K

)
−

ςv
1 + au

]
= 0, (1.4)

v′ = 0⇒ v
(
− θ +

bςu
1 + au

− εw
)

= 0, (1.5)

w′ = 0⇒ w(−κ + cεv) = 0. (1.6)

Solving these equations for u, v, and w, we obtain the following equilibrium points:

E1(û, v̂, ŵ) = (0, 0, 0), (1.7)
E2(û, v̂, ŵ) = (K, 0, 0), (1.8)

E3(û, v̂, ŵ) =

(
θ

bς − θa
,
ξb

[
K(bς − θa) − θ

]
K(bς − θa)2 , 0

)
, (1.9)

E4(û, v̂, ŵ) =

( Kξcε
(ξcε + ςκ)

,
κ

cε
,
(1
ε

)(
− θ +

bςK
(1 + aK)

)
−

(
bς2Kκ

)
ξcε(1 + au)(1 + aK)

)
. (1.10)

To investigate the stability of the trivial equilibrium, we need to compute the Jacobian matrix of the
system at this equilibrium. That is:

J =


∂Φ1
∂u

∂Φ1
∂v

∂Φ1
∂w

∂Φ2
∂u

∂Φ2
∂v

∂Φ2
∂w

∂Φ3
∂u

∂Φ3
∂v

∂Φ3
∂w

 , (1.11)
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where Φ1,Φ2, and Φ3 are the right-hand sides of the model equations. Deriving the matrix J in (1.11)
at the trivial equilibrium (0, 0, 0), we obtain:

J =


ξ 0 0
0 −θ 0
0 0 −κ

 . (1.12)

The eigenvalues are:

λ1 = ξ, (1.13)
λ2 = −θ, (1.14)
λ3 = −κ. (1.15)

For stability, we need λ1 < 0 ⇒ ξ < 0, which is not possible because ξ is the intrinsic growth rate
of the prey. Similarly, λ2 > 0 ⇒ θ < 0, which is also not possible because θ is the mortality rate.
Likewise, λ3 > 0⇒ κ < 0, which is also not possible because κ is the mortality rate.

Since one of the eigenvalues (λ1) is positive, the trivial equilibrium is unstable, causing the system
to move away, leading to population growth or decline.

Prey-only equilibrium (K, 0, 0): The prey-only equilibrium (K, 0, 0) is found by setting v = 0 and
w = 0 in the model (1.2) equations. As a first step, we obtain:

u′ = u
[
ξ
(
1 −

u
K

)]
. (1.16)

Solving (1.16) for u, we obtain the prey-only equilibrium as E2(û, v̂, ŵ) = (K, 0, 0). Analyzing the
stability of the prey-only equilibrium requires calculation of the matrix (1.11) of the system at this
equilibrium as below:

J =


−ξ −

ς
1+aK 0

0 bς
1+aK − θ 0

0 0 −κ + cε( bς
1+aK )

 . (1.17)

We proceed to examine the eigenvalues of the concerned matrix (1.17). The eigenvalues are:

λ4 = −ξ, (1.18)

λ5 =
bς

1 + aK
− θ, (1.19)

λ6 = −κ + cε(
bς

1 + aK
). (1.20)

For the stability of the model, we need all the eigenvalues to be negative. Obviously λ4 = −ξ < 0. The
values of λ5, λ6 depend on the specific values of the parameters involved in bς

1+aK − θ and −κ+ cε( bς
1+aK ),

respectively.
The prey-predator equilibrium E3(û, v̂, ŵ) : The prey-predator equilibrium is determined by setting

w = 0 in the model (1.2) equations and solving for u = 0 and v = 0. For equilibrium, we set the first
two equations equal to zero. That is

u
[
ξ
(
1 −

u
K

)
−

ςv
1 + au

]
= 0, (1.21)
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v
(
− θ +

bςu
1 + au

− εw
)

= 0. (1.22)

