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1. Introduction

Nonlinear fractional partial differential equations (NLFPDEs) are equations in which the
derivatives are of fractional order. Due to their non-local characteristics and specific complexities,
these equations have applications in many scientific fields such as physics, engineering, chemistry,
and biology. FPDEs are used to model systems that exhibit delay effects or history-dependent
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behavior. These equations are commonly observed in nonlinear systems and complex phenomena,
such as fluid dynamics, disease models, and social dynamics. One of the advantages of using FPDEs
is their greater accuracy in describing natural phenomena and the ability to model behaviors that
cannot be represented by ordinary differential equations. Specifically, these equations can explain
phenomena where the system’s memory and history-dependent effects are influential.

Solving NLFPDEs often requires complex numerical and analytical methods because the
properties of these equations make traditional solution techniques, which depend on integer-order
derivatives, ineffective. As a result, researchers are increasingly seeking methods that can effectively
solve these equations and provide a better understanding of the phenomena being studied. In this
regard, NLFPDEs have been studied using various methods. One common method is the Laplace
transform, which converts fractional equations into algebraic equations, enabling their solution.

For example, the authors of [1] applied the Laplace transform to solve families of fractional
differential equations. They extended the classical Frobenius method and derived explicit particular
solutions using binomial series expansions. Vatsala and Sambandham [2] developed a Laplace
transform method to solve sequential Caputo fractional differential equations. They addressed both
initial and boundary value problems, providing solutions in terms of Mittag—Leffler functions. Their
approach generalizes classical methods and offers a framework for analyzing fractional systems with
memory effects. In [3], the authors investigated Laplace transforms with respect to functions and their
applications to fractional differential equations. They established fundamental properties, including
an inversion formula, and demonstrate how these transforms can be used to solve fractional equations
efficiently.

Additionally, series methods, such as Maclaurin or Taylor series, are used to expand the solution as
a series of power functions, especially when the exact solution of the equation is not accessible.
Meanwhile, Cang et al. [4] applied the homotopy analysis method to derive series solutions for
nonlinear Riccati differential equations of fractional order. Further extending power series techniques,
Angstmann and Henry [5] developed a generalized fractional power series method for solving
fractional differential equations. This approach refines traditional methods by incorporating the
complexities of fractional calculus, offering a versatile tool for obtaining analytical solutions across a
wide range of fractional differential equations. Ali, Kalim, and Khan [6] employed the fractional
power series method (FPSM) to solve FPDEs. They demonstrated that the FPSM effectively
constructs series solutions for a variety of FPDEs, providing a systematic approach to handling the
complexities introduced by fractional derivatives. Tashtoush et al. [7] focused on obtaining exact
solutions to the space-time conformable fractional (4+1)-dimensional Fokas equation with Kerr law
nonlinearity. The authors of [8] applied a fractional nonlinear dispersive model to describe wave
propagation in Murnaghan’s rods using S-fractional and M-truncated derivatives. They presented
exact solutions and phase portraits to analyze the system’s dynamic behavior and singularities.

In more complex cases, semi-analytical algorithms and numerical methods are employed to
approximate fractional derivatives and solve the equations. For instance, Kheybari et al. [9] presented
a novel semi-analytical algorithm designed to solve time-fractional modified anomalous sub-diffusion
equations. In [10], the author applied pseudospectral methods based on different fractional derivative
operator matrices for solving time-space FPDEs characterized by variable coefficients and governed
by the Caputo derivative. In [11], Hashemi, Mirzazadeh, and Baleanu proposed an innovative method
for computing approximate solutions to non-homogeneous wave equations featuring generalized
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fractional derivatives. Javeed et al. [12] analyzed the homotopy perturbation method for solving
FPDEs.

Some other numerical approaches for solving FPDEs have been proposed in the literature, such as
those in [13-16]. Furthermore, symmetry methods and Lie group analysis are used to obtain exact
solutions for FPDEs, particularly in physics and engineering. Lie group analysis is a powerful
analytical method used for studying fractional and nonlinear differential equations. In this method,
Lie groups and their principles are employed to find analytical solutions to differential equations. Lie
groups are particularly useful for nonlinear differential equations because they can identify the
symmetries of the equation and, through them, obtain general solutions [17-19]. This method is
especially applicable to equations that have spatial or temporal symmetries. In fact, Lie group
analysis allows for the modeling of the behavior of complex nonlinear equations using a simpler and
more precise symmetry structure, thus enabling the extraction of both specific and general solutions to
these equations [20-22].

In the present work, the time-fractional nonlinear Dirac system (TFNLDS), expressed as follows, is
investigated:

1
A1 DIp = 5qu = Pq-¢,
(1.1)

i 1
A2 Djq =3P+ pq +p°,

where p and ¢ are functions of (¢, x), and DY(.) represents the time-fractional Riemann—Liouville
(RL) derivative of order @, where a € (0, 1). By setting @ = 1, the classical type of the nonlinear Dirac
system can be recovered from the system (1.1) [23-25]. In the original Dirac system, as described by
Frolov [26] and Schratz et al. [27], the functions p(x, ) and g(x,t) evolve according to the coupled
nonlinear equations given in [28]. This system, which describes the motion of relativistic spin—%
particles in external electromagnetic fields, has significant applications in applied sciences. However,
to account for more complex dynamics and long-range interactions, the system can be generalized
into a fractional form. In this work, we extend the nonlinear Dirac system by introducing fractional
derivatives of order @ € (0, 1) to model the system with non-local effects. The fractional form of the
Dirac system provides a more accurate representation of phenomena exhibiting memory effects, such
as the self-interaction of nonlinear particles and the influence of long-range forces. By transforming
the system into a fractional setting, we can explore new solutions and behaviors that arise from the
fractional order, opening up avenues for further research in both theoretical and applied contexts.

