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1. Introduction

Integral inequalities are both theoretically fascinating and practically important, as they contribute
significantly to the study of the properties of solutions of differential and integral equations, facilitate
error estimations, and play a significant role in ensuring the best approximation of computations
in numerical integration. In particular, Newton-Cotes inequalities are an effective way to assess
the accuracy of integrals in numerical analysis as well as in many other scientific fields, such as
engineering, physics, and economics.

Convexity theory has important geometric and algebraic characteristics and properties, as well as a
wide range of applications, and is closely and strongly related to inequality. There have been several
notable works that have contributed to this area of research. For more details, we advise the interested
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readers to [1-3]. We remember that a function S : I C R — R is said to be convex, if
SEh+(1-0)b) <i.e()+(1-17)S(h)

holds for all /1,1, € I and all 7, € [0, 1] ( [4])).

Fractional calculus is a subfield of mathematical analysis that builds upon standard calculus by
integrating derivatives and integrals of non-integer order. It is used to faithfully depict non-local and
non-Markovian occurrences in a variety of scientific fields. To improve the modeling of many scientific
and technical processes, we have developed a number of fractional integral operators; for Hadamard
inequalities, see [5—7], for exploring other types of fractional integrals [8—10].

However, the Riemann-Liouville operators, is the most commonly encountered operators, and are
defined as follows:

Definition 1. [11] Assume that S € L'[l;,1,]. For order @ > O with I, > 0, the Riemann-Liouville
fractional integrals are defined by

I%@(s) = ﬁf(s—io)"_l S(i)di,, s>1,
[
153

Ig@(s) = ﬁf(fo — s)a_] S(1)di,, [ > s,

respectively, where I'(a) = f e~Ss%"ds, represents the gamma function with Ilo+ S(s) = I?_ S(s) = S(s).
0 1 2
This idea has been accepted and approved in many scientific and technical fields due to its wide
range of applications. Also, several subfields of mathematics have adopted this principle, including
integral inequalities for many classes of functions, the most widespread being convex functions.
Sarikaya and Yildirim [12] gave the following Hermite-Hadamard type inequalities:

2P (w+1) [ v v C(e1)+C(£2)
C(252) < 2B (1 o) + Iy Clon)) < 2502 (1.1)

Nasri et al. [10] created the midpoint-type inequalities using a similar methodology. Bullen and
trapezoid type inequalities were established by Saleh et al. [13]. Hai and Wang [4] developed the
Simpson-type inequalities.

We direct readers to several current developments and applications of fractional calculus,
including [14-16].

Motivated and inspired by the works introduced by Sarikaya [17] and Xi and Qi [18], as well as
by the use of Riemann-Liouville integral operators, we first prove a new fractional integral identity.
From this identity, we establish several new parameterized fractional integral inequalities for functions
whose first derivatives are convex. Numerous known results are derived. Applications of the finding
are provided.
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2. Main results

The following lemma is required to support our findings.

Lemma 1. Let S : [}, 1,] — R be a differentiable function on [l;,l,] with I, < l,, and &' € L' I}, ];
then the following equality holds:

A +(2-A—p)S(K)+uS(lh) Ta+l) ja Fatl) ja
2 B (2(12_K)HIK+ S(h) + syl (5(11))

1
= %f(f‘i—ﬂ)e’((l—io)ll + 1.K) di,
0

1
+'27_Kf(u—(1—io)“) S (1 - 1)k + Lb) dis, 2.1)
0

where A, u € [0,1],a > 0and k € [11,15].

Proof. The first integral of the right side of (2.1) may be integrated by parts to yield

1
%f(f‘i—ﬁ) S (1 =11 +1.k)di,
0

1

= L@-DS -1+ o) - %fi’j‘le((l — i) + 1K) di

0
K

= 51330+ 48 (1) - mf(”‘ll)a_l =) du
I

= W+ 480 - 3 &I ), 22)

Similarly, the second integral gives

1
l%“f(u—(l — 1)) & (1 = 1) x + L) di,
0
1
= %(,u—(l—io)")CS((l—io)K+iolz)|;—gf(1—io)“‘le((l—io)K+iozz)d;o
0

153
- ’5‘65(12)+%S(K)—mf(lz—u)“_le(u)du

= 58 (L) + FS W - 5= 1L S(h). (2.3)
Adding (2.2) and (2.3), we get the desired result. O

AIMS Mathematics Volume 10, Issue 5, 11899-11917.



