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1. Introduction

A key area of mathematics, differential equations (DEs) define the relationships between variables
and the rates at which they change. As such, they are a vital tool for comprehending intricate
biological, engineering, and physical models. Equations with complex nonlinear characteristics and
higher orders are exciting in applied sciences and mathematical analysis. Due to their capacity to
characterize intricate oscillatory behavior, fourth-order differential equations are especially significant
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in a wide range of scientific and engineering applications. Because they offer a comprehensive
theoretical foundation for comprehending and managing intricate dynamic events, this class of
equations continues to draw researchers (see [1,2]).

Neutral differential equations (NDEs) play an important role in the mathematical modeling of
systems that depend on the values of present, past, or future variables. These equations are
characterized by the existence of the highest-order derivative of the unknown function at the present
time s and also at a later or future time s — 7. In addition to their theoretical importance, these
equations have wide applications, such as the analysis of networks with lossless transmission lines,
which are used in high-speed computers to connect switching circuits [3, 4]. Therefore, the study of
these equations is essential in many engineering and physical fields.

This paper examines fourth-order NDEs, which are denoted by the following form:

(r)[67 O] + D ks (@i(s) = 0, 5 > 50, (1.1)
i=1
where
G(s) = x(8)+ ar (N (§(5) = (A’ (5 (5). (12)

This study operates under the following hypotheses:

(A1) a, B, vy, and ¢ are quotients of positive odd integers, withy < 1 and 6 > 1;

(ﬂz) ay, 0,k € C ([S(), 00) , [O, OO)) ,i=1,2,..,m;

(A3) ¢, 0 € C'([s0, ), R) satisfies o(s) < s, ¢(s) < s, oi(s) > 0and limg_,. ¢ () = limy_,o 07i(s) = oo,
i=1,2,...,m;

(Ay) r e C([sg, ), (0, 0)) satisfies

|
fso rl/a—(h)dh_) 00 as S — 00, (1.3)

A function y € C([s,,),R), s, > s, is said to be a solution of (1.1) which has the property
r(s) [G" (s)]* € CI[SX, o0), and it satisfies the Eq (1.1) for all s € [s,,00). We consider only those
solutions y of (1.1) that exist on some half-line [s,, o) and satisfy the condition

sup{ly(s)| : s > S} > 0, forall S >s,.

A solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative.
Otherwise, it is said to be nonoscillatory. Equation (1.1) is said to be oscillatory if all of its solutions
are oscillatory.

The area of studying oscillatory processes in differential equations has a long history and is
well-established, thanks to the work of early pioneers like Alexander Lyapunov and Henri Poincaré.
A particular family of differential equations has attracted the interest of several scholars due to its
oscillating nature (see [5-7]).

Numerous scholars have devoted their attention to comprehending the oscillatory nature of neutral
differential equations in various orders. In the second order, using sophisticated methods for examining
nonlinear neutral effects, Baculikova and DZurina [8], and Aldiaij et al. [9] presented significant results
on the oscillation of delay equations. For the oscillation of equations with infinite neutral coefficients,
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Chatzarakis et al. [10] gave exact conditions at the third order. Using novel methodologies, Grace et
al. [11] demonstrated sophisticated findings on the oscillation of delay equations at the fourth order.
Graef et al. [12], Xing et al. [13], Alnafisah et al. [14], and Algahtan et al. [15] expanded on the
knowledge of the oscillation of delay neutral equations for higher orders.

Special instances of these equations have been the subject of the majority of research. The most
well-known researchers in this area are Jadlowska et al. [16], who examined the linear delay equations

X" (8) + k(s)x(o(s)) = 0.

Using methods to enhance the special qualities of non-oscillatory solutions, they were able to offer
accurate oscillation criteria for a linear differential equation with a delay.
Zhang et al. [17] studied the oscillatory properties of the quasi-linear delay differential equation

(rs) Y (9)]%) + k(s)x " (o7(s)) = 0,

Their analyses focused on developing precise oscillation criteria through rigorous analytical and
comparison techniques. These studies contributed significantly to the theory by clarifying how the
delay and nonlinear structure affect the qualitative properties of solutions.