This paper investigates the Lie symmetries and conservation laws of the TFNLDS. Section 2
presents the necessary preliminaries and mathematical framework. Section 3 is dedicated to the Lie
symmetry analysis of the TFNLDS, identifying both classical symmetries (Section 3.1.1) and
nonclassical symmetries (Section 3.1.2). Utilizing these symmetries, exact solutions are derived, and
their implications are explored. Section 4 constructs the conservation laws associated with the
TENLDS, providing insights into the fundamental invariants of the system. Finally, Section 5
summarizes the findings and discusses their significance.
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2. Preliminaries

Some fundamental definitions and properties of fractional order derivatives are presented in this
section. Interested readers are referred to [29-31] for their definitions and properties.
Definition 1. [29] Let @ € R,. The operator J* defined by

Lt —w)!
o I
where I'() is the gamma function, is called the RL fractional integral operator of order . When a = 0,

J =1 is the identity operator.
Definition 2. [30] Let @ € R, and n = [«], the operator D* formulated as

JUf(t, x) = f(w, x)dw,

z)(l’ — z)an—a’

which referred to as the RL fractional differential operator of order . When @ = 0, D* = [ is the
identity operator. Therefore, the fractional RL derivative of order « of the function f(z, x) is given by

F(l—a)atf( —w)fw,0dw, 0<a<l,

D] f(t, x) =
a%f(t, x), a=1,

and the RL fractional derivative of # is represented by

re+1)
—— i (@-B¢N), > -1,
D ={T(B-a+1) (@=p ). B
0, (=B eN).
It is evident that when @ — € N, the right-hand side is the [a]-th derivative of the classical

polynomial of degree [a] — (@ — B) € {0, 1, ...,[@] — 1}, where [-] shows the ceiling function.
The fractional integral and the RL fractional derivative possess the following properties:

1) Jof = D80 g8 50, B> 1.

I(a+p+1)

2) JNJf(t) = J2JNf(t) = J" 2 f(1), ap,ax > 0.
3) DJf() = f(t), a=0.
4) DY (1 f(t) + c8(0) = 1 DYf(t) + c,D%g(t), c1,c2€R, a>0.
5) D[fel(r) = Ti%) (‘,’j) (D" D)D) + T2 a1 (‘,f) (D) D g)@). >0,
where | -] shows the flooring function.
Definition 3. [30] Let @, 8 > 0. The two-parameter Mittag—Lefller function E, s is defined by

[ee)

) 2
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Definition 4. [31] The fractional integral operator of Erdélyi—Kober for f(z) is

f‘x’ (w—1)"!
(K5 r)or=3J; T
£ o=0.

f(tw/%)dw, a>0,

Definition S. [31] The fractional derivative operator of Erdélyi—Kober for f(¢) is

m—1

o=l 1- e ==rpo

1=

la]+1, a¢N,
m =
a, a € N.

3. Lie symmetries of the TFNLDS

In this section, we examine the Lie group and both the classical and nonclassical symmetries of the
main system (1.1). To this end, we present the relevant concepts of Lie group analysis for the system
of time-fractional partial differential equations (STFPDEs), which will be used later.

3.1. Lie group method

In this subsection, a general description is provided of how the Lie group method is applied to
STFPDE:s of order @, where a € (0, 1), expressed as follows:

E1:Dp =01t X, P, q, Pxs Gxs Prx> Goxs - -) = 0,

" ! 3.1
= Z),q—0'2(t,X,p,q,Px,Clx,Pxx,Qxx,"') =0.

The system (3.1) consists of p and ¢ as dependent variables, while ¢ and x serve as independent
variables.  Additionally, the subscripts denote integer-order derivatives. Considering that the
system (3.1) remains invariant under the following one-parameter Lie group transformations

X=x+el(tx,p,q) + 0(62),
=1+ Eé/z(t, X, p9 9) + 0(62)’
= u+ ew,(t, x, p,q) + O(€),

hB( ~C

Z] =v+ EwZ(t’ X, D, Q) + 0(62),
D'p=Dp + ew(f’t(t x, p,q) + O(€%),

DG =Diq+ewy'(t,x, p,q) + O(é>),

ajﬁ ajp j, X 2 .
8%f:§+6w{ (t,x,p,q) +O0(e?), j=1,2,3,...,
dqg  0q

2 .
Frrie £+6w2 tx,p.+0(€), j=123,...,
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where € is the group parameter. Furthermore, the vector field corresponding to these transformations
is given as follows:

0 0 0 0
W = gl(t7 X, P, Q)_ + 52(1” X, P, Q)_ + ’ZD'[(I, X, P, ‘])_ + 1D'2(t, X, P Q)_
ox ot ou ov

For the system (3.1), the infinitesimal generator admits a symmetry precisely when the following
conditions are satisfied:

prifmwE) =0

2,=0

pret W (E,)

