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1. Introduction

Let y be a real Hilbert space with the inner product (-, -) and induced norm ||-||. Let G : y — 2¥ be a
set-valued mapping with its domain D(G) := {x € y : G(x) # 0}. Furthermore, G is named monotone,
if

(@—-d,x-yy>0,¥¢éeGx, de Gy. (1.1)

The graph of G is the subset of y X y presented by
Graph(G) := {(x,¢) € D(G) X Gx}. (1.2)

A monotone mapping G is named maximal if the graph is not properly contained in the graph of
any other monotone mapping. As is known to us, a monotone mapping G is maximal, iff, for all
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(x,¢) € x X x,
(¢—d,x—y)>0, V¥ (y,d) € Graph(G), (1.3)

and the resulted ¢ € Gx. Subsequently, the resolvent of a maximally monotone operator G : y — 2¥
with parameter k > 0 is presented by

J(x) = (I +kG)'(x), Vx € x, (1.4)

where I denotes the identity operator on y.
Based on the context of the maximal monotone operator, the following split variational inclusion
problem (SVIP) is investigated in two real Hilbert spaces y; and y»:

Find z € y; such that 0 € G(z) and 0 € G,(Az), (1.5)

where G| : y; — 2¥' and G, : y, — 2¥* are two maximally monotone multi-valued operators and
A : x1 — x> is a bounded linear operator. The solution set of the SVIP is denoted by

S ={z€ex1 :0€Gi(z) and 0 € G2(A2)}. (1.6)

The SVIP was analyzed by Moudafi [23] following by Censor et al. [11] who presented and
considered split variational inequalities. Proximal split feasibility problems [11, 24], split variational
inequality problems [2, 3], and split null point problems [4, 30, 37] are some special cases of
the SVIP. These studied problems have been applied to some important fields such as intensity-
modulated radiation therapy treatment planning [7, 25, 34] and data compression [10, 18,26]. These
applications have been deeply solved by many numerical algorithms, for example proximal algorithms
[15,16,37,38], inertial proximal methods [22,28] and conjugate gradient methods [15,17,33,40] and
the references therein. Among them, a classical approach to solve the SVIP is the following Byrne
algorithm [8].

Koot = IO (x, = LA (I - JE*) Ax,), (1.7)

where « > 0, and A" is the adjoint operator of A. The weak convergence of algorithm (1.7) was proved
by using the condition £ € (O, ﬁ) Its strong convergence is also established by the following iterative
scheme:

Xunt = nxo + (1= @) J0 (x, = LA (I = J®) Ax,), xo € H), (1.8)
where {@,} C (0, 1), hm na, = 0 and Z @, = oo. Inspired by his work, Chuang et al. [12] presented the

=1
following conjugate method for solvmg the SVIP and obtained its strong convergence.

y==A" (1= J32)Ax, + @,Fucts yu = T3 (1 = Bul) X — LA (1= J3) Ax, + 9,5,)

Kot = TG (6 = L)), Ly = %o = yu = L | A" (1 = ) Ax, — A* (1= J*) Ay (1.9)
i = S
where the stepsize l, € (0 min (” AT T A”2+2 )) fulfills

¢, < 6llx, —yall,0< < 1 (1.10)

A (1 - JKan)Ax,, —A* (1 - JKan)Ayn
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and (a) limb, = lim®, = lim¥y, = 0, i b, = oo, liminfé, > 0, and liminfk, > 0; (b) {b,} C

n—oo n—oo n=1 n—oo n—oo

[0,1], {7,} [0, 1],{®,} C [0, 1] ,limZ—” = f for some 7 > 0, and {x,} is a bounded sequence.

It is noticed that the stepsize ¢, depends on the operator norm ||A||, which is usually overconservative
in practice [13].
The inertia was adopted by Nesterov [29] to speed up the convergence rate of the following heavy
ball method [32]: y
¢n =X, + Hn(xn - xn—l)

- = - 1.11
Xn+l = Pn — anQn(QDn),n > 1, ( )

where 8, € [0, 1) and Vg, is a gradient of the differential function ¢,. The term ,(x, — x,_;) stands for
the inertia. Using it, Alvarez and Attouch [1] presented an inertial proximal point algorithm. Recently,
some proximal algorithms were accelerated for the SVIP [14, 21, 35]. However, the study of the
algorithm (1.9) with inertia has yet to be founded. Also, the proof of the algorithm’s convergence
needs some strong conditions such as Lipschitz continuity of the monotone operator A* (I - J,fff)A.
The above considerations develop the following question:

Question: Can we make new modifications of algorithm (1.9) such that the stepsize €, is not
determined by the norm ||A|| and the strong convergence holds without Lipschitz continuity of the
monotone operator A* (I ~Jg 2)A?

From this question, our main contributions are the following:

e We combine the inertial technique [5] with algorithm (1.9), which accelerates the convergence
rate of algorithm (1.9) and creates a new convergence result;

e We propose a new stepsize which is not determined by the norm ||A|| [15, 20, 36] for reducing the
computation of algorithm (1.9), thereby an accelerated convergent algorithm is generated;

e We prove the strong convergence of our methods without Lipschitz continuity of the monotone
operator A* (I - JKan)A [36,39];

e We apply our proposed algorithms to solve split feasibility and split minimization problems, and
some numerical examples are provided for illustration.

The paper is constructed as follows. In Section 2, some useful notions and results are stated. The
main theorem is analyzed in Section 3, an application is stated in Section 4, numerical experiments are
provided in Section 5, and we give a conclusion in the final section.

2. Preliminaries

The symbols — and — represent weak and strong convergence, respectively. Let y be a real Hilbert
space and C C y be a non-empty closed convex set. Let x € y and the orthogonal projection of x onto
C bd denoted by Pcx, namely,

Pcx = argminf|lx — y|| | y € C}.

