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1. Introduction

The idea of a generalized metric has been previously established in [1] as follows.
LetEbeaset(E#0)andletG: EX E X E — R, be a map for which:

(1) G(w,¢,0) =0if w =y = ¢,

(2) 0 < G(w, w, ) for all w,y € E with w # ¥,

3) G(w, w,¥) < G(w, ¥, @) for all w, ¥, p € Ewith ¥ # ¢,
@) G, ¥, ¢) = G(w, 0, ¥) =G, p,0) = ...

(5) G(w, ¥, ) < G(w,a,a) + Ga, ¥, @) forallw,¥,p,ac€&.

Then the map G is called a generalized metric, or a G-metric on &, and (&, G) is called a G-metric space.
In the following, we denote by (&, d) and (&, G) a metric space and a G-metric space, respectively. In
recent years, the class of m-isometric operators and the related class of n-quasi- m-isometric operators
in both Hilbert and Banach spaces have attracted significant attention. These operators have been
extensively studied by numerous researchers, leading to a wealth of contributions in the literature
that explore their structural properties, spectral properties, and various applications in functional
analysis [2—4]. Over the years, a significant body of research has emerged, extending classical fixed-
point theorems to a wide array of generalized metric spaces, including b-metric spaces, partial metric
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spaces, G-metric spaces, and others. These generalizations not only enrich the theoretical landscape
but also enhance the applicability of fixed-point results to real-world problems where traditional metric
assumptions may not hold [5-7].

In this work, our motivation in studying m-isometries within the context of G-metric spaces lies
in bridging these two powerful concepts. While m-isometries have been extensively investigated
in Hilbert and Banach spaces, their behavior and properties in G-metric settings remain relatively
unexplored. By extending the theory of m-isometries to G-metric spaces, we aim to uncover new
fixed-point results, deepen the theoretical understanding of operator behavior in generalized metric
structures, and open new avenues for applications in nonlinear analysis and related fields.

The concept of m-isometries, originally studied in Banach spaces, has been extended to the setting
of metric spaces. This generalization has provided new insights into the geometric and structural
properties of metric spaces, leading to further developments in nonlinear analysis and fixed-point
theory.

The concept of (m, g)-isometric maps on a metric space was introduced and studied in [8]. A map
W :(E,d) — (E,d) is called an (m, g)-isometry if

> (—1)k(';:)d(wm—kw, W) = 0 (1.1)

0<k<m

for all w,y € & and for some m € N and g € (0, )). (1, g)-isometries W coincide with isometries:
d(Waw, Wy) = d(w, ¢) for all w, € E. When & is a normed space, (1.1) coincides with

> (—1)k(’;:)||(wm‘kw||q - 0. (1:2)

0<k<m

This definition has been extended to commutative multivariable mappings on a metric space by the
authors Sid Ahmed et al. [9]. Let W = (W), --- ,“W,) be a commutative mapping where W, : & —» &

for j=1,---,p. Wis said to be an (m, g)-isometric commutative tuple of mappings if ‘W satisfies
k!
> (—1)m-’<(m)( > Zdwo, fwn,//)q) 0, (1.3)
O<k<m k yl=k V!

for all w, ¥ € & When & is a normed space, (1.3) coincides with

> (—1>m-’<(’,7:)( >, SIwel) <o, (14)

0<k<m =k 7

Consider the map A,((q)(‘W; ") EXEXE - Rby

AW 0,0,0) 1= ) (—1>k—f(’;)g(fwfw, Wi, W', ¥ w,4,¢ € &, (1.5)

0<j<k

In [10] the author considers a generalization of the concept of (m, g)-isometric mappings in metric
space to (m, g)-isometric mappings in G-metric space. A map W : (E,G) — (&, G) is said to be an
(m, g)-G-isometric if it satisfies

Z (—1)m—f(’;,1)g(fwfw, Wiy, W) =0 |,V wy,pcé.

0<j<m
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The paper introduces a parallel extension of the study of m-isometric commuting mappings from metric
spaces to the more general setting of general metric spaces, offering new perspectives on their structural
properties. Several results established in Banach and Hilbert spaces to the broader framework of
generalized metric spaces. Our motivation stems from the need to explore whether key properties of m-
isometries are retained or need to be modified when extended to broader classes of spaces, especially
in light of applications in nonlinear analysis, fixed point theory, and geometric group theory, where
general metric spaces naturally arise.

2. (m, g)-isometric multimappings in G-metric space

Let W; : (,G) — (&,G) be amap for j = 1,---, p and consider W = (W,,--- ,W,) where
WiW; = W; W, Forw,y, ¢ € E we write

l k!
QWi w,u,0) = ) <—1>l—"(k)( > GW e, W W) 2.1
0<k<lI lal=k —°

We begin by presenting the definition of the multimappings that will be central to the theoretical
developments in this paper.

Definition 2.1. The tuple W = (W,,--- , W) is called an (m, g)-G-isometric multimapping if
k!
D (—1)'"‘"('")( > G W, Wy, W)) =0, 2.2)
k a!
0<k<m =k
for all w, ¥, ¢ € &.
We designate by [(m, q) — 7SO],[(E, G)] the set of (m, q)-G-isometric p-tuples on (E.G).