Subsequently, Kusano et al. [18] and Kamo et al. [19] considered a more general nonlinear form,
namely

() [y (9] + k() (o (s)) = 0,

allowing for distinct exponents in the delayed term. Their work provided broader oscillation criteria
under more flexible structural assumptions, relying on refined comparison techniques and inequalities
to ensure that all solutions oscillate under specific parameter regimes.

Bazighifan and Cesarano [20] and Alatwi et al. [21] created specific criteria to assure oscillation in
neutral nonlinear equations of the following form:

(r(s) [(r (9) + a1 () x (¢ ()" + k(s (0(s)) = 0.

Masood et al. [22] studied nonlinear differential equations with a sublinear neutral term, given by
the following form:

(r© [0 ) + 0 )7 (€T + k(@ (s) = 0.

Based on prior research, the current study broadens the scope to include fourth-order neutral
differential equations with mixed neutral terms, concentrating on the oscillatory behavior of all
solutions. This inclusion of mixed neutral terms represents a significant extension of previous models.
The complexity introduced by the higher-order nature of the equations, combined with neutral terms
and multiple delays, reflects real-world dynamics found in applications such as engineering,
biological systems, and control theory. Therefore, studying such equations is not only of theoretical
interest but also of practical relevance. This research improves our present understanding and allows
for the incorporation of new criteria that ensure the oscillations of these equations under various
conditions.
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2. Preliminary results

Initially, we offer numerous helpful lemmas about the monotonic characteristics of the
non-oscillatory solutions to the examined equations. In what follows, we let

o(s) :=minf{o;(s):i=1,2,...,m},

k(s) := P Z Ki(s),
i=1

g1 ()= (1 —y)y™a,” (s)ai (s),
and o _
g (s) = (6 —1)6T5a)" (s)avT (s).

Definition 2.1. [23] A function y (s) is said to be eventually positive (or eventually negative) if there
exist s, > S| = g such that y (s) is a solution on the interval [s,, ), and satisfies y (s) > 0 (or
x () <0)foralls>s;.

Lemma 2.1. [24] Suppose that y € C" ([sy, o), R*), y™ (s) is of fixed sign and not identically zero on
[So, ©0) and that there exists s, > sq such that y"=V (s)y™ (s) < 0 for all s; > sg. If lims_, y(s) # 0,
then, for every 6 € (0, 1), there exists s, € [S;, ) such that

MOE (n_—fl)!s"‘1 W )]
fors € [s,, ).
Lemma 2.2. [25] If A and B are nonnegative, then
A'+(A-1)B'—2AB"" > 0 fora>1, 2.1)
A'—(1-D)B'-2AB"™" < 0 for0<a <1, (2.2)

where the equality holds if and only if A = B.

Lemma 2.3. [26] Let « be a ratio of two odd positive integers; A and B are constants. Then

a® Ba+1

Bu — Au'@™Ve <
(a/ + 1)a+] Aa
Lemma2.4. [27] Lety € C" ([sg, ), (0, 00)), y? (s) > 0 fori = 1,2, ...,n, and y"*V (s) < 0, eventually.

Then, eventually,

, A>0. (2.3)

y(s) 5 €
y()  n

2

for every e € (0, 1).

Lemma 2.5. [22] Assume that y (S) is an eventually positive solution of (1.1). Then, for sufficiently
large s, G (s) satisfies one of the following cases:

(C) : G©®>0,G()>0,G"(s)>0,G"(s)>0, (r(s)(G" ()" <0,
(C) : G(6)>0,G(6)>0,G"(s)<0, G"(s) >0,

fors > s > s.
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Lemma 2.6. Let y be an eventually positive solution of (1.1), and assume a € C ([sg, ©0) , (0, 00)) such
that a, (s) # 0 is bounded and

lim [g1 (s) + 82 (s)] = 0. 2.4)

Then:
(1) x (s) = cG (s) for some c € (0,1);
(il) (r(s) [G" ($)]") + Kk (s) GP(07(s)) < 0,
for sufficiently large s