Definition 2.1. Let /2 : y — y be a mapping, then
(a) A is called nonexpansive if
llhx = hyll < [lx = yll, ¥ x, y € x,

(b) h is said to be firmly nonexpansive if

(hx = hy,x = y) > |lhx = hylP*, ¥ x, y € x;
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or, equivalently,
lhx = hyl? < llx = yIIP = I = h)x = (I = yl?, ¥ x,y € x.
Lemma 2.1. Let V x, y, u, v € y, then
(@) [1x + yIP* < Xl + 2y, x + y),
(0) 2¢x =y, = vy = llx = vIP + lly = pll? = llx =l = lly = vi>..
Lemma 2.2. (Demiclosedness principle [19]) Assume that 2 : C — C is a nonexpansive mapping.
Then the following implication holds:

x, = x € C and lim||x, — Aix,|| = 0 = x = hx.
n—oo

To investigate the SVIP, we denote by G™1(0) = {x € y : 0 € Gx}, D(h) the domain of & and Fix(h) the
fixed point set of h, or equivalently, F ix(h) = {x € X:x= hx).
Lemma 2.3. [6] Let {a,} be a nonnegative real sequence, and AN > 0, ¥Yn > N, such that a,,; <
(1 -aya, + a,t,, where {@,} c (0, 1), E“ @, = oo, and {7,} is a sequence such that lim sup 7, < 0. Then
lima, = 0. " o
nLemma 2.4.[27,38] Let G : y — 2¥ be a set-valued maximal monotone mapping and « > 0. The
following statements hold:

(a) JC is a single-valued and firmly nonexpansive mapping;

(b) D(JS) = y and Fix(J°) = {x € D(G) : 0 € Gx};

(©) llx—JSx|| < |lx — JCx]|| forall 0 < k < ¥ and x € y;

(d) (I — JS) is a firmly nonexpansive mapping;

(e) for G71(0) # 0, one has

llx = JEX|? + [JEx — F* < |lx — ®|*, VY x € , ¥ € G(0),
and
(x=J%x,JSx = W) 2 0,Y x € y, w e G 1(0).

Lemma 2.5. [16] Let y; and y, be two real Hilbert spaces, A : y; — x» be an operator, and « > 0.
Let G : y» — 2¥ be a set-valued maximal monotone mapping. Define a mapping & : y; — xi by
hx = A*(I — J9)Ax for all x € y,. Then, we have the following:

@ I = JHAx = (I = IDAY|* < (hx = hy, x = y),¥ x, y € x1;

(b) llhx — hylP* < |AIP¢hx — hy, x = y),¥ x, y € x1.
Lemma 2.6. [28] Let {a,} be a nonnegative real sequence such that there exists a subsequence {a,,} of
{a,} such that a,, < a,, for all i € N. Then, there exists a nondecreasing sequence {m;} of N such that
limmy, = oo, and the following relations are satisfied by all (sufficiently large) number k € N,

k—o0

amk < Zlmk+1’ Zlk < Zlmk+1°

Indeed, {m,} is the largest number 7 in the set {1, 2, - , k} such that @, < a,.;.
Lemma 2.7. [31] Let {r,} be a sequence of nonnegative numbers fulfilling:

T+l < ¢n7rn + 'ﬁn, vn € Na

where {¢,} and {y,} are sequences of nonnegative numbers such that {¢,} C [1,+0), > (¢, — 1) < oo,
n=1
and ) ¥, < co. Then limr, exists.

n=1 n—00

AIMS Mathematics Volume 10, Issue 5, 11465-11487.



11469

3. Strong convergence

In this section, we introduce an inertial conjugate method with non-Lipschitz stepsizes for split
variational inclusion problems and prove its strong convergence without Lipschitz continuity of the
monotone operator A*(] — JKGn *)A. Before offering our method, some important assumptions are the
following.

(al) The solution set of the SVIP is nonempty, i.e., S # 0.

(a2) Let y; and y, be real Hilbert spaces and A : y; — x> be a bounded linear operator with its
adjoint A*. Assume that G| : y; — 2¥' and G, : y» — 2¥? are maximal monotone mappings.

(a3) Let {#,}  [0,0) be a positive sequence such that 7, = o(by), i.e., limg—" = 0, where {b,} € (0, 1)

satisfies 3 b, = co, limb, = 0.
n=1

n—oo

Algorithm 1

Step 0. Given Z; > 0,y = 0,6 € (0,11) € (0, 1), xo, x1 € x1. {8,} € [0,6) € [0, 1) and {k,} C (0, o).
The sequence {¢,} from Lemma 2.7, and {¥,} c [0, 1].

Step 1. Take x,_i, x, (n > 1) and compute

(;bn =X+ én(xn - xn—l)a
1:‘n =-A" (I - JKan)A¢ﬂ + a)nfn—l’ (31)
Yn = ng ((1 - Engn)(pn - znA* (I - ng)A¢i1 + 17nl:‘n) ’

where the stepsize £, is computed by

Sl|@n—yull®

bt = min{<A*(1—Jg,2)Asﬁn—A*(I—JKGnZ)Ayns@n—)’n>’¢nfn}’ i, >0, (3.2)

Gnlns otherwise,

where ¢, = <A* (I - J,ff)A&n - A* (I - J,f;nz)Ay,,, &n — yn>. If y, = &,, then stop; y, is a solution of the
SVIP. Otherwise, go to Step 2.
Step 2. Compute

Xn41 = @n — Ly, 3.3)
where I - 7 (A (1 = J) A — A* (I — J%2) A
n_?n:fgn—_ynfnl (1= J2)Agu = A (1= J27) ] (3.4)
A TAT-A

Remark 3.1. In Algorithm 1, the inertial parameter 6, is chosen as

5 - {min{ T 9}, if x, # x,_1,

(126 = X111

0, otherwise.

