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Abstract: The quasi-static linear poroelasticity model is widely applied in science, geophysics,
biomechanics, and engineering. The simulations of this model exhibits locking phenomena and may
depend on some model parameters. In this work, we follow the idea proposed in [Feng, Ge, and Li,
IMA J. Numer. Anal., 2018, 330-359] to transform the linear poroelasticity model into a four-field
problem. The new four-field problem has a built-in mechanism to circumvent the locking phenomena
existing in the original problem. We first prove that the inf-sup condition holds uniformly independent
of the model parameters for the four-field problem and design several coupled, decoupled, and BDF2
algorithms in time. After that, we establish the analysis of the unconditionally optimal convergence
and parameter robustness for the proposed algorithms. Finally, numerical examples are provided
to investigate the convergence and parameter robustness of the proposed algorithms, which have no
locking phenomena and are consistent with our theory. In addition, we also apply the algorithms to
simulate brain edema, which is aligned with the experiment results.
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1. Introduction

Poroelastic materials play an important role in various fields such as geophysics [1-3],
biomechanics, chemical engineering [4,5], and materials science [6,7]. The physical process in porous
media is usually described by a poroelasticity model. In homogeneous isotropic linear elastic porous
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media, the governing equations for the quasi-static poroelasticity model are given as

—divo(u) + aVp = f inQr :=Qx(0,7) cRYx(0,7), (1.1)
(cop + adiva), + divvy = ¢ in Qr, (1.2)
where
1

o) ;= pue(u) + Atr(e(u))l, &) := E(Vu + V'), (1.3)

K
vii=——Vp. (1.4)

My

Here u and p represent the displacement vector of solid and the pressure of solvent, o(u) is
the (effective) stress tensor, v, is the volumetric solvent flux, and Eq (1.4) is so-called Darcy’s law.
I denotes the d X d identity matrix and £(u) is the Green strain tensor. f is the body force and ¢ is the
source term. The permeability tensor K = K(x) is assumed to be symmetric and uniformly positive
definite in the sense that there exist positive constants K; and K, such that K;|(]> < K(x){ - ¢ < K|Z)?
for a.e. x € Q and ¢ € R?. The parameters py, @ and ¢y are the solvent viscosity, Biot-Willis constant
and constrained specific storage coeflicient, respectively. A and u (Note that we use u instead of 2u
in (1.3), as often seen in the literature, to simplify the notation) are Lamé constants, which can be
computed from the Young’s modulus E and Poisson ratio v as

1= Ev _ E
T ni-2 M 2a+wy

Much effort has been carried out for the above poroelasticity model. Biot [1] proposed the
three-dimensional consolidation theory, providing important theoretical support for the development
of the poroelasticity model. Showalter [8] showed the well-posedness of a weak solution of a
linear poroelasticity model. Phillips and Wheeler proposed and analyzed a continuous-in-time linear
poroelasticity model [9] and a discrete-in-time linear poroelasticity model [10] with the continuous
Galerkin mixed finite element method (MFEM) in space. After that, a discontinuous Galerkin MFEM
for the model is also developed [11]. The nonconforming FEM was studied for the linear poroelasticity
model [12, 13], and the MINI and stabilized P; — P, elements were employed to solve the linear
poroelasticity model [14]. Ju et al. [15] developed parameter-robust numerical algorithms for the Biot
model and applied the algorithms to simulations of brain edema. Yi [16] studied two kinds of locking
phenomena (Poisson locking and pressure oscillation) in linear poroelasticity and proposed a new
family of MFEM to overcome them. To reveal the underlying deformation and diffusion processes
of the original model, Feng et al. reformulated the linear poroelasticity model to a fluid-fluid coupled
system and proposed a multiphysics MFEM to overcome the locking phenomena [17]. One can refer
to more numerical methods for solving the poroelasticity model, such as the Galerkin least square
methods [18, 19], two-field finite element method [20, 21], four-field finite element method [22, 23],
finite volume method [24], and Weak Galerkin finite element method [25,26].

In practical problems, the model parameters have different ranges, such as the Poisson ratio
v = 0.1 ~ 0.3 and the permeability K = 107'* ~ 107'%m? in geophysics [6]. This requires us
to construct numerical methods to be robust for the selection of model parameters. Following the
idea of [17], we first reformulate the original problem into a four-field by introducing some auxiliary
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variables. After that, we discretize the four-field problem by the backward Euler method in time and
design the coupled and decoupled algorithms by using MFEM with P, — P; — Py — P, element pairs
in space. The inf-sup condition is proved to be uniformly independent of the physical parameters, and
the optimal convergence rates both in space and time are also obtained for the proposed algorithms.
It is pointed out that, for the decoupled algorithm [17], there exists the constraint 7 = O(h?) on the
mesh size h and time step 7 while performing the error estimates. But there is no constraint on 4 and
7 for the decoupled algorithm arising from our four-field problem. The reason is that the decoupled
algorithm ensures that the variables p, &, and 7 are in the same time layer, thereby avoiding the use of
inverse inequality. To improve computational efficiency and achieve high-accuracy in time, we further
design a two-step backward differentiation formula (BDF2) Galerkin algorithm, which combines the
MFEM with P, — P; — P; element pairs for the space variables. The corresponding stability and
error estimates of the BDF2 algorithm are performed, and the optimal convergence rate in time is
also obtained in Theorem 7. Numerical tests are also provided to verify that our proposed algorithms
are robust for selection of v and K, overcome the Poisson locking in stress field and nonphysical
oscillation in the pressure field, and have the optimal convergence rates. In addition, our algorithms
are also used to simulate the brain edema. The numerical results on pressure are consistent with the
experimental results [27]. The influence of the Poisson rate v on the displacement of brain tissue
and maximum pressure is investigated, which shows that the values of v have little influence on the
maximum pressure, and the maximum tissue deformation becomes smaller as v gets bigger.

The remainder of this paper is organized as follows: In Section 2, the original problem is
equivalently transformed into a four-field problem, and the four-field problem is also proved to satisfy
the inf-sup condition. In Section 3, the coupled and decoupled algorithms with the Euler method are
proposed for the four-field problem, and the error estimates are also presented. In Section 4, the BDF2
algorithm for the poroelasticity problem is also designed, and the stability analysis and error estimates
are established. In Section 5, numerical examples are provided to verify that the algorithms are robust
with respect to the key physical parameters, reach the optimal convergence rates, and overcome the
locking phenomenon. In Section 6, the algorithms are applied to simulate the brain edema. Finally, we
draw a conclusion to summarize the main results of this paper.

2. Analysis of the model

2.1. Model reformulation

The standard function space notations are adopted; their precise definitions can be found in [28-30].
In particular, (-,-) and {-,-) denote respectively the standard L*(Q) and L*(Q) inner products, where
Q c RY(d = 2,3) is a bounded polygonal domain with the boundary dQ. For any Banach space B, we
let B = [B]¢, and use B’ to denote its dual space. We also introduce the function spaces

AQ = {ge [AQ: (D=0, X:=H(Q.

Define the space of infinitesimal rigid motions by RM = {r := a+bxx; a,b,x € R?}. Asin[28,30,31],
RM is the kernel of the operator ¢, i.e., r € RM if and only if &(r) = 0. Hence, we have

gr)=0, divr=0, ¥Yr € RM. (2.1
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Denote Li(aQ) and H'! (Q) respectively by the subspaces of L?(6Q) and H'(Q), which are orthogonal
to RM, and are given as,

H!(Q) := {ve H(Q); (v,r) = 0 Yr € RM},
L2 (0Q) := {g € L*(0Q); (g,r) = 0 ¥r € RM}.

It follows from [17,32] that there exists a constant ¢; > 0 such that

. 1
||V||L2(Q) = rgll{{q \/HV + r||L2(Q) - ||l'||L2(Q) < Ck||8(V)||L2(Q), Yv e H (Q). (2.2)

To close the above system (1.1)—(1.4), here we set the following boundary and initial conditions:

o(n — apn = f on 0Qr := 0Q x (0,7T), (2.3)
1

——KVp-n=¢, on 0Qr, 2.4)
Hrf

u = up, P = Do in Q x {tr = 0}. (2.5

By introducing the variables g = divu, n = cop + aq, € = ap — Aq, one has

p = Ki§ + ka1, q = ki — k3¢, (2.6)

with
a A Co
Kf=———, K=—F5"T, K=—FT—.
a? + Acg a? + Acy a? + Acg

Thus, the problem (1.1)—(1.4) can be equivalently written as

—udive(u) + V€ = in Qr, 2.7
k3€ + diva = ki1 in Qr, (2.8)
kKié+kon—p=0 in Qr, (2.9)
1
n, — —div(KVp) = ¢ in Q. (2.10)
Hy

Remark 1. We point out that the following results with respect to the pure Neumann condition can
be extended to the case of the pure Dirichlet condition or mixed Dirichlet-Neumann condition. If the
boundary condition (2.3) is replaced by a pure Dirichlet condition or the mixed Dirichlet-Neumann
condition, there is no need to introduce the space H' (Q) for the variable u.