Proof. From the definition of G, it is obvious that

G$) =x () +[a©)x ()~ a6 X (§6)]+ [a ()7 (6 () = a©) x (s ()],

or

X =66 - [a®x () -uEx o) - [aGx ) -aGxE)].  @25)

1
If we apply the inequality (2.1) with 1 = 6 > 1, A = 0,° (5) ¥ (6 (5)), and B = ($a(s)a;"*(s))™",
we get

a(s)x (s (s) — a2 ()X’ (s (s)) < (6 —1)5T5 aﬁ () 47T (s) = g5 (s) . (2.6)

Similarly, if we apply (2.2) with A =y < 1, A = a;"" (5) ¥ (s (s)), and B = (La(s) o] (5))"" , we

get

1
Y 1=

6 () (5() = a®)x(c() < (1= ya (8)ai (s) =g (5). (2.7)
By substituting (2.6) and (2.7) into (2.5), we obtain

81 (8)+8(s)
G(s)

Since G’(s) > 0, we find G (s) > ¢y for some ¢y > 0. Therefore, (2.8) leads to

819 +g (S))
Co

X(6)2G(6) -8 (S)—gz(S)=(l )Q(S). (2.8)

X(S)Z(l G(s).

In light of (2.4), we can identify a constant ¢ € (0, 1) such that

X (8)=cG(s). (2.9)

By substituting (2.9) into (1.1), we obtain

m m

() [G” O == D kO (i) < - Y k(G (@(5)).
i=1

i=1

Since G’ (s) > 0, and o(s) < o(s) foralli = 1,2, ..., m, then
(r®) 67 (9)]") < LG (o (s)) Z ki(s) = =k (s) G*(0(s)).
i=1
This completes the proof. O
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3. Main results

This section introduces additional conditions that ensure the oscillatory behavior of solutions to
Eq (1.1) using the Riccati technique with varied substitutions. These requirements are based on a
rigorous study that takes into consideration the equation’s unique structure, eventually focusing on
positive solutions. We assume that the functional inequalities hold for all large enough s, which
simplifies the proof without losing generality.

3.1. The scenario (Cy)

This subsection discusses the criteria that exclude the existence of positive solutions to Eq (1.1)
within (Cy).

Lemma 3.1. Let 8 > a. If there is a nondecreasing function u € C'([s, ), (0, 00)) such that

. S o (h) 3B/e na I’(h) (/-l’ (h))a+1 ~
111;rlillpj;) (L/J (h) k(h) (T) - (a + 1)a+1 (61hzll (h))a )dh = 00, (3.1)

holds for every €,€, € (0,1), L > 0, then C; = @.

Proof. Let y € Cy. Then, there exists a s; > sg, such that y (s) > 0, y (¢ (s)) > 0, and y (o (s)) > O for
s>8; >spandi = 1,2, ..., m. Let us now definet

w(s) := u(s) %&S))a > 0. (3.2)
So
s, ()G (9)" (r(s)(@" ()" r(s)(G" ()" G’ (s)
WO =) o TR ap (s) G (s) SN )
Using Lemma 2.6 (ii), (3.2), and (3.3), we deduce that
W (s) < —u(s) K(S)gﬁg (Q‘T(S)) " /;,((:))w(s) - ag ((SS))w(s). (3.4)
From Lemma 2.4, we have that .
G(s) = §SQ' (s,
and hence, y
Go®) (o))"
G0 Z( S ) . 3.5
It follows from Lemma 2.1 that .
G'(5)2 556" (). (3.6)

for all € € (0, 1) and every sufficiently large s. Thus, by (3.4)-(3.6), we have

w(s)
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_ o, G (O(s)) W (s) B e as’ ()i (s) G (s)
= HOKHGTE) e T ae”Y 73 (r(s)p () G(s) .
By using (3.2) and (3.5), we obtain
, o [TV () a0’ o
w' () < —u(s) k()G () (T) + ) w(s) — WW (s). (3.7)
Since G’ (s) > 0, and B > «, then there exist a s; > sy and a constant L > 0 such that
G (s)> L. (3.8)
Thus, the inequality (3.7) gives
, &\ () a0’ o
w' (s) < —L,u (s) k(s) (T) + 'u(s) wi(s) — WW (s). 3.9