Lemma 3.1. Let {£,} be a sequence developed by Algorithm 1, then we get lim?&, = £, £ > min {#, ’ 1}

n—oo
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and £, is an initial stepsize.
Proof. In the view of <A* (1— J,ff)A(pn —-A" (I— J,fiz)Ayn,gZJ,, —yn> > 0 and JKGn2 being firmly
nonexpansive, we get

(A (1= 9) Ay = A" (1= J37) Ay @ = 72)
= ((1- %) Ag, — (1 - J) Ay, AB, — Ay
= 4@, = Avll* = (J2AB, = I Ay AG, = Ay,

< 14, — AyilP - |13 A, - I% Ay, |
< ”A‘:Dn - Ayn||2
<A@, — yall?,
which yields that
611@n — yull® o

(A" (1= J3) Ag, — A (I = JZ) Ay @ = Y = Al
This further deduces that

Sll@n—yall?

vt = mi“{@(,_fg)m T o) "5"5"} = min (g, &}

where ¢, > 1. By induction, we know that the sequence {£,} has a lower bound mln{AL ¢ }
Using (3.2), we have

Zn+1 < ¢nzn
Using Lemma 2.7, it follows that limZ, exists and we denote lim¢, = £. Since the sequence {¢,) has
the lower bound min {ﬁ, 21}. Thus, Z > 0. m]
Lemma 3.2. Assume that {¢,} and {y,} are the two sequences produced by Algorithm 1, {«,} C [k, o)
for some x > 0, {x,} is a bounded sequence, and limb, = limy, = 0. If (,0,, — zas k — oo and

lim|ly, — @,ll = 0, thenz € S.

Proof. Clearly, y, — z. Sincez €S, thenz € G;'(0) and Az € G;'(0). Using Lemma 2.4(e), we attain
that

<ynk -3 @nk —Yme — anA* (1 - Jgi)A¢nk> 2 <B”kgﬂk¢nk - f/nkfnk’ Yy — Z> . (35)

Also, we obtain an iAz = Az. From Lemma 2.5(a), it follows that

(=2 A (1= 52 Ay = (= A (1= 2) Ay = A7 (1 = I A2)
= (Ay, - Az, (1= 12 Ay, — (1 - J$) Az) (3.6)
o ).

K"k

Using (3.5) and (3.6), we derive
(e =200 (@ Cu)) = One = 2.8 = o = T (A7 (1= J7) A, = A° (1= I3 Avin))
- <ynk< 2P~ }(’nk - f"k";* (1 ; J’gi)A¢"k>
Cup (Y, — 2 A" (1= T2) Ay,
Zﬂk (I - Jlg,i)Aynk ’ + <Bnkznk¢nk - 1~/ﬂkl—‘nk’ynk - Z> .

v+
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After arrangement, and by Lemma 2.5(b), we have

"< (e = 20 (@00 8 )) = BB, = Ty — 2)
<ym 20 d @ 8n)) + (B BBy = Vi Eos Y — Z)')
v = 2 4@ Gl + (Bl @l + T IE ) i = 2l)) — BD

< - "Ilynk gllllsonk Vil
+(13 G| + 2 |IE]) v, = 2
where £ = min{”A||2 6’1} and
||d(¢nk’znk) = (pnk —Ym — Enk [A* (I - JKGni)A@nk - A" (1 - JKGni)Aynk]

A (1= JE) A — A" (1= JE) Ay,
P = Yy | -

< ‘)bnk_ynk +an
< (1+Z,JAIP)

Similar to the proof of the boundness of {f"nk} in [12], {x,} bounds, then {®,,}, {A* (I - J,ﬁj)A@nk}
bounds, and by the induction method, then {I',, } is also bounded. Note that gimlsnk = gimf/nk = 0 and

]}im @n, — Yn,|| = 0. These, together with the boundness of {y,, }, further reveal that

tim (7 - J¢2) Ay, | = 0. (3.8)

k—o0

Now, we have

A&, — T2 AGw || < ||A@n, — T2 ABy, — Ay, + T2 Ay, || + [T = T3 AR,

< 201A @, = | + | (7 = 52 4w
Combining with (3.8), we obtain
lim (7 - 7%:) Ag, | =
k—o0
By Lemma 2.4(c), we get
lim|I(7 = J7)AG, || < limlI(z = J7)Ag, | = 0. (3.9)

Using Lemma 2.4(a), we derive

G ~
ynk - JKnkSD”/\

= 17 (1 = Bu L) @n, — Cu A" (1= TE2) A + T | = JC' @,
<|[(1 - B2, )go,lk A (1= J3) Ay, = B || + T ||

< by, ||@ w JAT (1= TE2) Awy || + P, i, |

< bu Lo |2l + Bl A1 |[(7 = 782) AGu | + 90 [IEw]
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Since hmbnk = hmv,,A =0 and hmfnk = ¢, then we obtain

k—o0 k—o0

lim ||y, T @[ = 0.

This further shows that

_ ||~ Gy

| JKnk‘pnk = |90nk ~Yme T YV JknkyG"k

< | Bo = yucll + v, = I,

— 0 as k — oo.
From Lemma 2.4(c), it follows that

lim ||, = J¢' @ < Jim (1= %) @] = 0. (3.10)

Since @,, — z, and A is a bounded and linear operator, we get Ap,, — Az. By (3.10), Lemma 2.2 and
Lemma 2.4(a), we have z € Fix(Jf' ). By (3.9), Lemma 2.2, and Lemma 2.4(a), we get Az € Fix (JKGZ).
Hence, we conclude that z € S'. O

Now, our main theorem is established without Lipschitz continuity of A* (I - Jgf) A in this paper.
Theorem 3.1. Assume that assumptions (al)—(a3) hold and the sequence {«,} C [«, o) for some k > 0.
For the sequence {x,} in Algorithm 1, we further suppose that:

(a)limd)n = limfzn =0.

(b) lim = b" = f for some 7 > 0, and {x,} is a bounded sequence.

n—oovn

Then limx, = z, where z = Ps00.

n—oo

Proof. Our proof is divided into six parts.
Part 1. By (3.2), we have

(Bu = Yus L)
= <¢n — Vn» ()bn —Yn— Zn [ * (I - ng)A()bn —A” (I - ng)Aynb
= <¢n ~ Yn» ‘;bn yn> <¢n ynagn [ : (I - JKan)A‘;bn —A” (I - JKan)Ayn]>
= 180 = Yl = 2Lt (Bn = v A" (1 = IS Ay — A (1= J) Ay
2 @0 = yull® = 221n = yull?
= “ )||son wll?.

