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Abstract: Let M,(F,) be the ring of matrices of order 2 X 2 over finite field F, and w € M,(F,) be
a cubic primitive root of unity. For any even positive integer ¢, the weight distributions of the skew
cyclic codes of length 3¢ with parity check polynomials x' — «,i = 0, 1, 2 and (x' — w/)(x' — W"),
0 < j < k <2 were determined.
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1. Introduction

Let M,(FF,) be the full matrix ring over finite field IF, of order 2 X 2 and C be a linear code over
M,(F,) with parameters [n, k,d], where n is the length, k is the dimension, and d is the minimum
distance. For an automorphism 6 of M,(F,) and a unit A in M,(FF,), the linear code C is said to be a
skew constacyclic code or a (6, 1)- constacyclic code if it is closed under the (6, 1) shift x4, defined by

Ko((co, €1y ...y Cnm1)) = (B(ACy-1), 0(co), . . ., 0(Ch2)).

In particular, such codes are called skew cyclic or skew negacyclic codes when A equals 1 or —1,
respectively. Specifically, when 6 is the identity automorphism, then skew constacyclic code C becomes
a classical constacyclic, cyclic, and negacyclic code.

The weight distribution of C is defined by the sequence (1 = Ay,A,A,,...,A,), where A; is the
number of codewords with Hamming weight i of C. The weight enumerator of C is defined by

l+A1z+ A7+ +A,7"

The set Q = {i : A; # 0} is called its weight set. In coding theory, the weight distribution of codes
plays an important role, as it can help us analyze the minimum distance between codewords and to
understand the error correction performance. By analyzing the weight distribution of the code, the
error correction ability and decoding performance of the code can be improved.
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The weight distributions of cyclic codes have been studied for many years and are well-known
in some cases. There are extensive studies on the weight distributions of reducible and irreducible
cyclic codes. The weight distribution of irreducible cyclic codes over finite fields has been thoroughly
investigated in [9,21,25], and the weight distribution of reducible cyclic codes over finite fields can be
found in [5,22,24]. The weight distribution of cyclic codes with few weights is studied in [12, 13, 20].
The weight distribution of fixed-length cyclic codes was studied in [10, 15,26]. The complete weight
distribution of two classes of cyclic codes was studied in [7]. Furthermore, there are significant findings
and further researches on weight distributions of cyclic codes contained in [2,8, 11].

In the history of error-correcting code theory, skew cyclic codes have also attracted significant
attention. D. Boucher conducted initial studies of skew cyclic codes in [3], and D. Boucher also studied
skew cyclic codes over Galois rings in [4]. S.Jitman studied skew constacyclic codes over finite chain
rings in [6]. M. Shi studied skew cyclic codes over non-chain ring in [17], and I. Siap studied skew
cyclic codes of arbitrary lengths in [19]. In addition, there are also studies on skew cyclic codes over
chain rings (see [1, 14, 16]).

Based on the algebraic structures of skew cyclic codes over M,(FF,) obtained by [18], we study
the weight distributions of a class of skew cyclic codes over M,(F,). Let F, be the splitting field of
f(x) = x¥*+x+1 and w be aroot of f(x) in F,. For any even positive integer ¢, the weight distributions of
the skew cyclic codes of length 3¢ with parity check polynomials x'—w',i = 0, 1, 2 and (x'—w’)(x'—w*),
0 < j <k <2 are determined. The major results are presented in the following theorems.

Theorem 1.1. Let C be the skew cyclic code with parity check polynomials h(x) = x' — ', i =0, 1, 2.
The weight distribution of C is the sequence (Ay, A1, As,...,A,), where

(o 34
A ‘{ (;/5)157, 31i.

Theorem 1.2. Let C be the skew cyclic code with parity check polynomials (x' — w/)(x' — w¥), 0 < j <
k < 2. Then, the weight set of Cis Q ={3i+2j|0<i <t 0<j<t-1i}, and the weight distribution is

t t—i .
nt—1 —
= ‘457 =
Ay = E E (l)( i )21045 ,k=0,1,---,n.

This paper is organized as follows. We review the algebraic structure of skew cyclic codes over
M, (FF,) briefly in Section 2. In Section 3, we prove our major results and give some examples. In
Section 4, we concludes this paper.

2. Preliminaries
We review some algebraic properties of skew cyclic codes over M,(IF,) briefly in this section.

We denote the 2 X 2 matrix ring over finite field F, by M,(F,). By [23, p. 111], the matrix ring
M, (F,) is isomorphic to the F,-cyclic algebra R = F, @ eF4 with e? = 1 under map 9,

s (0 0L (00,
11 07 W1 1/T¢
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Denote o the Frobenius map on F4. The Frobenius o can be extended to a homomorphism 6 on R that
is defined by 6(a + eb) = o(a) + ec(b), a, b € F,. The multiplication in R is given by re = ef(r) for any
r € R, and the addition is usual.