Using Lemma 2.3, where we define B =y’ (s) /u(s), A = g as?/2 (r (s)u NV and u(s) = w(s),
we derive

3B/e ’ a+l
o (s) 2 r® W)
w'(8) < —Lu(s)k(s) [ — + —. 3.10
(s) w (s) k( )( S ) @t ' (@i () (3.10)
Integrating (3.10) from s, > s; to s, one arrives at
S a@ﬁ“ 20 rmmmmm)
Lu (h) k(h) | —— - — [dh < w(sy),
fsz( HK )( h (@+ D™ (ah’u®) 52

this contradicts (3.11) as s — co. This completes the proof. m|

Lemma 3.2. Let B > a. If there is a nondecreasing functions u; € C'([sg, ), (0, o)) such that

| s o rem)gm)]”
lim supf uy (h) k(h) — ( dfi = oo, (3.11)

a+ D) (Ligo? (h) o’ () ()"

S—00

holds for every €, € (0,1), Ly > 0, then C; = @.

Proof. Let y (s) € Cy. Then there exists a s; > sg, such that y (s) > 0, ¥ (¢(s)) > 0, and y (o;(s)) > 0
fors > sy >spandi = 1,2,...,m. Now, define a function w; (s) by

wi (S) := (s)% >0, s>s;. (3.12)
Thus
@) (r(5) (G ()Y
M = g ewm Y T e e
i () (9 " T (3.13)
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We see from Lemma 2.6 (ii), (3.12), and (3.13) that

M (8) G (o (s)
ﬂl()wl(S) i (8) k(s) — Bor ()g( )

wi(s) <

wi (8). (3.14)

Using (3.6), we obtain
4 e 177
G )25 (6" @), (3.15)
for any €, € (0, 1) and sufficiently large s. When we replace (3.15) with (3.14), we see that

z 1 Ez;wl (5) = 11 () K(5) = S () (5) gg (("((ji)wl (s)
M (s) e a2 (s)o’ (3) r'* (o (s) G (o (s))

w2 o) G (s)
Since (r(s) (G (s))*) < 0, then

wi(s) <

—py () k(s) + wi (s).

)G () < (0 ()G (o (s)).
Then

My (s) i () — aBa’ () (3)r' ()" (5)
2 (o (s)  Go(s)

1()
H (s) aB o2 (s)o’ (s) 23 Tl
s wi(s) — 7[#1 O r )" [G (0 (s))] (s). (3.16)

Since B > @ and G’ > 0, there are constants L; > 0 and s, > s; such that

IA

—p1 (8) k(s) + wi (8)

wi (s)

—p1 (8) k(s) +

GF (@)=L, 52 (3.17)
Thus, the inequality (3.16) gives

M (s) eal, o2(s)o’ (s) el
- T (s). 3.18
H ©" o 2 (s r((f(s))]l/aw1 ® (3.18)

Using Lemma 2.3, where we define B = u (s) /ui (8), A = ¢ aLo?(s)o’ (s) /2[u; ()7 (o (s))]l/“ ,
and u (s) = wy (s), we derive

w1 (8) < =y () k(s) +

2o reO )"

wi (8) < —py () k(s) + —. 3.19
L) o K T a0 & () G
Integrating (3.19) from s3 > s, to s, one arrives at
, a+l
[ | e - —= Aa) L) R P
K - S WiS3),
o @+ T Liad? By o () pr ()° e
this contradicts (3.11) as s — oo.