Since

n—oo

lim(l— oL, ):1—5>1—y,

n+1

where 6 € (0,4) < (0, 1), then AN > 0 such that Vn > N, 1 — 2 > 0. Hence, Vn > N,

n+l

(Bn = us L) = (1= @0 = vl . (3.11)
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On the other hand,
LAl = 11@n = Y = CalA”UT - JGZ)Ason A = T3 AyIP
= 1B — yal® + fzn 2 AT = JZAG, — AT - T Ay,IP
~F2 <gon Vi A" (1= T3 Ag, — A (1= J7) Ay)
<1 =l + + 5218 = 3l
+ 2L (B yn,A*(l To)AR, — A*(I—JSf)Aym
sn yall + [z 51§, - yall? + 2 P
=(1+ 5"") 180 — yull®.
Since _
r}ir?o(l+~6€"):l+5<l+u,
n+l

where & € (0, 1) C (0, 1), then AN > 0 such that ¥n > N, 1 + ji <1+ So,¥n =N,
LA < (1 + )* 1@ — yall*- (3.12)
Combining (3.11) and (3.12), we have that Vn > N,

~ <¢n _ynaLn> 1 _/J
= > : (3.13
H L. (1 + ) )

Next, we get

2
LI =

— vy, + L, [A*(I JG2)Ayn A*(I JgZ)A%]
= 113, = yall? + 22 ||A" (1 = J %) Ay, — A" (1 - I

) A%,
+ 2L (@ =y A (I = JE) Ay, = A (1 = J3) Agy)
s . 2
> (1B, — yall + 8 | A" (I = J&2) Ay, — A" (I - J?) Ag,
2 (@ v A (1= JE) Ay, — A° (1= 1) Ag)|
~ 2
> 113, — yull® + & ||A* (1 = J2) Ayy — A" (I = ) A,
W o llen =y all®
z(l 28 10 =yl
Similar to the analysis of (3.11), we get that Yn > N,
2 ~ 2 1
ILall” = (1 = 21, — yull”, 6 € (O, ) C 0,5 :
This implies that
~n_n'Ln2 ~Yl_'l2 1
ﬁﬁs(”"a y ||2|| II) L llp b I - . (3.14)
L] (1 =2wl@n —yall> 1 -2u
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By (3.2), (3.3), and (3.13), we obtain Vn > N,

<¢n — Yn, Ln> = ljnlanll2

11~
= ﬂ_n”/lnLnH2

1 ~
= ~_||~xn+l — ¥n

Hn

1+u)? ~
< TNt = @l

I

This, along with (3.11), verifies that Vn > N,

) 1 (1 + ) )
@0 = YalP* < ——(@n = Vs Ln) < et — @l
1—u (1 - py

Part 2. Since z € §,then z € GI‘I(O), which along with Lemma 2.4(e) and the definition of y, implies
that

<yn — 3, ¢n - yn - EnA* (I - JKan)AQZn> > <bnzn¢n - ;nfna yn - Z> . (315)
Furthermore, we have Az € G; 1(0) and Az € Fix (],f; 2). We obtain directly that Jngz = Az. By
Lemma 2.5(a), we obtain

(v = 2.8, (A7 (1= J) Ay, - A (1 - J%) A2)) > 0,
which means that

(y = 2. LA™ = J5)Ay,) 2 0. (3.16)
By the direct sum of (3.15) and (3.16), one has
<yn — %, Ln> > <Enzn¢n - 1'711Ih:‘n’yn - Z> .
This shows that
<¢n - Ln> = <¢n —VYut+Yn—2% Ln>
= <¢n — YVn Ln> + <yn -3 Ln>
> <¢n — Yn» Ln> + <bn€n‘1~0n - 1~/nl_‘na Yn — Z> .
Combining with Part 1 and Lemma 2.1(b), we obtain that Vn > N,
”-er—l - Z”z = “‘;bn _ﬂnLn - Z”z
= ”‘;bn - Z||2 - 2ﬁn<¢n -4, Ln) + /ji”LnH2
< ”‘;bn - ZHZ - Zﬂn (<¢n ~ Yn, Ln> + <bn€n¢n - i}nl—‘n’ Yn — Z>)
+ || L|1?
= 1@ — 2l = Z2NLP = 24t (Bulun = FuTns ¥ — 2) (3.17)
= ”‘:Dn - Z”z - ||xn+] - ‘;Z)n”2 - 2/171 <bn€n¢n - vnrmyn - Z>
~ 77 ~ —u)? ~ 77 ~
< (1= Aubals) |80 = 2P = (G5t = bl || 0 = Gl
+ finbula(I2IP = Iyall?) + 2517 (s yn = 2)

Since limb, = 0, limé, = ¢, and ¥n > N, {fi,} is bounded, and then AN; € N (N, > N) such that

n—o00 n—oo

Vn>N;,0< ﬂnEnZn < 8;‘32 <l,and0<b,l, < 1— u comes from (3.13). So, we obtain Part 2.
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Part 3. The sequence {y,} is bounded.
By (3.1) and Lemma 3.1, we arrive at

1 = 2ll < G (4 = Bul)@n — LA™ (I = J2) A, + 7T )
—Jg((1 = byl)z — LA - JEHAD)|
IO (1= Bu8) 2= LA™ (1= J%) AZ) = IO (2~ LA (1 - J,ff)Az)H

ol + Bulallzll + 2, || A" (1 = 1) A -

—+

< (1 =bul) @0 = 2ll + 7,

Similar to the analysis of the boundness of {T',} in [12], since {x, } is bounded, then (@), {A*U —Jg AP}

bounds, by induction, and then {I',} bounds and the resulted sequence {y,} is bounded.
Part 4. By Part 2, then Vn > Ny,