11902

Theorem 1. Let G be as in Lemma 1. If |S'| is convex, then we have

AS(I)+2-A—p)SK)+uS(h) ( I'(a+1) J¢ 6(12) + I'(a+1) Iliy 6(11))'

2 2(l,—k)* "kt k=1 Kk~
k=l (2=(@+D@+2)2 | 20 y1+1 o 1+§) '
= 5 ( 2(a+1)(a+2) + a+1/1 (1+2/1 1S (I
k=l (2=(a+2)2 20 1+3) 4 bk (2=(a+2p 2 1+§)) ’
+( 2 ( 50D T A )+ 2 ( @2 T M 1S ()]

b=« (2=(@+D@+p | 2o 1+1 o 142 ’
2 (2(a+1)(a+2) M sy L >|6 (L),

+

where A, u € [0,1],a@ > 0 and k € [1}, 1,].

Proof. Using the absolute value of both sides of (2.1) and the convexity of |&’|, we deduce

/l@(l])+(2—/l—/.l)@(l()+y€(lz) _ ( F((l+1) Ia 6([2) + r((l+1) II((Z 6(11))'

2 2(L—K)* “k* 2(k—11)*
1
k=1
< &h f
0
1

+IZT_Kf|ﬂ — (1= NS (1 - 1) k + Lh)l dis
0

1= A1 (1 -7 ] + o0l di

o

IA

k=11
2

-2 (1 -7) & )+ 1, 1€ W) dI,

o

o -

1
+127_Kf = (1 =7)" (1 =) IS (W] + 1 |S" (L)) dis
0

_ 1 2
— k=l (2 (a+1)(a+2)1 + 2_(1/11+H _ L/ll+n) |61 (ll)l

K—
2 2(a+1)(a+2) a+1 a+2

0y

(%(2—(%2)1 +2_a/l1+§)+12_—K(2—(a+2)ﬂ 4 2 ﬂH%))IS' )|
2—K

2

1

0

2(a+2) 2(a+2) 2 2(a+2) 2(a+2)

+
! 2—~(a+D(@tp | 20, 1+1 o 142 ’
+_( YarD@r2) T ariM sy L )|6 (LI,

~ =\ g7 — 2=(@+D@+2)2 | 20 q1+1 @ q142
Lo = /l| (I -1)di. = 5 e + ol A

o a+2 ’

~ 1~ 2—(a+2 2
di, = 2Dl | 20 Al*a

~
Io = Al 2a+2) T 2a+2)

o

1
0
1

e O () 2, 1+2
fW—U—U|U—UmV‘mM)+mm”
0

and

1
nayr v _ 2-(@+D@+u | 20 1+l o 142
fllv‘ - (1 -%)"idis = SarDar2) T ariH a2l
0

(2.4)

(2.5)

(2.6)

2.7)
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which concludes the proof. O

Corollary 1. Putting a = 1 in Theorem 1, we obtain

K 153
AS(L)+2-A-p)S(K)+uS(l)
LT s T ll)fg(u)du+ f@(u)du
I K

IA

=l (2—(a+1 2/1 2 1+1 1
KTl( (a+1)(a+2) Q/l+ _ _a /l+ )|6l(ll)|

2(a+1)(a+2) a+l a+2

L (2—(a+2)A 2a 1+ bh—«k 2—(a+2)u ’
(T( TP ) 2 ( 2ar2) T 2(a+2)ﬂ ))|C 03]
bk

2-(@+Det2p 1+ o 142 ’
T( a+T)a+2) m# a+2'“ )|(5 ()]

—+

Corollary 2. In Theorem 1, if we choose A = u = 0, then we obtain

'65(/<) ~ (Rl e (1) + Kt e () ))‘

20 Lkt 21" 'k
S st 1€ U]+ 3555 1S W] + 5055 1€ ()
Moreover, if we take a = 1, then we obtain
K 1))
S (k) — e ll)f6(u)du+ f@(u)du
Iy K

< @)+ E e wl+ S D).