Er=0

where k; and h; for [ = 1, 2, represent the leading orders in the /-th equation in the system (3.1), and it
is also important to note that the fractional prolongation operator pr®*"W is expressed as follows:

0 0
PrafnW —W 4 g™y g — 4+

L a@ep) Ut ap, ' Opix
ol —— 4+ F 0 4.+ 0 ,
2 oD * 0q. > Oqnx

where @w]" and @;" represent the extensions of the infinitesimals in the integer-order framework, as
follows:

o 'p
1)

. . a] 8 .
o) = Dl - (D)5 - (D)5 ( ) jeN,

aj
ol = Dl - (D) FE - (D)o (

where the symbol D, signifies the total derivative, i.e.,

0 0 9 0 0

Di=—+pi—+pu—+ +qm—+ g+ .
0x p@p p opy qaq 1 0q,

Therefore, @ represents the a-order extensions of the infinitesimal operator as
@' = Di@i + (D] (p) = D (Lipx) + D (Di&)p) = D™ (&ap) + & (p),

where the symbol DY denotes the total a-order fractional derivative. Utilizing the generalized Leibnitz
formula and the chain rule [29, 32], w‘f” can be defined as follows:

b e ot

o b 0w, 0q 0w
w(f’t: il +(W1 —aD ((2)) P _p &all +(W lq)

+§][( )a]a? (jfl)D{“@z)]D?‘f'(p)

j=1
(0:) o D@ - Z( )Dj(gl)Da Y(px) + A1,

+

“MS

AIMS Mathematics Volume 10, Issue 5, 11757-11782.



11763

N :izjlzk: -1 o ] l (_1)mtj—a mak(pl—m)aj—kﬂwl .\ mak(ql—m)aj—lﬁlwl
1= i\ \m) irG—a+ D\P ~ ok akap T4 T ok avtaq )

Similarly, w " can be written as follows:

at _aawz a/q aawzq aap 6"732])
72 T +(w2 —ab ’(42))&0 " (m,, o P a—)
hd ajwzq i+1 a a
+le[() . ‘(,+1) D] @] f(q>+2() D)
- (Cj) D/(¢)D; (g + Az,
j=1

o Jo kI ; myj-a ko I-my qj—k+l ko l-my qj—k+l
a\(j\[! (=™t Q0 (P 0w, 20 (@) 0w,
A = . :
2= 2.2, ( j) (k) (m) ITG-a+D\" “ar ovtopl 9 "o a+aq

il il
Since @, and @, depend linearly on the variables p and ¢, their partial derivatives (;U_l and aw_z
P! q'

vanish for all i € N — {1}. Consequently, it follows that 4; = 0 and 1, = 0.

3.1.1. Classical symmetries

Based on the proposed Lie group method, the invariance condition of the system (3.1) is that the
following relations hold:

=0,

priakihay (D? P =01 (8, X, Dy Gy Prs Qs Poves Qs **) )
System(3.1)

(3.2)
=0.

priakhiay (Di’q — 02 (1, X, Py Qs P> Qo> P> Qs *** ) )

System(3.1)

Thus, on the basis of the relation (3.2) and system (1.1), we have

gor(“’z’z)‘W(Df’p ~ 34wt PP+ q3) =0,

System(1.1)

=0.

prie2DW (D?q + 1D — PG* - P3)

System(1.1)
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Therefore, the following determining equations are obtained:

2 2 3 2 3 “ 0@, 2 1
3p°1+ § W~ Pwy, = pq @, + AP, + 2pqwy — o g+ apq f, — 5w, =0,
0w 0w, 1
q3W1p - p'wy -3¢ + sz]wlpa“f{z, - 2pqw; - apzqu, - 3ta1 +p o -+ szﬂ =0,

a(@® - 2a + )5, — 3a(a - D, =0,
a(@® - 2a + )&, — 3@ - D@y, =0,
0w )
@ 1p _ a Jj+1 _
(]) alj (]+1)Dl (42)_0,
0w .
@ 2 _ a j+1 _
(]) aﬂ' (J+1)Dt ({2)_()’
1 1 N 1 _0
2@, 20/{2, {1, 7 @2, =0,
1 1
szq - EQQ, + {h- - Ewlp =0,

wlq = wzp = wlpp = wzqq = O’
0,
a(l — )l + 2aw,,, =0,

O, =0, =8, =0,

ao(l — ), + 20w, =

G,=8,=4,=0,
1
wlxp - Eglxx = 0’
! =0
2{1“ WZX,, - bl
6jw1p
— =0,
ot/
lilo;
=i
7z
Dj(&1) = 0.
The vector fields are derived on the basis of the determining equations as follows:
0
Wy = —,
' ox
0 0 0 0
Wy =4t— +2ax— +ap— +aqg—,
2 ot ax@x “pap aq(')q
0 0
Wi =p—+qg—,
3=p ap q aq
0
(W4 = h(t9 X)_,
dq
0
Ws = k(t, x)—.
dp
AIMS Mathematics Volume 10
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Considering the vector field W, = Em the corresponding characteristic equation is
X

dt dx dp dq
0 1 0 0
By analyzing the given equation, one can derive the corresponding invariant solutions related to the