2 ~ 7 3|~ 2 (A=~ § B ~ 12
||xn+1 - Z” < (1 iﬂfbnfn) $n — Z” - ((1_,_5)2 j:unbnfn) Yn — ‘pnll (318)
+ finbula(I2IP = yall?) + 2017 (T yn = 2)
Using the definition of ¢,, we get
”‘:pn - ZH = ”xn + én(xn ~_ xn—l) - Z”
< ”xn - Z” + gn”x{z - xn—l” (319)
= ”xn - Z“ + bn : Z_ZHxn - xn—l”-
Note that 8,||x, — x,_i|| < 7, for all n > 1, which, together with lim% = 0, yields that
én . N}’l
limg—llxn — Xl < hmf— =0.
Then, there exists a constant M; > 0 such that
0,
=1Xn = X1l < M.
Combining with (3.19), we have that Vn > Ny,
13, — zll < llx, = 2ll + by M;. (3.20)

Substituting (3.20) into (3.18), then M, > 0 such that Vn > Ny,

~ ~ ~ 2 2 o~ o~ -
i = 2P < (1 = fubul) (10 = 2ll+ B ) = (G = Bbula) Iy = @l
+ Babalal2IP = 13all®) + 20,7 (T v = 2 o
= (1 - lanbnfn)”xn - Z”Z + (1 - lanbnfn)(ban)z + 2(1 - ﬂnbngn)ban”xn - Z”
N -
~ (2% — ubul) Ilyn = @l
+ fubulu (121 = 1yall?) + 272, 7 (Ts v = 2)
< (1= Bubula) s, = 2l = (5L = Bbul) v = @ulF
+ finbulu (2P = Iyal?) + 2417 (Fs 3 = 2) + BuMo.
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Thatis, VYV n > N,

(S — 2Bl lly = @ulP < (1 = Fbul)l1%, = 2P = s — 2IP
+ ,unbnfn(llzll2 - ||yn||2) + 2lan)~/n <rn’ Yn — Z> + bnMZ-

Part 5. Recall the definition of ¢,, and we have

“‘Pn - Z”2 ”xn + 9 (xn xn—l) - Z”2 B
= [l — 2l* + Gallx, — Xt P + 26, (X0 — 2, Xy — Xp1) (3.21)
< ”xn - Z”z + eyzl”xn - xn—]”2 + 29n||-xn - Z””-xn - xn—l”-

Let M = sup{6||x, — x,—1l], 2||x, — z||}. Substituting (3.21) into (3.18), we obtain Yn > Ny,

n>N;

~ ~ 2 o~ o~ -
Pensr = 2P < (1= fbullI@n = 2P = (§525 = fubala) Iy — Gall®
+ Fnbala IR = 1yallP) + 272 (T 3w — 2
< (1 _ﬁnbngn)(”xn - Z”z + Hﬁllxn - xn—1||2 + 26n||xn - Z””-xn - xn—l”)
—u)? .= ~
~(fr2 — Bbala) I = &l
+ Fnnla(UP = llyalP) + 2417 (T v = 2

= (1 - /jnl;ngn)”xn - Z”2 + (1 - ,angngn)(én”xn - xn—l”(z”xn - Z“ + én”xn - xn—l”))

w2 -7 -

~(f =~ bl Iy = @l

+ fnbala IR = 1all?) + 2417 (T yu = 2)

= (1 _ﬁnl;ngn) ”xn - Z”2 + (1 _,anl;nzn) . 21‘49;1”-)% - xn—l”
w73 -

~ (e = Abul) I = &P

+ Fnbala IR = 1yall) + 2417 (s 3w = 2)

This, together with (3.17) and Lemma 2.1(a), implies that Vn > Ny,

||xn+1 _ZHZ . o
< (1 _ljnbnfn)”xn - ZH2 + ,anbnfn . 2(<_Z, Yn — xn> + <_Z’ Xn — Z))

~ T B 2 ~ 7 3 2M4w? 1 B,
+ /ann[n : Zg:(dnayn - Z> +,unbn£n : }f;#)z : B_onn - xn—l”-

Part 6. {||x, — z||*} converges to zero.
Case I There exists N, € N (N, > N;) such that ||x,,; — z|| < |lx, — zl|, Yn > N-.
Obviously, 11m||xn — z|| exists. By Part 3, Part 4, limb, = 0,lim¥, = 0, llmf = ¢, the boundness of

{it,}, and hn;(&”;z ,unb,,fn) = ELZ;Z > 0, we have
r}i_{g”yn = @all = 0. (3.22)

By (3.22), we have that Yn > Ny,
1041 = @ull = finllLall )
< BnIBn = yall + GIA( = JZ)AG, — AT = J7)Ay )
< 1, (1@n = yall + GIAIPNG, — yall) (3.23)
1 N 7 s
< —M(II% Yall + GlAN @, = yall)

— 0 as n— oo.
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Note that limb,, = 0, and then

n—oo

o 3,
”xn - Qon” = Gn”xn - xn—l” = bn];_”-xn - xn—l” — 0. (324)

n

This, together with (3.23), directly shows that
||xn+l - xn” < ”xn+1 - @n” + ||xn - anll - 0 (325)

In view of the sequence {x,} being bounded, there is a subsequence {x,, } of {x,} converging weakly to
a point zo € H such that

lim sup(-z, x,, — z) = %im(—z, Xy, —2) ={=2,20 — 2)-

n—oo

From (3.24), we obtain
‘:Onk — 0. (326)

From (3.24), (3.26), and Lemma 3.2, we have z; € S. By the definition of z = Pg o 0, then

lim sup(-z, x,, — 2) = ]}im(—z, X, —2) ={=2,20—2) < 0. (3.27)

n—oo

Using the definition of [,, (3.24), lim®, = 0, Lemma 2.5(a), the boundness of {A*(I - JKG 2)Ac,bn}, and
{f"n}, we show

lim sup <fn, X, — z>

o = limsup (~A*(I = J()AG, + @ul-1, %, — 2)
_ lim sup ((=A*(I = J$)AB, %y — 2) + (@uF 01, x, - 2))
< li:n sup <—A*(I - ij)A@n, X, — z> + lim sup <cbnfn_1, X, — z)

n—oo n—oo

< limsup (~A*(I = J()A@,, @ — 2) + lim sup (—A*(I = J)A@,. X, — @)

+ lirril_)so;p o, <l~“n_1, X, — z> o
< O.n_m
(3.28)
Employing (3.22), (3.24), (3.28), and the boundness of {T,}, we attain
lim sup <f,,, Vo — z>
= lim sup (<f,,,yn — gb,l> + <1~"n, &n — xn> + <f,,, X, — z>) (329)
< lim sup <1~"n,yn - Con> + lim sup <l~"n, bn — xn> + lim sup (f",,, Xy — 2 .
<0.
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From (3.22) and (3.24), it follows that

lim sup{-z, y, — x,)

n—oo

= limsup({—z, yn — @n) + (=2, §n — X))

n—co (3.30)
< limsup{-z,y, — @,) + limsup(-z, &, — x,,)
<0.

