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1. Introduction

The idea of a generalized metric has been previously established in [1] as follows.
Let E be a set (E , ∅)) and let G : E × E × E −→ R+ be a map for which:

(1) G(ω, ψ, φ) = 0 if ω = ψ = φ,
(2) 0 < G(ω,ω, ψ) for all ω, ψ ∈ E with ω , ψ,
(3) G(ω,ω, ψ) ≤ G(ω, ψ, φ) for all ω, ψ, φ ∈ E with ψ , φ,
(4) G(ω, ψ, φ) = G(ω, φ, ψ) = G(ψ, φ, ω) = ...
(5) G(ω, ψ, φ) ≤ G(ω, a, a) + G(a, ψ, φ) for all ω, ψ, φ, a ∈ E .

Then the mapG is called a generalized metric, or aG-metric on E, and (E,G) is called aG-metric space.
In the following, we denote by (E, d) and (E,G) a metric space and a G-metric space, respectively. In
recent years, the class of m-isometric operators and the related class of n-quasi- m-isometric operators
in both Hilbert and Banach spaces have attracted significant attention. These operators have been
extensively studied by numerous researchers, leading to a wealth of contributions in the literature
that explore their structural properties, spectral properties, and various applications in functional
analysis [2–4]. Over the years, a significant body of research has emerged, extending classical fixed-
point theorems to a wide array of generalized metric spaces, including b-metric spaces, partial metric
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spaces, G-metric spaces, and others. These generalizations not only enrich the theoretical landscape
but also enhance the applicability of fixed-point results to real-world problems where traditional metric
assumptions may not hold [5–7].

In this work, our motivation in studying m-isometries within the context of G-metric spaces lies
in bridging these two powerful concepts. While m-isometries have been extensively investigated
in Hilbert and Banach spaces, their behavior and properties in G-metric settings remain relatively
unexplored. By extending the theory of m-isometries to G-metric spaces, we aim to uncover new
fixed-point results, deepen the theoretical understanding of operator behavior in generalized metric
structures, and open new avenues for applications in nonlinear analysis and related fields.

The concept of m-isometries, originally studied in Banach spaces, has been extended to the setting
of metric spaces. This generalization has provided new insights into the geometric and structural
properties of metric spaces, leading to further developments in nonlinear analysis and fixed-point
theory.

The concept of (m, q)-isometric maps on a metric space was introduced and studied in [8]. A map
W : (E, d) −→ (E, d) is called an (m, q)-isometry if∑

0≤k≤m

(−1)k

(
m
k

)
d
(
Wm−kω,Wm−kψ

)q
= 0 (1.1)

for all ω, ψ ∈ E and for some m ∈ N and q ∈ (0,∞)). (1, q)-isometriesW coincide with isometries:
d
(
Wω,Wψ

)
= d

(
ω, ψ

)
for all ω, ψ ∈ E. When E is a normed space, (1.1) coincides with∑

0≤k≤m

(−1)k

(
m
k

)
∥Wm−kω∥q = 0. (1.2)

This definition has been extended to commutative multivariable mappings on a metric space by the
authors Sid Ahmed et al. [9]. LetW = (W1, · · · ,Wp) be a commutative mapping whereW j : E → E
for j = 1, · · · , p.W is said to be an (m, q)-isometric commutative tuple of mappings ifW satisfies∑

0≤k≤m

(−1)m−k

(
m
k

)(∑
|γ|=k

k!
γ!

d
(
Wγω,Wγψ

)q
)
= 0, (1.3)

for all ω, ψ ∈ E. When E is a normed space, (1.3) coincides with∑
0≤k≤m

(−1)m−k

(
m
k

)(∑
|γ|=k

k!
γ!
∥Wγω∥q

)
= 0. (1.4)

Consider the map Λ(q)
k (W; ., ., .) : E × E × E → R by

Λk(W; ω, ψ, φ) :=
∑

0≤ j≤k

(−1)k− j

(
k
j

)
G
(
W jω,W jψ,W jφ

)q
, ∀ ω, ψ, φ ∈ E. (1.5)

In [10] the author considers a generalization of the concept of (m, q)-isometric mappings in metric
space to (m, q)-isometric mappings in G-metric space. A mapW : (E,G) −→ (E,G) is said to be an
(m, q)-G-isometric if it satisfies∑

0≤ j≤m

(−1)m− j

(
m
j

)
G
(
W jω,W jψ,W jφ

)q
= 0 , ∀ ω, ψ, φ ∈ E.
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The paper introduces a parallel extension of the study of m-isometric commuting mappings from metric
spaces to the more general setting of general metric spaces, offering new perspectives on their structural
properties. Several results established in Banach and Hilbert spaces to the broader framework of
generalized metric spaces. Our motivation stems from the need to explore whether key properties of m-
isometries are retained or need to be modified when extended to broader classes of spaces, especially
in light of applications in nonlinear analysis, fixed point theory, and geometric group theory, where
general metric spaces naturally arise.