2.2. Inf-sup condition

We here consider an equidistant partition of the time interval [0, 7] with a time step 7 = T/N
and t, = nt (n = 1,2,--- ,N), where N € N. The focus of this section is on the proof of the inf-
sup condition, which will hold uniformly independently of physical parameters. To do that, we first
discretize the time-dependent problem (2.7)—(2.10) with (2.3)—(2.5) by the backward Euler method and
BDEF?2 scheme in time to make it a static problem in each time step. Note that the discussion on inf-sup
condition is similar for the backward Euler method and BDF2 scheme. Below, we mainly consider the
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backward Euler method. By the backward Euler method, the weak formulation of problem (2.7)—(2.10)
with (2.3)—(2.5) reads: Y(V, ¢, w, ) € H'(Q) X L*(Q) X L>(Q) x H'(Q), A(u, &, 7, p) € HL (Q) x L*(Q) x
L*(Q) x H'(Q) such that

u(em), e(v)) — (&, divv) = (£, v) + (£}, v), (2.11)
K3(€, ¢) + (divu, @) = k1(77, ), (2.12)
(k1€ w) + (Ko, W) — (p,w) =0, (2.13)
(n.9) + #if(KVp, YY) = @.0) + (b1, (2.14)
where ¢(x, t,) = Td(x, t,) + n(X,1,_1) and ¢, = 7¢;.
Define
—udive V.0 0 u
div K3z —Ki 0 f
ﬂ(U,f,U,P) = 0 K1 K> -1 n
0 0 1 -Zdivkv|l|,
My

Taking A = HL(Q) x L*(Q) x L*(Q) X H'(Q) and &, as the mean-value zero part of &, we define

1 1 1 1
l(w, &1, plla = p2lle|lz2@) + &5 1Ell22@) + 04 1ol @) + &5 IMllz2@) (2.15)
T, 1 1
+(—)? K2V pll2q)»
My
where 6y is a positive constant, u € H\ (Q), & € L*(Q), n € L*(Q) and p € H'(Q).
The following theorem shows that A is invertible and the inverse is a map from A’ to A.

Theorem 1. There exists a constant 3 > O for the problem (2.11)—(2.14), independent of u, k,, k3 and
Kt/uy, such that the following inf-sup condition holds:

ﬂ b b o o b b b
(wg,n,peA (V,p,w)EN ”(u’ é:’ n, p)”A”(V, ¢’ w, lr//)”/\

Proof. To prove (2.16), we need to prove the following inequalities: Y(0,0,0,0) # (u,&,n,p) € A,
A(v, ¢, w,¥) € A such that

10V, @, 0, W)lla < Bill(w, €1, P)llas
(AW, &1, p), (v, 0, 0, 1)) > Boll(w, &7, plix.

where 8, and 3, are positive constants and independent of u, K, k2, k3 and Kt /uy.
Suppose that (0,0,0,0) # (u,&, 1, p) € A is given. It follows from the theory of the Stokes equation
that there exists a constant 8y > 0, depending only on the domain Q, and w € H! (Q) such that

(divw.&) = ol (W), (W) < Bllol2 - (2.17)
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Takingv=u—-90yw,¢ =&, w =n,¢¥ = pin (A, &, n, p), (v, ¢, w,)), we have

(A, &7, p), (V. o, w, ) = p(e(w), () — Sou(e(w), £(W)) — (&, diva) + 6o(&, divw)  (2.18)
+k3(&, &) + (dive, &) — k1(17,€) + (K€ + ka1, 1) = (p, 1) + (7, p) + —IIKVplle(Q)

= eI g, — Soe(e(), (W) + 6o(&. divw) + K3lIél2s ) + KallIs g + ||KVp||Lz(Q)
Using Young’s inequality and (2.17), we have

1 6
(e(w), &(w)) < —(S(U), s(w)) + —O(S(W), £(W)) (2.19)

< gcs(u) ,e(w)) + ﬁ(fo,fw Vo > 0.
0

Inserting (2.19) into (2.18), using (2.17) and choosing 6, = 6y = B;*"", we obtain

(ﬂ(u f n, p) (V @, W, W)) == |8(u)||L2(Q) ||§O||L2(Q) + K3||§”L2(Q) + K2||77||22(Q) (220)

”KVPHLZ(Q)

Noting that

1 L 1 T, 1 2
ll(w, &, 7, P)||i = (ﬂ2||8(u)||L2(Q) + &5 1l 2 + &5 Il @) + (_)2||KVP||L2(Q)) (2.21)
S 4(11”8(11)”22(9) + K")||§||i2(g) + K2||T’”i2(g) ”KVPHLZ(Q))
< 4(/'[”‘9(11)”%2(9) + 60”50”22(9) + K3||§||22(Q) + K2||7]”L2(Q) ”KVPHLZ(Q))

and using (2.21) in (2.20), we have

1
(ﬂ(u, ‘59 1, p)’ (V’ ®, w, 90)) = g ||(ll, ‘f’ n, p)“%\ . (222)

It is easy to check that

(v, 0, w, P)lla < (1 +,u%5§,30)||(ll, &1, p)lla- (2.23)

Combining (2.22) and (2.23), the (2.16) holds and 8 = 1/(8(1 + /ﬁééﬁo)). The proof is complete. O

Theorem 1 shows that the bilinear form (A(-),-) is coercive. = Moreover, it is easy to
check that (A(-),-) is bounded. According to the Lax-Milgram theorem, there exists a unique
solution (u, &, 7, p) € A for the linear system (2.11)—(2.14). Thus, there holds the following theorem:

Theorem 2. There exists a unique weak solution to problem (2.7)—(2.10) with (2.3)—(2.5). Likewise,
there exists a unique weak solution to problem (1.1)—(1.4) and (2.3)—(2.5).

AIMS Mathematics Volume 10, Issue 5, 11627-11655.
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3. MFEM with backward Euler method

3.1. Coupled and decoupled algorithms

Let 7, be a quasi-uniform triangulation or rectangular partition of 2 with maximum mesh size A,
and Q = Uq<e¢h‘]_( . In this part, we use the backward Euler method in time discretization. For a smooth
function v defined on [0, T'], we denote dv" = (V' — V') /7.

A number of stable mixed finite element spaces (X, M},) have been presented in the literature [33].
A typical example is the following so-called Taylor-Hood element (cf. [33,34]):

X = {vi € CUQ); Vilx € Po(K) YK € Th),
My, = {gn € CUQ); palc € P1(K) YK € Th).
Finite element approximation space W, for p and n variables can be chosen independently; any
piecewise polynomial space is acceptable provided that W, > M,. A convenient choice is W), = M,,.
Define
Vh = {Vh S Xh; (Vh,l') =0, Vre RM} (31)

If the problem (2.11)—(2.14) is discretized by the finite element spaces V;,, M,, and W,, then the
discrete counterpart is to find (uy, &, 7, pr) € Vi, X My, X W), X W), such that

u(e(uy), &(vy)) — (&, divv,) = (£, v) + 1, vi), Vv, € Vy, (3.2)
Kk3(En> ) + (divay, @) = &1 (17, @n), Yo, € My, (3.3)
K1 (&p, wp) + k2 (M, wp) — (p, wy) = 0, Yow, € W), (3.4)
(s U) + ﬂif(KVph, V) = @) + Broun), Vi € W (3.5)

Set Ay, = V, X M), Xx W), X W,,, and define the operator A, : A, — A;l arisen from (3.2)—(3.5). Then
we have the following theorem:

Theorem 3. For the problem (3.2)—(3.5), there exists a constant $ > 0, independent of u, k>, k3, and
Kt /uy, such that the following inf-sup condition holds:

inf sup (A, En, My Pr)s (Vi @ Wps i) > . (3.6)

@i PEM (v onamenn |(@hs Ens s P, I(Vis @1y whs YA,

We omit the proof of Theorem 3, since it is completely analogous to the proof of Theorem 1.
Moreover, Theorem 3 implies that (A, is invertible and the inverse is a map from A'h to A, with operator
norm independent of the parameters.