Note that limg—” =7>0and lim+ =

% > 0, and these together with (3.27), (3.29), and (3.30) imply
that

2M1+w)* 1 6
z) + B L el — x|

lim sup( 2 <Fn,yn - T

+2((=2,Yn — Xa) + (=2, X, — 2)))
<0.
Employing limji,b,f, = 0 and Lemma 2.3, we finally get that lim||x, — z|| =
Case II Assume that if there is some subsequence {n;};°, C {n}>’ such that ||x, — x*|| < [lx,+1 —
x*||, Vi € N. By Lemma 2.6, there is a nondecreasing sequence {m;} in N such that m; — oo,
1, = 2l < 1% — 2l and [lxx = 2l < [[Xpe1 — 2l (3.31)
By Part 4, we have

a-p? =~ ~ ~ T
(S — B ) Wi = B < W, = 2P = st = 2P = Fiun B L i, — 2P

+ Fim Do o QI = 1 JP) + 27 T, (Eos Yme = 2) + B Mo,

I
(3.32)

(1+p)?
implies that ]}1_{2 [ym, = @m |l = 0. According to the proof of Case I, we attaln gl_)rilollxmm - Xl =

Combining (3.32), Lemma 3.1, Part 3, IEEEBW =0, lim7,, =0, and lim (< ) S Ur 5

0, limsup{—2z, X, — 20 < 0, limsup{=z,ym, — Xn,) < 0, hmsupf - <f‘mk,ymk—z> < 0, and
k 300 Mk l7l

k— o0 k— o0
O .
lim sup 2M(1+") {/,L “ 5 1%m, — Xm—1ll < 0. Using (3.32) and the similar proof of Part 5, then for my > Ny,
k—o0 Mk Tk
we get

gt — 211 o o
< (1 = fim b Coi )X, = 2P+ fom Do b, - 2002 Yy = X)) + (=2 Xm, = 2))  (3.33)

2 2M(1+p)* 1
+ ,umkbmkfmk . € '"i <ka’ Ymy — Z> + ,umkbmkgmk : ?ﬂ#a

O,
: illxmk - xmkflll'
Since ]}imﬁmkEmkfmk = 0, then A ky € N (my, > Ny), for k > ko, satisfying 1 — fi, by b, > 0, for all

k > ko,

||xmk+1 - Z”z S 2<_Z9ymk -xmk>
’"k

+ 2(=2, X, —2) t+ gmk By <rmk’ymk - Z> +

(3.34)

2M(1+p)* 1
1_/1 fmk

6,
. [;ﬂ”xmk - xmk—l”-
my

Note that lim sup (2{=2, Y, — Xm,)

k— o0
Vi 2M(1+ 1
+2< —Z, xmk Z>+ _k ™ <rmk’ ymk _Z>+ ( ﬂﬂ) fmk

Using (3.31), we deduce that ]}1m||xmk -zl =0and ]}im||xk —z|| = 0. Hence, x; — z.

. :i (1%, =X, —11]) < 0. This shows that l}i_{?ollxka,]—zll =0
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4. Applications

In this section, we use our proposed algorithm to solve some special cases of the SVIP such as split
feasibility and split minimization problems.

4.1. Split minimization problems (SMPs)

Find % € y, such that ¥ € argminf(x) and A% € argming(y), 4.1
XEX1 Yex2

where f : y; — Rand g : y» — R are proper lower semi-continuous convex (Isc) functions. We also
denote S the solution set of the SMP and assume that § # (. In a real Hilbert space y, we define the
proximal operator of f by

- 1
prox, 7(x) = argmin { Fx) + —=|lx - y||2} k>0, Yy e y.
’ x€X 2K

Recall that
prox, #(x) = (I + kK0 )™ (x) = J (x),

where 07 is the subdifferential of f defined as

0fw) =t e H: f)+(—x® < f). Yyex].

In view of [9], we know that f is a maximal monotone operator and prox, 7 is firmly n0~nexpansive.
Corollary 4.1. Let y; and y, be the two infinite-dimensional real Hilbert spaces. Let f, g, A be the
operators defined as above. Assume that assumptions (a3), (a), and (b) of theorem 3.1 hold and the
sequence {k,} C [k, co) for some « > 0. The sequence {¢,} comes from Lemma 2.7. Let xy, x; € y; and
{x,} be a sequence produced by

Sbn =X+ gn(xn - xn—l)s INﬂn = _A*(I - prokag)Aan + J)nfn—l’
L,=8,—y,— LA (I - prox, JA@, —A*(I - prokag)Ay,,]
Yu = prox, 7 ((1 = bul)@, — LA (I = prox,, JA, + VL),

~  _ @n—ynln) _ ~ ~
Hn = rian’|7|2 - s Xn+l = @n — ,unLna

where the stepsize ¢, is defined as

. 3l1@n—yall” 7 .
- min 0.6, ¢, ift, >0,
Cp1 = {(A*(1—PTOXKn,g)A¢n—A*(I—pIOXKn_g>Ayn,¢n—yn) On ”} "
Gl otherwise,
where 1, = <A*(I — prox,, JA@, —A*(I — prox, Ay, @n — yn> .
Then the iterative sequence {x,} converges strongly to z € §. O

AIMS Mathematics Volume 10, Issue 5, 11465-11487.



