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1. Introduction

Fixed point theory is a fundamental tool for addressing a wide range of problems across different
fields of study. Numerous scholars have explored the potential to transform and revolutionize the
concepts of metrics and metric spaces. The Banach contraction fixed point theorem has been extended
in numerous ways over the years; we refer the reader to [1, 2] and the references therein for further
details. In 2003, Kirk et al. [3] introduced the concept of a cyclic contraction, which extends the
Banach contraction principle in a generalized metric space. They also established several fixed point
results using this type of operator. The concept of a partial metric, which broadened and extended the
idea of a metric space, was introduced by Matthews [4] in 1994. Indeed, the most significant difference
from a metric is that self-distances of some points in partial metric spaces may not be zero. In the recent
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past, Huang and Zhang [5] proposed the concept of cone metric spaces as a broader generalization of
metric spaces. Liu et al. [6] polished the concept of cone metric spaces and extended the fixed point
results of Huang et al. [5] by developing cone metric spaces with Banach algebras. In this case, by
substituting the real Banach space E with a Banach algebra β. However, they continued with results
that focused entirely on normal cones. The Banach contraction Principle theorem in the setting of
normal cone space with Banach algebra is stated as follows: Let (Ω, d) be a cone metric with Banach
algebra, and let ξ be a normal cone with a normal constant g. Suppose that the self-mapping satisfies
the generalized Lipschitz condition d (Υ (ς) ,Υ (s)) ≤ gd (ς, s) , for all ς, s ∈ Ω, where g ∈ ρ with
ρ (g) < 1. Then Υ has a unique fixed point in Ω. And for any ς ∈ Ω, the iterative sequence {Υ (sn)}
converges to the fixed point. In 2015, Imdad et al. [7] introduced the notion of relation-contraction
mapping and proved several fixed point results. After that, many researchers have generalized the idea
of relation-theoretic contraction in various directions, including metric spaces, cone metric spaces, and
C*-algebra valued metric spaces. See references [8–12].

In 2014, Asadi et al. [13] announced the idea of an M-metric space and established the Banach
contraction principle within this context. Next, many fixed point results in M-metric spaces have been
given by several mathematicians, see [14–16]. Very recently, Fernandez et al. [17] introduced the
notion of M-cone metric spaces over Banach algebra, which generalizes both M-metric spaces and
cone metric spaces over Banach algebra, and established some fixed point results. In our paper, we
generalize the concept introduced by Fernandez et al. [17] with new topological properties and prove
remarkable fixed point results in complete M-cone metric spaces over Banach algebra endowed with a
binary relation.

2. Preliminaries

Throughout this paper, we use the symbol N to indicate the set of positive integers, and N0 to
indicate the set of nonnegative integers. Similarly, we denote the set of real numbers and the set of
positive real numbers as R and R+0 = R

+ ∪ {0}, respectively.
First, we review some established definitions and results that are utilized in this work.

Definition 2.1. [18] A real-Banach algebra β is a real Banach space that includes a multiplication
operation defined as follows:

for all ς, s, l ∈ β and σ ∈ R :
(i) (ςs) l = ς (sl) ;
(ii) ς (s + l) = ςs + ςl and (ς + s) l = ςl + sl;
(iii) σ (ςs) = (σς) s = ς (σs) ;
(iv) ∥ςs∥ ≤ ∥ς∥ ∥s∥ .
In this paper, we assume that every Banach algebra has a unit (i.e., a multiplicative identity) e,

which satisfies

eς = ςe = ς for all s in β.

An element ς ∈ A is considered invertible if there exists an element s ∈ A such that ςs = sς = e. The
inverse of ς is denoted by ς−1. Further details can be found in [18].
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Definition 2.2. [18] A subset ξ of β of a Banach algebra is referred to as a cone if it satisfies specific
properties (to be defined).

(i) ξ is non-empty, closed and {ϑ, e} ⊂ β;
(ii) σξ + ςξ ⊂ β;
(iii) ξ2 = ξξ ⊂ ξ;
(iv) ξ ∩ (−ξ) = {ϑ} .
Let ϑ and e represent the zero and unit elements of the Banach algebra β, respectively. For a given

cone ξ ⊆ β, a partial ordering is defined as follows:

ς ⪯ s if and only if s − ς in ξ.

It is well-known that s ≺ ς indicates ς ⪯ s and ς , s.While ς ≪ s implies s − ς in int(ξ), where int(ξ)
denotes the interior of ξ. The cone ξ is said to be solid if int(ξ) , ∅. The cone ξ is said to be normal if
there exists a constant h > 1 such that for all ς, s in ξ,the inequality holds.

ϑ ⪯ ς ⪯ s implies that ∥ς∥ ≤ h ∥s∥ .

In this work, we consistently assume that β is a Banach algebra with a unit element ϑ. Moreover, ξ
denotes a solid cone in β, and ⪯ represents the partial ordering associated with ξ. Here, we provide the
basic flow chart of cone metric (CM), Banach alebra (BA), and cone metric over Banach
algebra (CMB). See Figure 1.

Figure 1. Flow chart of CM, BA, and CMB.

Some propositions of cone metric spaces with Banach algebra and relatedv concepts from [18, 19]
are given as follows:
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Proposition 2.1. From the reference [18], let β be a Banach algebra with a unit element e, and let
ς ∈ β. If the spectral radius ρ (g) of g satisfies ρ (g) < 1, that is,

ρ (g) = lim
n→∞
∥gn∥

1
n < 1.

Then, (e − g) is invertible. In fact, its inverse is given by

(e − g)−1 =

∞∑
i=0

gi.

Proposition 2.2. [20] If E is a real Banach space equipped with a cone ξ, then the following conditions
hold:

(i) p ⪯ ap with p in ξ and 0 ≤ a < 1, then a = ϑ;
(ii) If h ∈ ξ, and ϑ ⪯ h ≪ σ for every ϑ ≪ σ, then h = ϑ, and ∥gn∥ → 0 as n → ∞, then for any

ϑ ≪ σ there exists n0 in N such that, gn ≪ σ for all n < n0.

Remark 2.1. From the reference [18], it follows that the spectral radius ρ (g) of g satisfies

ρ (g) ≤ ∥g∥ , for all g in ξ,

where ξ is a Banach algebra with a unit element e.

Remark 2.2. If the condition ρ (g) < 1 in Proposition 2.1 is replaced with g ≤ 1, the conclusion still
holds (see [19]).

Remark 2.3. From the reference [19]. If in remark 2.2 ρ (g) < 1, then ∥gn∥ converges to 0 as n
converges to +∞.

