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Abstract: The emphasis of this work is to apply the complete discriminant system (CDS) of a
polynomial method (CDSPM) to obtain soliton solutions for the extended Korteweg—de Vries equation
(EKdVE). The model of the KdV equation is suitable for describing water waves with shallow water,
where the water depth is up to the wavelength. We explore exact and analytical solutions such as
the hyperbolic function (HF), the Jacobian elliptic function (JEF), solitary wave (SW) solutions, and
trigonometric solutions. Additionally, we apply bifurcation concept in qualitative model of the EKAVE.
The procedure involves transforming the system into a planer dynamical system through a given
transformation and examining bifurcation analysis. We also explore phase portraits which assist in
determining the stability of the equilibrium point of the system. Additionally, chaotic behaviour (CB)
exhibits the exponential divergence of the orbits, i.e., tiny differences in the initial condition result
in widely divergent orbits over a time period. To explore the potential of CB, we insert a perturbed
term to the dynamical system and proceed with caution to explore the model. From these, we obtain
a linear combination resulting in a strong dynamic mathematical structure. Finally, we apply Jupyter
as a machine learning program as well as Mathematica to graph some obtained solutions in various
dimensions such as three-dimensional (3D) and two-dimensional (2D) plots by using some packages
of PYTHON such as numpy, scipy.integrate, and matplotlib.pyplot. Additionally, we explore energy
balance method (EBM), presenting approximate periodic solution of non-linear oscillatory systems.
The method is based on principle of conservation of energy, total energy (sum of kinetic energy as well
as potential energy) is conserved.
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1. Introduction

Recently, it has been increasingly exciting to solve exactly nonlinear partial differential equations
(NLPDESs) with computational tools that make complicated algebraic calculations easier. In the field
of soliton theory, exact solutions, especially solitary wave solutions to NLPDEs, play an important
role in mathematical physics. Several areas of science use NLPDEs, such as fluid dynamics, plasma
physics, chemical kinetics, quantum mechanics, ecological systems, biological models, nonlinear
optics, electricity, ocean, and many others. It has been illustrated that NLPDEs are valuable tools
for modelling nature’s behaviors in many areas of science and engineering [1,2]. Thus, it is important
that one should be up to date with new analytical and numerical methods for modeling any physical
or natural problem [3-5]. Several authors have studied the fractional nonlinear model [6-8]. The
Korteweg-de Vries (KdV) equation is an established PDE which became popular over the 50 years
since it was established due to its ability to model many natural and physical phenomena in many
fields of science [9, 10]. It models extended one-dimensional structures’ evolution (solitary waves and
cnoidal waves) in the ocean, water tanks, various plasma models, and nonlinear optics [11, 12]. It can
also be applied to model inner waves in the sea with a number of density layers, crystal lattice acoustic
waves, and plasma ion-acoustic wave models [13—15]. In fluid dynamics, the KdV equation plays an
important role, since it models wave propagation in dispersive and nonlinear media [16, 17]. Due to its
way of expression, it serves as a suitable investigation application to study many fluids phenomena like
shallow water waves, soliton dynamic, and nonlinear waves interactions [18, 19]. Using the help of the
perturbation reduction method, Neirameh et al. proposed the extended KdV equation by providing a
double-layered structure in the available plasma model [20-22]. Now, we propose the extended KdV
equation by employing fractional derivatives which are given as follows [23]:

1 3
(I =NHE + fFo - ﬁwz = (2—/14 — (1 = HE2) + fF20) (), (D
where k=1 -l e-bke+d (5 = D+ 3)
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Py, 3 2 , 1 2 3 3
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Our main goal is to study the following equation:
o ©we3 27112 w5 3 R (e
Dy + T[m —(Ex(1 = ) + Fof )| D"y + ?(2—/16 —Es(1 - f) = frF3)(Dgyn)” + = D =0, (1.2)

where D%y, denotes the @ order derivative of ; with respect to o and o denotes the time derivative.
Similarly, Dﬁ“lﬁl denotes the 2ath order derivative of ; with respect to &, which represents the spatial
derivative.

Here, we treat the plasma with cold ions and two sets of electrons of different types: cold electrons
and hot electrons. Thus, the temperatures of hot electrons and cold electrons are given by 7
and T,. The ion density, density of cold electrons, density of hot electrons are denoted by n, n,
and n,. Moreover, k. and «; represent real values that are the spectral index measuring deviations
from Maxwellian equilibrium for cold electrons and hot electrons, respectively. The governing
nonlinear evolution equation modeling electrostatic wave dynamics in ultra-dense quantum plasmas
with fractional effects. Its significance lies in, bridging physical realism (quantum + relativistic effects)
with mathematical solvability, enabling the discovery of new optical soliton and wave packet solutions,
and generalizing classical models like the KdV equation to modern, high-energy, and astrophysical
plasma systems.

Our primary goal is to examine Eq (1.2) to find solitons and wave structures by applying the
complete discriminant system for polynomials method (CDSPM) [24-26]. The proposed method
has various merits over earlier methods because it describes the findings in a general, explicit way
with rational, trigonometric, hyperbolic (HF), and Jacobian elliptic (JEF) function solutions. We
also demonstrate our solutions’ dynamical behaviors by employing bifurcation and chaotic behavior
(CB) [27-29]. For a better understanding of bifurcation analysis, sensitivity to initial conditions,
and the basics of chaotic dynamics, scientists have usually studied two-dimensional (2D) chaotic
systems. Bifurcation theory studies and chaotic behavior have revealed astonishing attributes for
dynamical systems in the last decade. To obtain an insight to the complex behaviors exhibited by
the system, bifurcation study is also performed by using well established theory of planar dynamical
systems [30-32]. Bifurcation demonstrates how dynamical systems behave if the values of certain
parameters are varied [33—35]. The development of chaos theory and study of the complex behavior of
the nonlinear waves play central role in differential equation (DE). To achieve this, a dynamical system
is analyzed and amplified by an external term. Studying chaos is important in the 21th century and
it is focused on time analysis, Poincare maps, and phase portraits. Some vital papers in the massive
domain of soliton solutions and bifurcation are available in the literature. These papers examine the
complicated dynamics of nonlinear systems, providing insight to the intriguing behavior of solitons
and the bifurcation mechanisms controlling them. Research into such systems not only develops
the theoretical aspects of chaos theory but also is applied in secure communication, random number
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generation, and some fields where pseudorandomism and unpredictability are required. Afzal et al. [36]
generated multi-solitons and explored chaos and the bifurcation of waves in shallow water. Lie and
Huang applied bifurcation and chaos theory to study the conformable Fokas-Lenells model [37]. Zhang
et al. investigated bifurcation using the modified Fitz-Hugh-Nagumo neuron model and found new
solutions [38]. As far as we can understand, no earlier study has considered bifurcation and CB of the
extended KdV equation (EKdVE).

