
https://www.aimspress.com/journal/Math

AIMS Mathematics, 10(6): 12888–12899.
DOI: 10.3934/math.2025579
Received: 17 March 2025
Revised: 20 May 2025
Accepted: 23 May 2025
Published: 04 June 2025

Research article

The orthogonal reflection method for the numerical solution of linear
systems

Wenyue Feng and Hailong Zhu*

Institute of Statistics and Applied Mathematics, Anhui University of Finance and Economics,
Bengbu, China

* Correspondence: Email: hai-long-zhu@163.com.

Abstract: This paper extends the convergence analysis of the reflection method from the case of 2
equations to the case of n equations. A novel approach called the orthogonal reflection method is
also proposed. The orthogonal reflection method comprises two key steps. First, a Householder
transformation is employed to derive an equivalent system of equations with an orthogonal coefficient
matrix that maintains the same solution set as the original system. Second, the reflection method
is applied to efficiently solve this transformed system. Compared with the reflection method, the
orthogonal reflection method significantly enhances the convergence speed, especially when the angles
are acute between the hyperplanes represented by the linear system. We also derive the convergence
rate for it, demonstrating that the orthogonal reflection method is always convergent for an arbitrary
point in Rn. The necessity of orthogonalization is presented in the form of a theorem in R2. When the
coefficient matrix has a large condition number, the orthogonal reflection method can still compute
relatively accurate numerical solutions rapidly. By comparing with algorithms including Jacobi
iteration, Gauss-Seidel iteration, the conjugate gradient method, GMRES, weighted RBAS, and the
reflection method on coefficient matrices of 10×10 random matrices, 1000×1000 sparse matrices,
and 1000×1000 randomly generated full-rank matrices, the efficiency and robustness of the orthogonal
reflection method are demonstrated.
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1. Introduction

Solving systems of linear equations remains a problem worthy of attention. Different methods have
been proposed, such as quantum algorithms [1], mixed-precision methods [2,3], and direct methods [4].
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We consider the following linear system by iterative method:

Ax = b, (1.1)

which is perhaps the most important single problem in numerical analysis, in particular, arising
from discretizations of differential equations. Denoting the set of n × n matrices with real entries
as Rn×n, then the linear system (1.1) consists of a nonsingular matrix A ∈ Rn×n, a column vector
x = (x1, x2, · · · , xn)T ∈ Rn ≡ Rn×1, and a column vector b = (b1, b2, · · · , bn)T ∈ Rn.

Common iteration methods include Jacobi iteration, Gauss-Seidel iteration, the successive over-
relaxation method, and the conjugate gradient method [5]. In addition to the above, there are some other
iterative methods. Two parameters, a drop-tolerance and a stability factor, are introduced in iterative
refinement to solve sparse linear systems and it is effective in reducing both the computing time and
the storage requirements [6]. The Huang algorithms, proposed in 1975 [7], offer a stable approach for
the general solution of systems of linear equations. However, it occasionally falls short in precision.
This imprecision stems from the challenge of pre-determining the rank of the coefficient matrix A and
the number of linearly independent vectors in A. Then the numerical performance based upon the
explicit QR factorization and the implicit LQ factorization associated with the Huang and the modified
Huang algorithms in the ABS class is presented in [8]. The modified Huang algorithm seems more
accurate. Later, in [9], Young provides a systematic development of a substantial portion of the theory
of iterative methods for solving large linear systems, and the recent developments in Krylov subspace
methods for linear systems are given in [10]. They both include the conjugate gradient (CG) mehtod,
the minimal residual method (MINRES), and the generalized minimal residual method (GMRES).
Recently, some iterative methods based on random projection were also provided in [11, 12]. It excels
at solving sparse linear systems, but its convergence is affected by the blocking. A simpler and more
intuitive method appears, that is, the reflection algorithm [13], which originates from the Cimmino’s
iterative method [14, 15]. It can be used in linear inequalities, semi-definite linear equations, and
parallel computation, especially for image reconstruction; see [16–19]. Although this method is easier
to understand, sometimes the rate of convergence is not satisfactory. Cimmino therefore upgraded his
method by introducing probabilistic arguments. Consequently, the approximate solutions’ accuracy
will depend on “chance” [13]. In this paper, the reflection method is further studied, and a novel
method called the orthogonal reflection method, which always converges for arbitrary initial values, is
provided to overcome the time-consuming nature of the reflection method.