associated vector field, expressed as p(t, x) = w(f) and g(¢, x) = ¥(¢). By inserting the derived functions
into the main equation, the resulting system takes the following form:
DYw(f) = —HOw* (1) — P (1),
(3.3)
DY) = w(®P () + W (2).
If we suppose that w(f) = it}(¢), the system (3.3) can be written as

iDeV(t) = 0,

DY) =0,
and the exact solutions of the given system, dependent on time, can be formulated as follows:

w(t) = icyt* !,

HNe) = et !,

where c; and ¢, are constants. Therefore the final solutions of the main system are p(z, x) = ic;*"! and
q(t, x) = ot L.
The characteristic equation for the vector field ‘W, is given by
dt dx dp dz
4  2ax ap aq
The invariant solutions corresponding to the vector field ‘W, are
pt,x) = 1% f(e),

34
q(t, x) = ti g(e), £=xt2. 34)

Theorem 1. By applying the solutions (3.4), the system (1.1) simplifies to the following system of
FODE:s:

(PrHf) @ - 1@ =0,

a

(P %8) @ + L1 =0,

(3.5)

8@ (&) +8(e) =0,

f(©)g @) + f(e) = 0.

AIMS Mathematics Volume 10, Issue 5, 11757-11782.
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Proof. Letn € Nand « € (n — 1,n). Taking the a-order temporal RL derivative of Eq (3.4) yields

p 9"
o om

n-a-1. % 5
l"(n—a)f( w) w f(xw )dw] 3.6)

t
By using the change in the variable v = —, the relation (3.6) can be written as follows:
w

o'p 0| 1 | e q
1 n—a— n—
5 8t" lF(n oz)f v-=-1) yE fxt™ sz)dvl
3”p a" ﬁ 1-¢ n—a
— ¥ (K"
g o [’ ( A ) (8)]

Furthermore, if we let e = xt7 2,0 < p < oo, then

tﬁ (©) = t@dp@) __a dp(e)
o T o de T 2% de
Therefore
" _3a 1+§.n—a an—l 0 _3a 1+§.n—a
K, — (" |K,
ar [t ( 5 f)(g)] o1 [ar( 4( S f)(g))]
(9”‘1 -3 3a d 1+§ n—a
= o [ (”‘ i ‘%)(’% )
—ﬁf]ﬂ;}[ =22 (K f) @)
LT T TR )\
3 f 1-3 g
=¥ (P o)
Thus
(9“ _3a 3“’7(1
2RI
Similarly
0%'q s 1-%a )
and thus the proof is completed. O

Applying a power series approach to obtain exact solutions

To find an exact solution to the system (1.1), let g(¢) = if(e). Consequently, it is enough to solve
the following equation:

(P )@ - 577 =0 (3

AIMS Mathematics Volume 10, Issue 5, 11757-11782.
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By employing a power series approach, we assume that f(g) can be expanded as follows:

r(r—-+1)

and

[ee)

Fley=Y jage,
j=1

(o8]

fre)= > i - Dag™.

=2
Substituting Eqgs (3.8) and (3.9) into Eq (3.7) yields the following equation:

< TQ2- af
Za’r(z _ I aj) 5 ]Z(;(J + 1)(j + 2)bj28’ = 0.

J=

If we compare the coefficients in Eq (3.10), for j = 0, we have

22 - =¢

A 72 90
re-4

a) =
and for j > 1, we have

2qT(2- % - 4)

i(j+ DG +2r(2- 2 +4)

ajp =

Therefore, by inserting the obtained coeflicients into the series (3.8) we have

Q2 -3 = 25T (2-3 -4 .
fle) = a0+a18—i((—74a082— ( ! 2) : 8J].
re-14 = (j+1)(j+2)1“(2—%”+ )

Thus

2r(2—%ﬂ)0 K 2pT(2- % -4 )]J

gle)=i(ap +a1e) +| ————a & —&
o [F(Z—?T") S+ DG+r(2-2+ Y

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Through the application of (3.11), (3.12), and (3.4), the following exact solutions are obtained for

the governing system (1.1):

; o = 2al(2-3 _ 4
p(t,x) =14 a0+a1xt‘7_iz ' f. ( 4 72) —e 2)]]
=0 (]+1)(]+2)F(2—T0+71)

o0 2qT(2- % - 4)

TG+ DG+r(2- 2+ ) )J

q(t, x) = t4 i(ag + alxt_%) +

(3.13)
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To illustrate that the plots are consistent with the solutions in Eq (3.13), the series are truncated at
N = 30. Figures 1 and 2 present the real and imaginary parts, as well as the absolute values of p(¢, x)
and ¢(t, x) for ap = a; = 0.2 and different fractional orders « at r = 20.

—0=0.88
=0.90

——0=0.95
0=0.98

—o=1

—-0=0.88
@=0.90

——0=0.95
0=0.98

—o=1

—-0=0.88
0=0.90

——0=0.95
=0.98

—o=1

Re(p(20,x)
Im(p(20,x))
[p(20,%)]

(a) (b) (c)

Figure 1. The plots derived from the classical vector field ‘W, show (a) the real part, (b) the
imaginary part, and (c) the absolute value of p(t, x) for various values of « at r = 20. These
plots indicate that the obtained solutions consistently exhibit convergent behavior.