Solving for u and v, we find that (u, v,w) = E3(û, v̂, 0), where u and v satisfy the equations:

ξ
(
1 −

û
K

)
−

ςv̂
1 + aû

= 0, (1.23)

−
bςû

1 + aû
+ θ = 0. (1.24)

Similarly, analyzing the stability of the prey-predator equilibrium requires calculation of the
matrix (1.11) of the system at this equilibrium. Then, as above, we can discuss its stability by looking
into the corresponding eigenvalues. Similarly, we can discuss the stability of coexistence equilibrium
E4(û, v̂, ŵ). Also one may see the article [24], where the stability of E3(û, v̂, ŵ) and E4(û, v̂, ŵ) have
been discussed in detail.

The system of Eq (1.1) can be represented as

FFCDζ,Λξ(t) =

Θ(t, ξ(t)),
ξ(0) = ξ0, t ∈ [0,T ] =: Υ,

(1.25)

where the vector ξ(t) = (u, v,w), and Θ is expressed as

Θ(t, ξ(t)) =


ΛtΛ−1Φ1(t, u, v,w)
ΛtΛ−1Φ2(t, u, v,w)
ΛtΛ−1Φ3(t, u, v,w)

 , (1.26)

ξ(t) =


Φ1

Φ2

Φ3

 =


u(t)
v(t)
w(t)

 =


u
[
ξ
(
1 −

u
K

)
−

ςv
1 + au

]
v
(
− θ +

bςu
1 + au

− εw
)

w(−κ + cεv)

 , ξ0 =


g1

g2

g3

 . (1.27)

From (1.26) and (1.27), problem (1.25) follows as
FFCDζ,Λu(t) = ΛtΛ−1Φ1(t, u, v,w),
FFCDζ,Λv(t) = ΛtΛ−1Φ2(t, u, v,w),
FFCDζ,Λw(t) = ΛtΛ−1Φ3(t, u, v,w);

(1.28)

where Φ1,Φ2,Φ3 : Υ × R3 → R are continuous. We can express (1.28) as

FFCDζ,ΛX(t) =


ΛtΛ−1Φ1(t,X(t)),
ΛtΛ−1Φ2(t,X(t)),
ΛtΛ−1Φ3(t,X(t)),
X(0) = X0, t ∈ Υ.

(1.29)

This manuscript is organized into several key sections. Following the introduction, Section 2
lays the foundation with essential definitions and preliminary findings. Section 3 delves into the
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existence and stability of solutions, providing a critical framework for analysis. A numerical scheme
is demonstrated in Section 4, giving the computation of numerical solutions. These solutions are
then simulated and visualized in Section 5, yielding critical insights into the underlying dynamics.
Section 6 presents a detailed discussion and interpretation of the simulated results. Finally, Section 7
synthesizing the major findings into a cohesive narrative.

2. Materials and methods

The sup norm ‖.‖Υ is defined as follows:

‖g(t)‖Υ = sup
Υ

‖g(t)‖, g(t) ∈ C(Υ,R3). (2.1)

Here C(Υ,R3) := I is forming a Banach space with the norm ‖.‖Υ.

Definition 2.1. [26] Assume y is a continuous mapping that is fractal differentiable on Υ. In Riemann-
Liouville (R-L) framework, the fractal-fractional integral is expressed as

FF Iζ,Λy(t) =
Λ

Γ(ζ)

∫ t

a
θΛ−1(t − θ)ζ−1y(θ)dθ. (2.2)

Definition 2.2. [26] For functions y belonging to the space C[0,T ], the FF-Caputo derivative of order
ζ associated with fractal dimension Λ is expressed as

FFCDζ,Λy(t) =
1

Γ(1 − ζ)

∫ t

a
(t − θ)−ζ

d
dtΛ

y(θ)dθ, 0 < ζ,Λ ≤ 1. (2.3)

Definition 2.3. The ABM method for solving ordinary DEs is given by

sn+1 = sn + h
r∑

i=1

mi f (τn + ih, sn + ih).