Thus, the proof is finished. O
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Lemma 3.3. Let 0 < 8 < a. If there is a nondecreasing function p; € C'([sg, ©), (0, 00)) such that

1‘ f ety 2 ri | )™ " 520
im su k(h) — = 0o, .
el N L B+ VP (Lew (h) o () o ()

holds for every €, € (0,1), L, > 0, then C; = @

Proof. Let y (s) € C;. Then there exists a s; > s, such that y (s) > 0, y (¢ (s)) > 0, and y (o (s)) > 0
fors > s; > spandi = 1,2,...,m. As in the proof of (3.11) in Lemma 3.2. The function w; (s) is
defined in (3.12), then (3.13) holds. By using Lemma 2.6 (ii), (3.12), and (3.13), we conclude that

w1<s)s—u1<s)x(s>+l’j18 [ (s) - B ()Qg(( (()))) [(s).
By using (3.15), we see that
’ 77 a/p
W(s) < —u1<s>K(s>+”‘ 8 - Lo o0 916" o1 %m@
Hi (s) elﬁ o?(s)o’ (s) L, b B
= —u (S)K(S)+/1 ® wi (s )—TW[Q )] 7 w” (s). (3.21)

Note that 0 < 8 < « and (C)) hold. Since r’ (s) > 0, we deduce that G* (s) < 0; this readily infers
that G"’ (s) is nonincreasing. Then there are L, > 0 and s, > s; such that

[G" (s)]% > L, s 2 9. (3.22)
From (3.21) and (3.22), it follows that

1 (s) aBfly, o*(s)a’(s) &
wl(s)<—,ul(s)/<(s)+'u ® wi (s) — > (/Jl(S)I"(S))l/‘BWI (s). (3.23)

By applying Lemma 2.3, where B = p/ (s) /u1 (s), r = €Ly (s) 07 (s) /2 [ (s)r(s)]l/ﬁ, and
u(s) = w; (s), we drive

B+1
1(8) < (8) k(s) z 7o ['u,l (S)] (3.24)
wi(s) < —uy (s)k(s) + . .
‘ B+ 1 (Lap (5) 02 (5) o7 ()
Integrating (3.24) throughout the interval [s3, s] allows us to conclude
B+1
f ey — 2 r () |y ()] <o
Hi kn) — S wils),
B+ 1" (Le (h) o (h) o7 ()Y
This contradicts (3.20) when s — oo.
Thus, the proof is finished. O
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3.2. The scenario (C,)

This subsection discusses the criteria that exclude the existence of positive solutions to Eq (1.1)
within (C;) .

Lemma 3.4. Let 8 > a. If there is a nondecreasing function 1, € C([sg, ), (0, 0)) such that

2
. S w1 @V¥e Vo
lim sup fo [L3“ ) | (m f K(h)(%) dh) du—[4;2—(v]) dv=00, (325

holds for every €, € (0,1), Ly > 0, then C; = @

Proof. Let y (s) € C,. Then, there exists a s; > sg, such that y (s) > 0, y (¢(s)) > 0, and y (o7 (s)) > 0
fors >s; >spandi = 1,2,...,m. Integrating (ii) from s to oo and applying the fact that (r (G"")*)" < 0,
we deduce

) [G7 )] 2 f k(G (o(h))dh. (3.26)
AsG(s) >0,G (s) >0, and G” (s) < 0, Lemma 2.4 implies that
G(8) > &sG (s), forall e, € (0,1). (3.27)

Integrating (3.27) from o (s) to s, we obtain

GwB) | (cr(s))”fz
Gges) s '

Therefore, (3.26) becomes

h ,3/52
r(s)[G" (3)]" = f (h)((’( )) G’ (n) dh.

Since G’ (s) > 0, then

h ﬁ/fz
rs)[G7 ()] = G (s) f <ﬁ>((’( )) d,

or equivalently

Ble la
gu/ (S) > gﬂ/(y( )( ( )f (O-(h)) dh)
Integrating this inequality from s to co, we have
0o 0o Ble la
G’ (s) < -G (s) f (L f K(h)(@) dh) du. (3.28)
s \r J, f
Now, define &®
(s
F(s) = (s) G0 (3.29)
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Then, F (s) > 0 fors > s; > sy and

o G (s) 6" (s) G )
F'(s) = u5(s) G0 + (2 (8) G e (s) 215
_ G’ (s) M, (S) 1 s

= RO e Y net

Hence, by (3.28), we obtain

00 1 00 h Ble a
F'(s) < = ()G (s) f (@ f am(?) dh] du

N LOP YRR SRy

M2 (S) M2 (8)

Because G’ (s) > 0 and 8 > a, there are constants L; > 0 and s, > s; such that

Gl (s) = 17" (If @ = B, then L; = 1).