14 /jﬁ
1.2 ////
2 2 _
i) —0=088] < —-a=088] = 0 —0=0.88
% =0.90 % =0.90 g 0.8 =0.90
3 ——0=095| % ——0=095| = o6 y —— 0=0.95
~ 0=098 = 0=0.98 o4 7 0=0.98
—o=1 —o=1 : ////’/’ —o=1
024 =%
-4 -2 o0 2 4
X X X
(a) (b) (©)

Figure 2. The plots derived from the classical vector field ‘W, show (a) the real part, (b) the
imaginary part, and (c) the absolute value of ¢(z, x) for various values of @ at t = 20. These
plots demonstrate that the obtained solutions exhibit convergence behavior.

For the vector field W, + W3, the following invariant solutions are obtained:
p(t,x) =e" f(1), q(t,x)=e"g). (3.14)

Utilizing the transformation (3.14) to the system (1.1), the following fractional and integer order
ODE system is obtained:

DIf(t) - 58(1) =0,

Drg(t) + 5 f(1) =0,
(3.15)

g+ g (1) =0,

fOg* ) + (1) = 0.
To obtain an exact solution of the system (3.15), let g(¢) = if(¢). Thus, it is sufficient to determine
the solution of the following equation:

DI f0) ~ 51 =0. (3.16)

AIMS Mathematics Volume 10, Issue 5, 11757-11782.
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The solutions to Eq (3.16) are obtained using the fractional Laplace transforms (FLTs) [33-35] as
follows:

F(t) = AL2E 0 (%r)

g(t) = iAP" 2 Ey po (%r)

(3.17)

where A = ﬁ and k is a constant. Substituting the relations (3.17) into the system (3.14) yields the

exact solutions of the system (1.1) as follows:
p(t, X) = /lextza_onz,Z(x—l (%ta) )
q(t, x) = i/lextza_zEa,M_l (%t").

Due to definition of the Mittage—Lefller function, we have

G & e

t, =1 xt2[x—2 2 . 2 ,
pit,x) = de (]Z:;‘F(Zja+2a/—l)+ljZ:(;F(2ja+3a—1)
© -1 Jj Lta/ 2j ©(—1 Jj+1 L'ta 2j+1

q(t, x) = 172 iZ ( _ G - ( ) G .

I'Qja+2a-1) = I'2ja+3a-1)

Jj=0
30000
20000
10000-
o
—10000-
—20000-
0 10 20 30
t

(b) Re(p(t, x)) fora =1 (c) 2D plot of Re(p(t, x)) at x = 10

20000
10000-
0

— 0=0.95

—o=1
—10000
—20000
0 10 20 30
t

(d) Im(p(t, x)) for @ = 0.95 (e) Im(p(t, x)) fora = 1 (f) 2D plot of Im(p(t, x)) at x = 10
Figure 3. Subfigures {(a), (d)} and {(b), (e)} display the real and imaginary parts of p(t, x),
respectively, for @« = 0.95 and the classical case @ = 1, with 4 = 1. Subfigures (c) and (f)
present 2D plots of the real and imaginary parts at x = 10 for both values of a. These plots
reveal that as a approaches 1, the amplitude of the oscillations increases noticeably.
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In Figures 3 and 4, the three-dimensional (3D) and two-dimensional (2D) plots of the real and
imaginary parts of the solutions p(t, x) and ¢g(z, x), obtained from the classical vector field ‘W, + W5,

are presented for two different values of a.
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0 — o=1

—10000-

—20000
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t

(a) Re(q(t, x)) for @ = 0.95 (b) Re(g(t, x)) fora =1 (c) 2D plot of Re(p(t, x)) at x = 10
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Im(q(t,10))
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t x ! X

(d) Im(q(t, x)) for @ = 0.95 (e) Im(q(t, x)) fora = 1 (f) 2D plot of Im(q(t, x)) at x = 10

Figure 4. Subfigures {(a), (d)} and {(]), (e)} represent the real and imaginary parts of g(¢, x)
for @ = 0.95 and the classical case @ = 1, with 4 = 1. The 2D plots in (c¢) and (f), evaluated
at x = 10, illustrate the effect of @ on the oscillatory behavior, showing that as @ approaches
1, the amplitude of the oscillations increases.

3.1.2. Nonclassical symmetries

To obtain new exact solutions for the heat equation, Bluman and Cole proposed a nonclassical
reduction method [36]. The essence of this approach lies in incorporating a fixed surface condition,
meaning that applying this condition along with the primary determining equations leads to a system of
nonlinear determining equations for infinitesimals. In the analysis of the nonclassical scenario within
Lie’s symmetry theory, beyond the condition pr@*W = 0, the invariant surface conditions must
also be satisfied. In the nonclassical symmetry method, by applying the invariant surface condition
along with the governing differential equations, a nonlinear system of partial differential equations is
obtained. This system yields the infinitesimals that characterize the nonclassical symmetries of the
original problem. Unlike the classical Lie symmetry method, which requires the invariance of the
entire differential equation under prolonged vector fields, the nonclassical approach imposes a more
restrictive criterion by requiring invariance on a solution manifold defined by both the differential
equation and the invariant surface condition.