This formula involves the computed (approximate) solution sn, step size h, ODE f (s, τ), and
coefficients mi.

Lemma 2.1. The solution of

FFCDζ,ΛX(t) = h(t), ζ ∈ (0, 1],
X(0) = X0,

is given by

X(t) = X0 +
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1h(x)dx, t ∈ Υ. (2.4)

Proof. We omit the proof as it is straightforward. �

Corollary 2.1. From Lemma 2.1, it follows that the solution of (1.25) is equivalent to the integral
equation provided by

X(t) = X0 +
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1Ψ(x,X(x))dx, t ∈ Υ. (2.5)
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3. Results

3.1. Existence of solutions

In this section, we investigate whether the system under consideration admits a solution. To achieve
this, we employ the fixed-point approach.

Prior to deriving our main results, we define the operator z : I→ I as follows:

z(X) = X0 +
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1Ψ(x,X(x))dx, t ∈ Υ. (3.1)

Also we need to assume that

(D1) For X, X̄ ∈ I, there is KΨ > 0, fulfilling

|Ψ(t,X(t)) − Ψ(t, X̄(t))| ≤ KΨ|X(t) − X̄(t)|.

(D2) N0,N1 > 0 are holding the inequality

|Ψ(t,X(t))| ≤ N0 + N1|X(t)|.

Theorem 3.1. Suppose that condition (D1) is satisfied and that `KΨβ(ζ,Λ) < 1. Then, the
problem (1.25) possesses a unique solution.

Proof. On the interval Υ, we consider

|z(X)(t) − z(X)(t)| ≤
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1|Ψ(x,X(x)) − Ψ(x,X(x))|dx

≤
ΛKΨ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1‖X − X̄‖dx.

(3.2)

Consider the integral
∫ t

0
xΛ−1(t − x)ζ−1dx. Let x = ty. This implies that dx = tdy. If x = 0, then y = 0

and if x = t, then y = 1. This gives∫ t

0
xΛ−1(t − x)ζ−1dx = tΛ+ζ−1

∫ 1

0
yΛ−1(1 − y)ζ−1dy ≤ tΛ+ζ−1

∫ 1

0
yΛ−1(1 − y)ζ−1dy

= tΛ+ζ−1β(ζ,Λ).
(3.3)

In the above equation β(ζ,Λ) represents the beta function. It follows from (3.2) that

‖z(X) − z(X)‖ ≤
ΛKΨT Λ+ζ−1

Γ(ζ)
β(ζ,Λ)‖X − X̄‖. (3.4)

Lets denote ΛT Λ+ζ−1

Γ(ζ) by `. Then

‖z(X) − z(X)‖ ≤ `KΨ

∫ 1

0
zΛ−1(1 − z)ζ−1‖X − X̄‖dz

≤ `KΨβ(ζ,Λ)‖X − X̄‖.
(3.5)

Now since `KΨβ(ζ,Λ) < 1, therefore, from (3.5), we deduced that the operator z has a unique fixed
point. �
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Theorem 3.2. Assuming the condition (D1) holds, then problem (1.25) possesses one or more solutions.

Proof. To establish this result, we recall the operator z defined by

z = X(0) +
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1Ψ(x,X(x))dx, i f t ∈ Υ. (3.6)

We choose a closed ball fΩ = {X ∈ I : ‖X‖ ≤ Ω} which satisfies

Ω ≥ max
{
‖X(0)‖ +

ΛT Λ+ζ−1β(ζ,Λ)
Γ(ζ)

(N0 + N1Ω)
}
.

We will now provide a step-by-step proof to establish this result.
Step 1: zX(t) ∈ fΩ. For t ∈ Υ, X ∈ fΩ, we have

|zX(t)| =

∣∣∣∣∣∣X(0) +
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1Ψ(x,X(x))dx

∣∣∣∣∣∣
≤ |X(0)| +

Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1 |Ψ(x,X(x))| dx

≤ |X(0)| +
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1 (N0 + N1|X(t)|) dx.