Substituting (3.31) into (3.30), we have

Ble 1/a
Fr(s) < -2 (s)f ( ()f (h)(“(h)) )

/Jz( s)
F(s) - F?
tom ® m( e
Using Lemma 2.3 with B = u} (s) /u> (8), A = 1/u5(s), and u (s) = F (s) , we obtain
2
5 (5) 1L | me)
F F )
o VTne" Y e

Consequently, (3.32) leads to

1/a

00 1 00 h Ble
F'(s)s—L‘j/“‘lﬂz(s)fs (Tu)f Mh)(?) dh) du +

When we integrate this inequality between s, to s, we obtain

p 1o ron P
(o ~(1 foo a(h))ﬁ/z ) ZAQ)
L [L3 M2 (V) j; (r w . K (h)(—h da| du o)

which contradicts (3.25) as s — oco. This completes the proof.

The following corollary is obtained by setting u, (s) = 1 in Lemma 3.4.

Corollary 3.1. Let 8 > a. If
1/a

15 (s)
4, (S).

]dvs F(sy),

] S 00 1 00 O'(h) Ble B
l1ﬂilpLIV (mﬁ K(h)(T) dh) dudv = o0

holds for every e, € (0, 1), then C, = @

(3.30)

(3.31)

(3.32)

(3.33)
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Lemma 3.5. Let 0 < B < a. If there are nondecreasing functions p, € C'([so, ©0), (0, 00)) such thatand

s N co 0o Ble e ’ 2
limsupf j" ta (v) (v—so) f (%f k(h) (%h)) dh) du + </’l2 (V)) ]dv = 00,

4o (v)
holds for every e, € (0,1), Ly > 0, then C; = @

Proof. Let y (s) € C,. Then there exists a s; > sg, such that y (s) > 0, y (¢(s)) > 0, and y (o;(s)) > 0
fors > sy >sgpandi = 1,2,...,m. As demonstrated in the proof of (3.25) in Lemma 3.4. The function
F (s) is defined in (3.29), and so (3.30) holds, which can be written as follows:

Ble la
F'(s) < —m(s)gﬁ/al(s)f ( ()f (h)(”(h)) dh] du

/’tz(s) 1 2
F —F 3
e O el ®: (3.35)

Since G” < 0, it follows that G’ is decreasing. Consequently, we have

(3.34)

GG = f G Mdh <G (s))(s—s1) = Ls(s=s1), Ly := G (s1) > 0. (3.36)

Since 0 < 8 < @, we obtain 0 < 8/a < 1, which, together with (3.36), leads to
Gl () = L (s sl (3.37)

Hence, the inequality (3.35) becomes

00 00 Blex l/a
F'(s) < =L (s) (s = st f (% f Mh)(?) dh) du

H2OpL p, (3.38)
Ha (S) M2 (S)
Using Lemma 2.3 with B = u} (s) /u> (s), A = 1/u5(s), and u (s) = F (s), we can deduce that
IO PN (W4 (S))

M2 (8) M2 (8) O
Consequently, (3.38) leads to

o] e e e 0 (s))
F'(s) < L4 ,uz(s)(s—sl)af (mf K(fl)(?) dh) du+(2 )

4y (s)

When we integrate this inequality between s, to s, we obtain

1/a , 2
s ﬁ @ f-a 00 1 00 o (h) Ble (ll,l2 (V))
- — h|—— da| du+ dv < F (sy),
| mme-s= [ (r(u)fu ( )( ; ) s F s
which contradicts (3.34) as s — oo. Thus, we have completed the proof. O
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The following corollary is obtained by setting , (s) = 1 in Lemma 3.5.
Corollary 3.2. Let0 < S < a. If

s 00 00 Ble l/a
lim sup f v —s0)7 f (ﬁ f K(h)(%h)) dh) dudv = oo, (3.39)

hold for some €, € (0,1). Then (1.1) is oscillatory.
4. Oscillation theorem

In this part, we develop oscillatory criteria for the studied equation by combining the findings from
the preceding sections.