2. (m, q)-isometric multimappings in G-metric space

Let W j : (E,G) → (E,G) be a map for j = 1, · · · , p and consider W = (W1, · · · ,Wp) where
WkW j =W jWk. For ω, ψ, φ ∈ E, we write

Q
(q)
l (W;ω, ψ, φ) :=

∑
0≤k≤l

(−1)l−k

(
l
k

)( ∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
)
. (2.1)

We begin by presenting the definition of the multimappings that will be central to the theoretical
developments in this paper.

Definition 2.1. The tupleW = (W1, · · · ,Wp) is called an (m, q)-G-isometric multimapping if

∑
0≤k≤m

(−1)m−k

(
m
k

)( ∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
)
= 0, (2.2)

for all ω, ψ, φ ∈ E.

We designate by [(m, q) − ISO]p[(E,G)] the set of (m, q)-G-isometric p-tuples on (E.G).

Remark 2.1. (i) When p = 1, ( 2.2 ) was formalized in [10].

Remark 2.2. (i)W = (W1,W2) ∈ [(1, q) − ISO]2[(E,G)] if

G
(
W1ω,W1ψ,W1φ

)q
+ G

(
W2ω,W2ψ,W2φ

)q
= G

(
ω, ψ, φ

)q for all ω, ψ, φ ∈ E

andW is a (2, q)-G-isometric pair if

G
(
W2

1ω,W
2
1ψ,W

2
1φ

)q
+ G

(
W2

2ω,W
2
2ψ,W

2
2φ

)q
+ 2G

(
W1W2ω,W1W2ψ,W1W2φ

)q

−2G
(
W1ω,W1ψ,W1φ

)q
− 2G

(
W2ω,W2ψ,W2φ

)q
+ G

(
ω, ψ, φ

)q
= 0

for all ω, ψ, φ ∈ E.

(ii)W = (W1, · · · ,Wp) is a (1, q)-G-isometric pair if∑
1≤k≤p

G(Wkω,Wkψ,Wkφ)q − G(ω, ψ, φ)q = 0 for all ω, ψ, φ ∈ E

andW ∈ [(2, q) − ISO]2[(E,G)] if for all ω, ψ, φ ∈ E,
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1≤k≤p

G
(
W2

kω,W
2
kψ,

2
k φ

)q
+ 2

∑
1≤i<k≤p

G
(
WiWkω,WiWkψ,WiWkφ

)q

−2
∑

1≤k≤p

G
(
Wkω,Wkψ,Wkφ

)q
+ G

(
ω, ψφ

)q
= 0.

(iii)W = (W1, · · · ,Wp) is a (3, q)- G-isometric multimappings if∑
1≤ j≤p

G
(
W3

j x,W
3
j y,W

3
jφ

)q
+ 3

∑
1≤i, j≤p

G
(
WiW

2
jω,WiW

2
jψ,WiW

2
jφ

)q

+6
∑

1≤i, j,r≤p

G
(
WiW jWrω,WiW jWrψ,WiW jWrφ

)q

−3
∑

1≤ j≤p

G
(
W2

jω,W
2
jψ,W

2
jφ

)q
− 6

∑
1≤i, j≤p

G
(
W jWiω,W jWiψ,W jWiφ

)q

+3
∑

1≤ j≤p

G
(
W jω,W jψ,W jφ

)q
− G

(
ω, ψ, φ

)q
= 0 for all ω, ψ, φ ∈ E.

Example 2.1. Let (R,G0) be a G-metric space, where G0(ω, ψ, φ) = |ω − ψ|q + |ω − φ|q + |ψ − φ|q.
Define the mapW0 : (R,G0) −→ (R,G0) to be an (m, q)-G-isometric map. Then the tupleW =

(W1, · · · ,Wp), whereW j =
1
q√pW0 for q > 0, j = 1, · · · , p, is an (m, q)-G-isometric multimapping.