(3.7)

Applying the transformation as used in (3.3),∫ t

0
xΛ−1(t − x)ζ−1dx ≤ tΛ+ζ−1

∫ 1

0
yΛ−1(1 − y)ζ−1dy

= tΛ+ζ−1β(ζ,Λ),

and from (3.7), we have

|zX(t)| ≤ |X(0)| +
ΛtΛ+ζ−1N0

Γ(ζ)
β(ζ,Λ) +

ΛtΛ+ζ−1N1Ω

Γ(ζ)
β(ζ,Λ) ≤ Ω. (3.8)

This implies

‖zX‖ ≤ ‖X(0)‖ +
ΛT Λ+ζ−1β(ζ,Λ)

Γ(ζ)
(N0 + N1Ω) ≤ Ω. (3.9)

Step 2: We establish the relative compactness of z. Since Ψ(t,X(t)) is continuous, it follows that z
is continuous too.

We demonstrate that z is uniformly bounded on the given closed ball fΩ. We proceed as follows:
For t ∈ [0,T ] , X ∈ fΩ.

|zX(t)| ≤ |X(0)| + sup
t∈(0,T ]

Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1 |Ψ(x,X(x))| dx.

Using assumption (D2) and the transformation given in (3.3), we have

|zX(t)| ≤ |X(0)| +
ΛT Λ+ζ−1 (N0 + N1Ω)

Γ(ζ)
β(ζ,Λ) ≤ Ω.
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We have shown that z is uniformly bounded on fΩ. The remaining task is to prove that z is equi-
continuous. Take any ta, tb ∈ [0,T ] , with ta < tb and X ∈ fΩ, and we have

|zX (tb) − z2X (ta)|

≤

∣∣∣∣∣ Λ

Γ(ζ)

( ∫ tb

0
xΛ−1(tb − x)ζ−1Ψ(x,X(x))dx −

∫ ta

0
xΛ−1(ta − x)ζ−1Ψ(x,X(x))dx

)∣∣∣∣∣. (3.10)

In the integral
∫ tb

0
xΛ−1(tb − x)ζ−1dx, let x = tby. Then dx = tbdy. We get y = 0 for x = 0 and

y = 1 for x = tb. The integral converts into: tb
Λ+ζ−1

∫ 1

0
yΛ−1(1 − y)ζ−1dy. Similarly, in the integral∫ ta

0
xΛ−1(ta − x)ζ−1Ψ(x,X(x))dx, by taking x = tay, the integral gets the form ta

Λ+ζ−1
∫ 1

0
yΛ−1(1− y)ζ−1dy.

Applying the transformed results and assumption (D2), (3.10) becomes

|zX (tb) − zX (ta)|

≤

∣∣∣∣∣∣Λ (N0 + N1Ω)
Γ(ζ)

(
tb

Λ+ζ−1
∫ 1

0
yΛ−1(1 − y)ζ−1dy − ta

Λ+ζ−1
∫ 1

0
yΛ−1(1 − y)ζ−1dy

)∣∣∣∣∣∣
→ 0 as ta → tb.

(3.11)

This establishes the equi-continuity of z. By the Arzelá-Ascoli theorem and the preceding steps,
we have shown that z is relatively compact, and hence has complete continuity. Therefore, Schaefer’s
fixed-point theorem guarantees the existence of one or more solutions to the problem (1.25) under
consideration. �

3.2. Stability results

In this section, we employ the H-U approach to establish stability conditions for the problem under
consideration.