Remark 2.4. If p, q, c ∈ ξ and p ≪ q, then pc ≪ qc.

Definition 2.3. [6] Consider a non-empty set Ω. Then, a mapping ϱ : Ω × Ω → β is called a cone
metric (or CM) on Ω if for all ς, s, l ∈ Ω, the following conditions hold:
(i)ϑ ⪯ ϱ (ς, s) and ϱ (ς, s) = ϑ⇐⇒ ς = s;
(ii) ϱ (ς, s) = ϱ (s, ς) ;
(iv) ϱ (ς, s) ⪯ ϱ (ς, l) + ϱ (l, s) ;

Then, the pair (Ω, ϱ) is known as cone metric space over Banach algebra β.
After that, Fernandez et al. [11] gave the idea of partial cone metric over Banach algebra and opened

the new window of research for researchers.

Definition 2.4. [11] Consider a non-empty set Ω. Then a mapping P : Ω × Ω → β is called partial
cone metric ( or PCM) on Ω if for all ς, s, l ∈ Ω, the following conditions hold:
(i) P (ς, s) = P (ς, ς) = P (s, s) = ϑ⇐⇒ ς = s;
(ii) P (ς, ς) ⪯ P (ς, s) ;
(iii) P (ς, s) = P (s, ς) ;
(iv) P (ς, s) ≤ P (ς, l) + P (l, s) − P (l, l) ;

AIMS Mathematics Volume 10, Issue 6, 12935–12955.



12939

Then, the pair (Ω, P) is known as PCM-space over Banach algebra β. Very recently, Fernandez ’et
al. introduce the new concept of cone M-metric over Banach algebra in the following ways, see [17]

The following notations are required to define an M-cone metric space (CMM-space) over Banach
algebra. The following notations are utilized in our presentation.

Cς,s = min {C (ς, ς) ,C (s, s)} ,
Mς,s = max {C (ς, ς) ,C (s, s)} .

Definition 2.5. [17] Consider a non-empty set Ω. Then a mapping C : Ω × Ω → β cone metric (or
CM) on Ω if for all ς, s, l ∈ Ω, the following conditions hold:
(i) C (ς, ς) = C (s, s) = C (ς, s)⇐⇒ ς = s;
(ii) Cς,s ⪯ C(ς, s);
(iii) C (ς, s) = C (s, ς) ;
(iv) C (ς, s) − Cς,s ⪯ (C (ς, l) − Cς,l) + (C (l, s) − Cl,s).

Then the couple (Ω,C) is known as CMM-space over Banach algebra.
It is clear that every PCM-space over a Banach algebra is an CMM-space over a Banach algebra.

However, the converse may not be true as seen in the following examples:

Definition 2.6. Suppose that β = C
′

R [0, 1] is the space of real-valued continuous functions on [0, 1]
equipped with the norm

∥ς∥ = ∥ς∥∞ +
∥∥∥ς′∥∥∥

∞
,

where
∥∥∥ς′∥∥∥

∞
denotes the supremum norm. Under the usual multiplication. β is a real-unit Banach

algebra with the unit element e = 1. Consider a cone ξ = {ς ∈ β : ς ≥ 0} in β. Moreover, ξ is a non-
normal cone. Assume that Ω = [0,+∞) , and define C : Ω ×Ω→ β

C (ς, s) (t) =
(
ς + s

2

)
et for all ς, s in Ω.

Thus, C is an CMM on Ω, but it does not form a PCM-space over the Banach algebra according to the
reference [17].

Remark 2.5. For all ς, s ∈ Ω
(i) ϑ ⪯ Mς,s + Cς,s = C (ς, ς) + C (s, s) ,
(ii) ϑ ⪯ Mς,s − Cς,s = |C (ς, ς) − C (s, s)| ,
(iii) Mς,s − Cς,s ⪯

(
Mς,l − Cς,l

)
+

(
Ml,s − Cl,s

)
.

Definition 2.7. [17] Let (Ω,C) be a CMM-space over a Banach algebra β. The collection of all m-open
balls on Ω given by

B = {Bm (ς, σ) : ς ∈ Ω, σ ≫ ϑ} ,

forms a basis for the topology on Ω.

Definition 2.8. [17] Let (Ω,C) be a CMM-space over a Banach algebra β, and let {ςn} be a sequence
in Ω. If for every σ ∈ intξ, there exists a positive integer n0 such that

C (ςn, ς) ≪ σ + Cςn,ς for all n > n0,

then {ςn} is said to converge, and its limit is ς.
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Definition 2.9. [17] Let (Ω,C) be a CMM-space over a Banach algebra β. A sequence {ςn} ∈ Ω is
called a ϑ-Cauchy sequence if, for every σ ≫ ϑ there exists n0 ∈ N such that

C (ςm, ςn) − mςm,ςn ≪ σ and Mςm,ςn − Cςm,ςn ≪ σ for all m > n > n0.

Definition 2.10. [17] Let (Ω,C) be a CMM-space over a Banach algebra β. The (Ω,C) is said to be
ϑ-complete if every ϑ-Cauchy sequence {ςn} ∈ Ω converges to a point ς ∈ Ω, i.e.,

lim
n→∞

Mςn,ς = lim
n→∞
Cςn,ς = C (ς, ς) = ϑ.

Theoretical relations have been extensively discussed in various research articles. For instance, refer
to [7, 21]. Subsequently, we present basic concepts of relations.

Definition 2.11. [21] Consider Ω, be a nonempty set, and let Ŕ be a subset of Ω × Ω referred to as a
binary relation on Ω. For every pair ς, s ∈ Ω one of the following conditions applies:
(i) (ς, s) ∈ Ŕ indicates that ς is Ŕ-related to s or ς relates to s under Ŕ. Sometimes, this is written as
ςŔs instead of (ς, s) ∈ Ŕ.
(ii) (ς, s) < Ŕ which means that ς is not Ŕ-related to s or ς is not related to s under Ŕ.

By definition, Ω × Ω and ϕ, as subsets of Ω × Ω, are binary relations on Ω. These are universal
the relation (or full relation) and the empty relation, respectively. Throughout this paper, Ŕ represents
a nonempty binary relation. For simplicity, we will use the term binary relation to mean nonempty
binary relation.

Definition 2.12. [7] Let Ŕ be a binary relation on a non-empty set Ω, and let ς, s ∈ Ω.We say that ς
and s are Ŕ-compareable if either (ς, s) ∈ Ŕ or (s, ς) ∈ Ŕ. This is denoted by [ς, s] ∈ Ŕ.