In this paper, we have explored the extended KdV equation (EKdVE) equation for different types of
solitary wave solutions such as bell-shaped, kink-shape, straddled solitons and other solitary wave
solutions by using an integration approach called the CDSPM. We also examine the qualitative
behavior of our governing model with chaotic behavior and sensitivity. We also make use of the
energy balance approach to provide the energy analysis for our governing model. This paper includes
a variety of new and innovative solutions. This investigation offers tools and insight that can assist
in solving every-day world problems in systems governed by non-linear wave equations that could
enhance technological solutions in energy transmission, communication networks, fluid controlling
systems, etc.

2. CDSPM analysis

Our investigation of the CDSPM, which has been implemented to solve many nonlinear models,
involves bifurcation study and a brief discussion on determining the solitons solutions of NLPDEs [27].
Let us first consider the following NLPDE, see Table 1.

R(®,0,,D,,,...) =0. (2.1

Table 1. Python libraries for evaluating and graphing the solution.

Library Usage

Pandas and numpy Data analysis

matplotlib.pyplot as plt Graphical and plotting interfaces

scipy.integrate Offers a platform for conducting multiple approaches of numerical integration

Step 1. Utilize the transformation ®(x, 1) = ®(¢) & ¢ = 7x — {t, to obtain an ordinary differential
equation (ODE):

R(D,0,d",..) =0, (2.2)

where the prime in the @ denotes the first derivative and the double prime in ®” shows the second
derivative and so on.
Step 2. The ODE mentioned above fulfills the following equation:

(@) = O* + 4, @ + 4, D + ay. (2.3)

This equation’s integral form is:

dd
+(p — o) = : (2.4)
VO* + a, D + a; @ + ag
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Step 3. Let A(®) = O* + a,®* + a;® + ay. According to the fourth-order polynomial CDS:
O1=4, 0,=—f,, O3=-2f;+8ffo— 9L, (2.5)
=27
Ou = =L fi +4£fo+ 36411 fo = 326 fo - — =K' + 63f7,
Hy =9f; = 32f:fo.

It can be determined what type of classification the equation’s solutions are:
Step 4. The dynamic system that conforms to Eq (2.4), which is presented below:

Q" = P(yp),
{ P = 4(1)3 + 2612(1) + ay, (26)

and the hamiltonian of the system are as follow:

P2 o1
H(D,P) = 5+ 5(<1>4 + @@ + a, D + ay). 2.7)

Now, by using hamiltonian we get the potential energy that is shown below:
U(®) = O* + a,®* + a; @ + ag. (2.8)

Thus, to identify dynamics features, we can get the roots of U’(®). Next, we talk of four kinds of
cases with the shape of U’(L) that inform us regarding equilibrium points and bifurcation.

3. Mathematical model

In this article, we obtain bifurcation and optical solitons of Eq (1.2) by CDSPM. We consider
¢ = (3" = V(3)o", So,

3 3

—Vy +ﬂ—[i—(E(l—f)+Fsz)]¢2+ﬂ—3(i—E(l—f)—fTSF)l//3+#—l//"=0 (3.1)
1 ) 2/14 2 2 1 ) 2116 3 3)¥1 D) 1 . .

Dividing Eq (3.1) by /% then, we get,

2V 3 5
—’u—3% + [2—#4 — (Ex(1 = ) + Faf )y + (ﬁ ~E(1 =)= fOFq + 4" = 0. (3.2)

Let M = (zfl—(, —Es(1 - f)— fr®F3),N = [22—4 —(Ex(1 = f) + Fof7?)], and Q = —i—!, then, Eq (3.2)
becomes:

U+ My + Nyt + Qyn = 0. (3.3)
After multiplying Eq (3.3) by 2¢/dy to get the integration result,
., M , 2N
W)+ SWi+ S0 + QUi +24 =0, (34)

AIMS Mathematics Volume 10, Issue 5, 11842—-11879.



11847

where A is an integration constant.
Now, Eq (3.4) becomes

W) = =gs(U} + oy + d1y7 + o), (3.5)
where
_M _aN _20 _4
¢3—?, ¢2_3M’ 1= 0= 37 (3.6)

To get the classification of solutions, we can consider the following substitution:

[//1 =L+ %, (37)
then, we get
(L' = —=¢5(L* + LL? + fiL+ fp), (3.8)
where

=743 + 16, ¢y — A1) =263 + 644301 + 256¢
f= 16 o fi= 8 > o= 256

(3.9

Now, Eq (3.8) tackles both the ¢35 < 0 and ¢5 > O cases. Integral form of Eq (3.8) is

df
— 4 +/— — @), 3.10
Ny +/=d3(¢ — ¢o) (3.10)

where ¢, is an integration constant. Let R(L) = L* + foL* + fiL + f; and CDS as follows:
O1=4, O,=—f, O5==2f +8ffo—9f, (3.11)

=27
Os = —f 1 +4f fo + 36510 fo = 326 fo = —~ fi + 63f;,
Hy =9f7 =323 fo.

H, is the discrimination of A,(R). The dynamic system displayed below clearly satisfies Eq (18),

{ P oo 2L G12
The Hamiltonian of the system is stated as follows:
H(L,P) = %2 + %(ﬁ + AL+ fiL+ fy). (3.13)
Thus, the potential energy is given by
U(L) = —¢5(L* + HL? + il + fo). (3.14)
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3.1. Qualitative-analysis

To examine the dynamic characteristics of Eq (3.8), it is required to determine the roots of U’(L) [27]
U'(L) = =2¢5(L* + g/ L + go), (3.15)
where g = % and gy = %. Thus, we have Jacobian,

0 1

AL Py = ‘2¢3(3L2 +g1) 0

‘ = —2N(L* + g1). (3.16)

Therefore, it is simple to demonstrate that the eigenvalues at the specific point (L, 0) are,

A+ (L,0) = £ 205312 + g1). (3.17)

Thus, the saddle point exists at (L, 0) if J(L, P) < 0, there will exist a cuspidal point if J(L, P) = 0, and
a centre if J(L, P) > 0. Since, CDS is represented by
2 3
8 8
A=—(—+—=). 1
4 27 (3.18)
The CDSPM can be used to explore three scenarios of the form U’(L).