Definition 3.1. The model (1.25) is H-U stable if there exists a real number C = max {C1,C2,C3} > 0
such that for each ε = max {ε1, ε2, ε3} > 0, there is a solution X ∈ I of (3.12),∣∣∣FFCDζ,ΛX(t) − Θ(t,X(t))

∣∣∣ ≤ ε, t ∈ J, (3.12)

associated with the unique solution X ∈ I of the model (1.25), such that∥∥∥X − X∥∥∥ ≤ Cε, t ∈ J,

where

X(t) =


u(t)
v(t)
w(t)

 =


u
[
Λ

(
1 −

u
K

)
−

ςv
1 + au

]
v
(
− θ +

bςu
1 + au

− εw
)

w(−κ + cεv)


,

Θ(t,X(t)) =


ΛtΛ−1Φ1(t, u, v,w)

ΛtΛ−1Φ2(t, u, v,w)

ΛtΛ−1Φ3(t, u, v,w)

 ,X0 =


g1

g2

g3

 .
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Remark 3.1. The following inequality holds for function X ∈ I.∣∣∣FFCDζ,ΛX(t) − Θ(t,X(t))
∣∣∣ ≤ ε, t ∈ J,

iff one can find a small perturbation α ∈ I satisfying

(i) |α(t)| ≤ ε, t ∈ J;
(ii) FFCDζ,ΛX(t) = Θ(t,X(t)) + α(t), t ∈ J,

where α(t) = (t, α1(t), α2(t), α3(t)) .

From Remark 3.1, it follows that we have a problem involving a small perturbation function α(t),
given as

FFCDζ,ΛX(t) =

Θ(t,X(t)) + α(t),

X(0) = X0, t ∈ Υ.
(3.13)

Lemma 3.1. Problem (3.13) with the perturbation function α(t) has a solution given as

X(t) = X0 +
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1(Θ(x,X(x)) + α(x))dx, t ∈ Υ. (3.14)

Theorem 3.3. Assuming (D1) holds and `KΨβ(ζ,Λ) < 1, then in the sense of H-U stability,
problem (1.25) is stable.

Proof. Considering any solution X ∈ I of inequality (3.12) and the unique solution X ∈ I of
model (1.25), we examine the following:

|X(t) − X(t)| ≤
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1|Θ(x,X(x)) − Θ(x,X(x))|dx

+
Λ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1|α(x)|dx

≤
ΛKΘ

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1|X(x) − X(x)|dx

+
Λε

Γ(ζ)

∫ t

0
xΛ−1(t − x)ζ−1dx.

(3.15)

As in Theorem 3.1, take the integral
∫ t

0
xΛ−1(t − x)ζ−1dx. Let x = ty. That implies dx = tdy. We get

y = 0 for x = 0 and y = 1 for x = t. Substituting the values, we have∫ t

0
xΛ−1(t − x)ζ−1dx = tΛ+ζ−1

∫ 1

0
yΛ−1(1 − y)ζ−1dy. (3.16)

Thus from the last inequality, we have

|X(t) − X(t)| ≤
ΛKΘ

Γ(ζ)
tΛ+ζ−1

∫ 1

0
yΛ−1(1 − y)ζ−1|X(x) − X(x)|dy

+
Λε

Γ(ζ)
tΛ+ζ−1

∫ 1

0
yΛ−1(1 − y)ζ−1dy.

(3.17)

AIMS Mathematics Volume 10, Issue 6, 13130–13150.



13141

Use
∫ 1

0
yΛ−1(1 − y)ζ−1dy = β(ζ,Λ), and we have

|X(t) − X(t)| ≤
Λ

Γ(ζ)
tΛ+ζ−1KΘβ(ζ,Λ)|X(t) − X(t)| + `β(ζ,Λ)ε. (3.18)

Taking the maximum and using ` for Λ
Γ(ζ)T

Λ+ζ−1, we have

‖X − X‖ ≤
`β(ζ,Λ)

1 − `KΘβ(ζ,Λ)
ε. (3.19)

Choose C > 0 such that
C =

`β(ζ,Λ)
1 − `KΘβ(ζ,Λ)

, i f t ∈ Υ.