Theorem 4.1. If condition (2.4) is satisfied, then Eq (1.1) will exhibit oscillatory behavior provided
that at least one of the following conditions is met:

(1) Both conditions (3.1) and (3.25),

(2) Both conditions (3.11) and (3.25),

(3) Both conditions (3.1) and (3.33);

(4) Both conditions (3.11) and (3.33);

(5) Both conditions (3.20) and (3.34),

(6) Both conditions (3.20) and (3.39).

Proof. We prove the first case (1) and apply the same method to the rest of the cases. Let us assume
that y is eventually a positive solution to the Eq (1.1). According to Lemma 2.5, there are two possible
cases of behavior: (C;) and (C,). Using Lemmas 3.1 and 3.2, we find that the conditions (3.1) and
(3.25) exclude the existence of solutions that satisfy both of the mentioned cases, which leads to a
contradiction with the initial assumption, and therefore, the solutions cannot be positive eventually,
which proves the oscillation. This approach can be generalized to the other cases by the same method.
Thus, the proof is complete. m|

Example 4.1. Consider the NDE given by:

2o T2 o

fors > 1and kg > 0. Here we have

1 1 1
a _ﬁ_l’y_§’6_59m_3’g(s)_§S9O—(S)_ZS’
1
r¢s) = s, a(s)=a,(s) = 3 and a, (s) = 1.

Now, we calculate

00 1 00
—dh = f hdh = oo,
fso )] 1

3

K(S):C’BZK,-(S)ZC @:%,
i=1 i

5 5
— S S
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L % 4 1
g1(®):=U0-y)ya (S)Cw1 (8) = TN
and
5 s o 4 1
g(6):=0—-1)0a,” (s)asT (s) = e
Therefore

4 1 4 1
lim [g1 () +82(s)] = [55/4 Wsm] =0,

which means that condition (2.4) is satisfied.
Now, consider the test function 1 (s) = s*. Applying condition (3.1), we obtain:

3 “1 (433
f 5 1l (45
lim sup f [h43CK0(4 ] _2reny d

§—00 h fi 22 €1 h2h4

s 1Y€ 8)1
li 3 - - —|=da
Hii?pf] ( CKO(4) fl)h
3/e
(3c1<0 (—) - —)lim suplns = oo
4 €] s—00

which is satisfied provided that

8
> —-. 4.2)
3cer (2)°
Similarly, consider the test function u; (s) = s*. Applying condition (3.11), we derive:
2
3 2 4t 443 s 211\ 1
lim supf #i* CI;O = 1[ 1] dh = lim supf (3(:/( - —) —dh
§—00 1 h 2 Lig Ehzzh“ s—00 1 Lie ) h
211
= (3c1<0 - —)lim suplns = oo
L1€1 §—00
which holds provided that
211
> . 4.3
Ko 3CL1€1 ( )

Now, let us consider the test function u, (s) = s. Applying condition (3.25), we obtain:

00 003 h ]/62 1
s [ 1o 5 ) oo )
) s “ 3cky 1 1
hrii?p,ﬁ v\fv 22/62@(1”_5)(1‘)

*(3ckg 1 1)1
limsupf CKO———) —dv
1

@

e 26y 1))
3ckg 1 1 I 1

= ———111msupins = oo
/ey 4) 3P
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which holds if

21+2/52

e 4.4)

Ko >
Hence, in accordance with conditions (1)—(4) of Theorem 4.1, the satisfaction of (4.2)—(4.4) ensures
that Eq (4.1) exhibits oscillatory behavior.