Indeed, we have ∑
0≤k≤l

(−1)l−k

(
l
k

)( ∑
|α|=k

k!
α!
G0

(
Wαω,Wαψ,Wαφ

)q
)

=
∑

0≤k≤l

(−1)l−k

(
l
k

)( ∑
|α|=k

k!
α!
G0

(
(

1
q
√

p
)|α|W|α|

0 ω, (
1
q
√

p
)|α|W|α|

0 ψ, (
1
q
√

p
)|α|W|α|

0 φ
)q
)

=
∑

0≤k≤l

(−1)l−k

(
l
k

)( ∑
|α|=k

k!
α!

(
1
q
√

p
)q|α|G0

(
W
|α|
0 ω,W

|α|
0 ψ,W

|α|
0 φ

)q
)

=
∑

0≤k≤l

(−1)l−k

(
l
k

)( ∑
|α|=k

k!
α!

1
pkG0

(
Wk

0ω,W
k
0ψ,W

k
0φ

)q
)

=

=
∑

0≤k≤l

(−1)l−k

(
l
k

)
G0

(
Wk

0ω,W
k
0ψ,W

k
0φ

)q

= 0.

Remark 2.3. From the above example, it has been observed that the result, which was proven in [8,
Proposition 1.4] for a single map, does not hold true in general for a tuple of mappings.

Proposition 2.1. LetW = (W1, · · · ,Wp), whereWk : (E,G)→ (E,G) is a map. Then for all m ≥ 1,
q ∈ (0,∞) and ω, ψ, φ ∈ E the following hold.

Q
(q)
m+1(W;ω, ψ, φ) =

∑
1≤k≤n

Q(q)
m

(
W;Wkω,Wkψ,Wkφ

)
− Q(q)

m (W;ω, ψ, φ). (2.3)

In particular, ifW ∈ [(m, q) − ISO]p[(E,G)], thenW ∈ [(k, q) − ISO]p[(E,G)] for all k ≥ m.
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Proof. According to (2.1), a straightforward calculation shows that

Q
(q)
m+1(W;ω, ψ, φ)

=
∑

0≤k≤m+1

(−1)m+1−k

(
m + 1

k

) ∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q

= (−1)m+1G
(
ω, ψ, φ

)q
−

∑
1≤k≤m

(−1)m−k
[(m

k

)
+

(
m

k − 1

)] ∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q

+
∑
|α|=m+1

(m + 1)!
α!

G
(
Wαω,Wαψ,Wαφ

)q

= −Q(q)
m (W;ω, ψ, φ) +

∑
0≤k≤m−1

(−1)m−k

(
m
k

) ∑
|α|=k+1

(k + 1)!
α!

G
(
Wαω,Wαψ,Wαφ

)q

+
∑
|α|=m+1

(m + 1)!
α!

G
(
Wαω,Wαψ,Wαφ

)q

= −Q(q)
m (W;ω, ψ, φ) +

∑
0≤k≤m−1

(−1)m−k

(
m
k

) ∑
|α|=k+1

k!(α1 + · · · + αn)
α1! · α2! · · ·αn!

G
(
Wαω,Wαψ,Wαφ

)q

+
∑
|α|=m+1

m!(α1 + · · · + αn)
α1! · α2! · · ·αp!

G
(
Wαω,Wαψ,Wαφ

)q

= −Q(q)
m (W;ω, ψ, φ)

+
∑

1≤ j≤p

∑
0≤k≤m−1

(−1)m−k

(
m
k

) ∑
|α|=k+1

k!α j

α1! · α2! · · ·αp!

· G

((
W

α1
1 · · ·W

α j−1
j W

α j+1

j+1 · · ·W
αn
p︸                                 ︷︷                                 ︸

Θ

W jω
)
,
(
W

α1
1 · · ·W

α j−1
j W

α j+1

j+1 · · ·W
αn
n W jψ

)
,ΘW jφ

))q

+
∑

1≤ j≤p

∑
|α|=m+1

m!α j

α1! · α2! · · ·αp!