Definition 2.13. [21] Let Ω , ϕ and Ŕ be a binary relation on Ω.
(i) The inverse, transpose, or dual relation of Ŕ denoted by Ŕ−1 is defined as

Ŕ−1 =
{
(ς, s) ∈ Ω ×Ω : (s, ς) ∈ Ŕ

}
.

(ii) The reflexive closure of Ŕ is denoted by Ŕ,, is defined as Ŕ, = Ŕ ∪ ∇ς.
(iii) The symmetric closure of Ŕ, denoted by , ŔS = Ŕ ∪ Ŕ−1 is defined as, where Ŕ−1 represents the
inverse of Ŕ. In other words, ŔS is the smallest symmetric relation on Ω that includes Ŕ.

Proposition 2.3. [7] For a binary relation Ŕ defined on a nonempty set Ω, (s, ς) ∈ ŔS ⇔ [ς, s] ∈ Ŕ.

Definition 2.14. [7] Let Ω be a nonempty set, and let Ŕ be a binary relation on Ω. Then:
(i) A sequence {ςn} ∈ Ω is said to be Ŕ-preserving if (ςn, ςn+1) ∈ Ŕ ∀ n ∈ N.
(ii) A self-map Υ : Ω→ Ω is referred to as Υ-closed if (Υ (ς) ,Υ (s)) ∈ Ŕ whenever (ς, s) ∈ Ŕ.

Proposition 2.4. [7] Let Υ, Ω, and Ŕ be as defined in Definition 10. If Ŕ is Υ-closed, then ŔS is also
Υ-closed.

Definition 2.15. [22, 23] Let Ω be a nonempty set, and let Ŕ be a binary relation on Ω;
(i) W ⊆ Ω is said to be Ŕ-directed if, for every ς, s ∈ Ω, there exists l ∈ Ω such that (ς, l) ∈ Ŕ and

(s, l) ∈ Ŕ,
(ii) For Υ ∈ Ω, a path of length i (where i is a natural number) in Ŕ from ς to s is a finite sequence

{lz}
i
z=0 ⊆ Ω satisfying the following conditions:
(a) l0 = ς and l0 = ς,

(b) (lz, lz+1) ∈ Ŕ.

AIMS Mathematics Volume 10, Issue 6, 12935–12955.



12941

In this paper, we adopt the following notation as introduced in [7].
(i) F (Υ) :the set of all fixed points of the mapping Υ : Ω→ Ω.
(ii) Ω

(
Υ, Ŕ

)
= {ς ∈ Ω : (ς,Υ (ς))} ∈ Ŕ the set of points in Ω satisfying the relation Ŕ with Υ.

(iii) Ψ
(
ς, s, Ŕ

)
: the collection of all paths in Ŕ : ς → s.

3. New topology on M-cone metric space over Banach algebra

In this section, we define the new base topology using the concept of Fenandez et al.’s [17] papsr
and verify all topological properties.

Every CMM-over Banach algebra on Ω generates a T0 topology τm
(
say

)
on Ω which has a base of

collection of m-open balls
{Bm (ς, σ) : ς ∈ Ω, σ ≫ ϑ} ,

where
Bm (ς, σ) = {s ∈ Ω : C (ς, s) − mς,s ≪ σ} for all ς ∈ Ω, σ ≫ ϑ.

We now prove the equivalence between our new topology and the topology presented in reference [17]
by stating a theorem that establishes this consequence.

Theorem 3.1. (Equivalence of Topologies in Cone M-Metric over Banach algebra ) . Let
β = C

′

R [0, 1] be the Banach algebra of real valued continuous functions on [0, 1] equipped with the
norm ∥ς∥ = ∥ς∥∞ +

∥∥∥ς′∥∥∥
∞
, and a cone ξ = {ς ∈ β : ς ≥ 0} ∈ β which is closed and convex, but

non-normal. Moreover, assume that Ω = [0,+∞) , and define C : Ω ×Ω→ β

C (ς, s) (t) =
(
ς + s

2

)
et for all ς, s ∈ Ω, t ∈ [0, 1] .

Such that: Topology
(
Tm1

)
Bm (ς, σ) = {s ∈ Ω : C (ς, s) − Cς,s ≪ σ} for all ς ∈ Ω, σ ≫ ϑ.

Topology
(
Tm2

)
in reference [17]

Bm (ς, σ) =
{
s ∈ Ω : C (ς, s) + C (ς, ς) − Cς,s − C (s, s) ≪ σ

}
.

Then the topologies
(
Tm1

)
and

(
Tm2

)
genrated Bm and Bm are equivalent.

Proof. To show Tm1and Tm2 are equavilent. We want to prove tha every Tm1-neighborhood cantains
a Tm2-neighborhood and every Tm2-neighborhood contains a Tm1-neighborhood. First, we verify that
C (ς, ς) and C (s, s) are, such that

C (ς, ς) (t) = ςet, C (s, s) = set.

As, min {C (ς, ς) ,C (s, s)} (t) = min {ς, s} et.

For topology
(
Tm1

)
,

C (ς, s) −min {C (ς, ς) ,C (s, s)} =
(
ς + s

2
−min {ς, s}

)
et.
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Let Ξ1 =
ς+s

2 −min {ς, s} . If ς ≤ s then s−ς
2 . If s ≤ ς then ς−s

2 . From both cases, we have Ξ1 =
|s−ς|

2 ,

Tm1-neighborhood:
(
|s − ς|

2

)
et ≪ σ

For topology
(
Tm2

)
C (ς, s) + C (ς, ς) −min {C (ς, ς) ,C (s, s)} − C (s, s)

=

(
ς + s

2
+ ς −min {ς, s} − s

)
et.

Simplifying the scalar part
3ς − s

2
−min {ς, s} .

If ς ≤ s then min {ς, s} = ς, thus, we have 3ς−s
2 − ς =

ς−s
2 . If s ≤ ς then min {ς, s} = s; thus, we obtain,

3ς−s
2 − s = 3ς−3s

2 . From both cases, the Tm2-condition reduces to
(
ς−s

2

)
et ≪ σ if ς ≤ s,(

3(ς−s)
2

)
et ≪ σ if s ≤ ς.

We now aim to prove that Tm1 ⊆ Tm2 .

For any element s ∈ Bm (ς, σ) , we have |s−ς|2 et ≪ σ; if ς ≤ s, the Tm1-condition is identical to
Tm2 . If s ≤ ς, (ς−s)

2 et ≪ σ, implies that 3(ς−s)
2 et ≪ 3

2σ. Since, σ ≫ 0, and 2
2σ ≫ σ. Therefore,

Tm1-neighborhood implies Tm2-neighborhood. i.e. s ∈ Bm (ς, σ) .
Next, we show that, Tm2 ⊆ Tm1 .