The rest of this paper is organized as follows. The reflection algorithm and its convergence analysis
for the general case of n equations are elaborated in Section 2. Section 3 presents the orthogonal
reflection algorithm, and some theorems related to its convergence rate are provided. In Section 4,
many numerical experiment results are given to show the effectiveness of the orthogonal reflection
method. Finally, the conclusions are presented in Section 5.
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2. Solving linear systems in the general case by the reflection method

2.1. Notation and preliminaries

We quickly present some notations and facts used throughout the paper. Let A = (a1, a2, · · · , an),
The linear system (1.1) can also be written in the following form:

〈a1, x〉 = b1,

〈a2, x〉 = b2,

· · ·

〈an, x〉 = bn.

(2.1)

We emphasize that n can be viewed as the number of equations in the linear system (2.1).
Geometrically, each equation represents a hyperplane, denoted as Hi : 〈ai, x〉 = bi, i = 1, 2, · · · , n,
where ai = (ai1, ai2, · · · , ain)T , x = (x1, x2, · · · , xn)T . νi = ai

‖a‖ is the unit normal of Hi. Since A is
nonsingular, the system (2.1) has a unique solution; let us call it S = (s1, s2, · · · , sn)T . That is, all the
hyperplanes intersect at the point S . Let P(0) = x(0) = (x(0)

1 , x(0)
2 , · · · , x(0)

n ) < Hi, i = 1, 2, · · · , n be an
initial point and P(i) = x(i) = (x(i)

1 , x
(i)
2 , · · · , x

(i)
n ) be the point after the i-th iteration, i = 1, 2, · · · .

2.2. Cimmino’s method for the linear system of n equations

The reflection method is closely related to the Cimmino’s method [13–15], and Cimmino’s method
for n = 2 is given in [13]. Now we generalize it to the system (2.1). Retaining the notation in
Section 2.1, some content from [13] is restated in the form of the following multiple lemmas.

Lemma 1. Consider the i-th hyperplane Hi : 〈ai, x〉 = bi in the linear system (2.1). Let Ri

= (r1, r2, · · · , rn)T ∈ Rn be the orthogonal projection of P(0) onto Hi, and let Qi ∈ R
n be the symmetric

point of P(0) with respect to Ri; see Figure 1 for related content in R3. Then

Ri = x(0) +
bi − 〈ai, x(0)〉

‖ai‖
2 ai, Qi = x(0) + 2

bi − 〈ai, x(0)〉

‖ai‖
2 ai.

The proof of Lemma 1 is omitted here, since it is similar to [13, Lemma 2.1].

Lemma 2. [13, page 1141] Retaining the previous notation, let P(0) , S and consider the point Qi as
the symmetric point of P(0) with respect to the hyperplane Hi, for each i = 1, 2, · · · , n, then the centroid
of Q1,Q2, · · · , and Qn (each bearing mass 1), denoted as P(1), satisfies

dist(P(1), S ) < dist(P(0), S ),

where dist(P(0), S ) is the Euclidean distance between P(0) and S .

See Figure 2 for Lemma 2, taking the linear system


x1 = 0
x2 = 0
x3 = 1

as an example.
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Figure 1. Illustration of Lemma 1.

Figure 2. Illustration of dist(P(1), S ) < dist(P(0), S ).

Lemma 3. [13, page 1142] Retaining the previous notation, if P(1) , S , we can determine P(2) in
an analogous manner, followed successively by P(3), · · · , P(k), · · · , and dist(P(0), S ) > dist(P(1), S ) >
dist(P(2), S ) > · · · > dist(P(k), S ) > · · · holds. The sequence P(k), k = 0, 1, · · · converges to S as
k → ∞.