As a result, the number of determining equations in the nonclassical framework is generally fewer
than those in the classical method. This reduction in the determining system, however, comes at the
cost of increased complexity due to its nonlinearity. Despite this, the nonclassical symmetry method is
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capable of uncovering a wider class of symmetry reductions and exact solutions that are not accessible
through classical methods. Consequently, the overall solution set in the nonclassical case is typically
more extensive, providing deeper insights into the structure and integrability of nonlinear differential
equations.

In this work, we aim to apply this method to our system to derive new exact solutions. Consider the
following invariant surface conditions:

Q) =4t x, p,Qps + &t x, p,q)p; — w1 =0,
Q=40 x,p, Qg+ H(t,x, p,q)q — @2 = 0.

Assume that, {; = 1 and ¢, = 0. Thus, the surface conditions are as follows:

Px = W1, (gx = W3

Therefore
Pxx = W1, + W@, + W1, Gxx = W3, + W W3, + WrW»,.
By substituting these relations into the system (1.1), we obtain @, = p and @w; = —¢g. Consequently,
) 0 0 . . . .
we derive the vector field Wy = e qa— + pa—, whose corresponding invariant solutions for this
X P q

case are given as follows:

p(t,x) = f(t) cos(x) + g(?) sin(x), q(t, x) = —g(t) cos(x) + f(¥) sin(x). (3.18)

Moreover, by applying (3.18), the reduced system takes the following form:

DIf() - 2g(1) — fA(n)g(r) — g3(1) = 0,
(3.19)
Drg(n) + 3 (1) + g2(Ng0) + f3(1) = 0.

To compute a set of solutions for the system (3.19), it suffices to assume g(¢) = if(¢) and solve the
following equation:

i
D f@ - Ef(t) = 0. (3.20)
The solution to Eq (3.20) can be obtained using the FLTs as follows:
f(@) = AP E 201 (ét"), (3.21)
k ) o .
where 4 = —— and k is a constant. Substituting Eq (3.21) to Eq (3.18), the exact solutions of

I'a-a
system (1.1) are derived as follows:

;
2
4(t, %) = Az2“-2(15(,,2a_1 (%f’) Sin(x) — iEa 2ot (%t") cos(x)).

ot x) = Aﬂa-z(Ea,z(,_l ( f’) c08(x) + iEy 201 (éf’) sin(x)),
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Hence,

p(t, x) = 1272 | cos(x) Z

+iA272 |sin(x) Z

/=0

=0

(o9

q(t, x) = 272 [ sin(x) Z
=0

(o8]

— 122 | cos(x) Z

(=Di(3e)%

I'2ja+2a-1)

(=D

I'2ja+2a-1)

(=) (51%)%
I'Qja+2a-1)

(= DGy

I'2ja+2a-1)

— sin(x) [

+ cos(x) (i

+ cos(x)

)

J=0

j=0

M

J=

o

(o0

— sin(x) Z

J=0

(_1)j+1(%'ta)2j+1
T2ja +3a-1)

I'2ja+3a-1)
(_1)j+1(%'ta)2j+1
T2ja +3a-1)

(_1)j+1(%ta)2j+l
I'2ja+3a-1)

(_1)j+1(%ta)2j+l ]

Figures 5 and 6 provide a detailed visualization of the real and imaginary components of the

solutions p(z,x) and ¢(t, x), computed for two distinct values of a.

These plots illustrate the

spatiotemporal behavior of the solutions across the specified domain, with a focus on the effects of
varying « on the oscillatory characteristics of the solutions. The representations in both 3D and 2D
formats help highlight the differences in the behavior of the solutions as @ changes, offering a clear
insight into the dynamics of the system.
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oscillatory behavior of the solution.
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Figure 5. The solution p(t, x), derived from the nonclassical vector field ‘W, is displayed for
a = 0.85 and @ = 1 with 4 = 1. Subfigures (a), (b), (d), and (e) present 3D views of the real
and imaginary parts over space and time. The corresponding 2D profiles at t = 2 are shown
in (c) and (f). As observed in the plots, increasing the value of « significantly amplifies the
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Figure 6. Real and imaginary parts of the solution ¢g(z, x), associated with the nonclassical

vector field W, are visualized for @ = 0.85 and @ = 1 with A = 1. The 3D plots in subfigures
(a), (b), (d), and (e) show the real and imaginary parts over space and time, while the 2D plots
in (c) and (f), taken at ¢ = 2, illustrate the effect of increasing « on the oscillations’ amplitude.

In the context of nonclassical symmetries, we consider ¢, # 0 and {; = 1, and assume that &, =

&, = 0. Under these conditions, the corresponding surface constraints are given as follows:

Dx = @1 — {2pss

qx = @2 — {24q;.
In this case, we obtain
W. 9 + 0
=—+c—.
T ox ot

According to the vector field ‘W5, the following invariant solutions can be derived

p(t, x) = f(e),

e=t—-cx,
q(t, x) = g(e),

and these variables reduce the system (1.1) to the following system of FODE:s:

DI f(e) — 178" (e) + fA(e)g(e) + &) = 0,

Digle) + 367 f"(e) = g7(e)f(e) = f(e) = 0.