Casel.A=0 & g, <0,

U'(L) = —¢5(L = )*(L = j), (2i + j = 0). (3.19)
There are two equilibrium points for the dynamic system: (i, 0), which is the cuspidal point, and

(j,0), which is the saddle point. Taking, for instance, g = =3 and gy = 2 yieldsi = 1 and j = -2.
Phase picture under this situation is illustrated in Figure 1.

(a) (b)
Figure 1. The system (3.12) exhibits bifurcation portrait in Case 1: (a) ¢3 = 3, (b) ¢3 = —3.

Case2. A=0 & g, =0,
U'(L) = -5 L°. (3.20)

AIMS Mathematics Volume 10, Issue 5, 11842—-11879.
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It possesses a single equilibrium point, denoted by (0, 0), that is referred to as the cuspidal point.

Phase portrait under bifurcation conditions ¢3 = i% and gy = 0 is illustrated in Figure 2.

Mmoo

il [ j il
N (( T >> | l

[

~_

(b)

=

()
Figure 2. For Eq (3.12), bifurcation portrait for Case 2: (a) ¢3 = %, (b) ¢p3 = —
(3.21)

Case3. A>0 & g, <0,
U(L) = =¢3(L = i) (L — ))(L=k),(i+ j+k=0).

The system has three equilibrium points: (i,0), (j,0), and (k,0) in the event that i > j > k.
Specifically, we have i = 1, j = 0, and k = —1 by substituting values g; = —1,go = 0, and ¢5 = % The

center points are (i, 0) and (k, 0), with (j, 0) being a saddle point. On the contrary, with ¢; = —%, (7, 0)

i1s now a center point, with (7, 0), and (k, 0) being saddle, see Figure 3.

(b)
1
5

(a)
Figure 3. For Eq (3.12), bifurcation portrait for Case 3: (a) ¢3 = %, (b) ¢35 = -
(3.22)

Case4: A <0
U'(L) = —p3(L — K[(L = 1)* +i*], (k + 2] = 0).
L it becomes a

There exists an equilibrium point in the dynamic system at (0, 0). When we take values for gy = 0,
g1 = 1, and ¢3 = ;, then, it assumes the nature of a saddle. On taking ¢; = -3
Volume 10, Issue 5, 11842-11879.
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center. Global phase image of relevance to perform bifurcation analysis is depicted in Figure 4. The
results show that changing any of the parameters, particularly equilibrium points, drastically varies the
dynamic attributes. It is easier to study many types of equilibrium points and bifurcations under the
CDSPM.

P

o

p
A b M LA o a N e s
——— ——

(a) (b)
Figure 4. For Eq (3.12), bifurcation portrait for Case 4: (a) ¢3 = 1, (b) ¢3 = —1.
3.2. Exact-solutions
CDSPM is also utilized to find the exact solution with following cases:
Case 1. O, < 0, 05 =0, and O, = 0. Then, we have
R(L) = (L - 6)* + m)>. (3.23)
For m > 0 and ¢; < 0, we use Eq (18) to obtain:
L = 6 + 9 tan(F \—d3(¢ — ¢p)). (3.24)
Therefore, we get the solution
(&) = 0+ D tan (sl - @) + 2, (3.25)

which is a triangular function periodic solution, see Figure 5.

AIMS Mathematics Volume 10, Issue 5, 11842—-11879.
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J
y
D

—100 +

—200 A

—300 1

-4 -2 0 2 4

(a) (b)
Figure 5. Graph of (x,t) in Eq (3.25) is observed, where 8 = 0.9, 4 = 0.7, u = 0.9,

ky =09,k =19, 7=03,V=05,f=07a=1,¢=0,ny =0.1. (a) 3D plot, (b) 2D
graph.
Case 2. O, =0, O; =0, and O4 = 0. Thus, we have
R(L) = L*. (3.26)

When ¢5 < 0, by using Eq (3.8), then, we get

1
L=- (o — o). (3.27)
V—¢3
Furthermore, we get the solution
_ 1, P
Ui, 0)=— (p—wo) +—, (3.28)
55 4

which is a rational solution, see Figure 6.

(a) (b)
Figure 6. Graph of ¢ (x, t) in Eq (3.28) is observed, when the variables: ¢ = 0.91, k, = 0.9,
ke=19,7=032,V=05,f=07, =1, ¢y =0, ny =0.1. (a) 3D graph, (b) 2D plot.

AIMS Mathematics Volume 10, Issue 5, 11842—-11879.
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Case 3. 0, >0,0;=0,0, =0, and H, > 0. Thus, we have

R(L) = (L - a)*(L - b, (3.29)
where a > b. For ¢; < 0, from using Eq (3.8), then, we get
—b — b)Y =b(0 —
L=2 —(coth (@-b) 2¢3(‘0 20 _ 1y 4 b, (3.30)
L= b;a(tanh (@-b) ”_2¢3(9”_9”0)—1)+b. (3.31)
In addition, we obtain two solutions
—b — D)V =b(0 —
(& o) = (& —(coth (@-b) 2¢3(9” 20) _ 1)+ b+ %. (3.32)
b - —b)+- -
o) = (2% (tann 92 2¢3("0 20) _ 1)+ b+ %. (3.33)
These are solitary wave (SW) solutions, see Figures 7 and 8.
N .
£ )

—50 4

—100 4

—150 1

—200 A

(a)

(b)

Figure 7. A graph of ¢ (x, t) is displaced in Eq (3.32), where a = 2.52, b = 1.92, u = 1.95,
ky =03,k =19,7=052, V=18, f =08, =1, ¢, =0, nyp = 0.1. (a) 3D display, (b)

2D visual.

AIMS Mathematics
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4.05
4.00
3.95
3.90

Amplitude
w >
1] [=]
V] [s]

w
0
o

w
0
«

(a)

4.10 4.05 4

(b)

Figure 8. The graphical fluctuation in ¢ (x, ) as defined in Eq (3.33), where a = 2.52,
b=102,u=195k,=03,k =1.1,7=052, V=08, f =08, a=1, ¢y =0, ny =0.1.