11480

4.2. Split feasibility problem (SFP)

Let C and Q be non-empty closed convex subsets of real Hilbert spaces y; and y», respectively. Let
A : x1 — x» be a bounded linear operator. The split feasibility problem (SFP) is the following:

Find X € C such that Ax € Q

and its solution set is denoted by S. Based on Algorithm 1, we have the following result.

Corollary 4.2. Let y1, x2, C, O, A, A%, and S # 0 be the same as in the above statement. Assume that
assumptions (a3), (a), and (b) of Theorem 3.1 hold and the sequence {¢,} comes from Lemma 2.7. Let
X0, X1 € 1 and {x,} be a sequence produced by

¢n =X, t en(xn - xn—l)a I~_‘n = _A*([ - PQ)A¢n + &)nfn—la
Ly = &n = yn — LA (I = Po)Ag, — A*(I — Pg)Ay,]

Yn = Pe((1 = Buln)@y = LA (= Po)A, + T,

My = <¢n||;j)|l‘,2L”>» Xnsl = @ — ﬂnLn»

where the stepsize £, is defined as

I‘Ilin { 6|I¢n_yn”2 ¢ Z } lf £ O
o1 = (A*U=-PQ)AGu—A*I=P)Ayn@n=yn)” """ | n )
Il otherwise,
where #, = (A*(I = Pg)A@, — A*(I = Pg)Ay,, §p = Yn) -
Then the iterative sequence {x,} converges strongly to z € §. o

5. Numerical experiments

In this section, we make numerical experiments in terms of the SVIP and compare Algorithm 1
(shortly, Alg.1) with Tan et al. [34] (TAlgs.3.2 and 3.4), Hieu et al. [39] (HHAIg), Tong et al. [36]
(TCAlg), and Xia et al. [40] (XCD). All the programs are implemented in MATLAB R2017a on a PC
Desktop Intel(R) Core(TM) 17-6700 CPU @ 3.40 GHZ computer with RAM 8.00 GB.

Example 5.1. [25] Let matrices A, A;, A, : R” — R” be generated from a normal distribution with
mean zero and unit variance. Let G|, G, : R" — R” be defined by G 1(x) AjAx and Go(y) = AJAzy.

We mainly find a point z = (z,- -+ ,2,)! € R such that G(z) = (0,--- ,0)" and G,(Az) = (0,---,0).
In fact, z; = 0,---,z, = 0. Let € > 0 and the stopping criterion is glven by ||x, — zl| < €. For all
algorithms, we adopt xo = x; = (1,---, 17, Iy =0k = 1.8, 6 = 0.99, and ¢, = 0.0002. For
Algorithm 1, we choose ¢, = (,?;01(;}4 +1, @, = off?l, b, = Tl V, = %. As in [36], for TAlg.3.2, we
adopt &, = %%, =1.2,a, =05 —-7d,), h(x) =0.01x, £ =0.3, c = 0.9, where ¢, o are parameters
in the linear search rule and / is a contractive mapping. For TAlg.3.4, we suggest £, = 1 5 Op = n]—z,
and @, = 0.5(1 — 6,), and ¢, = 0.05 in TAlg.3. 4 For TCAlg, we choose k = 0.3, ¢, = |A”2, &, = n—lz,

and h(x) = 0.01x. For HHAIlg, we take l, = ||A||2’ @, = m+ 1%, F(x) = 0.5x — x9, @& = 0.1, and
bn =G +1)11 + 1, which is suggested in [39]. The numerical results are given in Figure 1.
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102

T T
- = Alg.l
TAlg.3.2
TAlg.3.4
TCAlg | 3
HHAlg

T T
- = Algl

TAlg.3.2

! TAlg.3.4

100 ¢ TCAlg | 3
‘K HHAlg

0 20 40 60 80 100 120 140 160 180 200 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Iteration Number CPU Time
(a) m =600, =10"° (b) m =600, £ =107
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0 50 100 150 200 250 300 350 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Tteration Number CPU Time
(c) m =1000, ¢ = 1077 (d) m =1000, & = 1077

Figure 1. Numerical results for Example 5.1.

As shown in Figure 1, Algorithm 1 behaves better han TAlgs.3.2 and 3.4, TCAlg, and HHAIlg under
different m. In detail, TCAlg and HHAlg compute the norm ||A|| when they begin iteration, which
make the algorithms cost time and increase the iterative number. TAlg3.2 generally produces an inner
iteration with the Armijo-type line search rule, which leads to a lot of time that it takes.

The following numerical example is used to compare our proposed method with self-adaptive
algorithms including TAlgs3.2 and 3.4.

Example 5.2. [21] Let 1 = x> = RV and f(x) = 1d%(x), where C c R is a unit ball and g(x) = |Ix|/*.
Let € > 0 and the stopping criterion is given by ||x, — prox, f(x,,)ll + ||Ax, — prox A,g(Axn)ll < €. For all
algorithms, we adopt xo = (0,0,0,---,0), x;, =(1,1,1,--- ,1) e R, A=1,6 =0.999, and o, = m
0.49, x, = 0.19, ¢, =
+1, @ = 2 b, = L and ¥, = 2. For TAlg.3.2, we adopt &, = 2, @, = 0.5(1 - &,,),

n+1’ n+l1’

the rest of parameters are the following: For Algorithm 1, we suggest ¢,
0.01
(n+ 1)1

{=20=0.5, h(x) = 0.01x, and q~§ = 1, where ¢, o are parameters in the linear search rule and 4 is a
contractive mapping.

For TAlg.3.4, we take £, = 1.6, &, = 12, and &, = 0.8(1 — 7).

n+1?
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Table 1 shows the numerical results that we achieve.

Table 1. Comparison of algorithms with N = 10, 000 for Example 5.2.

e=10" e=10"° e=10""
Mehtod Iter. CPU Iter. CPU Iter. CPU
Alg 1 19 4.6260e-04 26 6.0610e-4 28 6.6580e-04
TAlg3.2 66 0.0025 127 0.0022 248 0.0042
TAlg3.4 30 7.1930e-04 36 5.8050e-04 42 6.3130e-04

From Table 1, we observe that Algorithm 1 needs less CPU time and iterative number than TAlg3.2
and TAlg3.4 in different e.
Example 5.3. LASSO problem [36,37].