AIMS Mathematics
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Let g(e) = if(¢). It is enough to solve the following equation:
D f(e) - %cz (&) = 0. (3.22)

For Eq (3.22), by using the FLTs, we have

24 2 —a 2 a 2 —a
f(&) = —&"Er g+ (782 ) + 4B ( & ) + ek, az( &7 ),
i 2 it 2

A
where A = Hl—l)’ Ay, andA, are constants. Thus, the exact solution is given by
-

24 2 2
p(t,x) = ==(t = cX) Ez—goit | 5=t = cX)” | + A1 Eggy | 5= — cx)* ™
c?i ’ c?i S\ i

2
+ Ayt — cX)Ey_o (T(t — cx)H) :
Cc7l
and

24 2 2
(l )C) (l - CX) EZ a,a+1 ( z(t - C-x)z_a) + i/llEZ—(l,l ( 2.(t - Cx)Z—(z)
Cc°1

2
+ido(t — cx)Er_q (T(t - cx)z_") .
c?i

By separating the real and imaginary parts of p(z, x) and p(z, x), the following exact solutions are
obtained:

~ 22 Y (- 1)j+1(2(l Cx)2—0)2j+l o (_1)](20 _ Cx)Z—a)Zj
pit,x) = F(t=cx) (Z T4 - 2ja + 3) ] (i + At - ) [; T4 —2ja+a+ 1))

(-1 = e > ()M - e
_(t [Z AT@4)—2ja+a+ 1)) (i + (= ex) (; T(4) - 2ja + 3) H :

+1i

(9]

AN \2=aN2) i L N2—an2j+1
q(z,x>=§<t-cx)a(z D0 = cxy )™ ]—(/11+/12(t—cx))[z( D7 @0 = ex) )™ )
J j=0

— AHT@j-2ja+a+1) T (4j —2ja + 3)

(o8]

21 o o (DT = cx)P ) (=1)/(2(1 — cx)* ")
2t [; T4 ] - 2ja +3) ) + (i + e = en) (12; AT(@4j—2ja+a+ 1)] '

(3.23)
To illustrate that the plots are consistent with the solutions (3.23), the series are truncated at N = 30.

Figures 7 and 8 present the real and imaginary parts, as well as the absolute values of p(z, x) and g(¢, x),
forc = A = A; = 4, = 1 and different fractional orders « at x = 2.

+1i
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Figure 7. The plots, derived from the classical vector field W5, show (a) the real part, (b) the
imaginary part, and (c) the absolute value of p(z, x) for various values of @ at x = 2. These
plots demonstrate that the obtained solutions exhibit convergence behavior.
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Figure 8. The plots, derived from the classical vector field W, show (a) the real part, (b) the
imaginary part, and (c) the absolute value of g(#, x) for various values of @ at x = 2. These
plots indicate that the obtained solutions consistently exhibit convergent behavior.

4. Conservation laws of the TFNLDS

The conservation laws (CLs) of the system (1.1) are derived in this section through Ibragimov’s
method [37], a well-established approach for obtaining CLs in time-fractional nonlinear differential
systems. This methodology has been extensively utilized in the study of time-fractional equations
[38—43]. The aim is to identify CLs corresponding to both the classical and nonclassical vector fields.
A CL for the system (1.1) is expressed as follows:

D(V") + D(V)la.1) =0,

where V' represents the time flow and V* represents the space flow. As observed by Ibragimov [37],
the formal Lagrangian of the system (1.1) can be expressed as follows:

1 1
H =t x)(Di’p - =g+ Pq+q ) + ot x)(i)?q + =P — PG — p3), (4.1)

2 2
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where the variables p;(t,x) and pu,(t, x) are treated as dependent, and the corresponding adjoint
equations for the formal Lagrangian operator (4.1) are derived as follows:

OH
M, =—=0,
1 6[)
4.2)
oH
= O,
) o .
where 55 and 50 represent the Euler—Lagrange operators, which are defined as follows:
p q
0 0 0 0
— = —+ (D) ———+ » (~1)*D. D,
ép dp ' ADip) ; Opix
and ) 0 0 0
— = — + (DY) + > (-)'D,..D,—,
6g dq ' ADq) 2. 0qx

k>1

where the adjoint operator of D is denoted by (Df)*. By taking the RL fractional differential operators
into account, the following expression is obtained:

(D) = (=1)"JF~@)) = (DY,

T m—(1+a

_ s(r, x)(7 = y" o

JEs(t, x) = f dr, m=[a] +1,
T , [(m - a)

where the operator (D%) represents the right-sided Caputo fractional derivative. By replacing Eq (4.1)
in Eq (4.2), the adjoint equations for the system (1.1) are obtained:

M; = 11 2pg) = o (2 + 3p%) + (D) 1 + oo, 43)
M =y (p? +3¢%) = 1 2pg) + (D) 'pa = Sy,
Referring to [37], the system (1.1) admits the following CL:
DV + DV =0, 4.4)
where the specified equations represent the conserved vectors V; = (Vi, V)
P = (PWiM{ + 3 D,.DW) oH )+ (qwi‘m + " DDL(W)) oH )
opx 4 P A~ qj i
nl . . . OH
V= Y olorewynl( 2 )+ o ewnl( 2| (4.5)
]Z:(; t Noorp)) o Drg)
~ g (w oG g o )| n=la]+1
14 t a(D;Ip) 15 t a(z);lq) 2 ”
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where *W; = @, — {i,px — (2,1, ‘Wi = @y, — 1,9, — {2,q;, and the notation J denotes the following

integral:
t T _ p)yr—(a+l)
T(h. s) = f f h(n, x)s(o, x)(o — 1) dord. 4.6)
0 Jr [(n—a)

If we have the following relation for the time-fractional nonlinear Eq (4.1), then we can say that the
system (1.1) is self-adjoint

1)

M= i{ = /l]A] + /12A2,
op
oH

M =— = B3N+ A\,
op

where 4, A, 43, 44 are unknown and are to be determined. Thus, we can write the nonlinear self adjoint
condition as follows:

A=A =13 :/1420, ,ul(x,t,p):A,,ug(x,t,q):B, A,BeR.