(a) 3D graph, (b) 2D display.
Cased. 0, > 0,03 =0,0,4 =0, and H, = 0. Thus, we have
R(L) = (L - (L - ).

For ¢5 < 0, from Eq (3.8), we have
4&-x

T - 0P(—3)p — o) — 4

Since, we obtain the following solution:

4¢ - x)

Y. o) =(

For ¢5 > 0, then, we can obtain:

44 - x)

=0 o —gop =3 7O

L =
—(x = 0 (=3)(@ — o) — 4

Hence,

4 -x)

Y&, 0) = (

(¢ = O (@3)(p — po)* — 4

+ .

¢
&

+ .

¢2
+0)+ e

Eqgs (3.36) and (3.38) are rational solutions, see Figures 9 and 10.

AIMS Mathematics

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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(a) (b)
Figure 9. The visual graphics of ¥ (x, t) using Eq (3.36), where = 2.52, y = 1.02, u = 1.95,
ky=03,k.=11,7=052,V=08,f=08,a=1,¢y =0, ny =0.1. (a) 3D graph, (b) 2D
plot.

(a) (b)
Figure 10. The dynamical behaviour of v (x, f) using Eq (3.38), where { = 2.52, y = 0.02,
u=195k, =03,k =11,7=052, V=08, f=08, a=1,¢) =0,n =0.1. (a) 3D
display, (b) 2D plot.

Case 5. 0,05 < 0, and O4 = 0. Since,
R(L) = (L —)*((F — A + B%). (3.39)

Then, we have

. (exp* VW—A)2+B2 V=¢3(0—¢0) —0) + ‘/(W —A2+BX2-0)

(3.40)
(exp* VW—-A)2+B2 V=¢3(p—¢0) _ 02 —1
where o = \/%. Since, we have
+ \(W—A)2+B% V=¢3(p—¢0) _ + —A)? + B2(2 —
.o = ARLELELL (341

(exp* VW-A7+B2 V=3(¢—¢0) -0)? -1

AIMS Mathematics Volume 10, Issue 5, 11842—-11879.
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that is a SW soliton solution, see Figure 11.

(a) (b)

Figure 11. The configuration of ¢, (x, t) through Eq (3.41) with the given parameters = 2.4,
A=093,B=04,u=195k, =03,k =11, 7=052,V=05,f=08,a=1,¢ =0,

ny = 0.1. (a) 3D display, (b) 2D visual.

Case 6. O, > 0, O; > 0, and O, > 0. Since, we have
R(L) = (L= A1)(L — L)L — 3)(L — ),

at which 4y > 4, > A3 > A4. For ¢3 < 0, from Eq (3.8), then, we can get

| Al = s (TS Vi — ¢0). 0) — di(da — o)
(A = Ag)sn?(M=E= V=650 — ), 0) = (A — A4)

b

| Al = s (R V(0 — ¢0),0) — A — o)
(A = A3)sn2 (A== V260 — ), 0) — (A — Ay)

b

=)= 1s) Since, we can find the two solutions

where ¢ = G500

Ao = s (T =i (p — ¢0).0) — il — ) g,

Y€ o) = |
| (4 = A2 (MO i — ), 0) = (b - Ay) 4
(o) = A4(Ap - /13)sn2(@ V=03(¢ — o), 0) — A3(A2 — ) . ¢

For ¢5 > 0, from Eq (3.8), then, we can get

| _ A~ s (R V(e — ¢0).0) — (i - )
(A1 = A) s (X V=G (g — o), 0) = (A1 = A3)

(A — A3)sn2 (YA (Zhio — gg),0) — (L~ A) 4

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

AIMS Mathematics Volume 10, Issue 5, 11842-11879.
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[ A — s (R V(e — o). 0) — A — )

(3.48)
(A3 — Ag)snA(XA=BAD) V2B (0 — ), 0) — (A3 — A1)
where o = %. Since, we get the two solutions
(A = ) snA (M= {20 — ), 0) — (4 — ) ¢,
Yi(é,0) = S T (3.49)
(A4 = )sn* (=== V=¢3(¢ — ¢0), 0) — (41 — A3)
D13 = Ag)sn? (A=W (2 (0 — 0), 0) — Aa(d3 = A1)
(& o) = 2 ey (3.50)

(A3 — A)sm2 (ML) V260 — 00),0) — (3 - 4) 4
Equations (3.45), (3.46), (3.49), and (3.50) are a JEF double periodic solutions, see Figures 12-15.

T

N
N

(a) (b)
Figure 12. The shape profile of y(x, ) to Eq (3.45) with parameters 4, = 1.4, 1, = 0.7,
A3 =28, 14,=019,u=195k,=03,k.=1.1,7=052, V=05, f=08,a=1, ¢ =0,
ny = 0.1. (a) 3D graph, (b) 2D visual.

(a) (b)
Figure 13. The dynamical analysis of y(x, ) given by Eq (3.46) with values 4, = 1.4,
A =074 =28 24, =019, u=195k, =03,k =11, 7=052,V =05, f = 0.8,
a=1,¢y=0,ny=0.1. (a) 3D display, (b) 2D plot.
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(a) (b)
Figure 14. The dynamical analysis of y(x,?) given by Eq (3.46) with values 4, = 1.4,
A =07,143 =28 24, =019, u=195k, =03,k =11, 7=052,V =05, f = 0.8,
a=1,¢9=0,n9=0.1. (a) 3D display, (b) 2D plot.

(@) (b)

Figure 15. Using Eq (3.50) generate an illustration of ¢, (x, ) with the following parameters:
A =14, 20=2724=28 1, =019,u=195k, =03,k =11,7 =052,V =05,
=08 a=1,¢y=0,ny=0.1. (a) 3D graph, (b) 2D visual.