For s ∈ Bm (ς, σ) : If ς ≤ s, the Tm2-condition is identical to Tm1 , if s ≤ ς, 3(ς−s)
2 et ≪ σ implies that

(ς−s)
2 et ≪ 1

3σ ≪ σ. Hence, s ∈ Bm (ς, σ) . Thus, proof is done. □

Now, we describe the convergence, Cauchyness, and Completeness in CMM-space over Banach
algebra according to our new topology:

Definition 3.1. Let (Ω,C) be a CMM-space over a Banach algebra β, and let {ςn} be a sequence in Ω.
If for every σ ∈ intξ, there exists a n0 ∈ N such that

C (ςn, ς) ≪ σ + Cςn,ς for all n > n0,

then {ςn} is said to converge, and its limit is ς.

Definition 3.2. Let (Ω,C) be a CMM-space over a Banach algebra β. A sequence {ςn} ∈ Ω is called a
ϑ-Cauchy sequence if, for every σ ≫ ϑ, there exists a n0 ∈ N such that

C (ςm, ςn) − Cςm,ςn ≪ σ and Mςm,ςn − Cςm,ςn ≪ σ for all m > n > n0.

Definition 3.3. Let (Ω,C) be a CMM-space over a Banach algebra β. The (Ω,C) is said to be ϑ-
complete if every ϑ-Cauchy sequence {ςn} ∈ Ω converges to a point ς ∈ Ω, i.e.,

lim
n→∞

(C (ςn, ς) − Cςn,ς) = ϑ and lim
n→∞

(Mςn,ς − Cςn,ς) = ϑ.
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Here, we will prove the equivalence of the two definitions (2.10 and 3.3) of ϑ-completeness for an
CMM-space (Ω,C) over a Banach algebra:

Proposition 3.1. Let (Ω,C) be a CMM-space over a Banach algebra β with cone ξ, and let ϑ ∈ ξ. The
following two statements of ϑ-completeness are equivalent.
(i) A sequence {ςn} ∈ Ω converges to ς ∈ Ω if:

lim
n→∞

Mςn,ς = C (ς, ς) = ϑ and lim
n→∞
Cςn,ς = C (ς, ς) = ϑ.

(ii) A sequence {ςn} ∈ Ω converges to ς ∈ Ω if:

lim
n→∞

(
Mςn,ς − Cςn,ς

)
= lim

n→∞
(ϑ − ϑ) = ϑ.

Proof. (i)⇒ (ii)
From condition (i), we have

lim
n→∞

Mςn,ς = C (ς, ς) = ϑ and lim
n→∞
Cςn,ς = C (ς, ς) = ϑ.

Since Mςn,ς ⪰ Cςn,ς , for all n, we can write

Mςn,ς − Cςn,ς ⪰ ϑ.

Taking the limit as n→ ∞, we have:

lim
n→∞

(
Mςn,ς − Cςn,ς

)
= lim

n→∞
(ϑ − ϑ) = ϑ.

Thus, condition (ii) holds if the condition (i) is true.
condition (ii)⇒condition (i)

From condition (ii), we know that

lim
n→∞

(
Mςn,ς − Cςn,ς

)
= ϑ.

Since,

Mςn,ς = max {C (ς, ς) ,C (ς, ς)} ,
Cςn,ς = min {C (ς, ς) ,C (ς, ς)} .

Therefore, the condition limn→∞

(
Mςn,ς − Cςn,ς

)
= ϑ implies that:

lim
n→∞

Mςn,ς = lim
n→∞
Cςn,ς = ϑ.

This is equivalent to the condition (i), as it guarantees that ςn converges to ς ∈ Ω with C (ς, ς) = ϑ. □
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4. Main results

In this section, we first prove some propositions and consider the existence of fixed points for
mappings in complete CMM-space over a Banach algebra endowed with binary relation.

Definition 4.1. Let (Ω,C) be a complete CMM-space over a Banach algebra β,with a solid cone ξ and
endowed with binary relation Ŕ. A self-mappingΥ onΩ is referred to as relational theoretic contraction
if there exists g ∈ ξ so that ρ (g) < 1 and

C (Υ (ς) ,Υ (s)) ≤ gC (ς, s)

for all ς, s ∈ Ω with (ς, s) ∈ Ŕ. The vector g is referred to as the vector of Υ.

Proposition 4.1. Let (Ω,C) be a complete CMM-space over a Banach algebra β with a solid cone ξ
and endowed with binary relation Ŕ. Let Υ : Ω → Ω be a Banach algebra type relational theoretic
mapping on Ω and vector g ∈ ξ and ρ (g) < 1. The following contractive conditions are equivalent:

(i)
C (Υ (ς) ,Υ (s)) ⪯ gC (ς, s) for all ς, s ∈ Ω with (ς, s) ∈ Ŕ.

(ii)
C (Υ (ς) ,Υ (s)) ⪯ gC (ς, s) for all ς, s ∈ Ω with [ς, s] ∈ Ŕ.

Proof. We need to show that the two contractive conditions are equivalent, where [ς, s] ∈ Ŕ refers to
the symmetric closure of Ŕ i.e., [ς, s] ∈ Ŕ if and only if (ς, s) ∈ Ŕ or (s, ς) ∈ Ŕ.
(i)⇒(ii)

Assume condition (i)

C (Υ (ς) ,Υ (s)) ⪯ gC (ς, s) for all ς, s ∈ Ω with (ς, s) ∈ Ŕ.

Now, assume [ς, s] ∈ Ŕ. By the definition of the symmetric closure [ς, s] ∈ Ŕ, we have either [ς, s] ∈ Ŕ
or (ς, s) ∈ Ŕ.

If (ς, s) ∈ Ŕ, then by (i)
C (Υ (ς) ,Υ (s)) ⪯ gC (ς, s) .

If (s, ς) ∈ Ŕ, note that in CMM-space over Banach algebra

C (ς, s) = C (s, ς) .

From (i)
C (Υ (s) ,Υ (ς)) ⪯ gC (ς, s) .

Using the symmetric property of CMM-space over Banach algebra C (Υ (ς) ,Υ (s)) = C (Υ (s) ,Υ (ς)),
which implies that

C (Υ (s) ,Υ (ς)) ⪯ gC (ς, s) .

Thus,
C (Υ (s) ,Υ (ς)) ⪯ gC (ς, s) ,

holds for all ς, s ∈ Ω with [s, ς] ∈ Ŕ Therefore, condition (ii) is satisfied.
(ii)⇒(i)
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Assume condition (ii)

C (Υ (ς) ,Υ (s)) ⪯ gC (ς, s) for all ς, s ∈ Ω with [ς, s] ∈ Ŕ.