Corollary 3. In Theorem 1, if we take A = u = 1, then we obtain

SR ( T'(a+1) I 6(12) + I'(a+1) Ia 6(11))‘

2 2(L—Kk)* "kt 2(k—11)* "k
a(a+3)(k=11) [ =/ a(l-1y) ’ a(a+3)(lh—«k) ’
= m |C (ll)l + Ha+2) |6 (K)l + 4+ 1) (a+2) |6 (12)| .

Moreover, if we take a = 1, then we obtain

K b
SUD+S()
= e ll)f6(u)du+ f@(u)du
ll K

< )+ ES W+ EE S ().

Corollary 4. In Theorem 1, if we take k = IT then we obtain

1B+ 12 ) e
2 (L=1)*

I(Iyﬁlz S(h) + 111+1 -e(ll))‘

L=l 2—(a+1)(a+2)/1 20 1+, o 1+E ,
S _(( sarDary) T ot T apd )|<5 (1)

4
4—(a+2)(A+u) 1+2 H ]+ ’ ll +lz
+ (— -5 (/l +u ‘6 )

2(a+2)

2atDas2p - )| (lz)|)-

T\ Zerh@r2) +a+1:“

AIMS Mathematics Volume 10, Issue 5, 11899-11917.



11904

Corollary 5. Using the convexity of || i.e., '6’ 11”2) % 1S DI+ 3 L1&’ (L)|, Corollary 4 becomes

A&)+-1-we( 132 )+ﬂk«(lz) 2 Tas )
2 (=1

,+S(h) + 1) e 6(11))

L=l ((4=-GA+w)(a+1) a 1+2 _ q1+2 20 q1+1 ,
<l (R e (- A ) 20 48) & ()

+ (Tt (’lHi e o) E) 1< @2).

Corollary 6. In Corollary 4, if we take a = 1, then we obtain

A8+~ 52 i)
2

bl (1-32+622-22° 1-3p+6p> =24
< Lh (LBl | (1)) + 20| ()
4-3+p+2( B+’ L+l
t—% (T) :

Corollary 7. Using the convexity of |&'|, Corollary 6 becomes

2]
AU+ 2-A-p (152 )+#O(lz)
5 e 11 S(u)du

I

2008 & (1) +

6-3(A+3)+12p2+2(23

2 ) 1S’ (lz)|)-

<

L1, [6-3@A+m)+124*
4 12

Corollary 8. In Corollary 4, if we take A = u, then we obtain

R e T
(a+1) (1
2 (GRS I’|+12 S(h) + Il|+12-6(ll)

b=l ((2—(0z+1)(0£+2)/1 2 /11+7 _ ﬁ/llﬁ)ﬂe' (ll)l + |6/ (12)|)

= 73 2atD(@+2)  a+l
2—(a+2)1 2a 1+ 7 (li+h
+ (——————— =1 ) S (—E—) ).

a+2 a+2

Remark 1. Corollary 8 recaptures.

Corollary 3 with s = 1 from [13], if we take 1 = 0.

The second point of Remark 3.6 from [19] if we take A = 5

Theorem 2.2 with |, = 1 (inequality (2.17)) from [20] , if we take A = %
The first point of Remark 3.6 from [19], if we take A = 1.

Corollary 9. Using the convexity of |&’|, Corollary 8 gives

asn+201-0( 152 )+mzz> —
(@+1)
) Gt | S02) +1,,-8()

< bgh (Bl 20 )10) (1@ (1)) + 1@ (1)) -

4 a+1 a+1
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Remark 2. Corollary 9 recaptures.

Theorem 5 from [21], if we take A = 0.