Case 7. 0,05 > 0, and O, < 0. So, we have
R(L) = (L =)L = v)(L - ©)* + ¢*), (3.51)
wherever ¥ > TI', [ > 0, 8 > 0. Then, we denote

1 1
V= E(‘I’ +v)n — 5(‘1’ -f, (3.52)

1 1
0= 5(‘P+v)f— E(‘P—v)n,

k=v-0-21,

01

h=% -0 - qo,
_F+MY-0)¥ -V

S
q¥ —v)

b
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01=8+ VS2+1,
0 =7 1
+ 01

Then, we have

vcn(—'izq@l(\P_V) V=¢3(¢ — ¢0),0) + 0

2001

= . (3.53)
V72901 (P-)
ken(¥ =5 V=83(¢ = ¢0),0) + I
Furthermore, we have the following solution
2go1(P-v)
ven(Ye =S Ny - g @) o g,
WI(f, 0-) = + —, (354)

ken(Y2EE) 80 — o), 0) + B

2001

that is a JEF double periodic solution, see Figure 16.

4
[w 1172

(@ (b)
Figure 16. The graphical structure of ¢ (x,t) by Eq (3.54) with the parameters ¥ = 2.5,
v=17,0=287,q=12,u=09,k, =09,k =19, 7=03, V=05, f =07, a =1,
¢wo =0, ng =0.1. (a) 3D graph, (b) 2D plot.

Case 8. 0,05 <0, and O4 > 0. So, we have
R(L) = (L= r)* + w)((L = r2)* + w3), (3.55)

where w; > wy > 0. We denote

c=rih+wk (3.56)
e =rk—wh,
h=-wi - 22,
01
k=r—n,

g = (rl—r2)2+w%+w%

b

2W1 wy
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01=S5+ VS2—1,
229%_1
o7

Then, we have

_esn(n V=¢3(¢ — ¢o),0) + ecn(n V=¢3(¢ — ¢9),0)

— , (3.57)
hsn(n N=¢3(¢ — ¢o), 0) + ken(n V—=¢3(¢ — ¢o), 0)
o AS AR 2RI
where 7 = = i ;i;fflh sl Moreover, we have

i = S V=¢3(p — 90).0) + ecn( N=¢3(¢ — ¢0).0) _ $2 (3.58)
©T hsn(V=63(¢ — @), 0) + ken(pN=3(¢ — o), 0) 4

that is a JEF double periodic solution, see Figure 17.

5 0 5 !
r ‘ vn,"'i ms '||
[ ‘ f

| \ /)]

| P IR :’ F
’\"\ 1+

\ : |'

| \ . \
ALY i

% ° ° x
(a) (b)

Figure 17. A graphical illustration of ¢ (x, ) to Eq (3.58) with values r; = 2.5, r, = 1.7,
w =087, w, =12, u=09,k,=09,k. =19,7=03,V=05f=07,a=1,¢ =0,
no = 0.1. (a) 3D display, (b) 2D visual.

Case 9. D; > 0, D4 = 0, and D, > 0. Thus, we have

R(L) = (L—11)*(L —12)(L — 13), (3.59)

where 7, 7, and 73 are real numbers, 7y = =32 and w = (1, — T2)(11 — T3).
If L > 1, and 7, > 7; > 73, then, we have,

2w
L= - . (3.60)
(T2 — 73) sinh( V—w V=3(¢ — ¢0)) + 272
If 71 > 75 and 7; < 73, thus, we have
2w
L= . (3.61)
(T2 = 13) cosh(\Vw V=¢3(¢ — ¢o)) + 21,
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Furthermore, we get the two solutions

2w b
i o) = ( )+ =2 (3.62)
1 (t2 — 73) cosh(Vw V—s(0 — 9o) + 212" 4
2w 05
i€, 0) = ( )+ . (3.63)
(1, — 13) cosh(Vw V=¢3(p — o)) + 27, 4
Equations (3.62) and (3.63) are a SW solutions, see Figures 18 and 19.
o0 r é 125 -
s 100 A L
~
(a) (b)

Figure 18. A graphs of (x, 1) to Eq (3.62) with values: 7, = 1.3, 73 = 2.3, u = 0.9,
ky =09,k =19, 7=03,V=05f=07a=1,¢ =0,ny =0.1. (a) 3D plot, (b) 2D

graph.
150 1
105 100 —JmL—
100 - 2 s
o5 ' =
£
90 01
_s0 4
—100 A
)Fa‘ﬂ‘:s 2 a -4 - - : ? *
(a) (b)

Figure 19. A graphical illustration of ¢ (x, f) to Eq (3.63) with values: 7, = 1.3, 73 = 2.3,
u=09k, =09,k =19,7=03,V=05 =07, a=1,¢y=0,ny=0.1. (a) 3D graph,
(b) 2D visual.

4. The SW solutions

It is intriguing to explore many exact and explicit local pulse solutions that are disseminated over
a fiber optic system. We solve SW in this section with trigonometric and HF derived from JEF. The
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JEF is converted into trigonometric and HF that converge to 0 — 0 and ¢ — 1, respectively, in the

long-wave approximation.

4.1. Two-fold HF

By containing the limit o — 1 in Eqgs (3.45), (3.46), (3.49), and (3.50), then, the function degenerate

into

sn (V== {26 — ), 0) — tanh?(YALT (25 (0 — ),

which present the SWs solution [39], see Figures 20 and 21.

Ao = Ay) tanh® (PR V(o — o) — Al — ) g,

wl (‘f’ O-) = .
(41 = ) tanh? (U= V=G0 — o) — (o = )
o) = =) tanh’ (LS VEG(e — o) ~ (e — ) g
16,0) = Ry
(= A5) tanh’ (YA NG — o) = (o = As)
e = B ) tanh’ (T V=il — 90)) — (i =) g
16, 0) = R
(A — ) tanh?(MAIE) V2G50 — 0g) — (4 - 43)
A1(A5 = Ag) tanh? (M=) 2G50 — @) = (A3 — A1) 4,
wl(fa O_) = + =

AN

\‘\\\§\\§\\\

AN

(A3 — Ag) tanh? (YR V25— ) — (- 4)

(4.1)

4.2)

4.3)

4.4)

(a)

Figure 20. Equation (4.3) provides the figure of ¥ (x, ), when 4; = 0.4, 1, = 3.7, 13 = 2.8,
Ag=119,u=195k, =03, k. =1.1,7=052,V=05,f=08,a=1, ¢y =0, ny=0.1.

(a) 3D plot, (b) 2D visual.

AIMS Mathematics

(b)
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(a)

Figure 21. Equation (4.4) provides a dynamical behaviour of ¢ (x,?), when: 1, = 2.4,
A =17,43=28 A4, =119, u=195k, =03,k =11, 7=052,V =08, f = 0.8,

a=1,¢y=0,ny=0.1. (a) 3D display, (b) 2D graph.