Hence

‖X − X‖ ≤ Cε. (3.20)

It follows that model (1.25) exhibits H-U stability. �

4. Numerical schemes

In this part of the paper, we develop a numerical approach for the proposed tri-trophic food web
model by employing the ABM along with Lagrangian piecewise interpolation [41]. This technique has
been widely utilized for approximating solutions to nonlinear fractal-fractional order problems and has
found significant applications in epidemic modeling (refer to [33, 34]).

The integral formulation of the considered model at t = tr+1 is presented as
ur+1 = u(0) + Λ

Γ(ζ)

∫ tr+1

0
xΛ−1(tr+1 − x)ζ−1Φ1(x, u, v,w)dx, tr+1 ∈ Υ,

vr+1 = v(0) + Λ
Γ(ζ)

∫ tr+1

0
xΛ−1(tr+1 − x)ζ−1Φ1(x, u, v,w)dx, tr+1 ∈ Υ,

wr+1 = w(0) + Λ
Γ(ζ)

∫ tr+1

0
xΛ−1(tr+1 − x)ζ−1Φ1(x, u, v,w)dx, tr+1 ∈ Υ.

(4.1)

Approximating the system of Eq (4.1) yields
ur+1 = u(0) + Λ

Γ(ζ)

∑r
ϑ=0

∫ tr+1

tϑ
xΛ−1(tr+1 − x)ζ−1Φ1(x, u, v,w)dx, tr+1 ∈ Υ,

vr+1 = v(0) + Λ
Γ(ζ)

∑r
ϑ=0

∫ tr+1

tϑ
xΛ−1(tr+1 − x)ζ−1Φ1(x, u, v,w)dx, tr+1 ∈ Υ,

wr+1 = w(0) + Λ
Γ(ζ)

∑r
ϑ=0

∫ tr+1

tϑ
xΛ−1(tr+1 − x)ζ−1Φ1(x, u, v,w)dx, tr+1 ∈ Υ.

(4.2)

To approximate the kernels within the integrals, we employ Lagrangian polynomial piecewise
interpolation on the interval [tr, tr+1] as given by

Wr(x) =
x − tr−1

tr − tr−1
tΛ−1
r Φ1(tr, ur, vr,wr) −

x − tr

tr − tr−1
tΛ−1
r−1 Φ1(tr−1, ur−1, vr−1,wr−1),

Yr(x) =
x − tr−1

tr − tr−1
tΛ−1
r Φ2(tr, ur, vr,wr) −

x − tr

tr − tr−1
tΛ−1
r−1 Φ2(tr−1, ur−1, vr−1,wr−1),

Zr(x) =
x − tr−1

tr − tr−1
tΛ−1
r Φ3(tr, ur, vr,wr) −

x − tr

tr − tr−1
tΛ−1
r−1 Φ3(tr−1, ur−1, vr−1,wr−1).

(4.3)
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Using these approximations in system (4.2), we obtain
ur+1 = u(0) + Λ

Γ(ζ)

∑r
ϑ=0

∫ tr+1

tϑ
xΛ−1(tr+1 − x)ζ−1Wr(x)dx, tr+1 ∈ Υ,

vr+1 = v(0) + Λ
Γ(ζ)

∑r
ϑ=0

∫ tr+1

tϑ
xΛ−1(tr+1 − x)ζ−1Yr(x)dx, tr+1 ∈ Υ,

wr+1 = w(0) + Λ
Γ(ζ)

∑r
ϑ=0

∫ tr+1

tϑ
xΛ−1(tr+1 − x)ζ−1Zr(x)dx, tr+1 ∈ Υ.