Corollary 3.3 from [22], if we take A = %

Theorem 2.3 with |} = 1 (inequality (2.21)) from [20] , if we take A = %
Corollary 5.4 from [23], if we take A = 1.

Corollary 10. In Corollary 8, if we take a = 1, then we get

11+l b
su20-03( B2z
) — m 6(”)6[”

I

< % (1—3/1+66/12—2/13 (|6l (ll)l + |6/ (ZZ)D + 2—3/l3+2/13

()

Remark 3. Corollary 10 recaptures.

Corollary 3 from [24], if we take A = 0.
Corollary 10 from [17], if we take A = %
Corollary 2.4 from [25], if we take A = 1.
Corollary 2 from [26], if we take A = 1.

Corollary 11. Using the convexity of |&'|, Corollary 10 gives

A +201-03( 132 Jra2()

_ —ﬁ S(u)du
I
< B2 (12204 22) (18 ()] + 1€ ().

Remark 4. Corollary 11 recaptures.

Theorem 2.2 from [27], if we take A = 0.

Corollary 3.2 from [28] and Remark 3.2 from [29], if we take A = %
Theorem 5 from [30], if we take A = %

Theorem 2.2 from [31], if we take A = 1.

The following special functions are used for the following outcomes.
The incomplete beta function is given by
B,(t,f) = fif;l (1-7)""di,, t,f>0and 0 <a< 1.
0
When we replace a by 1, we obtain the classical beta function.
The hypergeometric function is given by
1
2F1 (a’ b’ C; Z) = mfig_l (1 - iO)C_b_l (1 - Zio)_a dioa
0

where ¢ > b > 0,|z] < 1 and B(.,.) is the beta function.
To establish our next result, we need the following lemma.

)

AIMS Mathematics Volume 10, Issue 5, 11899-11917.
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Lemma 2. [32] Let G : [1,,] — (0, ), if % is convex on [y, ;] for all q € (0, 1], we can derive two

important consequences below.
(i) For0 < q < %, we have

S((1-1)l +7h)
< @ (a-wtem +Eew+ (-2 -k cw e},

(ii) For + < q < 1, we have
2

S((-7) +7Dh)
< (-1 SU)+TE (D) + (20 —2) " (1 - 1)% () S(h)’ .

Theorem 2. Let G be as in Lemma 1. If |€'|" is convex, then we have:

F0r0<q<%

AS(1)+2-A—p)S(k)+uS(lh) T'(a+l) ya I'a+1) ja
I 2 - (z(lz—K)‘YIKJr S(h) + 2(=1))" IK’ 6(11))‘

LU (4 (g0, 1) [ 1)+ (0,0,2) & (0
+(2-2) L (a, D (S WIE W))

IA

+ 2229 (g (0, 0, 1) | (0] + ¢ (0, @, 1) | & (D)
+(2-2) L@ (F B WD ).

For3<q<1

ASUD+2=A-SW+uS(h) _ ( Ta+l) ra o+ o
2 - (2(12—K)“IK+ S() + 3ty K‘e(ll))‘

I (g, VIS D]+ ¢ (4,2, DS ()
+ (2= 2)b @ D (1 W WD)
5 (Y (0, @, 1) |8 W] + ¢ (0, 1) S ()]
+(20 = 2) ko) (1 @I W)Y,

IA

where 0 < g < 1,4, u€[0,1],a > 0and«k € [1;, 1,].
Proof. Using the absolute value of both sides of (2.1), we deduce

'/l@(ll)+(2—/l—;1)‘5(/<)+/1‘6(12) _ ( Lt jo 7)) 4 Hat) i 6(11))‘

2 2(L—x) "k* 2(k—11)"
1
k—Iq
< &b f
0
1

+127‘“f|u — (1 =7)YS (1 =1, k + T,1)| di..
0

=18 (1 -7 | + 16| di

o]

(2.8)

AIMS Mathematics Volume 10, Issue 5, 11899-11917.
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Assume that 0 < q < 1, from the convexity of |&’|' and Lemma 2, we obtain
S (1=l +Tk)| < 20" ((1 — )7 & ()] +7 IS' ] (2.9)
+(2-2)T 1 -0% (2 @l1E @)
and
I ((1 - 1)k +Tol)| < q257" ((1 ~1)7 & (0] + & 1S (L) (2.10)
+(2-2)T (- 0h (2 Wl @) ).