4.2. Two-fold periodic SW (PSW)

(b)

By containing the limit 0 — 0 in Eqgs (3.45), (3.46), (3.49), and (3.50), then the function converts

into

sn (V=LA (26 — ), 0) — sin® (YL {25 (0 — ),

which displays the SW solutions [39], see Figures 22-25.

(A — ) sinz(w V=¢3(¢ — ¢0)) — 1(d2 — A4) N $2

Y€, o) = .
1 () — ) sin (YLD =m0 gy — (4 - Ay 4
UiEo) = (A — A3) Siﬂz(w V=03(¢ — ¢0)) — 3(A2 — A4) N &
1 > - .
(L — ) sin? (M) G000 — (L - ) 4
Di(Eo) = A3(A1 = Ap) sin® (A== V2650 — @) — Ax(A) — A3) L
1 ’ - .
(A — Ap) sin? (WD) g o)) — (4 —d3) 4
PP (Gl SIn’ (TS Vsl — 90) — (s ) g
1 ’ - I
(s = ) sin” (VAL ogi(p — o) — (s = 4) 4
AIMS Mathematics

4.5)

(4.6)

4.7)

(4.8)
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(a) (b)
Figure 22. Equation (4.5) provides a representation of ¢ (x, 1), where 4, = 2.4, 1, = 2.7,
A3 =08, 4 =15 u=195k, =03,k =11,7=052, V=08, f =08, a=1, ¢, =0,
ny = 0.1. (a) 3D plot, (b) 2D visualisation.

(a) (b)
Figure 23. ¢/ (x, t) can be observed graphically in Eq (4.6), if 1y = 2.4, 1, = 3.7, A3 = 2.8,
Ay =019, u=195,k, =03,k =1.1,7=052,V=08, f =08, a=1,¢) =0, ny =0.1.
(a) 3D visualisation, (b) 2D plot.
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L7
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Ko
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(a) (b)

Figure 24. The optical behaviour of (x, t) is expressed by Eq (4.7) occurs, when A, = 2.4,
A =37,43=28 24, =019, u=195k, =03,k =11, 7=052,V =08, f = 0.8,

a=1,¢9=0,n9=0.1. (a) 3D display, (b) 2D plot.

(b)

(@)
Figure 25. Equation (4.8) represents a graphical behaviour of ¢ (x, 1), if 4; = 2.4, 1, = 3.7,
A3 =28, 14=019,u=195,k;, =03, k. =11, 7=052, V=08, f =08, a=1,¢,=0,

ny = 0.1. (a) 3D graph, (b) 2D visual.

4.3. Two-fold HF-1

By containing the limit o — 1 in Eq (3.54), then the function transfer into

VF2q01(¥-v) F2q01(Y—v)
(X \=83(9 — 90), 0) = sech(—— \=F3(¢ — 90)),

which show the SW solution [39], see Figure 26.

vsech(—ﬁzgl(ly_v) V=d:(¢—@o)) +o ¢,
lﬁl(é" 0-) = ‘/m T (49)
ksech(XY—— \=¢3(¢ — ¢0)) + h
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(a) (b)
Figure 26. Equation (4.9) an optical behaviour of ¢ (x, ), when 4; = 3.4, 1, = 2.7, 13 = 2.8,
Ay =019, u=195k, =03, k. =1.1,7=052,V=08,f =08, =1, ¢y =0, ny =0.1.
(a) 3D visualisation, (b) 2D plot.

4.4. Two-fold PSW-I1

By containing the limit 0 — 0 in Eq (3.54), then the function transfer into

V72401 (F-v) \/F2q01(P-v)
cn( 5 V=3(# = 90), 0) = cos(~——— \=F3(¢ — ¢0)),

which show the SW solution [39], see Figure 27.

VF2q01(¥-v)
veos(F—p—— V=il —¢0) +o ¢,
+ 2,

2q01(Y-v)
keos(Nn =" V=3l — po)) + h

v, o) = (4.10)

(a) (b)

Figure 27. Equation (4.10) construct a graphic of ¢(x,t) under the following scenarios:
Y=25v=17,0=287,¢g=32,u=195k,=03,k. =1.1,7=052,V=0.8, f=0.8,
a=1,¢y=0,ny=0.1. (a) 3D graph, (b) 2D display.

4.5. Two-fold HF-III

When o — 1 is utilized as the limit in Eq (3.58), then the functions turns into

sn(m V=¢3(¢ — ¢o), 0) — tanh(n V—=¢3(¢ — ¢o)),
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and

cn(n V—=¢3(p — o), 0) — sech(n \V—¢3(¢ — o)),
which show the SW solution [39], see Figure 28.

c tanh( V—¢3(¢ — po)) + esech V—¢s(¢ — o)) | ¢2

Ui (& o) = : 4.11)
htanh(n VN(p — ¢o)) + ksech(n \=¢3(¢ — o)) 4
W 1’ 2
where 7 = = (hzzzkj,)fz&lhhkz).
5 O i
(8]
\ -5

ol |
) |
Nl BN

-5 0 5

(a) (b)
Figure 28. Equation (4.11) demonstrates ¢ (x, t) graphically with values: ¢ = 2.5, v = 1.7,
O=187,¢g=22,u=195k, =03,k =11, 7=052, V=08, f=08a=1,¢ =0,
ny = 0.1. (a) 3D plot, (b) 2D visual.

4.6. Two-fold PSW-III

If 0 — 01s the limit in Eq (3.58), the function yields
sn(n V=¢3(¢ = ¢o), 0) = tanh(17 V=¢3(¢ — ¢0o)),

and

cn(m V=¢3(¢ — ¢o), 0) = sech(n \—¢3(¢ — ¢o)),
which show the SW solution [39], see Figures 29 and 30.

c tanh( V=¢3(¢ — ¢o)) + esechn V=¢s(p — o) _ 42

elx, 1) = ) (4.12)
htanh(n V=@3(¢ — ¢o)) + ksech(n \—¢3(¢ — @) 4
W 1[ 2
where np = = (hz,:zkj,)fzélh2+k2).
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(a) (b)
Figure 29. Equation (4.11) illustrates ¢ (x, f) via visuals with values: r; = 2.5, r, = 1.7,
w =087, w, =12, u=195k,=03,k.=1.1,7=052,V=08, f =08, a=1, ¢y =0,
ny = 0.1. (a) 3D display, (b) 2D graph.