(4.4)

Piecewise interpolation using a Lagrangian polynomial, followed by integration, gives the scheme
for the numerical solution to the considered problem as

ur+1 = u(0) + Λhζ
Γ(ζ+2)

∑r
ϑ=1

[
tΛ−1
ϑ Φ1(tϑ, uϑ, vϑ,wϑ)

(
(r + 1 − ϑ)ζ(r − ϑ + 2 + ζ)

− (r − ϑ)ζ(r − ϑ + 2 + 2ζ)
)
− tΛ−1

ϑ−1 Φ1(tϑ−1, uϑ−1, vϑ−1,wϑ−1)

×

(
(r − ϑ + 1)ζ−1 − (r − ϑ)ζ(r − ϑ + 1 + ζ)

)]
, tϑ, tϑ−1 ∈ Υ;

vr+1 = v(0) + Λhζ
Γ(ζ+2)

∑r
ϑ=1

[
tΛ−1
ϑ Φ2(tϑ, uϑ, vϑ,wϑ)

(
(r + 1 − ϑ)ζ(r − ϑ + 2 + ζ)

− (r − ϑ)ζ(r − ϑ + 2 + 2ζ)
)
− tΛ−1

ϑ−1 Φ2(tϑ−1, uϑ−1, vϑ−1,wϑ−1)

×

(
(r − ϑ + 1)ζ−1 − (r − ϑ)ζ(r − ϑ + 1 + ζ)

)]
, tϑ, tϑ−1 ∈ Υ;

wr+1 = w(0) + Λhζ
Γ(ζ+2)

∑r
ϑ=1

[
tΛ−1
ϑ Φ3(tϑ, uϑ, vϑ,wϑ)

(
(r + 1 − ϑ)ζ(r − ϑ + 2 + ζ)

− (r − ϑ)ζ(r − ϑ + 2 + 2ζ)
)
− tΛ−1

ϑ−1 Φ3(tϑ−1, uϑ−1, vϑ−1,wϑ−1)

×

(
(r − ϑ + 1)ζ−1 − (r − ϑ)ζ(r − ϑ + 1 + ζ)

)]
, tϑ, tϑ−1 ∈ Υ.

(4.5)

5. Graphical interpretation of results through simulations

Here we proceed by simulating the results to graphically interpret them (Figures 1–8) and to validate
our approach. We use MATLAB for this purpose.
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Figure 1. Impact of fractional order on the population dynamics of the lowest trophic species
in time t.
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Figure 2. Impact of fractional order on the population dynamics of the middle trophic level
species in time t.
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Figure 3. Impact of the fractional order on the population dynamics of the highest trophic
level species in time t.
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Figure 4. Impact of the fractal dimension on the population dynamics of the lowest trophic
level species in time t.
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Figure 5. Impact of fractal dimension on the population dynamics of the middle trophic level
species in time t.
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Figure 6. Impact of fractal dimension on the population dynamics of the highest trophic
level species in time t.
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Figure 7. Dynamical behavior of the classical three-species food-chain model.
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Figure 8. Monte Carlo sensitivity analysis of the lowest, middle, and highest trophic level
species.

6. Discussion

In Figures 1–3, we simulate the results for the same fractal dimension but different fractional orders
to observe the system’s behavior under changes in the fractional order. Similarly, in Figures 4–6, we
present simulations for various fractal dimensions and fractional orders to visualize the effect of the
fractal dimension. The incorporation of fractional-order derivatives and fractal dimensions exerts a
profound influence on the dynamical behavior of the system. Specifically, fractional orders less than
unity introduce memory effects that decelerate the evolution of population densities. As the fractional
order tends toward unity, the dynamics gradually converge to those governed by classical integer-order
differential equations. Concurrently, the inclusion of the fractal dimension serves to modulate the
scale and intensity of interspecific interactions, which in turn affects the amplitude and frequency of
population oscillations. These parameters provide a versatile framework for adjusting the qualitative
behavior of the system.