2.3. The reflection method for solving linear system of n equations

For the reflection method, the centroid of the symmetric points serves as the initial point of the next
iteration. This method is extended to solve the system (2.1) in this section.

Given the initial value P(0) = P(0)(x(0)), Qi is the symmetric point of P(0) with respect to the
hyperplane Hi, i = 1, 2, · · · , n. By Lemma 1, we deduce that

Q1 = x(0) + 2b1−〈a1,x(0)〉

‖a1‖2
a1,

Q2 = x(0) + 2b2−〈a2,x(0)〉

‖a2‖2
a2,

· · ·

Qn = x(0) + 2bn−〈an,x(0)〉

‖an‖2
an.

(2.2)

AIMS Mathematics Volume 10, Issue 6, 12888–12899.



12892

Let P(1) = P(1)(x(1)) be the centroid of Q1,Q2, · · · ,Qn; then

P(1) ≡ x(1) =
1
n

(Q1 + Q2 + · · · + Qn). (2.3)

Replace the Qi in Eq (2.3) with the Qi in Eq (2.2), i = 1, 2, · · · , n, we have

x(1) = x(0) +
2
n

n∑
h=1

bh − 〈ah, x(0)〉

‖ah‖
2 ah. (2.4)

Let P(1) = P(1)(x(1)) be the starting point of the next iteration, and so on. Then at step v + 1,

x(v+1) = x(v) +
2
n

n∑
h=1

bh − 〈ah, x(v)〉

‖ah‖
2 ah, (v = 0, 1, 2, · · · ). (2.5)

In matrix form, Eq (2.5) reads

x(v+1) = x(v) +
2
n

AT D(b − Ax(v)), (2.6)

where D is the diagonal matrix

D =


‖a1‖

−2 0 · · · 0
0 ‖a2‖

−2 · · · 0
...

...
. . .

...

0 0 · · · ‖an‖
−2

 .
To make it easier to solve the system (2.1), we change the Eq (2.6) to

x(v+1) = (I −
2
n

AT DA)x(v) +
2
n

AT Db, (2.7)

where I is an identity matrix of n by n. According to Eq (2.7), we can find the numerical solution of
the system (2.1).

2.4. Convergence analysis of the reflection method

Let S = S (ξ), whose coordinates is ξ=(ξ1, ξ2, · · · , ξn)T , solve the system (2.1). Fix a point P(0) =

P(0)(x(0)) , S . Since 〈ai, ξ〉 = bi, i = 1, 2, · · · , n, we define the numbers ηi = 〈ai, x(0)〉−bi = 〈ai, x(0)−ξ〉

and according to the Eq (2.4), we obtain x(1) = x(0) − 2
n

n∑
i=1

ai
‖ai‖2
〈ai, x(0) − ξ〉. Now observe that

‖x(1) − ξ‖2 = ‖x(0) − 2
n

n∑
i=1

ai
‖ai‖2
〈ai, x(0) − ξ〉 − ξ‖2

= ‖x(0) − ξ‖2 − 4
n

n∑
i=1

η2
i

‖ai‖2
+ 4

n2 ‖
n∑

i=1

1
‖ai‖2

ηiai‖
2

= ‖x(0) − ξ‖2 − 4
n2 (‖

n∑
i=1

piηiai‖
2 − n

n∑
i=1

piη
2
i ),

where pi = 1
‖ai‖2

. Since ‖
n∑

i=1
piηiai‖

2 ≤ (
n∑

i=1
piη

2
i )(

n∑
i=1

pi‖ai‖
2) = n(

n∑
i=1

piη
2
i ), we obtain ‖x(1)−ξ‖ ≤ ‖x(0)−ξ‖.