Using (2.9) and (2.10) in (2.8), we obtain

AS(I)+(2- ﬂ—,u)b(K)+ﬂo(lz) (r((m) 1%.6(L,) + C(a+1) i 6(11))‘

2(L—-Kk)* "kt 2(k—11)* K
1
1
929 (x ll)f

0
* (% - 2) % (1-7.)% (I (IS (K)I);)alfO

IA

o

- Al (1 -4 & ()] + 101 ()]

+q2](l2 K)fLU (1-7)7 ((1 ST W)+ T IS ()

+(2-2)i (-1 (' W1 W) di,

1 1
= l‘ [[fi‘j—/ﬂ(l—l) dzo]le’(ll)|+[f
0 0
1
[ f (1 -1 dzo} (1S (e <K>|)5]
0
+%[[ f -1 =2.)(1 —zo>3dfo)|e' ()|
[fw (1= 7)°% dzo]|e'<zz)|

i [fl,u (1-17) I”“(l—l)zﬂ Ollo](I@'(lz)II@'(K)I)é

I =

‘dfo] 1S (©)|

=07
lO

N ——

_ qzusf-zl) (¢ (q,2, )& ID| + ¥ (q,2,2)|S ()|
+(2-2) b, ) (S WIS (K)I);)

AIMS Mathematics Volume 10, Issue 5, 11899-11917.
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1
+ 2289 (g (9,0, ) | S (0] + ¢ (0, @, 1) | & (1))
+(2-2)h e (S LIS <K>|)f). (2.11)
Now, assume that % < g < 1; from the convexity of |&’|' and Lemma 2, we have

IS (1 -7) 1 +1, K)I (2.12)
< (=TS W+ T 1S W]+ (2 =2) 7 (1= 1)F (1 1)l )

and

IS (1 =)k + L)l (2.13)
< (=) W+ 1S ()] + (25 - 2)7 (1 - 105 (1 W11 ()

Using (2.12) and (2.13) in (2.8), we obtain

AS()+(2— /l—,u)o(/()ﬂtS(lz) T'(a+l) ya I'a+1l) ja
~ (Rl re ) + b1 Sy
1
k=l
2
0
1
q

+ (20 =2) T (- 1)% (€ DI WD} )

IA

/1| (l—lo) 1S DI+ 1 Ie’(K)I

O

fw (1—z)“|(<1—z> & W]+ 10 1S (1)

+ (26 - 2) ij“ (1-7)% (IS ®)]|& (lz)|)2)d70

| 1
_ %[[fi‘j—/ﬂ(l—io)édio]@'(11)|+[f
0 0
[ f |57 - 2|7 (1 - 1)% dlo]qe'(zm@'(ml)]
[[fw ]|e <K)|+[f|u
+(zé_z)[ f -1 1‘«~édzo}(|e'<K>||e'<lz>l)5]
0

= (a0, (S )+ (00| K
+(20=2) @0, D (I WIS WD)
+225 (y (0,0, 1) 1S ()] + ¢ (0, @, @) S ()]

7o

1
-4 l?‘ldio} 1S (0l

J 1S (L)

AIMS Mathematics Volume 10, Issue 5, 11899-11917.
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+(25=2) L@ (F WIE (DY), (2.14)

where we have used

1
e(0,a,2) = fi"
0

1
e _ 2wy 5)5” (Lo )-8, ( aa)
Teq 1+q(1 Z +Bl—z% ; ,a+ 1 Bzé a+1,

—7|(1-7) di,

1

lﬁ(q,a,z)=f

0

~

1
1 _ |1, = (1-2)q(a+1)—zaq? 2aq? autlig
o o —

(+q)@arar) T+ roiaqrasn

and

D

[ (q,,2) ~2“ 1-1, )2\1 di,

1
0
_ 1429 1+2q) 14+2q 1+2q))
- Z(Bzé( 29’ 29 ) Bl—ztif( 29 * 2q

_ 2q(e+D+1 142q) 2q(a+1)+1 1+2q)
(Bz%( 2q9 7 2q) Bl—z%( 29 2(1)'

The desired result follows from (2.11) and (2.14).