An extended Adams-Bashforth-Moulton method is adapted to handle the fractal-fractional context.
Simulation results confirm that the balance between predation and conversion efficiencies largely
determines whether species persist, oscillate, or become extinct. The plot in Figure 8 displays the
simulation results of the three-species food chain model, showing the variables u, v, and w over time.
Numerical simulations highlight how varying Λ and the fractional order ζ influence convergence rates
and oscillatory tendencies. For smaller ζ, slower convergence and longer memory effects are observed,
whereas larger ζ produces behaviors closer to classical integer-order systems. In typical scenarios, the
prey remains at higher population levels due to its carrying capacity K. The first predator’s population
fluctuates at intermediate levels, influenced by prey availability and its own mortality rate. The top
predator remains at lower levels unless predation rates and conversion efficiencies are fine-tuned to
sustain it.

The plot in Figure 8 presents the results of the sensitivity analysis, showing the final values of u,
v, and w for each of the 1000 simulations. The x-axis represents the simulation number, while the y-
axis represents the final values of the variables. We observe the spread of final values for each variable,
where a larger spread indicates higher sensitivity to parameter perturbations. The figure reveals that the
final population values of the prey and first predator exhibit greater variability under slight parameter
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changes, whereas the top predator shows comparatively lower variability. This suggests that the top
predator’s survival depends on more stringent conditions, making its population size less sensitive to
small parameter fluctuations.

Eigenvalue analysis via the Jacobian matrix shows that the trivial equilibrium is unstable, as the
prey’s intrinsic growth rate ξ contributes a positive eigenvalue. Biologically, this aligns with the
idea that if the prey has a positive growth rate in the absence of predation, its population will not
remain at zero. The prey-only equilibrium can be stable if the predators’ mortality and predation rates
are relatively low or zero, allowing the prey to persist at its carrying capacity. The stability of the
prey-first-predator equilibrium depends on thresholds involving predation and mortality rates. If the
second predator’s impact remains below certain critical values, the system stabilizes at a state where
the first predator coexists with the prey while the second predator goes extinct. Full coexistence occurs
under a delicate balance of growth, predation, and conversion efficiency parameters for each species.
Biologically, this indicates that the top predator can sustain itself if its predation on the middle predator
is sufficient but not excessive, preventing the middle predator from going extinct while maintaining
viable population levels.

The study employs fixed-point theorems, such as those by Schaefer and Banach, to establish
that the model admits a unique solution under suitable conditions on the nonlinear terms and the
fractal-fractional derivative parameters. This ensures that the system’s dynamics are mathematically
consistent, avoiding contradictions or multiple conflicting solutions.

Beyond conventional stability, the study examines Hyers-Ulam (H-U) stability, which ensures that
minor deviations in model parameters or initial conditions do not lead to large deviations in solutions.
This property is crucial in practical applications where real-world data are subject to measurement
errors or small environmental fluctuations.

7. Conclusions

In this study, we develop a tri-trophic food web model that incorporates the carrying capacity of the
prey (first species), Holling-type predation of the second species on the first, and subsequent predation
of the third species on the second. The novel aspect of this work is the use of the FF-Caputo derivative,
which combines the long-memory effect of fractional derivatives with the irregular (fractal) behavior
in temporal evolution.

The model has four equilibrium points—trivial equilibrium, prey-only equilibrium, prey-predator
equilibrium, and coexistence equilibrium—which we have analyzed graphically. We discuss the
stability of these equilibrium points and investigate the existence and uniqueness of the model’s
solution. Additionally, we derive conditions for its Hyers-Ulam stability in the sense of the FF-Caputo
derivative.

Furthermore, we present numerical results and simulations for various fractal and fractional orders.
We also simulate the tri-trophic food web model under integer-order conditions, examining the
behavior of the variables u, v, and w over time. Lastly, we conduct a sensitivity analysis to evaluate
how parameter perturbations affect the final values of the model variables.

This study provides a novel perspective by integrating prudent omnivory and fractal-fractional
memory effects into tri-trophic ecological models. The use of the FF-Caputo derivative enhances the
model’s realism by capturing the non-local memory effect, which is inherent in biological processes
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such as delayed response to environmental cues. In practical terms, these insights can support the
design of ecosystem management strategies that account for predator selectivity, potentially informing
wildlife conservation or sustainable harvesting policies.
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