Now, suppose (ς, s) ∈ Ŕ. By definition of [ς, s] ∈ Ŕ, if (ς, s) ∈ Ŕ then [ς, s] ∈ Ŕ, since Ŕ ⊆
[
Ŕ
]
,

where
[
Ŕ
]

is the symmetric closure of Ŕ. Hence, by (ii)

C (Υ (s) ,Υ (ς)) ⪯ gC (ς, s) .

This shows that condition (i) is satisfied. □

Definition 4.2. Let (Ω,C) be a CMM-space over Banach algebra β with ξ as the underlying solid cone
and Ŕ as a binary relation on Ω, we say that (Ω,C) is Ŕ-preserving if for each sequence {ςn} ∈ Ω, then

(ςn, ςn+1) ∈ Ŕ for all n ∈ N.

Definition 4.3. Let (Ω,C) be a CMM-space over Banach algebra β with ξ as the underlying solid cone
and Ŕ as a binary relation on Ω, we say that (Ω,C) is Ŕ-regular if for each sequence {ςn} ∈ Ω, if for
every σ ∈ intξ,

(ςn, ςn+1) ∈ Ŕ for all n ∈ N
C (ςn, ς) − Cςn,ς ≪ σ i.e ςn → ς ∈ Ŕ

}
⇒ (ςn, ς) ∈ Ŕ.

Definition 4.4. Let (Ω,C) be a CMM-space over Banach algebra β with ξ as the underlying solid cone,
and let Ŕ be a binary relation on. The relation Ŕ is said to be C-self-closed if, for every Ŕ-preserving
sequence {ςn} with ςn converging to ς as converges to ∞ there exists a subsequence

{
ςnχ

}
of {ςn} such

that
[
ςnχ , ς

]
∈ Ŕ for all χ ∈ N.

Theorem 4.1. Suppose that (Ω,C) is a CMM-space over Banach algebra β with ξ as the underlying
solid cone and Ŕ as a binary relation on Ω. Let Υ : Ω → Ω be a Banach algebra type relational
theoretic contraction with a vector g and ρ (g) < 1, satisfying the following assumptions:
(i) The class Ω

(
Υ, Ŕ

)
is nonempty;

(ii) Ŕ is Υ-closed;
(iii) Either Υ is continuous or Ŕ is C-sel-closed.
Under these assumptions, Υ has a fixed point ς ∈ Ω.

Proof. Since, Ω
(
Υ, Ŕ

)
, ∅, let ς0 ∈ Ω

(
Υ, Ŕ

)
it follows that (ς0,Υ (ς0)) ∈ Ŕ.We define a sequence {ςn}

is defined by ςn = Υ (ςn−1) for all n ∈ N.We will establish that the sequence {ςn} is Ŕ-preserving. From
the definition of relation, we have (ς0, ς1) ∈ Ŕ. Using the Υ-closedness of Ŕ, we get

(Υ (ς0) ,Υ (ς1)) = (ς0, ς1) ∈ Ŕ.

Repeating this argument yields
(ςn−1, ςn) ∈ Ŕ ∀n ∈ N.

Therefore, the sequence {ςn} is Ŕ-preserving. Given that Υ is a relational theoretic contraction with a
vector g, and the sequence {ςn} is Ŕ-preserving, it follows that this property holds for all n ∈ N.

C (ςn, ςn+1) = C (Υ (ςn−1) ,Υ (ςn)) ⪯ gC (ςn−1, ςn) .
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By induction, this implies
C (ςn, ςn+1) ⪯ gnC (ς0, ς1) for all n ∈ N. (4.1)

Therefore, for n < m

C (ςn, ςm) − Cςn,ςm ⪯ C (ςn, ςn+1) − Cςn,ςn+1 + C (ςn+1, ςn+2) − Cςn+1,ςn+2 + ... + C (ςm−1, ςm) − Cςm−1,ςm

⪯ C (ςn, ςn+1) + C (ςn+1, ςn+2) + ... + C (ςm−1, ςm)

⪯ gnC (ς0, ς1) + gn+1C (ς0, ς1) + ...gm−1C (ς0, ς1)

=
(
e + g + ... + gm−n−1

)
gnC (ς0, ς1)

⪯

 ∞∑
i=0

gi

 gnC (ς0, ς1)

= (e − g)−1 gnC (ς0, ς1) .

Given that ρ (g) < 1 Remark 2.3 implies ∥gn∥ converges to 0 as n converges to ∞. Consequently, by
Proposition 2.1, every σ ∈ β with σ ≫ ϑ, there exists n0 ∈ N such that

C (ςn, ςm) − Cςn,ςm ⪯ (e − g)−1 gnC (ς0, ς1) ≪ σ for all n > n0.

And
C (ςn, ςm) − Cςn,ςm ≪ σ for all n > n0.

This indicates that the sequence {ςn} is ϑ-Cauchy. Due to the ϑ-completeness of Ω, there exists ς ∈ Ω
such that

lim
n→∞
C (ςn, ς) − Cςn,ς = ϑ.

As ςn → ∞ as n→ ∞ for some n. Therefore, limn→∞ C (ςn, ς) − Cςn,ς → ϑ as n→ ∞.We demonstrate
that ς∗ is a fixed point of Υ. Based on (iii), we examine the following two cases:

C-1 Assume Υ is continuous. Then, ςn+1 = Υ (ςn) converges to ς∗ with respect to tm topology. By
the uniqueness of limits, we have ς∗, meaning ς∗ is a fixed point of Υ. Assume Ŕ is C-self-closed.
Since, {ςn} is Ŕ-preserving and ςn → ς as n → ∞, the C-self-closedness of Ŕ ensures the existence of
a subsequence ςnχ of {ςn} such that

[
ςnχ , ς

]
∈ Ŕ for all χ ∈ N. Given that Υ is a relational theoretic

contraction with a g, we apply Proposition 3.1 to obtain

C (ς∗,Υ (ς∗)) − Cς∗,Υ(ς∗) ⪯ C
(
ς∗, ςnχ+1

)
− Cς∗,ςnχ+1 + C

(
ςnχ+1,Υ (ς∗)

)
− Cςnχ+1,Υ(ς∗)

⪯ C
(
ς∗, ςnχ+1

)
+ C

(
ςnχ+1,Υ (ς∗)

)
= C

(
ς∗, ςnχ+1

)
+ C

(
Υ

(
ςnχ

)
,Υ (ς∗)

)
⪯ C

(
ς∗, ςnχ+1

)
+ gC

(
ςnχ , ς

∗
)
.