· G
(
W

α1
1 · · ·W

α j−1
j W

α j+1

j+1 · · ·W
αn
n︸                                 ︷︷                                 ︸

Θ

W jω,W
α1
1 · · ·W

α j−1
j W

α j+1

j+1 · · ·W
αp
p W jφ,ΘW jφ

)q

= −Q(q)
m (W;ω, ψ, φ)

+
∑

1≤ j≤n

∑
0≤k≤m−1

(−1)m−k

(
m
k

) ∑
|α|=k

k!
α!
G
(
WαW jω, W

αW jψ,W
αW jφ

)q

+
∑

1≤ j≤n

∑
|α|=m

m!
α!
G
(
WαW jω,W

αW jψ,W
αW jφ

)q

= −Q(q)
m (W;ω, ψ, φ) +

∑
1≤ j≤p

( ∑
0≤k≤m

(−1)m−k

(
m
k

) ∑
|α|=k

k!
α!
G
(
WαW jω, W

αW jψ,W
αW jφ

)q
)

= −Q(q)
m (W;ω, ψ, φ) +

∑
1≤ j≤p

Q(q)
m (W;W jω,W jψ,W jφ),

and so (3.1) is satisfied. Given thatW ∈ [(m, q) − ISO]p[(E,G)], it follows thatW is also in [(k, q) −
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ISO]p[(E,G)] for k ≥ m. This conclusion is directly supported by Eq (3.1). □

The following theorem generalizes [11, Theorem 2.1].

Theorem 2.1. Let W = (W1, · · · ,Wp), where Wk : (E,G) → (E,G) is a map. The following
statements are then true:

(i) ∑
|α|=r

r!
α!
G
(
Wαω,Wαψ,Wαφ

)q
=

∑
0≤ j≤r

(
r
j

)
Q

(q)
j (W;ω, ψ, φ), (2.4)

for every r ≥ 1, q > 0 and ∀ ω, ψ, φ ∈ E.

(ii)W ∈ [(m, q) − ISO]p[(E,G)] if and only if∑
|α|=n

n!
α!
G
(
Wαω,Wαψ,Wαφ

)q
=

∑
0≤ j≤m−1

(
n
j

)
Q

(q)
j (W;ω, ψ, φ) (2.5)

for all n ∈ N, q > 0 and ∀ ω, ψ, φ ∈ E.

(iii) IfW is an (m, q)-G-isometric multimapping , then

Q
(q)
m−1(W;ω, ψ, φ) = lim

n→∞

1(
n

m−1

) ∑
|α|=n

n!
α!
G
(
Wαω,Wαψ,Wαφ

)q
. (2.6)

In particular, Q(q)
m−1(W;ω, ψ, φ) ≥ 0 for all ω, ψ, φ ∈ E.

Proof. (i) Using mathematical induction to prove (2.4). The result is verified for k = 0 and k = 1. We
now assume it holds for r = k and will demonstrate its validity for k + 1.

By doing so, applying (2.1) and (2.4), we obtain∑
|α|=k+1

(k + 1)!
α!

G
(
Wαω,Wαψ,Wαφ

)q

= Q
(q)
k+1(W;ω, ψ, φ) −

∑
0≤ j≤k

(−1)k+1− j

(
k + 1

j

)∑
|α|= j

j!
α!
G
(
Wαω,Wαψ,Wαφ

)
= Q

(q)
k+1(W;ω, ψ, φ) −

∑
0≤ j≤k

(−1)k+1− j

(
k + 1

j

) ∑
0≤r≤ j

(
j
r

)
Q(q)

r (Wω, ψ, φ)

= Q
(q)
k+1(W;ω, ψ, φ) −

∑
0≤r≤k

Q(q)
r (W;ω, ψ, φ)

∑
r≤ j≤k

(−1)k+1− j

(
k + 1

j

)(
j
r

)
= Q

(q)
k+1(W;ω, ψ, φ) −

∑
0≤r≤k

Q(q)
r (W;ω, ψ, φ)

( ∑
r≤ j≤k

(−1)k+1− j

(
k + 1

r

)(
k + 1 − r

j − r

))
= Q

(q)
k+1(W;ω, ψ, φ) −

∑
0≤r≤k

(
k + 1

r

)
Q(q)

r (W;ω, ψ, φ)
( ∑

r≤ j≤k

(−1)k+1− j

(
k + 1 − r

j − r

))
= Q

(q)
k+1(W;ω, ψ, φ) −

∑
0≤r≤k

(
k + 1

r

)
Q(q)

r (W;ω, ψ, φ)
(
− 1 +

∑
0≤r≤k+1− j

(−1)k+1− j−r

(
k + 1 − r

r

)
︸                                 ︷︷                                 ︸

=0

)
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=
∑

0≤r≤k+1

(
k + 1

r

)
Q(q)

r (W;ω, ψ, φ).