A linear code C on R is a left submodule of R". The linear code C is said to be /-quasi cyclic if it is
closed under 7/, where 7~ is the linear shift mapping defined by

T (co,c15++ 5 Cno1) = (Cpet1, €05+ * 5 Cp2)-

In particular, the linear code C is a cyclic code if [ = 1. The linear code C is called a skew cyclic code
if it is closed under the map 77, defined by

To(co, 1, 5 Cn1) = (B(cu=1), 0(co), - -+, 0(cp2)).

Denote
R[x,@]z{rnx”+r,,_1x”_l+---+r1x+r0|rl-€7€, 0<i<n, neN}.

For any r € R and any natural number i, define the multiplication by x' - r = '(r)x’. Then, for any
a+ eb € R, we have
. (a+eb)x’, ifiiseven,
x'(a+eb) = .
(@* + eb®)x', ifiisodd.

We can see that R[x, 6] forms a skew polynomial ring under this multiplication and the usual
polynomial addition. We also denote R[x, 6], as the subset of R[x, 6] of polynomial of degree less than
t.

Lemma 2.1. [18, Lemma 2.1] Let f(x), g(x) € R[x, 8] with the leading coefficient of g(x) as invertible.
Then, there exist two unique polynomials g(x), r(x) € R[x, 6], such that

f(x) = g(x)g(x) + r(x),

with r(x) = 0 or deg(r(x)) < deg(g(x)). The polynomials g(x) and r(x) are called the right quotient and
right remainder, respectively. The polynomial g(x) is called a right divisor of f(x) if r(x) = 0.

Lemma 2.2. The center Z(R[x, 8]) of a polynomial ring R[x, 6] is F,[x?].

Proof. For any r € R, we have x*r = (6°)!(r)x* = rx*. Thus, x* € Z(R[x,6]). This implies that if
rj € Fy, then Z;:o rjx2j lies in Z(R[x, 6]). Conversely, for any f, € Z(R[x,0]) and r € R, if rf, = f.r
and xf, = f.x, then the coefficients of f, are in F, and f, € R[x?, 6]. Therefore, f. € F»[x*]. o

Lemma 2.3. [18, Proposition 2.6.] Let n be a positive integer and C be a skew cyclic code of length
n over R with a polynomial of minimum degree d(x), where the leading coefficient of d(x) is a unit.
Then, C is a free R[x, #]-submodule. R[x]-submodule of R,, such that C =< d(x) >, where d(x) is a
right divisor of x” — 1. Moreover, the code C has a basis 8 = {d(x), xd(x), ..., x"~48@D=14(x)}, and the
number of codewords in C is |R]"~4¢&@))

Let ¢ be an even integer and n = 37. Denote R, = R[x,0]/(x" — 1). By Lemma 2.2, the sets
R, = R[x,0]/{x" — 1) and R[x, 8]/(x" — 1) are two rings. It is easy to check x' — 1, x' — w and x' — w?
commute with each other, so in R[x, 8], we have

=1=x"-1=0u" - D -0 - .
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Under the canonical projection ¢, it is known by Chinese remainder theorem, as left R[x, #]-modules,
Rlx, 0]/(x" — 1) = R[x, 0] /(x" — 1) & R[x, 0] /(x' — w) ® R[x, 0] /(x' — ). (2.1)

In fact, it is easy to prove the injection and the module homomorphism, whereas the surjection follows
since we can define

fx) = OO + X + 1D+ H0)(wx? + X + 1) + )0 X + wx' + 1)

for any (fi(x), f2(x), f2(x)) € RIx,0]/(x' = 1) @ R[x, 0]/(x' — w) ® R[x, 0] /{x' — w?).

3. Proof of the major theorems

In this section, let 7 be an even integer and n = 3¢. The code C is the skew cyclic code with parity
check polynomial A(x) of the form x' — w', i = 0, 1, 2 or (' — W)X — "), 0 < j <k < 2. We
determine the weight distributions of C and prove the major theorems.

For any ¢(x) € R[x, 8]/(x" — 1), there exists unique (r5(x), r1(x), r2(x)) € (R[x,6],)* such that ¢(x) =
>2, ri(x)x", therefore,

Y(P(x)) = (bo(x), b1(x), br(x)), (3.1)
where b;(x) = X7, ri(x)(w'), j = 0,1,2. Denote
1 1 1 1 1 1
M:ll w wz}:l w 1+w
w

b

1 o o l 14w
then
Y(P(x)) = (bo(x), b1(x), ba(x)) = (ro(x), r1(x), r2(x))M. (3.2)
Therefore, we have
(ro(x), r1(x), r2(x)) = (bo(x), by (x), br(x)M ™", (3.3)

where
1 1 1
M'=|1 1l+w w
1 w 1+w

3.1. Caseh(x)=x' -, 0<i<?2

As the proofs are similar, we assume &(x) = x' — 1. Then under the canonical projection ¢ defined
by (2.1),
C= R[x7 9]/<xt - 1>’

and for any Y2, r;x" € C, we have Y(Y.2, r:x'") = (by(x), 0,0). Hence, by (3.3), we have

bo(x) = ro(x) = ri(x) = ra(x). (3.4
Theorem 3.1. The weight distribution of C is the sequence (Ay,A1,A,...,A,), where
0, 3¢
Ai = i .
{ (;/5)157, 31i.
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Proof. Let s be the number of nonzero coefficients of by(x), then by (3.4), the number of nonzero
coeflicients of ry(x), r;(x) and ry(x) is 3s. Hence, the weight set of Cis Q = {35 | 0 < 5 < t}.
Furthermore, since there are (f)lSi polynomials by(x) in R[x, 8], of weight i, Theorem 3.1 is proved. 0O

Example 1. Here are two examples:
(1) When t = 8, then C is a [24, 8, 3] skew cyclic code over M,(F,) with weight enumerator

1 + 1207 + 6300z° + 189002° + 354375072 + 425250007"
+318937500z'% + 1366875000z>" + 25628906257%*.