Corollary 12. Putting « = 1 in Theorem 2, we obtain
For0 < qg< %

K b
ASUN+- AW EW () _
2 T f S(wydu + 55,- f S(u)du
0 K
1 1+2q 2q+1
029 (k=1) [ ad+?2A-D+2*(1-D) T |~/ (1=D)a(q+ D=2 42220 |~
s T ( (Fa)(1+20) Sl + (r)2a+ D) 1S ()
2 , , !
+t—@wm@06mmeum
027 (k) [ (IpalarD-pa+20? u = quAq? u—1)+2¢ (l—u) A,
T ( (I+a)2q+1) S" (Wl + (1+a)(1+2q) " (%)l
2 , , !
+(2-2)w(@.m (S WIS B)?).
Forj<q<1
K b
AS(1)+(2—A—) S()+uS(l)
S él K)+usln) e l})f@(u)du+ f@(u)du
L K
1+2q 2q+1
I | ad+a?A=D+2¢%(1- /l) 5 ’ A=Da(a+D=-2>+2¢°A" T | ~r
= 7 (T (1+20) S ol + Tra)2arD) S (®)]

AIMS Mathematics Volume 10, Issue 5, 11899-11917.
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+(20 - 2) w0 0 (2 @IS @)}

2q+1
(I=wa(a+D—pa®+2q°u = ’ qu+a(2u—1)+2¢ (l—u) i ’
+55* ( (T+0)20+1) S (Il + (Tra)(1+20) 1S ()|

+ (24 - 2)wlem (F @I D)),
where

1+29 1+2 1429 1+2
w(QaZ) = Z(BZ( 2qq’ qu) Bl—z( qu’ 2qq))

_ 2q(a+D+1 1+2q) _ 2q(a+1)+1  14+2q
(BZ( 2q ’2q) BI‘Z( 2¢ 7 2 ))

Theorem 3. Let G be as in Lemma 1. If |€'|" is convex then we have

AS(1)+Q-A—p) S(K)+uS(l) _ ( T'(a+1) Ia/ 6(12) + I'(a+1) Ia 6(11))‘

2 2(l—k)* K" 2(k=11)* 7K
L (2- (a+1)(a'+2)/l 20 l+ a 1+ ’
= T( 2a+D)(a+2) +od ol )|6 ()l

2a+2) T Aa+d) 7 \ 2@ 2(a+2)
bh—«k (2= ((1/+1)(CV+2)# 2a 1+% . l+% ’
2 ( 2a+l)a+2) a+1:“ oM )|<5 (L),

where q > 1 with % + % =1, B(,,.)and,F,(.,.,.;.) are beta and hypergeometric functions, respectively.

( (2 (@+2)A + 2a /ll+ ) bh-« (2—(a+2),u + /l )) |6/ (K)I
L—«k

—+

Proof. Using the absolute value of both sides of (2.1), then applying Holder’s inequality and convexity
of |&'|", it yields

ASU+Q-A)SW+uS() _ ( Te+D ja L(a+D) ja
2 - (2(1 —or L ©2) + 35w L 6(11))'

1
< b ffo’_/lr)dio f|e'((1—io)ll+iox)l“dio
0 0
1 b 3?
+’sz[ f — (1 =) di. f € (1 =) &+ Tl)[" d
0 0
1 1 ;
< St f 2 - A dr, f (1 =7 W +7 1S W' i,
0 0