(ii) The ‘only if’ part of statement (ii) can be deduced from (2.4), as

[(m, q) − ISO]p[(E,G)] ⊂ [(k, q) − ISO]p[(E,G)] for k ≥ m.

(iii) From statement (ii), it can be easily observed that∑
|α|=k

k!
α!

d
(
Wαx,Wαψ,Wαφ

)q
=

∑
0≤ j≤m−2

(
k
j

)
Q

(q)
j (W;ω, ψ, φ) +

(
k

m − 1

)
Q

(q)
m−1(W;ω, ψ, φ).

Given

(
k
j

)
(

k
m−1

) → 0 as k → ∞), for 0 ≤ j ≤ m − 2. The goal is to show that dividing both sides of some

equation by
(

k
m−1

)
leads to the desired result. □

We extend [11, Corollary 1 and Corollary 2] to G-metric space. The proof is similar to the existing
proofs and directs readers to the original source for more information.

Proposition 2.2. Let W = (W1, · · · ,Wp) be a multimapping where each Wk is a self-map on a
G-metric space E. The following properties are true.

(i)W ∈ [(m, q) − ISO]p[(E,G)] if and only if∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
=

∑
0≤ j≤m−1

( ∑
j≤p≤m−1

(−1)p− j

(
k
p

)(
p
j

))∑
|α|= j

j!
α!
G
(
Wαω,Wαψ,Wαφ

)q
.

(2.7)

(ii) IfW ∈ [(m, q) − ISO]p[(E,G)] and k ∈ N, then∑
0≤ j≤k

(−1) j

(
k
j

)
jp
( ∑
|α|=k− j

(k − j)!
α!

G
(
Wαω,Wαψ,Wαφ

)q
)
= 0 (2.8)

for k ≥ m, p = 0, 1, · · · , k − m.

Corollary 2.1. LetW = (W1, · · · ,Wp) be multimappings where eachWk is a self-map on G-metric
space E. The following properties are true.

(1)W ∈ [(2, q) − ISO]p[(E,G)] if and only ifW satisfies∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
= (1 − k)G

(
ω, ψ, φ

)q
+ k

∑
1≤ j≤n

G
(
W jω,W jψ,W jφ

)q (2.9)

∀ k ∈ N and ω, ψ, φ ∈ E.

(2) IfW ∈ [(2, q) − ISO]p[(E,G)]. The following property is true.∑
1≤ j≤n

G
(
W jω,W jψ,W jφ

)q
≥

k − 1
k
G
(
ω, ψ, φ

)q (∀ k ∈ N and ∀ ω, ψ, φ ∈ E), (2.10)
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∑
1≤ j≤p

G
(
W jω,W jψ,W jφ

)q
≥ G

(
ω, ψ, φ

)q (∀ ω, ψ, φ ∈ E), (2.11)

lim
k→∞

( ∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
) 1

k

= 1 ( ∀ ω, ψ, φ ∈ E, ω , ψ,ω , φ, ψ , φ). (2.12)

Proof. (1) Connect the results obtained from Proposition 2.1(ii) and Remark 2.3(ii) and then link them
to establish the equivalence.

(2) We have (2.9) =⇒ (2.10) and (2.10) =⇒ (2.11) (k → ∞). By following these steps, we can
rigorously verify the validity of the inequalities.

We need to verify (2.12). Let ω, ψ, φ ∈ E for which ω , ψ,ω , φ, ψ , φ. It follows from (2.9) that

lim sup
r→∞

(∑
|α|=r

r!
α!
G
(
Wαω,Wαψ,Wαφ

)q
) 1

r

≤ 1.

However, according to (2.11), the sequence
(∑
|α|=r

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
)

r∈N
is monotonically

increasing, so

lim inf
r→∞

(∑
|α|=r

r!
α!
G
(
Wαω,Wαψ,Wαφ

)q
) 1

r

≥ lim
r→∞

(
G(ω, ψ, φ)q

) 1
r

= 1.

□

Definition 2.2. LetW = (W1, · · · ,Wp) be a tuple of mappings on (E,G).W is a G - power bounded
tuple if

sup
{ ∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
, ∀ k ∈ N

}
< ∞

for all ω, ψ, φ ∈ E.