(2) When t = 10, then C is a [30, 10, 3] skew cyclic code over M,(F,) with weight enumerator
1+ 1502° + 101252° + 4050002° + 10631250z'2 + 191362500z" + 23920312507
+2050312500022" + 1153300781252%* + 3844335937507% + 5766503906257°°.

3.2. Case h(x) = (X' —w)(x' = b)), 0< j<k<2

We assume h(x) = (x' — 1)(x' — w) as the proofs of other cases are similar. Then, then under the
canonical projection ¢ defined by (2.1),

C = R[x,0]/(x' = 1)®R[x,0]/{x" — w)
and for any Y7, r;,(x)x" € C, we have y(3 =, ri(x)x") = (bo(x), b1 (x), 0). By (3.3), we get

bo(x) + bi(x) = ro(x),
bo(x) + (1 + w)b(x) = ri(x), (3.5)
bo(x) + wb(x) = r(x).

For i = 0,1,2, write by(x) = Y/ b;x* and r,(x) = Y2} r;,x°. By comparing the coefficients on
both sides of (3.4), we obtain ¢ system of equations as follows:

bOs + bls = Foss
bos+ (1 +w)bi; =115, 0<s<t-1. (3.6)

bOs + wbls = g,

Since any two vectors of (1,1), (1,w) and (1,1 + w) are linearly independent, then for any
(bos, b1s) € R, (3.6) implies the number of nonzero entries of (rys, 715, 725) € R° cannot be 1;
therefore, the Hamming weight wy(ro,, 115, 725) lies in S = {0, 2, 3}. Hence, the Hamming weight set of
Cis

Q=lklk=ky+ki+ - +k_, keSS, 0<i<t-1}.
By counting the number of those k;’s that equal 2 and 3, we have
Q={3i+2j]0<i<t,0<j<r—1i}. 3.7

From the Hamming weight set € obtained in (3.7), it can be seen that C is a [n = 3t,2¢,2] code and
Theorem 1.2 follows from Theorem 3.2.
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Theorem 3.2. The weight distribution of C is
Do [\t
— ingJ — R
Ay = Z‘Z(l)( ; )21045 L k=0,1,--,n.

Proof. Considering the following system of equations

X1 +x =0,
x1+(1+wx, =0, (3.8)

x] + wxy, =0.

For 0 < k < 3, let M(k) be the number of the points (x|, x,) € R? that satisfies some k equations
of (3.8), but does not satisfy the other, and let N(k) be the number of (b, b;;) € R? such that the
corresponding Hamming weight of (ro,, 71, 125) € R* equals k, then N(k) = M(3 - k).

Since any two equations of (3.8) have only common zero solution, then M(2) = 0 and M(3) = 1.
For each equation, there are 15 nonzero solutions, and therefore M(1) = 3 x 15 = 45, which implies
that M(0) = 16> — 1 — 45 = 210. In conclusion, values of M(k)s and N(k)s are listed in Tables 1 and 2.

Table 1. Values of M(k)s.

k 0 1 2
M(k) 210 45 0 1

Table 2. Values of N(k)s.

k 0 1 2 3
N(k) 1 0 45 210

For any 0 < k < n = 3¢, the number A; of codewords Ziz:o ri(x)x" of weight k in C can be obtained
by collecting the number of all those (b, b1;) € R2, such that wy(ro,, 15, 725) = kg with k = ko + k; +
-+ +k,_1, then

A= > NU)N(K):- Nk y)

(k(ysennsky_1)ES?
k=ko+-+k;_1

13 t—i o
r\(t — S
(o
iz0 =0 \U\ J
3i+2j=k

Theorem 3.2 can be proved. O

Example 2. We list two examples:
(1) Lett =2, then Cis a [6,4,2] skew cyclic code over M,(F,) with weight enumerator

1 + 907> + 4202° + 2025z* + 189007 + 44100z°.

AIMS Mathematics Volume 10, Issue 5, 11435-11443.
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(2) Lett = 4, then C is a [12, 8, 2] skew cyclic code over M,(IF,) with weight enumerator

1 + 180z% + 840z2° + 12150z* + 113400z° + 629100z° + 510300077 + 279146257
+ 113589000z° + 535815000z'° + 1666980000z'" + 194481000072

4. Conclusions

In this paper, for any even positive integer #, we present two major theorems for calculating the
weight distribution of a class of skew cyclic codes of length 3¢. It is interesting to study case ¢, as it is
odd.
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