As ςn → ς as n → ∞, for each σ ∈ ξ with ϑ ≪ σ and for every m in N, there exists χ (m) such
that C

(
ς∗, ςnχ

)
≪ σ

m ∀ χ > χ (m) . Consequently, by Remark 1.4, we have C
(
ςnχ , ς

∗
)
≪

gσ
m . Thus, this

inequality implies that

C (ς∗,Υ (ς∗)) − Cς∗,Υ(ς∗) ⪯
σ

m
+

gσ
m
=
σ

m
(e + g) , ∀χ > χ (m) , m ∈ N.
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Since, Cς∗,Υ(ς∗) → ϑ, this shows that

σ

m
(e + g) − C (ς∗,Υ (ς∗)) ∈ ξ, ∀, m ∈ N.

Since ξ is closed, taking the limit as m→ ∞ gives

ϑ − C (ς∗,Υ (ς∗)) ∈ ξ.

By definition, this implies
C (ς∗,Υ (ς∗)) = ϑ,

it implies that Υ (ς∗) = ς∗ Hence, ς∗ is a fixed point of Υ. □

Now, we prove a result of uniqueness.

Theorem 4.2. If all the conditions of Theorem 4.1 are satisfied and the set Ψ
(
ς, s, ŔS

)
is nonempty

with ς, s ∈ Ω, for every ς, s ∈ F (Υ) , then Υ has a unique fixed point ς∗ ∈ Ω.

Proof. Using arguments similar to those in the proof of Theorem 4.1, we establish the existence of a
fixed point ς∗ ∈ Ω. Assume that the set Ψ

(
ς, s,RS

)
is nonempty for every ς, s ∈ Ω.We will prove that

ς∗ is the unique fixed point of Υ. Contrary to this, assume that s∗ ∈ F (Υ) and ς∗ , s∗

ς∗ = Υ (ς∗) , s∗ = Υ (s∗) (4.2)

By assumption, there exists a path {lz}
i
z=0 ⊆ Ω of length r in RS such that

l0 = ς
∗, li = s∗,

[
lz, lz+1

]
in Ŕ for each z = 0, 1, ...i − 1. (4.3)

Now, utilizing Proposition 2.3, we deduce that RS is also Υ-closed, and thus[
Υn (ςz) ,Υn (ςz+1)

]
in Ŕ for z = 0, 1, ...i − 1, for each n ≥ 0. (4.4)

By applying Proposition 3.1 along with conditions (4.2), (2.3), and (2.4), we derive the following

C (ς∗, s∗) = Cς∗,s∗ = C (Υn (ς∗) ,Υn (s∗)) − CΥn(ς∗),Υn(s∗)

= C (Υn (l0) ,Υn (lr)) − CΥn(l0),Υn(lr)

⪯

r−1∑
i=0

(
C (Υn (lz) ,Υn (lz+1)) − CΥn(lz),Υn(lz+1)

)
⪯

r−1∑
i=0

C (Υn (lz) ,Υn (lz+1))

⪯ g
r−1∑
i=0

C
(
Υn−1 (lz) ,Υn−1 (li+1)

)
⪯ g2

r−1∑
i=0

C
(
Υn−2 (lz) ,Υn−2 (li+1)

)
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⪯ ...,⪯ gn
i−1∑
z=0

C (lz, li+1) , for all n ∈ N.

Given that, ρ (g) < 1, it follows from Remark 2.2 that ∥gn∥ → 0 when n→ ∞, and therefore∥∥∥∥∥∥∥gn
i−1∑
z=0

m (lz, li+1)

∥∥∥∥∥∥∥ ⪯ ∥gn∥

∥∥∥∥∥∥∥
i−1∑
z=0

m (lz, li+1)

∥∥∥∥∥∥∥→ ϑ as n→ ∞.

Thus, by Lemma 2.1, it follows that for every σ ∈ β with ϑ ≪ σ, there exists n ∈ N such that

C (ς∗, s∗) ⪯ gn
i−1∑
z=0

C (lz, li+1) ≪ σ.

This implies that m (ς∗, s∗) = ϑ, which in turn means ς∗ = s∗. □

Example 4.1. Assume, β = C1
R [0, 1] ×C1

R [0, 1], equipped with the norm:

∥ς1, ς2∥ = ∥ς1∥∞ + ∥ς2∥∞ +
∥∥∥ς′1∥∥∥∞ + ∥∥∥ς′2∥∥∥∞ .

Define the multiplication on β as:

ςs = (ς1s1, ς1s2 + ς2s1) for all ς = (ς1, ς2) , s = (s1, s2) ∈ β.

Thus, β becomes a Banach algebra under the standard addition of functions and scalar multiplication
on the Cartesian product C1

R [0, 1] ×C1
R [0, 1] with the unit element e = (0, 1) . Define

ξ = {(ς1 (t) , ς2 (t)) ∈ β : ς1 (t) , ς2 (t) ≥ 0, t in [0, 1] } .

Therefore, ξ is not normal and a solid cone. Let Ω = R+×R+, R+ = [0,∞) , and the CMM over Banach
algebra is defined as

C ((ς1, ς2) , (s1, s2)) =
(∣∣∣∣∣ς1 + s1

2

∣∣∣∣∣ , ∣∣∣∣∣ς2 + s2

2

∣∣∣∣∣) et in ξ.

Thus, (Ω,C) is a complete CMM over Banach algebra. Let ζQ
0 denote the set of all sequences of

nonnegative rational numbers that converge to zero. Clearly, ζQ+

0 , 0. For a λ ∈ Q+ define the mapping
and the binary relation on Ŕ ,Υ : Ω→ Ω respectively

Υ ((ς1, ς2)) =
 ς1

4 ,
ς1
4 + λ

ς1
2 if ς1, ς2 ∈ Q+,(

ς1

∣∣∣ς2
1 − 1

∣∣∣ , ς1

∣∣∣ς2
1 − 1

∣∣∣) otherwise.

And
Ŕ = {(ςn, sn) , (tn, vn) , n in N : {ςn} , {sn} {tn} , {vn} in N} .

Therefore, Υ is a relational theoretic contraction with the vector g (t) = (g1, g2), where g1 in
[

1
2 , 1

)
and

g2 in
[
g,∞), with ρ (g) = g1. In particular, if ((ςn, sn) , (tn, vn)) in Ŕ it follows that ςn, sn, tn, vn in Q+.