Below, we assume f, f;, ¢, and ¢; all are independent of 7. Note that all the results can be easily
extended to the case of time-dependent source functions.

Now, we consider the fully discrete MFEM for the problem (2.7)—(2.10) with (2.3)—(2.5) based
on the backward Euler method, which involves the coupled (i.e., Algorithm 1) and decoupled (i.e.,
Algorithm 2) algorithms. The coupled algorithm solves four unknowns simultaneously based
on problem (2.7)—(2.10). The decoupled algorithm only solves two subproblems. Noting that
problem (2.7) and (2.8) can be regarded as a generalized Stokes problem for a given 77 and problem (2.9)
and (2.10) is a coupled problem associated with the diffusion problem, we can solve a generalized
Stokes problem for u and & by using the solution of 7 at the previous time-step. After that, we solve
the diffusion problem for 7 and p.
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Algorithm 1 A coupled algorithm

Input: Evaluate u) € V,, p) € W, & € M, by & = ap) — Adivu)) and 1) € W, by 70 = cop)) +

adiva).
forn=0,1,2,---,do
solve for (ui*!, &1 it pi*ly € Vi, x My, x W), X W, such that

“(8(uz+l)’ 8(Vh)) - (f;zH—la le Vh) = (f9 Vh) + <f19 Vh>a vvh € Vha

KE, @) + (divalt, o) = k() en), Vo, € M,
K ( Z“,wh) + K> (nZ”,wh) - (pZ“,wh) =0, Yw, € Wy,

1
(dmy u) + ﬂ—f(KVpZ“, V) = (@, ) + (b1, Yn) Y, € Wy,

end for

3.2. Error estimates

To derive the error estimates of the MFEM, we define L*(Q)-projection @, : L*(Q) — X; by

(Qup,¥n) = (@, ¥1), Y Yy € X and ¢ € LX(Q),

where Xﬁ = {Yy, € C% Yyl € P(K) VK € T}, k is the degree of piecewise polynomial on K.
Next, for any ¢ € H'(Q), we define the elliptic projection S, : H'(Q) — X’; as

(KVSip.Vep) = (K, V), Y ¢y € X,
(ShSO, 1) = (()Oa 1)a
and for any v € H!(Q), we define its elliptic projection R), : H(Q) —» V'g as
(e(RyY), &(Wy)) = (£(V),&(Wy)) YW, € V],
where Vj := {v; € C°; vyly € P(K), (v;,,x) = 0 Vr € RM}.
It follows from [28] that for any 0 < s < k, Q;,, S), and R, satisfy
1Qnyp — 90||L2(Q)+h||V(Qh‘P - 90)||L2(Q) < ChSH”(P”HS“(Q), Yoy € HSH(Q),
ISk — @lli2@)+hlIV(She — Pll2@) < ChSH”()O”HS“(Q), Yo e H*(Q),
IRWY = V2@ +hlIVRLY = Vllr2q) £ CA™ IVl ), YV € HH(Q).
Furthermore, we introduce the following error notations:
Eﬁ = u(tn) - llZ, Ez:l = é:(tn) - f/rzl’ EZ = n(tn) - TIZ, EZ = p(tn) - pZ
Also, we denote
Ey = u(t,) — Ru(u(,)) + Ru(u(,)) —w, =Y, + 7,
E = i(t,) = Sp(i(t,) + Sp(i(t,) — 1, =Y + Z7, i =&, n, p,
E} =i(t,) — Qu(i(t,) + @ (i(t,) — 1, := F] + G}, i =&, n, p.

(3.7)

(3.8)
(3.9)

(3.10)

(3.11)
(3.12)
(3.13)

Then we present the error estimates for the coupled and decoupled algorithms by the

following theorems.
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Algorithm 2 A decoupled algorithm

Input: Evaluate u) € V,, p? € Wy, & € M, by & = ap) — Adivu)) and ) € W;, by 1)) = cop) + adivu).
forn=0,1,2,---,do
(i) solve for (u}*!, &1 € V;, x M), such that

/’t(g(u;ll+1)a E(Vh)) - (§Z+1’ div Vh) = (f’ Vh) + <f1’ Vh>7vvh € Vh’
k(& o) + (divag, @n) = k1 (77, @n), Von € M,

(ii) Using (u}*!, &*1) obtained in (i), solve for (i7}*", pi*') € W, x W, by

n+1 n+1

K ( Z”,wh) + K (nh ,wh) - (ph ,wh) =0, Yw, € Wy,

1
dyt' un) + ﬂ—f(Ksz“, Vi) = (¢, ) + (b1, yn) Y, € Wi,

end for

Theorem 4. Let {(uz,cfz, s p’;l)}po be solutions of the coupled algorithm (i.e., Algorithm 1). Then
it holds -

max | VEIV ) = i) + Vialln(t) = il + VRIE®G) = &llro |
N

1 ., }
+( Z; u—an% (P(t) = PPIg)” < O+ Cob?, (3.14)

Theorem 5. Let {(“Z’ &nLny, pZ)} o be solutions of the decoupled algorithm (i.e., Algorithm 2). Then

n>

for the case ¢y > 0 and A < oo, it holds

max [ VAV, = )l + V) = il + VRl - &l
N1, Vo
Hr ), KA (p(n) Plag)” < Cir+ Colt. (3.15)
n=0
The proof of the aforementioned theorems follows a similar approach to that of [17, Theorem 3.7];
thus, further details are omitted here. Our primary focus is on the constraint condition 7 = O(h?) in the
error estimates for the algorithm with 8 = 0 [17]. This constraint arises because the choice of the test
function ¥, results in the variables p, &, and n being in different time layers, which in turn leads to the
application of an inverse inequality in the estimation of the right-hand side term. To address this issue,
a straightforward solution is to select an appropriate test function i, that ensures the variables p, &,
and 7 reside in the same time layer. To do that, we first examine the following error equations:

Kq (Gg+l, (Uh) + K> (GZ-H, a)h) - (GZH, (,t)h) =0, Yw, € Wy, (316)
1
(dtGZ-H’ lr//h) + /l_f(KVZZ+1’ th) = (erl:;la lr//h)’ vwh € Wh, (317)
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which are derived from the fourth equation of Algorithm 2 and the continuous problem (2.10) the
fourth equation of Algorithm 2 and the continuous problem (2.10). Based on Algorithm 2, we can
define 17, by

k17, on) = K3(ED, @) + (divual, ).

Setting w;, = d,Gy, Y, = Z} in (3.16) and (3.17) separately after lowering the super index n + 1 to n,

applying the summation operator 7Y _, to both sides of (3.17) and utilizing the fact that G, =0,
there holds

[
ZIGH ey + 7 [m(d,c" Gi) + SR G g, + ||K VZ"HLZ(Q)] (3.18)
n=0
[

=7 Z [(dtG27 Y; FZ) + (dm(tns1) = Nitns1), ZZ) + K1T(de§+1, dtGZ)] .

n=0

Note that the choice of ¢, = z, is critical. Unlike the setting in [17], where ¢, = =K Z"+1 + Ko Zy
is employed, selecting ¢, = Z” eliminates the need to apply the inverse 1nequa11ty to bound a gradlent
term (as seen in [17, estimate (3 52)]). Instead, we only need to apply the Cauchy-Schwarz and Young
inequalities to the last term on the right-hand side of (3.18) to derive

I )
@t Y (dGE L d Gl < kT Y [—nd,G;”an@) S Gl (3.19)

n=0 n=0

2/(2

where € € ( , +00) is a positive constant from Young inequality.

Additionally, we point out that:

(i) The aim of € € ( 2K2 ,+00) is to ensure the signs of terms =57 LD I ||d,G”||
Z)T n=0 ”dIGn”LZ(Q)
term ;7> Zn O(d,G"Jrl d,G”) in error estimates. For the case of ¢y = 0, it has a similar discussion

for the term x;72 3! _ O(dtG"Jrl d,Gy).
(i1) For the decoupled algorlthrn it does not exist the constraint on the time step 7 and mesh size A.