Hence, if we suppose that A = B = 1, then

|
H=DIp+D/q+5(Pu=qu) + Pa+q -pq -p. (4.7)

Drawing on the previous analysis and the generators of both classical and nonclassical Lie
symmetries, the conserved vectors (CVs) for the TFNLDS are derived as follows. Initially, for the
classical vector fields, the CVs are computed as follows.

CVs for (‘W)): In this case, ‘W is associated with the Lie characteristic functions given by

le = —Px qWI = —(x. (48)

Using these functions, the CVs corresponding to W, are determined as outlined below:

oOH

XX

oH

) +DWh)s oH

+qW1(_Dxa oH

)+ D=,

XX

(V’f:”Wl(—Dx

XX XX

Vi = T OW) = T OW),

and

1
Vi== xx — Pxx)s
1 2(‘] Pxx)
(th — _Jl—apx _ ]l—aqx.

0 0 0 0
CVs for (‘W>): For the generator W, = 4t—+2ax— +ap— +aq—, the following Lie characteristic
ot 0x op 0q

functions are concluded:
PW, = ap — 2axp, — 4tp,, W, = aq — 2axq, — 4tq;, (4.9)
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then

1

1
(V; = 5 (_apx - 2axpxx - 4tptx) - E (—Cqu - 2aqux - 4tth) ’

V', = —-J"ap - 2axp, — 4tp,) — J'"(aq - 2axq, - 41q,).

0 0 0
CVs for (W' = W, + W;): For the generator W’ = — + p— + g—, we have
0x op 0q

PW’' =p—py, W =q-qy, (4.10)

and thus

1 I
(V3 = E(px_pxx)_ E(CIX_CIxx)a

Vi=-J"p-po)—J"qg - q)

Now, the investigation of the nonclassical vector fields proceeds as follows.

0 0
CVs for (‘Wp): In the case where ; = 1 and {, = 0, the vector field is expressed as W = Fre qa— +
X 4
0
pa—. From this, the following Lie characteristic functions are derived:
q
PWe = —q — px» We = p — q,. (4.11)
Therefore
S|
(V6 = 5(_6]x —Pxx — Dx T Qxx)’
Vi ==J""=q = p)—J"(p - qv.
) ) 0 0
CVs for (‘W5): In this case, {; = 1 and {, # 0, and the vector field is expressed as ‘W, = E + ca.
X
From this, the following Lie characteristic functions are derived:
PW7 = —p. —cps, Wi = —qx — cqs, (4.12)

and

1
(V;C = E(CIxx = Dxx T Cqsx — szx),
V4 = =" (=ps—cp) — I (=q. — cq)).

5. Conclusions

In this paper, we studied the classical and nonclassical Lie symmetry methods and CLs of the
TFNLDS. This study represents the first exploration of exact solutions for the TFNLDS equation
incorporating the RL fractional derivative. The significance of this investigation lies in its contribution
to the analytical study of nonlinear fractional systems, which are essential for modeling
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memory-dependent and nonlocal physical phenomena. By applying Lie group analysis, we
determined the system’s symmetries and employed both classical and nonclassical Lie symmetry
methods to derive similarity reductions, transforming the original equation into reduced forms on the
basis of the obtained vector fields and corresponding invariant solutions. This methodological
framework allowed for systematic reductions and the construction of exact forms, providing new
insights into the structure of such fractional systems.

Additionally, we constructed exact solutions using various approaches, including the power series
method for the derived generators. The use of different solution strategies emphasized the robustness
and flexibility of our analytical treatment.

Our analysis, supported by Figures 1, 2, 7, and 8, demonstrated that the obtained solutions exhibited
convergence behavior in both classical and nonclassical cases. These results underscore the reliability
of the derived solutions and confirm the effectiveness of the symmetry-based reductions.

Furthermore, on the basis of the Lie symmetry generators, we systematically constructed CLs for
the corresponding classical and nonclassical vector fields of the TFNLDS. These conservation laws
reflect the underlying invariance properties and provide a deeper physical understanding of the model.

These results highlighted the effectiveness of the proposed approach in finding analytical solutions
to a broad class of FPDEs, making it a promising tool for further studies in fractional systems.
Therefore, this work not only offers exact solutions for a specific fractional model but also establishes
a general pathway for tackling nonlinear fractional PDEs through symmetry and conservation law
techniques. Extending this approach to higher-dimensional systems or using other fractional
derivative operators (such as Caputo or Hadamard) presents an important challenge for future work.
In addition, future research could explore the applicability of this method to coupled fractional
equations and systems with more complex boundary conditions, as well as its use in modeling
real-world phenomena in fields such as viscoelasticity, fluid dynamics, and anomalous diffusion.
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