Hence,

C (Υ (ςn, sn) ,Υ (tn, vn)) =
(
1
2

∣∣∣∣∣ςn + tn

2

∣∣∣∣∣ , 12
( sn + vn

2

)
+ λ

(
ςn + tn

2

))
et
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⪯

(
g1

∣∣∣∣∣ςn + tn

2

∣∣∣∣∣ , g1

∣∣∣∣∣ sn + vn

2

∣∣∣∣∣ + g2

(∣∣∣∣∣ςn + tn

2

∣∣∣∣∣)) et

= (g1, g2)
(∣∣∣∣∣ςn + tn

2

∣∣∣∣∣ , ∣∣∣∣∣ sn + vn

2

∣∣∣∣∣) et

= C ((ς1, ς2) , (s1, s2)) .

As, ζQ+

0 is non-empty, consider {ςn} ∈ ζ
Q+

0 . Since λ ∈ Q+, we obtain

((ςn, ςn) ,Υ (ςn, ςn)) =
(
(ςn, ςn) ,

(
ςn

4
,
ςn

4
+ λ
ςn

2

))
∈ Ŕ.

Thus, Ŕ is Υ-closed. Moreover, if {(ςn, sn)} is a sequence in Ω such that

((ςn, sn) , (ςn+1, sn+1)) ∈ Ŕ, (4.5)

and (ςn, sn) converges to (ς, s) with respect to tm-topology as n converges to ∞. So {ςn} , {sn} ∈ ζ
Q+

0 ,
leading to (ς, s) = (0, 0) , we are in the first case. Therefore, according to the definition of, Ŕ we
conclude:

((ςn, sn) , (ς, s)) ∈ Ŕ, ∀ n in N. (4.6)

Consequently, Ŕ is C-self-closed. As a result, all the conditions of Theorem 4.3 are fulfilled, leading
to the conclusion that the mapping Υ has a fixed point. Indeed, Υ has fixed points in Ω. Which are
F (Υ) =

{
(0, 0) ,

(√
2, 0

)
,
(
0,
√

2
)
,
(√

2,
√

2
)}

.

5. Cyclic operator in cone M-metric over Banach algebra with relation

In [3], Kirk et al. introduced the concept of a cyclic contraction, which extends the Banach
contraction. This concept is utilized in the workframe of CMM over Banach algebras with binary
relation.

Definition 5.1. Let (Ω,C) be a CMM-space over Banach algebra β with ξ as the underlying solid cone
and Ŕ as a binary relation on Ω, E ⊂ Ω and F ⊂ Ω, Ω = E ∪ F, and Υ : Ω→ Ω a mapping on Ω. Then
we say that Υ cyclic Banach algebra type relational theoretic contraction with respect to the pair (E, F)
if and only if satisfies the following

(i) there is a vector g ∈ ξ and ρ (g) < 1,

C (Υ (ς) ,Υ (s)) ⪯ gC (ς, s) for all ς ∈ E, s ∈ F with (ς, s) ∈ Ŕ. (5.1)

Theorem 5.1. Let (Ω,C) be a CMM-space over Banach algebra β with ξ as the underlying solid cone
and Ŕ as a binary relation on Ω, E ⊂ Ω and F ⊂ Ω, Ω = E ∪ F, and Υ : Ω → Ω a mapping on Ω.
Assume that the successive axioms hold:

(i) Υ (E) ⊂ F and Υ (F) ⊂ E,
(ii) there is a vector g ∈ ξ and ρ (g) < 1 such that

C (Υ (ς) ,Υ (s)) ⪯ gC (ς, s) for all ς ∈ E, s ∈ F with (ς, s) ∈ Ŕ. (5.2)

Then, Υ has a fixed point.
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Proof. Suppose that Θ = E ∪ F. Thus Θ is a closed subspace, so (Ω,C) is a CMM-space over Banach
algebra β. Define a binary relation Ŕ on the set Ω, specified by the condition Ŕ = E × F it implies
that (ς, s) in Ŕ iff (ς, s) in E × F for all ς, s ∈ Ω. Consider the symmetric relation

Γ = Ŕ ∪ Ŕ−1.

We state that (Ω,C,Γ) is regular. Consider a sequence {ςn} ∈ Ω and let ς ∈ Ω be a point such that

(ςn, ς) ∈ Ŕ,

for all n ∈ N, and
lim
n→∞
C (ςn, ς) = lim

n→∞
= Cςn,ς = C (ς, ς) .

By applying the definition of Γ, we obtain

(ςn, ςn+1) ∈ E × F ∪ F × E for all n ∈ N. (5.3)

Directly, the product structure Γ × Γ with the CMM-space over Banach algebra given by

C
(
(ς1, s1) ,

(
ς2,ς2

))
=

(
C (ς1, s1) + C (ς2, s2)

2

)
et for all (ς1, s1) ,

(
ς2,ς2

)
in Γ × Γ.

Considering the completeness of (Ω,C) . It follows that (Γ × Γ,C) . Furthermore, E × F and F × E are
closed in (Γ × Γ,C) , since E and F are closed in (Ω,C). Now, by considering the limit as n → ∞
in (5.3). We reach at

(ς, ς) ∈ (E × F ∪ F × E) .

This leads to the conclusion that
ς ∈ E ∩ F.

Moreover, from equation (4.3), we obtain

ςn ∈ E ∪ F.

Therefore, we have ςnΓς for all n ∈ N. Thus, our assertion is confirmed. Furthermore, since Υ is a
self-mapping and by condition (i), we obtain for all ς, s ∈ Ω

(ς, s) ∈ E × F ⇒ (Υ (ς) × Υ (s)) ∈ E × F,

and
(s, ς) ∈ F × E ⇒ (Υ (s) × Υ (ς)) ∈ F × E.

Hence, Ŕ is Υ-closed. As E is non-empty, there exists ς0 in E so that Υ (ς0) in Ω, meaning ς0ŔΥ (ς0) .
Thus, all the assumptions of Theorem 4.3 hold. Hence, F (Υ) , ϕ, and F (Υ) is contained in E ∩ F.
Consequently, since ςŔs for all ς, s ∈ E ∩ F. Thus, E ∩ F is Γ-directed Hence, the all assumptions of
Theorem 4.2 are fulfilled, implying that Υ has a unique fixed point. This concludes the proof. □
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6. Application

In this section, we investigate the existence of a solution to a Volterra-type integral equation using
Theorem 2.6. Let us consider the following Volterra-type integral equation:

ς (t) =
∫ ∆

0
H (t, ς, ς (t))Cς, t ∈ [0,∆] , (6.1)

where H : [0,∆] × [0,∆] × [0,∆] → [0,∆] . Let us consider C ([0,∆] ,R) the class of continuous
functions on [0,∆], ∆ > 0. Assume β = C [0,∆], equipped with the norm

∥ς∥ = ∥ς∥∞ +
∥∥∥ς′∥∥∥

∞
.