Theorem 2.2. LetW = (W1, · · · ,Wp) ∈ [(m, q) − ISO]p[(E,G)] and G-power bounded tuple. Then( ∑
1≤i≤n

G(Wiω,Wiψ,Wiφ)q
) 1

q

= G(ω, ψ, φ),

that isW ∈ [(1, q) − ISO]p[(E,G)].

Proof. According to thatW is an (m, q)-Gisometric and (2.5) we obtain∑
|α|=k

k!
α!
G
(
Wαω,Wαψ,Wαφ

)q
=

∑
0≤ j≤m−1

(
k
j

)
Q

(q)
j (W;ω, ψ, φ), ∀ k ∈ N.

Consequently, real numbers δ0(ω, ψ, φ), δ1(ω, ψ, φ), · · · , δm−1(ω, ψ, φ) exist such that∑
1≤i≤n

G
(
Wk

iω, W
k
i ψ,W

k
i φ

)q
=

∑
0≤ j≤m−1

δ j(ω, ψ, φ) k j. (2.13)
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SinceW is power bounded, we put

M = sup
{ ∑
|α|=k

k!
α!
G
(
Wαω, Wαψ,Wαφ

)q
, k = 0, 1, 2, ...

}
< ∞

for ω, ψ, φ ∈ E. We now obtain

0 ≤ sup
{ ∑

0≤ j≤m−1

δ j(ω, ψ, φ)k j : k = 0, 1, 2, ...
}
≤ Mq.

Since k is arbitrary, we have δ1(ω, ψ, φ) = δ2(ω, ψ, φ) = · · · = δm−1(ω, ψ, φ) = 0. Therefore∑
0≤i≤p

G(Wk
iω, W

k
i ψ,W

k
i φ)q = G(ω, ψ, φ)q.

Since k is arbitrary, we choose k = 1 to get thatW is a (1, q)-G-isometric multimapping. □

3. Generalized metric in the context of (m, q)-G-isometries

By using these generalized metrics and their associated isometries, one can explore someG-metrics-
preserving transformations and their applications. Our results extend those given in [12–14].

LetW be an (m, q)-G-isometric multimapping. We set

∆W(ω, ψ, φ) =
(
Q

(q)
m−1

(
W;ω, ψ, φ

)) 1
q

, ∀ ω, ψ, φ ∈ E, m ≥ 1, q ≥ 1.

Theorem 3.1. LetW = (W1, · · · ,Wp) be an (m, q)-G-isometric multimapping. Then

∆W
(
ω, ψ, φ

)
=

q
√

(m − 1)! lim
n−→∞

1
q√
n(m−1)

∑
|γ|=n

n!
γ!
G
(
Wγω, Wγψ,Wγφ

)q
. (3.1)

Moreover ∆W is a semi-G-metric on E.

Proof. According to statement (iii) of Theorem 2.1, we may write

Q
(q)
m−1(W;ω, ψ, φ) = lim

n−→∞

1(
n

m−1

)( ∑
|γ|=n

n!
γ!
G
(
Wγω, Wγψ,Wγφ

)q
)
. (3.2)

This means that

ρW
(
ω, ψ, φ

)
= Q

(q)
m−1(W;ω, ψ, φ

)
=

q
√

(m − 1)! lim
n−→∞

1
q√
n(m−1)

( ∑
|γ|=n

n!
γ!
G
(
Wγω, Wγψ,Wγφ

)q
) 1

q

.

We show that ∆W satisfied the following conditions:

• ∆W(ω, ψ, φ ≥ 0, by the statement (iii) of Theorem 2.1.
• ∆W(ω,ω, ω) = 0 for all ω ∈ E.
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• ∆W(ω,ω, ψ) ≤ ∆W(ω, ψ, φ) for all ω, ψ, φ ∈ E with ψ , φ.
• ∆W(ω, ψ, φ) = ∆W(ω, φ, ψ) = ∆W(ψ, φ, ω) = ... (symmetry in all three variables).
• ∆W(ω, ψ, φ) ≤ ∆W(ω, a, a) + ∆W(a, ψ, φ) for all ω, ψ, φ, a ∈ E (rectangle inequality).

□

Remark 3.1. It should be noted that ifW is an (m, q)-G-isometry, then in view of Proposition 2.1,∑
1≤k≤n

Q(q)
m

(
W;Wkω,Wkψ,Wkφ

)
= Q(q)

m (W;ω, ψ, φ).