Ko
il and (3

to be positive. In addition, for the case of 4 — +oo, there does not exist the

4. MFEM with BDF2 scheme

4.1. BDF2 algorithm and stability analysis

We now consider the BDF2 scheme in time discretization for the problem (2.7)—(2.10) with (2.3)-
(2.5). For a smooth function v defined on [0, T], we denote
3 — 4yl 2

V2= 42 and D = = . 4.1)

Based on (4.1), we introduce the BDF2 fully discrete scheme in Algorithm 3.
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Algorithm 3 BDF2 algorithm

Input: Evaluate u) € V,, p? € M), &) € M), by &) = ap!) — Adiva) and i) € W), by 1) = ¢op}) + adivu).

Step 1: Solve for (u;,&},n,) € V;, X M, X Wj, such that

p(e(uy), e(vy)) — (&7, divvy) = (£, v,) + (£, Vi), Vv, €V, 4.2)
k3(&7,on) + (divay, ;) = &1 (17, @), Yo € My, 4.3)
1 1 1
(dimy, ) + IU—(KV(Klf;f +Kk117), V) = (6, ) + @1, ¥n), Vi € Wy 4.4)
f
Step 2:
forn=1,2,---,do
(i) Solve for (ui*!, &+ i+t € V), x M), X W), such that
pe@y™h), e(viy)) = (&7, divy) = (£, vi) + (1, Vi), Vv, € Vy, 4.5)
k3(E L en) + ([divay gn) = k(" on), Vi € M, (4.6)
1
(D! ) + N—(KV(K] st V) = (@, 8n) b un), Y € Wi 4.7)
f
(ii) Update pi*! and ¢/*' by
PZH — Kl§2+1 + K2n2+1’ q2+1 — Kan+1 — K3 Z+l’ (48)
end for
The next lemma establishes a discrete energy inequality for the BDF2 algorithm.
Lemma 4.1. Let {(u}, &), 7/)}us0 be defined by the BDF2 algorithm. Then it holds
K K
’gue(ui,“)uiz(g) + 71 ey + 1 (4.9)
/
T bl T VA
o DK Vg + kIR g
=1
< C3(”f||iZ(Q) + ”fl”%}(ag) + ||5(u2)||iz(g) + ||§2||iz(g) + ||n2||iZ(Q)
+ ||¢||22(Q) + ||¢l||iZ(aQ))’ v l = 19
where C3 = C3(Cr, Cas Chy Cpy 5 K3, K, T, K, 7).
Proof. Setting v;, = du, in (4.2), ¢, = d,&} in (4.3) and ¢, = p}% in (4.4), we get
1 1
p(e(u}), e(duy) — (£, divdu,) = (F, duy) + (£, duy), (4.10)
K37, diy) + (divay, digy) = ki (i, di&y,), (4.11)
1 1 1 1 1 1 1
(dmy,. p}) + 'U—(KV(Klf;f +1,),Vp;) = (¢, ;) + b1, pp)- (4.12)
f
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Adding (4.10)—(4.12), there holds
K K
ﬁ(ns(u,i)niz(m ~ o)) + 3-8 ) = 101 ) + (il g = ||n2||iz(g)) (4.13)
¥ ﬂ—nKzV(Klfh i = (.dub) + (fr.dul) + (6. p) + (b1, p) + ((fh,dlvuh)

— (&), divup)) + ;((nh, ) — (1. €D).

Using the Cauchy-Schwarz inequality, triangle inequality, (2.2), (4.32), trace inequality, Poincaré
inequality, and Young inequality, we can bound the right-side terms of (4.13) as follows:

[ 1
.du)) < 1% ||f||L2(Q) eI, + S ) (4.14)
2 2

(f,d;) < ( G k I1£4117 ||g(u Moy + e ) (4.15)

1> %1% 1 Lz((?Q) h LZ(Q) 4 w20yl .
(¢ ph) S Cp/’lf”K ¢||L2(Q) ”K Vph”LZ(Q)’ (416)

i _1
(B1.p}) < cicf,uqu 2¢1||22(6Q) ||K Vpi gy (4.17)
D | 1 q:,440
(é‘:g’ dlvuh) - (‘f]/p dlvuh) < ||§h”L2(Q) ||8(uh)||L2(Q) ||§h||L2(Q) (418)
2c2
+ K_||8(uh)||L2(Q)a
0 &l 1 0 KL o K3\ 12 K12 KL o

Kl(nh’ fh) - Kl(nh’ é‘:h) < K_3||nh||L2(Q) + §||§h”L2(Q) + Z”U;,”Lz(g) + K_zllfh”Lz(Q)’ (419)

where ¢, is a positive constant related to Trace inequality.
Substituting (4.14)—(4.19) into (4.13), we have

T 1 1 1
||8(uh)||L2(Q) ”gh”LZ(Q) ||nh”L2(Q) ”KZV(Kl'f}? + K277;2[)||iz(9) (420)

5c 2 C2 2
Ck Ck
7||f||L2(Q) lj ”fl ||L2(GQ) + Cp#fT”K ¢”L2(Q) + C c /’th”K ¢1 ”LZ(EJQ)

2¢? Ky 200 K Ky 26
b 0y112 _3 b _l 0112 _2 1 0112
+ (/“t + K3 )llg(uh)”LZ(Q) + ( 2 + # + K2)||§h”L2(Q) + ( 2 + K3 )”nhllL2(Q)-

Next, setting v, = Duj*!, ¢, = &' and ¢, = p/*! in (4.5)~(4.7), we obtain

(e, e(Dfthy) — (€, divDu)™) = (F, D)) + (fy, D)™y, (4.21)
k3(DEF, &) + (divDu, €41 = k(DL &), (4.22)
(Do, pptty + ﬂ—(KV(Klf”“ + k™), Vi) = (6, pih) + (b1, pTY). (4.23)

Adding (4.21)—(4.23) and using the fact of

n+1

1 1 1 -1
(Dtvn+ VZ+ __(||vh+ ||L2(Q) ||vh||L2(Q) + ||2V vh”LZ(Q) ”2‘)2 ||L2(Q) (424)
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n+1 2‘}2 + VZ_IHZ

+ ”V LQ(Q))’

we have
e g, = W) g, + 126005 = @I g, = 126005 = o) g, (4.25)

1 —-15112 12 2 1 2
+ ||8(un+ ) 28(“2) + 8(“2 )”Lz(Q)) + _(llé‘:]r1l+ ||L2(Q) - ”gZ”LZ(Q) + ”2§n+ §Z||L2(Q)

n+1

1 1 -1 1
- ”2‘§h é‘:]r; ||L2(Q) + ” - 2‘§Z + é:]’/ll ” Z(Q)) + _(”r]h+ ||L2(Q) ||nh||L2(Q) + ”277 - nh”LZ(Q)

n+1

- ”2772 ”Lz(Q) + ”77 2772 + UZ_ ||L2(Q)) + ”I{ZV(KI‘_S-;‘:rH—l + KZWZH)”iz(Q)
(f D,u"+1)+(f1,D,u +1>+(¢ pn+1)+<¢l’ h+1>'

Applying the summation operator T Zfﬂ , to both sides of (4.25), there holds

(||s<ul“>||iz(g)+||28(ul“)—s(uz)uiz(mﬂ 216 12y + 112657 = £ ) (4.26)

n n n— K3
+ —(||nl“||Lz(Q) + 1125 = millTay) + Z (—||s<u ") = 28(u) + W Dl + 7
T =28 + 67 g, + —||n"+1 2y + 115 gy + ||K V(i + ki)

/

R N (CHADERCN A

n=1

[T R R |
3u, u, —3u, + uh
2

ol 2l
3u;, u, —3u, + uh
2

= (f, )+ (f,

+ (||e<uh>||Lz(Q) + R&(u)) — e@I7, ) + (||§h||L2(Q) +12¢, = &l )
+ Z(unhny(m + 112, = 131172 0)-

Similar to (4.13), we can bound the first four terms of the right side of (4.26) as follows:

3uf! —u) - 3u, +u)  4c]
(f, ———5——")< ||f||L2(Q) ||2e(u’“> ROl . (4.27)
I+1y(2 3u 1312 H 0412
+ _” (u )”LZ(Q) + _”‘S(uh)”LZ(Q) + g”g(uh)”LZ(Q)a
3uf! —u) - 3w, +u) 4l .
(. > )<= ||f1||L2wQ) ||2s<u ) = @720, (4.28)
+ _lls(ul+l)|lL2(Q) ”‘g(uh)”LZ(Q) ”‘S(uh)”LZ(Q)a
Z<¢ ) <rZ(c,,uf||K P + Wanszﬂﬁz(m), (4.29)
TZ<¢1,p5>sTZ(c K3l + ||1< A (4.30)
n=1 n=1

Substituting (4.27)—(4.30) into (4.26) and using (4.20) for the resulting inequality, we can deduce
that (4.9) holds. The proof is complete. O
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4.2. Error estimates

In this subsection, we consider the optimal convergence analysis of the BDF2 algorithm. Before

that, we have the following estimate for the BDF2 algorithm.