1 1
lax f = (1 = 1,)°" di, f (1 -7 W +1, 1S D)) di,
0 0

1

| 1 a=1 ) ¥
- ﬂ(ﬂ"*w(iw) L A (3 ’1"’”’“‘”))) (|S/(zl>|Q+|6'<K>|“)%
2

a a(p+1) 2

1 +1 a1 . p
i (B ) 0 AT 10200) ) oz
+o5% +
a a(p+1) 2

9
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where we have utilized

1
[lr-a - =i ooy a1
0
The proof is finished. O
Corollary 13. Putting « = 1 in Theorem 3, we obtain
K I
/16(11)+(2—/1—£1)(5(K)+ll€>(12) _ 2(K1—11)f6(u)du + ﬁf@(u)du
I K

IA

1
o (L) (|e'<z.)|“+|e'(K)|“)%
2 (p+1) 2

+

1
= 1
b« [ +1—p)"! "(|6’(K)|“+\6'(lz)|“)ﬁ
2 a(p+1) 2 :

Theorem 4. Let S be as in Lemma 1. If |&'|" is convex, where q > 1, then we have

AS(1)+QR-A-) S (k) +uS(lh) T'(a+l) ya I'la+1l) ja
‘ 2 B (zaz—malw () + site L 6(11))‘

11—
k=l [ I=(e+DA+2ea!* @ “((2—(a+l)(a+2)/l 2a 51+l @ 1+%) ’ q
s 3 ( a+l ) 2a+1)(@+2) + ol a2 1S @l

1
_ 1+2 q
4+ 2(@2)ae2anl = (K)lq)

2(a+2)

+

1-1
L—«k 1—((1+1),u+2(1;11+% q 2—((z+2),u+2(z/¢1+% |6/ (K)lq
2 a+l 2(a+2)

1
2@ D@ | 20 1L _ o 142\ 2 7@

+( ath@+d) T ariH et )|C (Y] ) ;
where A,u € [0,1],a > 0 and k € &1, 5].

Proof. Using the absolute value of both sides of (2.1), then applying power mean inequality, and
convexity of |&'|*, it yields

AS(U)+R-A)SW)+uS(h) ( Ca+]) ja S + T@tD) ra 6(11))’
K

2 2(L—1)* "kt 2(k=11)"
1
k=1
2
0

1
-3

1
i — 4| di, f
0

< = A1 (A =) | + Lol di
1 =i .
+b7"[flﬂ - (1 -%)"di, flu = (=0 (A = T) &k + TLh)|" di,
0 0
1 =31 3
< | [le-dan| | [I-A@-wEor e wnd.
0 0
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1 1
f = (1 1) di.
0

1
X fl,u — (1 =) A =) W'+ 1S ()I) dis

e

0
1=-1
=l [1=(@+DA+2a1*7 |
2 ( a+1 )
2-(a+ D@+ | 2a 1+1 a 1+2 ’ q
X(( 2(a+)(a+2) +ogd ol w)l@ ()l
1

2
2—(@+2)A+22 AT |~/ q\?
+ 2at2) 1S Gl )

1y 1-1 2
b=k [ 1=(a+Du+2au'*a [ 2—(a+ut2autd |~y q
+45 ( 1S (%)

a+l 2(a+2)
- (bt + 2 - ) @)’
where (2.4)—(2.7) have been utilized. The proof is finished. O
Corollary 14. Putting « = 1 in Theorem 4, we obtain
K 1))
ﬂe(l‘)+(2_’1_é‘)6(")+“3(12) - 2(K ) f S(u)du + 3 f S(u)du
Iy K

_ 2 1—l 2 3 3 i
< b (1-24;24 ) 3 (1—3/l+66/l e A [ (/<)|q)q

_ 2 1-1 _ 3 1
+127—K(1 2,uz+2/1 ) q (2 3,u6+2/1 |6/ (K)lq 1- 3y+6,u - |6/ (l )l )q

Theorem 5. Let S be as in Lemma 1. If |&'|" is convex, then we have

AS()+Q=A=)S(K)+uS(ly) T+]) ja T@+]) ja
2 - (2(1 K)"IK+ S(h) + 2(k— 1)”1 6(11))‘

a—1
< ol [ 2GR A= oA Lo 20-0)) L [EwrHe
- 2 ap a(p+1)p 2q

—1
b=« (u"*t'rB(iwl) N A O ) N |S'<K>|“+|S'(zz)|“)
5 s

+ 2 ap a(p+1)p 2q

where q > 1with%+§: 1,4,uel0,1],a>0and«k € (1, 1,].