0
-5 §

(a) (b)
Figure 30. Equation (4.12) displays i (x, t) through visuals with values r; = 2.5, r, = 1.7,
wi =087, w, =12,u=195k,=03,k. =11, 7=052,V=08,f=08,a=1,¢ =0,
no = 0.1. (a) 3D image, (b) 2D representation.

5. CB

We introduce a perturbed term to investigate the possibility of chaotic behavior in the resultant
system (1.12) [28]:

L' = P(p), 5.1)
P = —¢3(4L3 + 25L + f) + xo cos(we), :

where ¢ = %, = —7¢§1J;16¢1, fi = ¢2(¢28—4¢1)’ and f, = —2¢‘2‘+64;;55%251+256¢0'

Now, Eq (5.1) w is the frequency and y is the disruption of strength. System (5.1) possesses an
external periodic force that system (22) lacks, enabling one to study the periodicity and chaotic patterns
of Eq (1.1). To solve this problem, we employ various tools such as time series profiling, phase portrait
method and Poincare maps. We will consider two alternate scenarios and study the influence of the
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various parameters ¢s, f>, fo, o, and w in order to study the matter from different points of view.
Under the first scenario, yo and w are constants, and we will study the influence of changing the other
factors. While under the second scenario, we’ll study the influence of y, with constant values of ¢s,
f2, fo, w. Figure 31 is showing time analysis graphs, Poincare maps, 3D and 2D graphs with respect
to g3 = 1.375, f, = 1.27, fi = =0.72, o = 3.5, and w = 2x. System (86), for yy = 3.5, is exhibited to
display quasi-periodic behavior. We take ¢3 = 0.62, f, = 3.63, and f; = —1.24 with y(, = 3.5 in Figure
32. We have ¢35 = 0.5, f, = 1.5, and f; = —1.6 with y, = 2.5 in Figure 33. System (5.1) is found
to be quasi-periodic in nature but, for specified values of parameters, the Poincare section contains
several disordered points indicating chaotic behavior. We only vary y, in Figure 33 from Figure 34
with y, = 1.5. Rest all components remain constant. System (86) is quasi-periodic in nature compared
to chaotic activity exhibited by the Poincare map, which contains many irregular regions.

1k ]

g
4] 20 40 60 80 100
L

(©) (d)
Figure 31. CB for Eq (5.1) with initial conditions (0.08, 0.08) and parameters ¢; = 1.375,
H =127, fi = -0.72, xo = 3.5, and w = 2x. (a) Phase plane image, (b) 3D helical graph,
(c) time series plot, (d) 3D scatter visual.
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300

S T S I S N S
150 200 250

L
(© (d)
Figure 32. CB with initial condition (1.08, 1.08) and parameters values ¢; = 0.62, f, = 3.63,
fi = —1.24, yo = 3.5, and w = 2x. (a) Phase plane image, (b) 3D helical plot, (c) time series
image, (d) 3D scatter display.
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Figure 33. CB with (0.08,0.08) and parameters ¢;

and w

2.5,

2n. (a) Phase plane graph, (b) 3D helical visual, (c) time series plot, (d) 3D scatter

05, fo =

projection.
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(© (d)

Figure 34. CB for Eq (5.1) with (0.08, 0.08) and parameters ¢; = 0.5, f, = 1.5, f; = —1.6,
Yo = 1.5, and w = 2x. (a) Phase plane illustration, (b) 3D helical diagram, (c) time series
graph, (d) 3D scatter plot.

6. The energy balance method

Here, we applying the energy balance equation. To do so, we rewrite the Eq (3.3) as:

2
M N 0
It’s variation principle is as follows:
s M, N, Q
K = _1___4__3__2d) 6.2
= [ (5 - G- 3ui - Suda ©2)
i
Kwo = [ (€= wag. (63)
0
Here, V is the kinetic energy and W is potential energy, so,
72
M N 0
C=-—"2, W=-—yt-—=y’ - =y 6.4
. T vl - Sul (6:4)
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Its Hamiltonian invariant is as follows:

72 M N
H:C+W:(71+(—Zw‘f—§lﬂf—%ﬁ%)-

Now, we assume the solution of Eq (5.2) is:

Y1(p) = L cos(oyp).

According to energy balance method, Hamiltonian invariant needs to be unchanged:

72 M

N
H:C+W:(71+(_Zl//‘l‘_§l//%_Q

El//%) = H,.

The initial condition of Eq (6.6) is:
¥1(0) = 0,y,1(0) = ¢.

Putting Eq (6.8) into Eq (6.7):

M,
_Zé’_

N 4
3§

Q

552 = Hp.

Next, putting Eqgs (6.9) and (6.7) into Eq (6.8), we get:

(fosin(oy))* (M N

N
2 (Z(f cos(op))* + g(g“ cos(op))’ + %(5 COS(QQD))Z) -3 y

On substituting pop = 7 into Eq (6.11), we get:

’*0? M ;3 N 0 M
RISt

N3
3¢

0,
2¢"

Hence, we have:

-3M -4 2
o= \/ Mo v 2o

So, we get the periodic solution of Eq (3.3), see Figures 35 and 36.

() = (¢ cos \/ ﬂMﬁ ¥ N(_“%ﬁ)g - o))

where ¢ = (2)&* — V()o.

M
Mo Moo

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

Y

Yo
2{ ), (6.10)

6.11)

(6.12)

(6.13)

AIMS Mathematics Volume 10, Issue 5, 11842—-11879.



11873
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Figure 35. Equation (6.13) recognizes the graphic form of ; = (£, 0) by using following
values M = -3, N=7,0=33,V=7,(=1.5,a =4. (a) 3D plot, (b) contour graph, (c)

2D diagram.

(a) 3D image

(b) 2D representation

Figure 36. Equation (85) displays ¢ (x, t) through visuals with values r; = 2.5, r, = 1.7,
wi =087, w, =12,u=195k,=03,k. =1.1,7=052,V=08,f=08,a=1,¢ =0,
ny = 0.1. (a) 3D image, (b) 2D representation.