Theorem 6. Let {(u), &), m/)} w0 be defined by the BDF2 algorithm. Then there exists a positive

constant C4 independent of mesh size h and time step T such that

M I+1y12 K3 112 K2 vty 2
§||8(2u+ )”LZ(Q) + Z”Gg— ”Lz(Q) + gllGi;— ||L2(Q)

1
T 1 n n
* o Z IK? (1 ZE" + k0Zi D < Calh* + 7).
n=1

Proof. First, it is easy to check that there exists a positive constant ¢, such that
Idivwil,z ) < ¢ lleWllz . ¥ W € H'(Q).
Forn > 1, att = t,,1, we have for (2.7)—(2.10) that

p(e(tys)), £(vi)) — (E(turr), divvy) = (£, vi) + (£1, vi), Vv, € Vp,
k3(E(tns1), n) + (diva(t,s), 1) = k1 ((tgs1)s 1), Yo, € My,

1
(7:(ts1), W) + 'u—f(KV(Klf(fnn) +Kn(tn1)), Vi) = (@, ¥n) + b1, ¥n), Yy € W
Moreover, we have from (2.7)—(2.10) at t = ¢y and ¢ = #; that

/.l(g(u(l'% ))’ S(Vh)) - (é:(t%% diVVh) = (f’ Vh) + <f17 Vh>a vvh € Vha
&3(£(1), @) + (diva(ry), @) = k1 (m(11), @n), Yo, € My,

1
() + = (KVWEW) + 1)), V) = @) + (D10, Vb & W,

where v(t%) = (v(ty) + v(t1))/2.
Subtracting (4.2)—(4.4) from (4.36)—(4.38), there holds

1 1
,U(E(Eé),g(Vh)) - (EZ, diVVh) = O, VVh € Vh,
1 o1 1
K3(EZ on) + (dIVES, @1) = ki(E;, @n), Vo € My,

1 1 1
(dzE,l,,lﬂh) + ,u_(KV(KlE; +kEp), V) = (Riy, i) + Rap, ), Y, € W,
; _
where

1 i 1 ™
Rl,n = 2_7'];; Fz(t)ﬂmdt, Rz,n = Efto L(Onydt,

o+t
ti —t whent > 02 1,

I'@) = fo+1
t—1ty whent<

(4.31)

(4.32)

(4.33)
(4.34)

(4.35)

(4.36)
(4.37)

(4.38)

(4.39)
(4.40)

(4.41)
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Using the definitions of the projection operators Qy,, Sy, R, for (4.39)—(4.41), we have
U(EZ), ) - (G, divwy) = (F7, divw)), v, € V),
KS(G? o) + (divZy . 1) = Kl(Gé’ on) — (divYs. o). Von € My,
(dGhun) + ﬂif(KV(mZé F16Z2),0) = Rip i) + Ry t), Yy € Wi
Setting v;, = d,Z,, in (4.42), ), = d,G} in (4.43) and ¢, = Zé in (4.44), we get
o@Dz g, ~ 16 g) — (G divd Zy) = (F , divd 7)),
S IGHR g~ 1681 ) + (divZa diGY) = x1(G5 diGE) = (divYy diG),
(”G]”LZ(Q) ”GO”LZ(Q)) + k1 (diG; G )+ —||K V(Klz2 + Kzz )||Lz(9)
= (Ripp Z2) + Ry Z2) + (G, Y7 - F).
Adding (4.45)—(4.47), there holds

1 1 1 1
_”‘S(Z )”LZ(Q) ”G ||L2(Q) ||G ||L2(Q) /,l_f”KZV(KIZ; +K2Z7?)||22(Q)

i L1
= _” (ZO)”LZ(Q) ||G ||L2(Q) ”GO”LZ(Q) + (an ledtZI) - (leYlf’dtGé)

+(R1,,,,z;)+(R2,,7,Z§)+(dtG}7,Y2 F3)+ ((GO,dWZ) (G}, divzY))

Ki(~0 ~1N 1 0
+T((G,G§) (G, GD)).

(4.42)
(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

Then, we bound the fourth to tenth terms on the right side of (4.48). Using the Cauchy-Schwarz

inequality, triangle equality, and (4.32), Poincaré and Young inequalities, we have

1
F u
(Fz,ledt ) < _( ” fllLZ(Q) ”FO”LZ(Q) 5”8(2111)”22(9)

—||s(z°)||Lz(Q))
. 4¢3
_(dIVYlf’dtGél—‘) < _(_b”g(Yll)”iZ(Q) ||8(Y0)”L2(Q) ||Gf||L2(Q)

NG )
(Rip Z8) < 6‘;’31( O ||K A
(Roys Z1) < 5’6’;{ 0l iy + ||K vzanz@,
@G V)~ F}) < - (UG + ||G°||Lz(g) 21 o

(4.49)

(4.50)

4.51)

(4.52)

(4.53)
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4 0112 12 4 0112
+ _”Y ||L2(Q) + K_”Fp”LZ(Q) + K_”FP||L2(Q))’
Gy, divZ, Gld'ZO<2 Gy A G 4.54
( £ 1V u)_( B 1V u) || ”LZ(Q) ||8( )”LZ(Q) ” fllLZ(Q) ( . )
2 > 0
+ ”8(2 )”Lz(Q)’
(G3, G ~ k(G GY) < —2 Gz gy + SIGH g + G ||G°|| (4.55)
My Mg My M et ellagy + et &l :

Substituting (4.49)—(4.55) into (4.48) and using (3.11)—(3.13), the facts of ZO 0, G0 0, and G0 0,
we find there exists a positive constant C = C(|[all =, 1, .12())s Il g 020> Mt 111202
eeel | 22100112 (2))» Cs s K3, € i s, K1, K2, k1) such that

eI + KlIGHE g + KlIGLIE 0, + ||KV</<122+K222>||L2(Q><5<h4+r4>. (4.56)

Next, we show the error estimate at ¢ = t,,,;. Subtracting (4.5)—(4.7) from (4.33)—(4.35), it holds

u(EZy), e(vy) — (G, divw,) = (FEH, div,,), Vv, €V, (4.57)
k3(GE on) + (dIVZy @) = (G @) = (divYet n), Ve, € My, (4.58)
1
(DG ) + IU—(KV(Klng + K Z), V) = (Rag i), Y € W, (4.59)
f ‘
where
Int1 tot 1
R3J7 = (t- tn)zntttdt - (t - tn+1)277mdt-
T J, ar J, |

Setting v, = D,Z"! in (4.57), ¢, = G’“r1 in (4.58) after using the operator D, to both sides of (4.58),
Yp = Z”+1 in (4.59), using (4.24) and addlng the result equation, we get

—(|| EZy Nz = 1E@DIT 2 + 126Z5™) = &Z2y0) — 126(Z) = £Zy D2 (4.60)
+1le(Zy™) = 28(Zy) + &(Zy D2y + —3(||G"“||iz(g) G2 ) + I12GE = G2y,
~I2G} = G{ o + IGE" = 2G} + GY 1||L2(Q>)+—(||G"“||L2(Q) G312 0

+12G™ = Gl = 12G) = Gi Mg, +1IG) = 2G + G )

Fyt divD,Zy") — (divD, Yy GEY) + (Rs,, 23

+ N—nmmz’l” 2L D Paggy = (

+ (DtG}TlI+1, Y;H—l _ FZ+1).
Applying the summation operator 7 3" _, to both sides of (4.60), there holds

e sy + 1262 = 8Zi)li)) + FUGE gy +12GE" = Gl o) (4.61)
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i
K2 +1)12 I+1 1112 M n+1 n n—1 K3
+ 7 (1G, g + 112Gy —G,,lle(Q))+;(§||s(zu+) 26Z3) + 2y Wiz + 5

1 1
. ”Gg+ _ 2Gn Gn ”Lz(g)

K2 n n n— T 1 n n
Z||Gn+1 - 2G G llle(Q) /J_f”KZV(Klzf-H + KZZU+1)||[%2(Q))

i
—7 Z [(Fz*!. divD,Zy™) = (divD, Y3 GE) + (R, Z3™) + (DG Yo = Fi)
=1

+ LU g + 12620) = 6Zg)) + FUGH g + 12GE = Gl )

(IIGlll +112G, - G}

L2(Q) LZ(Q))

Now, we begin to estimate the first four terms on the right side of (4.61). For the first term, it is easy
to check that

Z(F”“ divD,Z"*") = ((F’+1 div(3z," - Z) - (F{! - FL,divz,) — (3F;, divZy) (4.62)
n=1
l n+1 n n—1
Fyt' — 4F} + 3F}

3 3i,71 & . -1
+ (F ,leZu))+T;( > ,divZ; ™).