Proof. Using the absolute value of both sides of (2.1), then applying Young’s inequality and convexity
of |&’|", we have

/16(11)+(2—/1—y)‘5(K)+/.l'3(12) _ ( r((l+1) Ia’ 6(12) + F((I+1) Ia/ 6(11))‘

2 20— i 20— Lk
1
k=1
< &h f
0
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+127_Kf|ﬂ —(1=1)"S (1 -1)k + LL)| di,
0

1

1
< 3 [l-afa [le@-wne ool
0 0
1
e B R ) AT AP AT
0 0
1 1
k=l |1 < _ P g+ 1 = ’ a, ~ ’ a g7
< S /l| dio + ¢ | (A=) IS D"+ T 1S (W) dis
0 0
1 1
Lhef 1 _ . - 7
szl [l it [ (@ -1 0P il G
0
. -1
e (EaGee) | 00 CA(TI20-0)) e
= 5 ar T a1 * 2
b=k (u“iB(,L,ml) R ) IS/(K)I“HS'(Zz)Iq)
+2X + + :
2 ap a(p+1)p 2q
The proof is finished. O

Corollary 15. Putting a = 1 in Theorem 5, we obtain

K b
AS(UD+2-A—p) S(K)+uS(h)
SOl | L f Su)du + 5 f S(u)du
A K

1 el a=1 (1 ))
< (B U S e L EOrHE W
- 2 ap a(p+1)p 2q

+

| _ el azl (1—
b (e B 70T il ) 4 FWrHE @
2 ap a(p+1)p 2q '

3. Applications

We’ll look at the means for arbitrary real values /;and /5.
The formula for the arithmetic mean is A (/;,/;) = “”2
The formula for the weighted arithmetic mean is A (p, a,0,b) = phtaly

p+q
The geometric mean is equal to G (I}, ;) = \/l 10.

The harmonic mean is equal to H (I}, 1) = —+ - = %
Lt
L, ) = —1n,2 s [, 1 > 0and [; # Dy, is the logarithmic mean.

L,(,hL) = (m)”, li,l, > 0,11 # [, and p € R\ {—1, 0}, is the p-logarithmic mean.

AIMS Mathematics Volume 10, Issue 5, 11899-11917.
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Proposition 1. For real numbers 1y, 1, c such that 0 < | < ¢ < I, we have

<

2A(B.B) - (L3 (h.0) + L (e, )
LU (4A(B. ) +2G* (. 1) - ).

Proof. Applying second inequality of Corollary 3 to the function S(u) = u°, yields the statement. O

Proposition 2. For real numbers 1,1, such that 0 < [, < I, we have

<

Proof. The application of Corollary 7 with A = § and 4 = 2 on the interval [i, ﬂ, gives

A(1,3,L,AH 1, 1), 1) = G* (i, L) L™ (11, )|

b=l
153601

(915 +12513).

1
2
e (o | (1)) + 125]e (1))

Applying the above inequality to the function S(u) = i the derivative S'(u) = —uiz. So, we obtain
& (1) =8| (&) = B and

We also note

AIMS Mathematics

% (Inl, —Inly)

L 2 Inb-In,
12 h-1

G* (L, L)L (I, 1)

3244
4T+
2
2041
1 43 (lliéﬂl)
42T 4T
1 3 (HULL)+)
4l2 t3 2

ilz + %A (H(, L), L)

1 3
712‘*' +le

A(L3,L,AH (L, b)), 1)).

O
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4. Conclusions

In this study, we have established a new integral identity. We have derived several fractional
parametrized Newton-Cotes type inequalities for differentiable convex first derivatives. We have
discussed some case that can be derived from the finding. We have provided some applications to
inequalities involving means. It is our hope that this paper’s findings will inspire more study in this area.
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