7. Results and discussion

Here, we discuss our findings and make comparisons with earlier findings. Eslami analyzed
extended KdV for finding new analytical solutions by using exponential method [23]. Using definitions
of fractional derivatives, they sought to obtain new analytical solutions of the KdV equation using
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the exponential method and were able to establish a new class of solutions with graphical analysis.
Neirameh and Eslami analyzed EKdAVE for finding analytical and exact solutions by means of Riccati
equation method [21]. They aimed to obtain new exact analytical solutions for the EKdVE equation by
employing a new modified method called the Riccati equation method. EKdV equation was presented
through the reductive perturbation method, with a double-layer structure being incorporated within the
existing plasma model. Their resulting solutions were given by means of hyperbolic, trigonometric,
and rational functions. Neirameh and Memarian analyzed extended KdV for finding new exact SW
solutions by means of an analytical method [22]. They examined the double-layer structure model
of the EKAVE according to the reductive perturbation method, which added a double-layer structure
to the current plasma model. Applying the (G’/G)-expansion method, they derived new exact solitary
wave solutions to the equation successfully. Two parallel sheets of opposite electric charges constitute a
double layer of plasma, generating a strong electric field with a sharp difference in potentials within the
two layers. Such a structure is thought to feature prominently in a myriad of space plasma environments
around Earth as well as in a number of astrophysical objects. These nonlinear entities naturally exist
within a vast array of space plasma conditions and are typically addressed by the KdV equation with
the addition of cubic nonlinearity to describe different homogeneous plasma regimes.

In this paper, we have used the CDSP approach which provides considerable benefits for the
solution of nonlinear evolution equations. It provides a unified, systematic approach that removes
the necessity for spurious assumptions regarding the shape of solutions. Analyzing the complete
discriminant structure of the corresponding polynomial naturally classifies and generates a broad range
of exact solutions, such as hyperbolic, trigonometric, rational, and Jacobi elliptic function ones, see
Table 2.

Table 2. Appendix.

Variables Physical meaning

T. T, Temperature of cold and hot electrons, respectively

Key Kp Spectral index measuring deviations from Maxwell equilibrium for cold and hot electrons
N, Ny, Density of cold and hot electrons, respectively

D(x, 1) Wave profile depending on spatial and temporal coordinates

sn, cn Jacobi elliptic functions

V,W Kinetic and potential energy

H Hamiltonian invariant

This exhaustive classification prevents the exclusion of any possible solution type. Additionally,
CDSPM is extremely effective for solving high-order nonlinear equations, where other methods are
bound to fail. Apart from finding explicit solutions, it also assists in qualitative understanding of the
system dynamics, such as stability analysis, bifurcation behavior, and chaotic features. Compared
with conventional ansatz-based or residual-balancing methods, CDSPM is more stable, flexible, and
rooted deep within the inherent mathematics of the governing equations, hence a better analytical tool
for investigating intricate nonlinear phenomena. We have discussed several types of soliton solutions,
where triangular function periodic solutions from Eq (35) are shown in Figure 5. Periodic solutions,
which repeat their action within a standard interval of time, have a significant role for all branches of
science, science, as well as various branches of science. Equations (3.32), (3.33), (3.41), (3.62), and
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(3.63) show SW solutions are plotted from Figures 7, 8, 11, 18, and 19. SW solutions are helpful
for all branches of science such as, nonlinear optics, physics, biology, plasma physics due to one of
their common characteristics. From Eqs (3.28), (3.36), and (3.38), rational soliton solutions shown
from Figures 6, 9, and 10. From Eqgs (3.45), (3.46), (3.49), and (3.50), JEF double periodic solutions
graphical behavior are shown from Figures 12-15, if we take the limits as 0 — 1 and o — 0O ,then the
solutions are double hyperbolic-I SW from Eqs (4.1)—(4.4) and their characteristics are from Figures
19-22, and double periodic-I SW from Egs (4.5)—(4.8) are shown from Figures 23-26. From Eq (3.54),
JEF double periodic solutions as well as their graphical behavior are shown from Figure 16, but if we
take the limits as 0 — 1 as well as ¢ — 0 to become double hyperbolic-II SW from Eq (4.9) as well
as double periodic-II from Eq (4.10), their graphs are shown from Figures 27 as well as 28. From Eq
(3.58), we have JEF double periodic solution as well as their shape of profile show from Figure 17, but
if we take the limits as o — 1 as well as o — 0, then, it becomes double hyperbolic-III from Eq (4.11)
as well as double periodic-III from Eq (4.12) as well as their graphical representation from Figure 29 as
well as 30. And, we apply energy balance method from Eq (6.13) to get the periodic behavior, which is
shown from Figure 31. They assist us with a more effective understanding of the dynamics of systems
as well as their reaction to various parameters. Various of these solutions provide valuable insights into
the contribution of wave phenomena to physical systems. They are applied in telecommunications,
plasma physics, and quantum mechanics. Additionally, we perform a bifurcation as well as a chaos.
These analyses are utilized in various applications of science and technology to understand underlying
dynamics, control systems, as well as predict.

8. Conclusions

In the present work, we have examined the EKAVE model of fractional derivatives using the
CDSPM. With this method, we were able to derive diverse soliton and solitary-wave patterns, such as
rational solutions, Jacobi elliptic function (JEF) double periodic waves, solitary waves, periodic waves,
and transformation of JEF double periodic waves into solitary waves. We also examined the model’s
bifurcation structure as well as its chaotic dynamics to perform a qualitative investigation. Our model
was reduced to a planar dynamical system using a Galilean transform, which facilitated a thorough
examination of its stability. Our quasi-periodic as well as chaotic dynamics were subsequently studied
by incorporating a source of external periodic driving. For the detection as well as identification of
chaos, we employed several methods, including 2D and 3D graphical results, time series plots, as
well as Poincare maps. All results from the above conclusively prove the efficacy, flexibility, as well
as extensive applicability of the methods proposed for studying soliton dynamics as well as phase
transitions of nonlinear models. Additionally, the research utilized the energy balance method, which
gained huge importance due to its efficacy for resolving NLPDEs. Utilization of CDSPM provides
considerable benefits, such as a systematic unified framework for the classification of all possible types
of solutions, avoidance of arbitrariness of assumptions, and improvement of analytical tractability of
higher-order nonlinear equations. Its power for naturally solving a vast range of exact forms of the
solution as well as gaining insights into the qualitative dynamics makes the CDSPM a very effective as
well as a reliable method for investigating complex nonlinear evolution equations.
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