Applying the Cauchy-Schwarz inequality, (4.32), triangle and Young inequalities to (4.62), we have

/

T (Fe,divD,Zy) <5 (—||F’“||L2(Q) ||2a(zl“> — 8(Z )20 (4.63)
n=1
sza ! /
||8(Zl+1)”L2(Q) ||F§+1 Fl”LZ(Q) _llg(z+1)|lL2(Q)
c
||28(Zl+1) E(ZI)HLZ(Q) _”}73 3F2”L2(Q) ”8(2 )”LZ(Q))
l 2 n+1 n n—1
2¢ F —4F" + 3F
n—1 b £ I
”n; ge @ i, + > [}

For the second term, using the Canchy-Schwarz and Young inequalities, we obtain

- Z(de virGrty <t Z (—||d1thY”+1||

n=1

+ UG ). (4.64)

L2(Q)

Applying the Canchy-Schwarz inequality, Poincaré inequality, Young inequality, and the fact of

T3 3

2 2
||R3 77||L2(Q) g”nf””LZ(zn,t,,H;LZ(Q)) + ?”T]”tlle(t,,f],l,,+1;L2(Q))

to the third term, there holds
I L2 "
n+1 P! 2 n+1
T;(Rs,mzp* ) < TZ; (LRl + 5 ||Vz ) (4.65)
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[
Mf
P 1
< TZ(—nnanz(,n ot ||K VZER, ).

Similar to the first term, we can bound the fourth term as follows:

Tt —||2Gl+1 -GilI; (4.66)

1
1,4
n+1 n+1 n+1 [+1 I+1
T (DG Y - P )Si(_/@”Y; ~ i .

10
I+1 1+1 1 I+1 1
||G+ ||L2(Q) K_||Yp+ _Y F+ +F ||L2(Q)
2
1+1 k2 I+1 I
_||G+ ||L2(Q) §”2G7]+ -G ||L2(Q) ”G ||L2(Q)

/

+ K—2||Y; —3V2 - Fy 4+ 3F L)+ T ) (—||G” {9
n=3
D (AL UK ) B S )
+ K_2|| T - T ||L2(Q))
Substituting (4.63)~(4.66) into (4.61), using the facts of Z0 = 0, G2 = 0, G) = 0, (4.56), (3.11)~(3.13),

there exists a positive constant C = C( (cp, p, K3, 5, K1, €, ko) SUCh that

_llg(zl+l)|lL2(g) ||Gé+l ||L2(Q) ”GH-1 ||L2(Q) (467)
t5- Z K>V ZE + K Z g,
!
H n K3\ K2 =y
<7 (Gl Mg, + FICE g, + G, M) + CU o rn)
=1
+ h4||§t||L2(o,T;H2(Q)) + h4llvut”L2(O,T;H2(Q)) + T4||77ttt||L2(0,T;L2(Q)) + h4||77||L°°(0,T;H2(Q))
+ h4||77z||L2(0,T;H2(Q)) +C(h* + ).
Applying the Gronwall inequality to (4.67), one has that (4.31) holds. The proof is complete. m|

Furthermore, we state the main result of this part by a theorem.

Theorem 7. There exists a positive constant Cs independent of h and T such that the solution of the
BDF?2 algorithm satisfies the following error estimates:

Ofgfgiv [||V(ll(fn) - UZ)||L2(Q) + \/E2||ﬂ(fn) - 772||L2(Q) (4.68)
+VRIIE®L) = Ellp@ | < Cs(h* + 1),
max [|p(t,) = pillizy < Cs(F +7°). (4.69)

Proof. Using (3.11)—(3.13), the relation p = k& +«,n, Theorem 6, (4.56), and the triangle inequality on
ut,) —u, =Y, +7,, §t) =& =Y, +Z; = F; + Gy,
) —m, =Y, +Z, = Fy+ Gy, pt,) —pp=Y,+Z,=F, +G),

one can see that (4.68) and (4.69) hold. The proof is complete. O
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5. Numerical tests

Here the P, — P; — P, — P; element pairs are employed for the coupled algorithm and decoupled
algorithms, and P, — P; — P; element pairs are employed for the BDF2 algorithm. To verify the
robustness of our algorithms with respect to parameters, we compute the spatial errors and convergence
rates of the variables u and p for different values of Poisson rates and permeability tensor separately.
In the meantime, we show the effectiveness of our algorithms in overcoming the Poisson locking as
v — 0.5. After that, to illustrate that there is no nonphysical oscillation in the pressure field, we use
the decoupled algorithm to test a Barry-Mercer problem. Finally, we use the following examples to
compute the convergence rates for the above proposed algorithms in subsections 5.1, 5.2, and 5.4.
Example 1. Let Q = (0,1)%, T} = {(1,x);0 < x, < 1}, Ty = {(x1,0);0 < x; < 1}, T3 = {(0,x,);0 <
x <1}, Ty ={(x,1);0 < x; < 1}and T = 1. The boundary and initial conditions are

p = tsin(mx;) cos(mx,) on 0Q7,

1
u; = e ' sin(2rxy)(—1 + cos(2mx;)) + 1 sin(mrx;) sin(mrx;) onl;x(0,T), j=1,3,
P ‘

1
uy = e sin(2rx;)(1 — cos(2mxy)) + 1 sin(mrx;) sin(mrx;) onl;x(0,7), j=2,4,
u

o(u)n —apn = f on 0Qr,
ux,0)=0, px,0)=0.

The exact solutions of (1.1)—(1.4) and (2.3)—(2.5) are p = tsin(mx;) cos(mx,) and

u; = e ' sin(2rx;) (=1 + cos(2mx;)) + 1 sin(7rx;) sin(7rx,),

u, = e ' sin(2nx;)(1 — cos(2mx,)) + 1 sin(rx;) sin(7rx,).

5.1. The robustness on the Poisson ratio v

We first test the robustness of the coupled and decoupled algorithms on the Poisson ratio v by fixing
a=1,ur=1E=28e3, K =1e-7I, and ¢y = 0.2 for v = 0.49 and v = 0.4999999, respectively.

Tables 1 and 2 show the spatial errors and convergence rates of the coupled algorithm for v = 0.49
and v = 0.4999999, respectively. Numerical results show that the H' convergence rates of u and the
L? convergence rates of p are all approaching 2. The L? convergence rates of u are around 3. The H'
convergence rates of p are around 1. It can be concluded that the convergence rates of u and p are
optimal, which is consistent with Theorem 4.

Table 1. Spatial errors and convergence rates of u and p of the coupled algorithm v = 0.49.

h.t l|€u||L2(Q) Rate ||€u||H'(Q) Rate |l€p||L2(Q) Rate ”ep”H‘(Q) Rate
llallzz allz Pl ) Plla @)

h=1/4,t=1/16 4.7630e-2 1.6047e-1 8.5755e-2 4.2637e-1

h=1/8,7t=1/64 5.6649e-3 3.07 4.4075e-2 1.86 1.7262e-2 2.31 2.0452e-1 1.06

h=1/16,7 = 1/256 6.5936e-4 3.10 1.1349e-2 1.96 3.8013e-3 2.18 9.9924e-2 1.03
h=1/32,7=1/1024 7.9656e-5 3.05 2.8614e-3 1.99 9.8977e-4 1.94 4.9462e-2 1.01
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Table 2. Spatial errors and convergence rates of u and p of the coupled algorithm for v =
0.4999999.