This means that
∆W

(
ω, ψ, φ

)
=

∑
1≤k≤m

∆W
(
Wkω,Wkψ,Wkφ

)
and therefore

W : (E, ∆W) −→ (E,∆W),

is an (1, q)-G-isometry.

By observing that

Q(q)
m

(
W, ω, ψ, φ

)
=

∑
0≤k≤m

(−1)k

(
m
k

)∑
|γ|=k

k!
γ!
G
(
Wγω, Wγψ,Wγφ

)q

=
∑

0 ≤ k ≤ m
k (even)

(
m
k

)∑
|γ|=k

k!
γ!
G
(
Wγω, Wγψ,Wγφ

)q

−
∑

0 ≤ k ≤ m
k (odd)

(
m
k

)∑
|γ|=k

k!
γ!
G
(
Wγω, Wγψ,Wγφ

)q

=
∑

0 ≤ k ≤ m
k (even)

(
m
k

)∑
|γ|=k

k!
γ!
G
(
Wγω, Wγψ,Wγφ

)q

−
∑

1≤k≤p

∑
0 ≤ k ≤ m

k (odd)

(
m
k

) ∑
|γ′ |=k

k!
γ′!
G
(
Wγ′Wkω, W

γ′Wkψ,W
γ′Wkφ

)q

= ∆̃W(ω, ψ, φ) −
∑

1≤k≤p

∆̃W
′(
Wkω,Wkψ,Wkφ

)
.

Lemma 3.1.
(
E, ∆̃W

)
and

(
E, ∆̃W

′)
are both G- metric spaces.
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Theorem 3.2. Let W be a self multimaping on a general metric space (E, G) and q ≥ 1. Then
following statements are equivalent.

(1)W =
(
W1, · · · ,Wd

)
whereWk : (E, G) −→ (E, G) is an (m, q)- G-isometry.

(2)W :
(
E, ∆̃W

)
−→

(
E, ∆̃W

′)
is an (1,G)-isometry.

Proof. In view of Proposition 2.1, we obtain

W is an (m, q) − G − isometric tuple

⇔
∑

0 ≤ k ≤ m
k (even)

(
m
k

)∑
|γ|=k

k!
γ!
G
(
Wγω, Wγψ,Wγφ

)q

=
∑

0 ≤ k ≤ m
k (odd)

(
m
k

)∑
|γ|=k

k!
γ!
G
(
Wγω, Wγψ,Wγφ

)q
, ∀ ω, ψ, φ ∈ E

⇔ ∆̃W(ω, ψ, φ) =
∑

1≤k≤p

∆̃W
′

(Wkω,Wkψ,Wkφ
)
, ∀ ω, ψ, φ ∈ E

⇔ W is an (1, q) − G − isometry tuple.

□

In general, if either of the statements (1) or (2) in Theorem 3.4 is not satisfied, then the other is also
not satisfied, as illustrated in the following example.

Example 3.4.

Let (E, d) be a G-metric space where E = {0, 1, 2} and

G(ω, ψ, φ) = max
{
|ω − ψ|, |ω − φ|, |φ − ψ|

}
∀ ω, ψ, φ ∈ E.

Define mappingsW1 andW2 : E → E by

W1(0) = 2, W1(1) =W1(2) = 0,

W2(0) = 0, W2(1) =W2(2) = 2.

Then, a straightforward calculation shows thatW1W2 =W2W1, and

G
(
W2

1ω,W
2
1ψ,W

2
1φ

)q
+ G

(
W2

2ω,W
2
2ψ,W

2
2φ

)q

+2G
(
W1W2ω,W1W2ψ,W1W2φ

)q
+ G

(
ω, ψ, φ

)q

, 2G
(
W1ω,W1ψ,W1φ

)q
+ 2G

(
W2ω,W2ψ,W2φ

)q

for all ω, ψ, φ ∈ E. Therefore, we conclude that the pairW = (W1,W2) is not a (2, q)-isometric pair
of mappings. Moreover,

∆̃W(ω, ψ, φ) ,
∑

1≤k≤2

∆̃W
′

(Wkω,Wkψ,Wkφ
)
, ∀ ω, ψ, φ ∈ E.
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4. Conclusions

(m, q)-isometric multimappings in G-metric spaces provide a novel framework for analyzing
distance-preserving transformations. This research extends classical isometric concepts, offering a
broader perspective on metric structures and their properties.
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