Example 4.2. Consider the NDE given by

1y 1/3Y/
(5-1/3 ((X(s)+ é)/” (0.55) - x° (0.5s)) ) ] +

fors > 1,k >0and,o; € (0,1),i=1,2

,2,...om. Clearly, a = = 1/3,y = %, 0 =13,¢(s) =0.5s,
o (s) = os, where ¢ = min{o;, i = 1,2, ...,m}. Additionally, r(s) = s, a(s) = a;(s) = 1/s, and
a (s) = 1. We first evaluate the integral:

—dh = dhi= | hdh = oo,
f rile (h) 1 (h13)? I

DX s =052 1, (4.5)
i=1

and
1/3k
k(s) = cﬁZKl(s) c Z o= s
i=1
Moreover,
1 2 1
g1(s) = P2y and g, (s) = PRGR

Hence,

21 2 1
hm [g1(8) +g2(s)] = hm [33/2 33/2 S3/2] ’

which implies that condition (2.4) is satisfied

Now, consider the test function i (s) = s*3. Applying condition (3.1), we obtain

4/3
s 13 1/e 13 {13 (ihl/3)
i [ (5 ( "

f 4/3 244/3 1/3
S (ernt)

S 21/3 1
= limsupf Lmc'Phyo'/c - e —dh
S—00 1 1 h

173
= [me1/3k0(71/E —75 |limsuplns = oo
€

1 S—00
which holds provided that

1(2)\"”
ko> —— =) .
*7 Lo/ (elc)

Similarly, consider the test function u, (s) = s

(4.6)
— 43

. Applying condition (3.11), we derive:

4/3
~1/35-1/3 [431/3
lim su hmmc ko 2 o [3h ]
S—)oop 1 h7/3

(5)4/3 (Llelo'zhzo"h4/3)l/3
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li f( 13k, 21" ] 1dh
1m sup mc - |-
§—00 SO ° (L] €] 0-4)1/3 h

91/3
= (mcmko - m)lim suplns = oo,
16107

S—o00

which holds if

1/3
k0>l( 2 ) . 4.7)

m\L,ce o?

Now, take u, (s) = s. Applying condition (3.25), we obtain:
lirsriillpj; va u”-”fu — 0(‘%) dh) du - - |dv
s 00 3mcBraotPe 1\ 1
= lirsriillp‘[] va‘ u'’3 me 400- u4/3) du—E dv
s © (3mc Blaol3e\? 1 1
- lirsrlil’lpj: va %) —du - - |dv

i f 1 (3mc Phoor' e\’ 1)1 .
= limsu —(———] - = |-dv
P2 1 4l

1 (3mc Phoor'Pe\’ 1
> (#) -7 limsuplns = oo,

S—o00

which is satisfied provided that
23/3 1
3 mclBglize”
Therefore, in accordance with conditions (1) and (2) of Theorem 4.1, if inequalities (4.6)—(4.8) are
satisfied, then Eq (4.1) exhibits oscillatory behavior.

ko > 4.8)

5. Conclusions

This study constitutes a pivotal step in exploring the oscillatory behavior of solutions associated
with fourth-order differential equations, which contain mixed neutral terms and multiple delays.
Using the Riccati methodology, we were able to derive precise criteria that guarantee the oscillation
of solutions for this class of equations. Our results are not only a natural extension of previous
research but also contribute to laying new foundations for a deeper and more comprehensive
understanding. The research horizon opened by this study goes beyond the fourth order, as the results
can be generalized in the future to include differential equations of higher order, where n > 4, adding
a new mathematical dimension to the study. Moreover, applying the proposed methodology to the
study of uncanonical cases provides a promising framework for expanding the theoretical
understanding of these equations. Another interesting aspect is the exploration of equations
containing the matching function of the form G (s) = y (s) + a; (s) x” (51 (s)) + a5 (3) ¥° (2 (5)), as this
approach opens up new horizons for research creativity and application development. Thus, this study

AIMS Mathematics Volume 10, Issue 5, 11880-11898.
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paves the way for more in-depth analyses aimed at enhancing theoretical understanding while laying
the foundations for expanding practical applications in different fields.
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