”eu”Lz(Q) ||€u||H'(Q) |l€p||L2(Q) l|€p||Hl(Q)

h, T Rate _— Rate _— Rate Rate
||u”L2(Q) ”u”H‘(Q) ||P||L2(Q) ||P||H1(Q)
h=1/4,7=1/16 4.7651e-2 1.6055e-1 8.5700e-2 4.2574e-1
h=1/8,7=1/64 5.6669e-3 3.07 4.4078e-2 1.86 1.7255e-2 2.31 2.0459e-1 1.06
h=1/16,7 = 1/256 6.5948e-4 3.10 1.1349e-2 1.96 3.7745e-3 2.19 9.9988e-2 1.03
h=1/32,7=1/1024 7.9662e-5 3.05 2.8614e-3 1.99 8.7440e-4 2.11 4.9501e-2 1.01
For the decoupled algorithm, we also take v = 0.49 and v = 0.4999999 separately to observe

the convergence rates of u and p. Tables 3 and 4 show that the convergence rates of all variables
are optimal.
Thus, Tables 1—4 imply the coupled and decoupled algorithms are robust on the Poisson rate v.

Table 3. Spatial errors and convergence rates of u and p of the decoupled algorithm for

v = 0.49.
h.t l|eu||L2(Q) Rate ||€u||H'(Q) Rate |l€p||L2(Q) Rate ”ep”Hl(Q) Rate
”u”L2(Q) ||u||Hl(Q) ||P||L2(Q) ”p“H‘(Q)
h=1/4,t=1/16 4.7630e-2 1.6047e-1 8.5755e-2 4.2637e-1
h=1/8,7t=1/64 5.6649e-3 3.07 4.4075e-2 1.86 1.7262e-2 2.31 2.0452e-1 1.06
h=1/16,7 = 1/256 6.5935e-4 3.10 1.1349e-2 1.96 3.8013e-3 2.18 9.9924e-2 1.03
h=1/32,r=1/1024 7.9656e-5 3.05 2.8614e-3 1.99 9.8977e-4 1.94 4.9462e-2 1.01
Table 4. Spatial errors and convergence rates of u and p of the decoupled algorithm for
v = 0.4999999.
h.t ||eu||L2(Q) Rate ||€u||H'(Q) Rate ||ep||L2(Q) Rate “ep”H‘(Q) Rate
||u||L2(g) ||u||Hl(Q) ”p”L2(Q) ||P||Hl(sz)
h=1/4,t=1/16 4.7651e-2 1.6055¢e-1 8.5700e-2 4.2574e-1
h=1/8,t=1/64 5.6669e-3 3.07 4.4078e-2 1.86 1.7255e-2 2.31 2.0459e-1 1.06
h=1/16,7 = 1/256 6.5948e-4 3.10 1.1349e-2 1.96 3.7745e-3 2.19 9.9988e-2 1.03
h=1/32,r=1/1024 7.9662e-5 3.05 2.8614e-3 1.99 8.7440e-4 2.11 4.9501e-2 1.01

Table 5 reports the CPU time for both the coupled and decoupled algorithms. The results
indicate that the decoupled algorithm significantly outperforms the coupled one in terms of runtime,
demonstrating its superior efficiency.

Table 5. The CPU time of coupled and decoupled algorithms for v = 0.49.

h, T

the CPU time of coupled algorithm

the CPU time of decoupled algorithm

h=1/4,r=1/16 0.19s 0.13s
h=1/8,r=1/64 2.61s 1.63 s
h=1/16,7 =1/256 51.82s 30.32s
h=1/32,7=1/1024 915.23 s 503.59 s
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5.2. The robustness on the permeability tensor K

We now test the robustness of the algorithms with respect to the permeability tensor K by fixing
a=1,ur=1E=28e3,v=0.49,and ¢, = 0.2 for K = 1I and K = le-4I, respectively.

For the cases of K = 1I and K = le-4I, Tables 6 and 7 exhibit the spatial errors and convergence
rates of u and p for the coupled algorithm. The convergence rates of u with respect to H' norm and
L? norm are all around 3 and 2 separately. The convergence rates of p with respect to H' norm and L2
norm are all around 2 and 1, respectively. This implies that the coupled algorithm is robust for K.

Again, for the cases of K = 1T and K = le-4I, we compute the convergence rates of u and p by the
decoupled algorithm. Tables 8 and 9 show that the convergence rates of u and p are optimal, which is
consistent with the results in Theorem 5 and shows that the decoupled algorithm is robust for K.

Table 6. Spatial errors and convergence rates of u and p of the coupled algorithm for K = 1L

h.t ||€u||L2(sz) Rate ||€u||H'(sz) Rate ||€p||L2(gz) Rate ||€p||Hl(Q) Rate
||u||L2(Q) ||u||H1(Q) ||P||L2(Q) ||P||H'(Q)
h=1/4,tr=1/16 4.7630e-2 1.6047e-1 1.3174e-1 3.7941e-1
h=1/8,tr=1/64 5.6649e-3 3.07 4.4075e-2 1.86 3.5460e-2 1.89 1.9461e-1 0.96
h=1/16,7r = 1/256 6.5936e-4 3.10 1.1349e-2 1.96 9.0399e-3 1.97 9.7954e-2 0.99
h=1/32,7r=1/1024 7.9656e-5 3.05 2.8614e-3 1.99 2.2712e-3 1.99 4.9060e-2 1.00
Table 7. Spatial errors and convergence rates of u and p of the coupled algorithm for K = le-
41.
h.t ”eu”LZ(Q) Rate ||€u||H'(Q) Rate ”€p||L2(Q) Rate ”ep”Hl(Q) Rate
||u||L2(Q) ”u”H‘(Q) ||P||L2(Q) ”p”H‘(Q)
h=1/4,tr=1/16 4.7630e-2 1.6047e-1 8.5753e-2 4.2449e-1
h=1/8,7r=1/64 5.6649e-3 3.07 4.4075e-2 1.86 1.7287e-2 2.31 2.0376e¢-1 1.06

h=1/16,7 =1/256 6.5936e-4 3.10 1.1349e-2 1.96 3.8309e-3 2.17 9.9511e-2 1.03
h=1/32,r=1/1024 7.9656e-5 3.05 2.8614e-3 1.99 1.0018e-3 1.93 4.9279e-2 1.01

Table 8. Spatial errors and convergence rates of u and p of the decoupled algorithm for

K =1L
h.t l|€u||L2(Q) Rate ||€u||H'(Q) Rate |l€p||L2(Q) Rate l|€p||Hl(Q) Rate
||u”L2(Q) ”u”H‘(Q) ||p||L2(Q) ”p“H‘(Q)
h=1/4,t=1/16 4.7630e-2 1.6047e-1 1.3174e-1 3.7941e-1
h=1/8,7r=1/64 5.6649e-3 3.07 4.4075e-2 1.86 3.5460e-2 1.89 1.9461e-1 0.96

h=1/16,7 = 1/256 6.5935e-4 3.10 1.1349e-2 1.96 9.0399e-3 1.97 9.7954e-2 0.99

h=1/32,7=1/1024 7.9656e-5 3.05 2.8614e-3 1.99 2.2712e-3 1.99 4.9060e-2 1.00
Table 9. Spatial errors and convergence rates of u and p of the decoupled algorithm for
K = le-4lL.
h.t l|€u||L2(Q) Rate ||€u||H'(Q) Rate |l€p||L2(Q) Rate ”ep”H‘(Q) Rate
”u”L2(Q) ||u||Hl(Q) ”p”L2(Q) ”p“H‘(Q)
n=1/4,7=1/16 4.7630e-2 1.6047e-1 8.5753e-2 4.2449e-1
h=1/817=1/64 5.6649e-3  3.07 4.4075e-2 1.86 1.7287e-2 2.31 2.0376e-1 1.06
h=1/16,7 = 1/256  6.5935e-4 3.10 1.1349e-2 1.96 3.8309e-3 2.17 9.951le-2 1.03
h=1/32,7=1/1024 7.9656e-5 3.05 2.8614e-3 1.99 1.0018e-3 1.94 4.9279e-2 1.01
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5.3. The investigation of nonphysical oscillation on pressure field

We now verify that there is no nonphysical oscillation in the pressure field for the proposed
algorithms. For brevity, we only consider the decoupled algorithm. The benchmark problem for the
poroelasticity model is given as follows:

Example 2. (Barry-Mercer problem) Again we take Q = (0,1)?> and T = 1. The boundary segments
I';(j = 1,2,3,4) are defined in Example 1. The source functions f = 0 and ¢ = 0, and the boundary
and initial conditions are

p=0 onI';x(0,7), j=1,3,4,
P =D onI'; x(0,T), j=2,
u =0 onI';x(0,7), j=2,4,
u, =0 onl; x(0,T), j=1,3,
o(n —apn =f, := (0, ap)’ on 0Q7,
ux,0)=0, pix,0=0 in Q,

where

sint when (x,f) € [0.2,0.8) x (0,T),
b1 =
0 others.