Using the standard multiplication, β forms a Banach algebra with the unit e = 1. The CMM, C is
defined as follows:

C (ς, s) (t) = sup
t∈[a,b]

(
ς + s

2

)
et, for all ς, s ∈ C ([0,∆] ,R) . (6.2)

Observe that C ([0,∆] ,R), C forms a ϑ-complete CMM-space over the Banach algebra C ([0,∆] ,R) .

Theorem 6.1. Consider Volterra-type integral Eq (6.1) Assume that ς, s ∈ in C ([0,∆] ,R)∣∣∣∣∣H (t, ς, ς (t)) + H (t, ς, s (t))
2

∣∣∣∣∣ ≤ g
∣∣∣∣∣ς (t) + s (t)

2

∣∣∣∣∣
for all t, ς ∈ [0,∆] where α ∈ [0, 1] . If Eq (6.1) has a solution, then a unique solution to the integral
Eq (6.1) exists.

Proof. We define an operator Υ : Ω→ Ω by

Υ (ς) (t) =
∫ ∆

0
H (t, ς, ς (t))Cς for all t, ς ∈ [0,∆] .

It is straightforward to verify that Υ is well-defined and ⪯ that on Ŕ. Observe that ς is a fixed point of
Υ if Eq (6.1) has a solution. Let

(ς, s) ∈ Ŕ =
{
ς ⪯ s : C (ς, s) ⪰ ϑ, where C is a CMM-space over Banach algebra

}
,

Since Ŕ is Υ-closed, then Υ (ς) ⪯ Υ (s). To prove Υ : Ω → Ω is a relational theoretic contraction with
a contractive vector g.We have∣∣∣∣∣Υ (ς) (t) + Υ (s) (t)

2

∣∣∣∣∣ =
∣∣∣∣∣∣
∫ ∆

0

(
H (t, ς, ς (t)) + H (t, ς, s (t))

2

)
Cς

∣∣∣∣∣∣ et

⪯

(∫ ∆

0

∣∣∣∣∣H (t, ς, ς (t)) + H (t, ς, s (t))
2

∣∣∣∣∣Cς) et

⪯

(
g
∫ ∆

0

∣∣∣∣∣ς (t) + s (t)
2

∣∣∣∣∣Cς) et
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⪯

(
g
∫ ∆

0

|ς (t)| + |s (t)|
2

Cς

)
et

⪯

(
g sup

t∈[a,b]

|ς (t)| + |s (t)|
2

∫ ∆

0
Cς

)
et

⪯ gC (ς, s) .

Thus, Υ is a relational theoretic contraction with an g. Inequality (6.2) holds. Since ςn is a Ŕ-preserving
sequence, {ςn} ∈ C ([0,∆] ,R), and ςn → ς for some ς ∈ C ([0,∆] ,R) .We have ς0 (t) ⪯ ς1 (t) ⪯ ς2 (t) ⪯
... ⪯ ςn (t) ⪯ ςn+1 (t) ⪯ ..., for all t ∈ [0,∆] , which leads to ςn (t) ⪯ ς (t), for all t ∈ [0,∆] . Therefore,
ς, s ∈ F (Υ) . Then l = max {ς, s} ∈ C ([0,∆] ,R) , and thus ς ⪯ l, and s ⪯ l. Therefore, all the axioms
of Theorem 4.2 is satisfied, and the integral Eq (6.1) has a solution. □

7. Example of integral equation

In this section, we give the real-world example of the integral Eq (6.1) to show that all conditions
of Theorem 6.1 are satisfied.

Example 7.1. Consider a Volterra-type integral equation

ς (t) = 1 +
∫ ∆

0

1
2
ς (t)Cς, t ∈ [0,∆] ,

where ς (t) is unknown function ( i.e temperature, population), and the kernel is H (t, ς, ς (t)) = 1
2ς (t) .

Proof. First, we use the Picard iteration method. Table 1 appears to show an iterative approximation
method for solving an integral equation with the following structure:

Table 1. This table illustrates an iterative process to approximate the exponential function e
t
2 .

Starting with an initial guess ς0 (t)=1, each subsequent iteration refines the approximation by
integrating the previous result.

Iteration Computation Result
ς0 (t) initial guess 1
ς1 (t) 1 +

∫ t

0
1
2 .1Cς 1 + t

2

ς2 (t) 1 +
∫ t

0
1
2

(
1 + ς2

)
Cς 1 + t

2 +
t2
2

... ... ...

ςn (t) ....
∑n

k=0
( t

2 )k

k! .

As n→ ∞, this converges to
ς (t) = e

t
2

Since, the given pace is cone C-metric space over a Banach algebra, C ([0,∆] ,R) with sup-norm

∥ς∥ = sup
t∈[0,1]
|ς (t)| + sup

t∈[0,1]

∣∣∣ς′ (t)∣∣∣ .
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To show that Υ is a contraction. Now, we define an operator Υ : Ω→ Ω by

Υ (ς) (t) = 1 +
∫ t

0

1
2
ς (t)Cς

form the contraction, we deduce that

1
2
∥H (t, ς, ς (t)) + H (t, s, s (t))∥ =

1
2

∥∥∥∥∥1
2
ς (t) +

1
2

s (t)
∥∥∥∥∥

≤
1
2
∥ς (t) + s (t)∥ .

Thus, satisfied the contraction condition, now define a binary relation ς ⪯ s if and only if ς (t) ≤ s (t)
for t ∈ [0, t] . If ς ⪯ s, then

Υ (ς) (t) = 1 +
∫ t

0

1
2
ς (t)Cς ≤ 1 +

∫ t

0

1
2

s (t)Cς = Υ (s) (t) .

So, give operator is order preserving starting from ς0 (t) = 1, the iteration ςn+1 = Υ (ςn) converges
monotonically to the solution ς (t) = e

t
2 . See Figure 2. □

Figure 2. Convergence behavior of iteration.

8. Conclusions

In this paper, we have unified the concept of a cone C-metric space over a Banach algebra
endowed with a binary relation, and have established several significant fixed point results within the
context of such spaces. Additionally, as an application, we have used these results to prove the
existence of solutions for a class of nonlinear integral equations. Our proposed work will be extended

AIMS Mathematics Volume 10, Issue 6, 12935–12955.
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in various directions. In essence, this research has contributed valuable insights into the field of
nonlinear contraction principles and will open new avenues for future exploration in related domains
such as generalized metric spaces, mb-metric spaces, quasi m-metric spaces, extended m-metric
spaces, and rectangular m-metric spaces.
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