That is, after v iterations, ‖x(v+1) − ξ‖ ≤ ‖x(v) − ξ‖ (v = 0, 1, · · · ). It shows that if x(v) = ξ, x(v+1) = x(v)

for any v ∈ N .
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3. The orthogonal reflection method

3.1. The orthogonal reflection method for solving a linear system of n equations

In this section, the orthogonal reflection method is presented to solve the linear system (2.1). Using
householder transformations, matrix A can be decomposed into the product of an orthogonal matrix
Q and an upper triangular matrix R. Householder transformations offer greater numerical stability
compared to other orthogonalization methods, such as Gram-Schmidt orthogonalization. The operation
steps of the orthogonal reflection method are as follows.
Step 1. Derive a linear system (3.1) with the same solution as (2.1) by householder transformations.
By combining A = QR and Ax = b, we obtain QRx = b. So

Qx = QR−1QT b, (3.1)

where the row vectors of Q are mutually orthogonal.
Step 2. Solve the system (3.1) by the reflection method using the iterative formula (2.7) in Section 2.

3.2. Convergence analysis of the orthogonal reflection method

Given that the reflection method is employed in Step 2, the orthogonal reflection method
always converges for any initial value. The convergence rate is computed and presented in the
following theorems.

Theorem 1. For the case of n = 2 in the system (2.1):
{
〈a1, x〉 = b1,

〈a2, x〉 = b2.
, the orthogonal reflection

method only needs one iteration to achieve the exact solution.

Proof. Let the two lines represented by 〈a1, x〉 = b1 and 〈a2, x〉 = b2 be r1, r2, see Figure 3(left). After
householder transformations, they become r

′

1, r
′

2 respectively; see Figure 3(right). Let Q
′

1 and Q
′

2 be the
symmetric points of P(0) with respect to r

′

1 and r
′

2. Q
′

1P(0)Q
′

2 is on a circumference with S as its center

and they make a right triangle. So P(1) =
Q
′

1+Q
′

2
2 = S . It needs one iteration to achieve the exact solution.

Figure 3. Illustration of Theorem 1.

In fact, when the angle between the two lines is acute, the effect of orthogonal reflection method is
better than the reflection method; see Table 1 in Section 4.

AIMS Mathematics Volume 10, Issue 6, 12888–12899.



12894

Theorem 2. If we use the orthogonal reflection method to solve the system (2.1) (n > 2), the iteration

direction is always along P(0)S , ‖P
(k+1)S ‖
‖P(k)S ‖ = n−2

n , k = 1, 2, · · · . We need p
lg ε

‖P(0)S ‖

lg(n−2)−lgnq iterations to achieve
the exact solution.

Proof. Without loss of generality, we translate the coordinate origin to the exact solution S of the
system (3.1) (S also solves the system (2.1)). The orthogonal hyperplanes of the system (3.1) are
used as the coordinate planes. The reflection method is adopted in this new coordinate system. In the
new coordinate system, let P(0) be P(0)

′

= (x(0)
′

1 , x(0)
′

2 , · · · , x(0)
′

n )T . The exact solution S is denoted as
S
′

= (0, 0, · · · , 0)T and the symmetric points of P(0)
′

with respect to all the orthogonal hyperplanes are
Q
′

i, i = 1, 2, · · · , n. That is Q
′

1 = (−x(0)
′

1 , x(0)
′

2 , · · · , x(0)
′

n )T ,Q
′

2 = (x(0)
′

1 ,−x(0)
′

2 , · · · , x(0)
′

n )T , · · · ,Q
′

n =

(x(0)
′

1 , x(0)
′

2 , · · · ,−x(0)
′

n )T . So P(1)
′

=
Q
′

1+Q
′

2+···+Q
′

n

n = n−2
n (x(0)

′

1 , x(0)
′

2 , · · · , x(0)
′

n )T = n−2
n P(0)

′

. Thus the
iteration direction is along P(0)

′

S
′

. That is the direction of P(0)S . Let {P(k)
′

} be the sequence of iterations
generated by the orthogonal reflection algorithm. d

′

0 = ‖P(0)
′

S
′

‖, d
′

1 = ‖P(1)
′

S
′

‖, · · · , d
′

k = ‖P(k)
′

S
′

‖, · · · .

Obviously, d
′

1

d′0
= n−2

n . In the same way, d
′

2

d′1
= n−2

n , · · · ,
dk−1
dk

= n−2
n , · · · . Hence, the algorithm shows

the linear convergence with constant n−2
n . Let the accuracy ε be reached after k iterations; then

‖P(0)S ‖( n−2
n )k = ε, k = p

lg ε

‖P(0)S ‖

lg(n−2)−lgnq.