Seta =1, ur =1, E = 2.8¢3, v = 04, K = 1e-81, and ¢y = 0. For the case of ¢y = 0, low
permeability K, and small time step 7, it will lead to divu! ~ 0 for the discrete form of Eq (1.2). If
using P, — P; element pairs to solve the original problem, there exists the nonphysical oscillation in
the pressure field at a very short time see Figure 1. But Figure 2 shows that there is no nonphysical
oscillation in the pressure field for the decoupled algorithm with P, — P, — P; — P, element pairs. In
addition, the arrows near the boundary match very well with the inner arrows in Figure 3. This implies
that the decoupled algorithm is locking-free and stable.

Figure 1. The numerical solution
Pt by using the P, — P
element pairs for the original

problem at r = 0.00001.

AIMS Mathematics

Figure 2. The numerical solution
pi*! by using the decoupled
algorithm with P, — P, — P, — P,

element pairs at t = 0.00001.
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Figure 3. Arrow plot of numerical solution u;, by using the decoupled algorithm with P, —
P, — P, — P, element pairs at t = 0.00001.

5.4. The convergence rates of BDF2 algorithm

We here test the convergence rates for the BDF2 algorithm by fixing o = 1, uy = 1, E = 2.8e3,
K = le-7I and ¢y = 0.2 for v = 0.49 and v = 0.4999999, respectively.

Tables 10 and 11 show the spatial errors and convergence rates of the BDF2 algorithm for v = 0.49
and v = 0.4999999, respectively. The numerical results show that the H' convergence rates of u and
the L? convergence rates of p are all approaching 2. The L? convergence rates of u are around 3.
The H' convergence rates of p are around 1. This implies that the BDF2 algorithm has the optimal
convergence rates for the different values of v.

Table 10. Spatial errors and convergence rates of u and p of the BDF2 algorithm for v = 0.49.

h.t ”6‘u||L2(Q) Rate ”eu”H'(Q) Rate ||ep||L2(Q) Rate ||€p||H'(Q) Rate
lall2 0 [l o 1y2IVEXSS Pl )
h=1/4,t=1/4 4.8482e-2 1.6013e-1 5.7104e-2 4.0384e-1
h=1/8,7r=1/8 5.7075e-3 3.09 4.4041e-2 1.86 1.3284e-2 2.10 1.9872e-1 1.02
h=1/16,r =1/16 6.6098e-4 3.11 1.1349e-2 1.96 3.2745e-3 2.02 9.8508e-2 1.01
h=1/32,r=1/32 7.9759e-5 3.05 2.8615e-3 1.99 9.3353e-4 1.81 4.9128e-2 1.00
Table 11. Spatial errors and convergence rates of u and p of the BDF2 algorithm for v =
0.4999999.
h.t ||€u||L2(Q) Rate ”eu”H'(Q) Rate ||ep||L2(Q) Rate ”ep”H'(Q) Rate
||u||L2(Q> ”u”H‘(Q) ||P||L2(Q) ||P||H'(Q)
h=1/4,t=1/4 4.8493e-2 1.6012e-1 5.7040e-2 4.0369e-1
h=1/8,tr=1/8 5.7096e-3 3.09 4.4040e-2 1.86 1.3273e-2 2.10 1.9874e-1 1.02
h=1/16,r =1/16 6.6116e-4 3.11 1.1349e-2 1.96 3.2409e-3 2.03 9.8517e-2 1.01
h=1/32,r=1/32 7.9771e-5 3.05 2.8615e-3 1.99 8.0517e-4 2.01 4.9130e-2 1.00

6. Numerical simulation of brain swelling

In this section, the coupled and decoupled algorithms with P, — P, — P; — P; element pairs and
BDEF2 algorithm with P, — P; — P; element pairs are used to simulate brain swelling caused by brain
injury. Since the coupled and decoupled algorithms present almost the same result, we only report

AIMS Mathematics Volume 10, Issue 5, 11627-11655.
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the simulation result based on the coupled algorithm. For more details about QQ, I' = I'; + I';, source
functions, boundary conditions, and the values of parameters, one can see [15]. Here we list the
required information, which is obtained from [15]. The Q is a 2D cross-section of a 3D model of the
brain (see Figure 4), and the values of parameters are shown in Table 12. The injured area is marked
with a yellow line in the right-hand figure of Figure 4.

Moreover, the source functions are f = 0, ¢ = 9e-3 ml/min, and the boundary conditions are

u=0 onl,

(KVp) -n = cp(psas — p) only,
p = 1100 Pa on Iy,
(c—apn = —pn on I.

Brain wall T,
Brain tissue
Ventricle wall I';

Brain ventricle

Figure 4. A slice of the magnetic resonance imaging for a human brain (left) and the finite-
element mesh (right).

Table 12. Values of parameters.

Parameters Values Parameters Values
co 4.5e-7 Pa™' K 1.4e-9 mm?
Cp 3e-5 mm/min/Pa a 1

DPsas 1070 Pa % 0.35

Uy 1.48e-5 Pa - min E 9010 Pa

Figures 5 and 6 show the simulation results of the coupled and BDF2 algorithms for an injured
brain with respect to v = 0.35, 0.49. From Figure 5, one can see that the maximum pressures
of the coupled algorithm are 3025.17 Pa and 3025.69 Pa separately, which are consistent with that
in [27]. And Figure 6 illustrates the similar facts for the BDF2 algorithm by the values of maximum
pressures (3028.13 Pa and 3025.87 Pa). In addition, the brain tissue can deform due to the influence
of the total stress. In our simulation, the values of maximum tissue deformation are 0.99342 mm and
0.048082 mm for the coupled algorithm and 1.0018 mm and 0.048174 mm for the BDF2 algorithm,
respectively. It is easy to find that the change of v has little influence on the maximum pressure,
and the maximum tissue deformation becomes smaller as v gets bigger. When the Poisson ratio is
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approaching 0.5, the brain tissue is nearly incompressible such that the tissue deformation is very
small. Moreover, from Table 13, the execution time of the CPU of the coupled algorithm is longer than
the BDF2 algorithm; thus the latter has higher computational efficiency.

Table 13. Execution time of CPU

v Coupled algorithm BDEF2 algorithm
0.35 1547.65s 1239.13s
0.496 126.97s 87.21s

VVVVVVVV

(a) Displacement distribution of brain after

traumatic brain injury with v = 0.35

Vec Value

(¢) Displacement distribution of brain after

traumatic brain injury with v = 0.496

wwwwwwww

(b) Pressure distribution of brain after

traumatic brain injury with v = 0.35

\\\\\\\\

(d) Pressure distribution of brain after

traumatic brain injury with v = 0.496

Figure 5. Simulation results of the coupled algorithm with P, — P, — P; — P, element pairs.
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(a) Displacement distribution of brain after (b) Pressure distribution of brain after

traumatic brain injury with v = 0.35 traumatic brain injury with v = 0.35

wwwwwwwwwwwwwwww

(c¢) Displacement distribution of brain after (d) Pressure distribution of brain after
traumatic brain injury with v = 0.496 traumatic brain injury with v = 0.496

Figure 6. Simulation results of the BDF2 algorithm with P, — P, — P, element pairs.

7. Conclusions

In this paper, we transform the poroelasticity model into a four-field problem by introducing the
new variables and discuss the inf-sup condition about the four-field problem. Besides, we design the
coupled and decoupled algorithms for the four-field problem and perform the error estimates. Optimal
convergence is obtained in space and time. It can be observed that there is no constraint on mesh size
and time step in error estimates. Then we introduce the BDF2 algorithm and perform stability analysis
and error estimates. Furthermore, some numerical examples are presented to verify the theoretical
results. More importantly, we successfully apply the algorithms to simulate the brain edema and
observe the influence on the maximum tissue deformation and maximum pressure.
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