In this section, we employ the SFP to model a real problem, which is the recovery of a sparse signal.
We take advantage of the well-known LASSO problem whose form is the following:

1
mm{?mx—bW:xeRMnﬂth}, (5.1)

where A € RN M < N, b € RM, and k > 0. This problem is devoted to finding a sparse solution
of the SFP. The system A is generated from a standard normal distribution with mean zero and unit
variance. We generate the true sparse signal z* from uniform distribution in the interval [-2,2] with
random k at a nonzero position while the rest is kept at zero. The sample data b = Az".

Under certain conditions on matrix A, the solution of the minimization problem (5.1) is equivalent
to the £{,— norm solution of the underdetermined linear system. For the SFP, we define C = {z]||z||; <
k}, k = k, and Q = {b}. Since the projection onto the closed convex set C does not have a closed-form
solution, we employ the subgradient projection. Thus, we define a convex function ¢(z) = ||z]|; — « and
denote C, by

Co=1{z:cw,) +{&n,z2—w,) <0},

where &, € dc(w,). Also, the orthogonal projection of a point z € RY onto C, can be computed via:

z, if c(wy) + (€42 —wy) <0,
Pc,(2) = 7 — COvm)Henzmwn)

el &,, otherwise.

The subdifferential dc at w,, is

1, ifw, >0,
ocw,) =<[-1,1], ifw, =0,
-1, ifw, <O0.

To implement our method in this example, we initialize the algorithms at the original and define

e =27
" max{L, ||x,l)

We test the numerical behavior of all algorithms with the same iteration error E, in different
M, N, and k, limit the number of iterations to 4000, and report E,, in Tables 2 and 3.
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Table 2. Results of all algorithms for Example 5.3.

(M ,N, k) Alg.1 TAlg.3.2 TAlg.3.4

E, time E, time E, time
(240,1024,30) 0.0188 0.8279 0.0159 10.3333 2.1090e-10 10.6364
(480,2048,60) 0.0188 3.6698 0.0156 36.2253 2.1103e-10 37.5464

Table 3. Results of all algorithms for Example 5.3.

(M ,N, k) HHAIg XCD TCAlg

E, time E, time E, time
(240,1024,30)  7.6579e-05  27.7955 1.8297e-10  28.6027 3.3554e-10 19.2763
(480,2048,60)  7.7373e-05 100.8832  1.7278e-10  105.6597 3.2833e-10  69.2340

Original signal (N= 1024, number of nonzeros = 30)
| 1 T 1 | 1 T ! L' L L1 L]
nm_T1, | | I | 1 | | | 1 1 r ., rw .,

100 200 300 400 500 600 700 800 900 1000
Alg.1 (Iter=4e+03, CPU=0.828, M SE=1.01e-05)

1 T 1 11 T ! L L [ L]
"1, LI | I | | [l | | I 1 | I I |

100 200 300 400 500 600 700 800 900 1000
TAlg. 3.2 (Iter=4e+03, CPU= 10.3, MSE=7.24e-06)

1 L L | T ! L' [ [ L]
|| I LI | | 1 L | I 1 r ., rw, |

100 200 300 400 500 600 700 800 900 1000
TAlg. 3.4 (Iter=4e+03, CPU= 10.6, MSE=1.3e-21)

1 L L | T ! L' [ [ L
|| I | I | | 1 L | I I 1 r ., rw |

100 200 300 400 500 600 700 800 900 1000
TCAlg (Iter=4e+03, CPU= 19.3, MSE=3.3e-21)

L I L I | T ! L' L L1 L]
i, | | | 1 L | I | L, rw

100 200 300 400 500 600 700 800 900 1000
HHAIg (Iter=4e+03, CPU= 27.8, MSE=1.72e-10)

|l T 1 11 T ! L L [ L]
LN Ty | I | I | 1 [l | | I | 1 1 | I I |
0

100 200 300 400 500 600 700 800 900 1000
XCD (Iter=4e+03, CPU= 28.6, MSE=9.81e-22)

| L I L I | T ! L' L L1 L]
R, 1 | I | I | | 1 L | I | 1 1 r ., rw |
0

100 200 300 400 500 600 700 800 900 1000

-
O =

-
O =71

Figure 2. Comparison of signal processing.

The second problem is the recovery of the signal z* when M = 240, N = 1024, k = 30, and
M x N matrix A is randomly obtained with independent samples of standard Gaussian distribution.
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The original signal z* contains 30 randomly placed +1 spikes. The iterative process is started with
xo = 0 and the following method of mean squared error is used for measuring the recovery accuracy:

1

MSE = —|lx, - ZII>.

= 2l
For Algorithm 1, we choose ¢,, = W?ﬁ +1, @, = %, Bn = %, V, = n(#l),d =03,I,=0,¢, =0.1.
For XCD, we choose @ = 0.9, £, = 0.1,6 = 0.49, ¢,, = # +1,, = =L and h(x) = 0.01x, which is
suggested in [40]. The choices of the parameters of the other methods are the same as in Example 5.1.

The recovery results of all algorithms are summarized in Figure 2, which represents the original

signal, the mean squared error (MSE) of the restored signal, and the computing time taken for the
iterative process.
Remark 5.1. From Tables 2 and 3 and Figure 2, we see that Algorithm 1 takes less execution time
than TAlgs.3.2 and 3.4, TCAlg, HHAIg and XCD, but its E,, and MSE are both larger than that in other
compared algorithms under the same iterative numbers.

6. Conclusions

In our work, the inertial term is introduced to accelerate the convergent rate of the conjugate
method, and a non-Lipschitz stepsize is proposed to avoid computing first the operator norm. A strong
convergence theorem is obtained under weaker conditions. Finally, some examples show the numerical
efficiency of our methods.
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