Remark 1. Without considering householder transformations, the orthogonal reflection method shows
the linear convergence with constant n−2

n . It is evident that the increasing magnitude of n−2
n with larger

n leads to degraded convergence speed.

Since the direction of the orthogonal reflection method is along P(0)S , obviously, its iterative path is
shorter than the reflection method when angles are acute; see Figure 4 for n = 3. Of course it converges
faster. Example 2 in Section 4 also arrives at the same conclusion; also see Table 2 in Section 4.

Figure 4. The iteration direction of reflection method (left) and the orthogonal reflection
method (right).

Since Step 2 of the orthogonal reflection method is essentially a reflection process, it is necessary to
analyze the relationship between the angle and convergence rate in the reflection method. This analysis
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serves to both demonstrate the necessity of orthogonalization and identify the key factors for improving
the convergence speed of the orthogonal reflection method.

Theorem 3. Let the angle between H1 and H2 be α; then ‖P
(k+1)−S ‖
‖P(k)−S ‖ = cosα, k = 1, 2, · · · · · · .

Proof. The definitions of P(0), P(1), Q1, Q2, S , H1, and H2 remain consistent with the previous ones; see
Figure 5. Due to symmetry, ‖S − P(0)‖ = ‖S − Q1‖ = ‖S − Q2‖. Line Q1Q2 intersects lines S H1, S P(0),
and S H2 at distinct points M1, M2, and M3 respectively. Let ∠M1S M2 = α be the angle, ∠Q1S M1 = β,
∠P(1)S M2 = δ, and ∠M2S Q2 = γ. Since Q1 and Q2 are the reflection of points of P(0) about the lines
H1 and H2, it follows that ∠M1S P(0) = β and α − β = γ. P(1) is the midpoint of points Q1 and Q2, we
get ∆S P(1)Q1 is a right-angled triangle with the right angle at vertex P(1) and α − δ + β = γ + δ. So
β = δ. ∠Q1S P(1) = α − δ + β = α. ‖P

(1)−S ‖
‖P(0)−S ‖ = cosα. Hence ‖P

(k+1)−S ‖
‖P(k)−S ‖ = cosα, for k = 1, 2, · · · .

Figure 5. The relationship between the angle and convergence speed in R2.

Remark 2. The algorithm shows the linear convergence with constant cosα. As the angle α decreases,
cosα increases, resulting in slower convergence rates and a larger condition number κ(A), indicating
progressively worse matrix ill-conditioning. When α = π

2 (where cosα = 0), the reflection method
achieves optimal superlinear convergence with κ(A) = 1, representing perfect numerical stability. The
relationship between the angle and the convergence rate of the reflection method in Rn can be analyzed
with reference to Section 2.3. If the householder transformations are sufficiently accurate and fast, the
orthogonal reflection method outperforms the reflection method. One might consider orthogonalizing
only a portion of the hyperplanes, which can be feasible in certain scenarios. However, sometimes this
may produce new small angles, so it is preferable to orthogonalize all coefficients of the linear system.

4. Numerical results

In this section, we present numerical results to compare with the orthogonal reflection method.
The running times presented in this study are all recorded in seconds. The tolerance is 1.0 × 10−7 for
all examples.

Example 1. Solve a system of equations:
{

x1 + x2 = 2
x1 + 1.0001x2 = 2.0001

. The initial value is (0, 0)T .

The exact solution is (1, 1)T . The angle is small. The condition number of matrix A is 4.0002 × 104.
The comparison of convergence rates for the two methods is shown in Table 1. After 1000 iterations,
although the reflection method is theoretically guaranteed to converge eventually, the residual of it
remains large. Notably, the orthogonal reflection method is better than the reflection method.

AIMS Mathematics Volume 10, Issue 6, 12888–12899.
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Table 1. Numerical experiments for Example 1.

methods iterations time residual
reflection method 1000 0.004s 2.8285

orthogonal reflection method 1 0.001s 4.4409e − 16

Example 2. Solve a system of equations:


x1 + 2x2 − 2x3 = 1
x1 + x2 + x3 = 2
2x1 + 2x2 + x3 = 3

. The initial value is (0, 0, 0)T . The

exact solution is (−1, 2, 1)T . We also find that both methods converge to exact solutions (−1, 2, 1)T . The
angle between the two planes x1 + x2 + x3 = 2 and 2x1 + 2x2 + x3 = 3 is only 0.2756. The orthogonal
reflection method performs better than the reflection method; see Table 2.

Table 2. Numerical experiments for Example 2.

methods iterations time numerical solution
reflection method 9867 0.024s (−1, 2, 1)T

orthogonal reflection method 16 0.006s (−1, 2, 1)T

The relative residual errors ‖b−A∗x‖
‖b‖ change with the number of iterations and can be found in Figure 6.

It is plotted on a logarithmic scale on the vertical axis.

Figure 6. Convergence history for the system in Example 2.

Figure 6 shows that the orthogonal reflection method is superior to the reflection method. After the
fourth iteration, the relative residual of the reflection method decreases very slowly, but the orthogonal
reflection method reaches the solution approximately at the 15th iteration.
Example 3. We mainly compare the orthogonal reflection method with Jacobi iteration, Gauss-Seidel
iteration, CG (conjugate gradients) [20], GMRES (generalized minimal residual) [9, 10] weighted
RBAS [12], and the reflection method. Three kinds of linear systems are randomly generated by

AIMS Mathematics Volume 10, Issue 6, 12888–12899.
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Matlab. But it is the same linear system for all the methods in each case. The initial values
are [1, 0, 0, 0, 0, 0, 0, 0, 0, 0]T , zero vector, and zero vector, respectively. The condition numbers of
the coefficient matrices are 88.4448, 25.7619, and 1.4511 × 105, respectively. The sparse matrix is
also 1000 × 1000. We mainly use “speye(1000)” in Matlab to control its sparsity. The time taken by
different methods is shown in Table 3.

Table 3. Numerical experiments for Example 3.

methods matrix(10-by-10) sparse matrix matrix(1000-by-1000)
Jacobi iteration 0.002s not converge not converge

Gauss-Seidel iteration 0.001s not converge 0.022s
CG not converge not converge not converge

GMRES not converge 0.008s 1.645s
weighted RBAS not converge 0.008s 1.730s

Reflection method 0.003s 6.265s >1481s
Orthogonal reflection method 0.002s 1.812s 1.453s

Jacobi iteration, Gauss-Seidel iteration, and CG require A to meet certain conditions to achieve
convergence. GMRES is sensitive to initial values. Weighted RBAS is affected by the blocking.
So they sometimes do not converge. The reflection method and the orthogonal reflection method
always converge for any initial value. Especially for matrix (1000-by-1000) where the coefficient
matrix is ill-conditioned (condition numbers= 1.4511 × 105), the orthogonal reflection method still
yields excellent results. This not only demonstrates that the orthogonal reflection method is superior
to the reflection method but also shows that the orthogonal reflection method can effectively solve
ill-conditioned systems of equations to a certain extent.

5. Conclusions

In this paper, we have derived the iterative formula of the reflection method to solve the system (2.1),
and its convergence analysis is also presented. Besides, we introduce an enhanced approach called the
orthogonal reflection method to refine the performance of the reflection method. The convergence
rates for this improved method are provided in Theorems 1 and 2. The necessity of orthogonality
is given in Theorem 3. Numerical experiments show the efficiency and robustness of the orthogonal
reflection method, which outperforms the other methods in aspects of both the number of iteration
steps and the computing time. Householder transformations are used in the orthogonal reflection to
get the solution set of the original system. The performance of the orthogonal reflection method is
correlated with the orthogonalization technique employed. Inadequate orthogonalization could lead
to degraded outcomes. We will further investigate orthogonalization methods specifically adapted for
the orthogonal reflection algorithms, and the application of the orthogonal reflection method in various
fields will also be explored.
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