Remark 2.1. (i) When p = 1, ( 2.2 ) was formalized in [10].
Remark 2.2. (i) W = (W, W,) € [(1,q9) - ISO)[(&E, G)] if

g((wlwa (WIWa (W1<P)q + Q(sz, (Wzlﬁ, (W2()D)q = g(w’ lﬁ, Qo)q for all w, '70’ p e &
and W is a (2, g)-G-isometric pair if

G(Wiw, Wiy, Wip)! + G(Wiw, Wi, W3p)! + 2G(W 1 Wrw, W W, W1 Waep)!
=2G(W 1w, Wi, Wip)! = 2G(Wrw, War, W) + G(w, ¥, 0)? =0

for all w, ¥, ¢ € &E.
(i) W = (W,,---,W,)isa(l,q)-G-isometric pair if

> GWiw, W, Wig)! = G(w, . 9)" = 0 forall w,y, 0 € §

1<k<p

and W € [(2, q) — ISOLI(E, @) if for all w, ¥, ¢ € &,
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> GWio, Wi le) +2 Y GWWiw, WiWus, WiWig)!

1<k<p 1<i<k<p

-2 Z G(Wiw, Wi, Wi0)! + G(w, )’ =0

1<k<p

(ii)) W = (Wy,--- ,W,)is a (3, q)- G-isometric multimappings if

DL GWi Wiy, Wig) +3 )" GWWw, WWiy, WiWig)'

1<j<p 1<i#j<p

16 D GWW W0, WW W, WW, W)
1<i#j#r<p
I<j<p 1<i#j<p

+3 3" GWiw, W, Wig)! - Gw,u,¢)" = 0 forall w,y, ¢ € &.
1<j<p

Example 2.1. Let (R, Gy) be a G-metric space, where Go(w, ¥, ¢) = |w — Y|7 + |w — ¢|? + | — ¢|9.

Define the map W, : (R,Gy) — (R, Gy) to be an (m, q)-G-isometric map. Then the tuple W =
(Wy,---,W,), where W; = Q/Lﬁ‘Wo forg >0, j=1,---,p,is an (m, g)-G-isometric multimapping.
Indeed, we have

) k!
2D oW, Wy, ‘W“so)q)
0<k<l lal=k
— Z (_1)l—k ! (Z Eg (( )Ialwlalw (— )Ialwlalw (— )Iftlzwlaltp)q)
0<k<l k la|=k al V_ «/_ </_ ’
- Z(_l)l—k l (Z E(L)qm@()((wgnw, W(';";z/,wlf'go)")
0<k<l k lal=k al €/_
- e (X% E G Wi W, Wie)')
0<k<l k lal=k
)
= ) GO G Whw. Wi, Wig)'
0<k<l
= 0.

Remark 2.3. From the above example, it has been observed that the result, which was proven in [8,
Proposition 1.4] for a single map, does not hold true in general for a tuple of mappings.

Proposition 2.1. Let W = (W,,--- , W,), where W) : (E,G) — (E,G) is a map. Then for allm > 1,
q € (0, 00) and w, Y, ¢ € & the following hold.

Q(Q)

m+1

(Wiw,gr9) = > QLW Wyw, Wir, W) - QO(W; 0,1, ). (2.3)

1<k<n

In particular, if W € [(m, q) — I8O],[(E, G)], then W € [(k,q) — ISO1,[(E, G)] for all k > m.
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Proof. According to (2.1), a straightforward calculation shows that

QY (W w. ., ¢)
Z (_1)m+1—k(m + 1) Z _g((waw Wy, W )q
k @

0<k<m+1 lal= k
m+1 q m—k 1% % @, \4
e = 3 () )]sz B gewew, wep wey)
Ly - D G W, Wey, weg)
|ar|=m+1 ’
—QO(W;w, 4, ¢) + Z (—1)m_k(m) Z (k+1) G W0, Wy, W)
0<k<m-1 k lal=k+1 al
(m + 1) ((Wa/ (Wa¢’ (Wa‘p)q
lal=m+1
@ Wiwnes Y () Y S S e W ey
0<k=m—1 k k1 1 ‘!

ml(a, + -+ a,) o o o
) o laz'---a G(W°w, Wy, W)
|ar|=m+1 ’ p

_Q(Q)((W w, Y, 90)

kla;
D N W DN reeros

1<j<p O<k<m—1 lal=k+1

Jj+1 j+1 n

i— Qv ] @ | i~ @ j+1 (7 !
G(OW W WL W W), (W W W W W ), W)

0

mla;
DIy :
al' a’2 '

1<j<p lal=m+1

g( (Wifl . a; l(Wam . .(sz,, (ij’ (Wllll .. ,(ijj (Wcml . -‘WZ’”chp, @(Wj(P)q

j+l Jj+l

[©]
_Q(Q)(rw.w v, "0)

+ Z Z (-1 k( )Z —G(W* W, WW iy, WW )’

1<j<n 0<k<m-—1 ll=k

Z — g(waw w0, WW af, WW )’

1<j<n |al=m

—QOWiw.p.g)+ Y ( > k( )Z —G(W* W0, W Wy, (W‘”W,go)")

1<j<p 0<k<m lal=k
—QO(W;w, 4, ) + Z QW W0, Wi, Wip),

1<j<p

and so (3.1) is satisfied. Given that ‘W € [(m, q) — 1SO],[(E, G)], it follows that ‘W is also in [(k, g) —
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I80],[(&,G)] for k > m. This conclusion is directly supported by Eq (3.1). O

The following theorem generalizes [11, Theorem 2.1].

Theorem 2.1. Let W = (W,,--- ,W,), where W, : (6,G) — (&E,G) is a map. The following

statements are then true:

(i) ‘
> LG W, Wy, W) = (r.)ag.‘”(fw; 0, 4, 9), (2.4)
la|=r @: 0<j<r J

foreveryr>1,g>0and ¥ w,y,p € &E.
(ii) W € [(m, q) — ZSOI1,1(E, G)] if and only if

!
Z%Q(Waw,walﬁ,waw)q = Z (’?)inq)(w;w, v, 0) (2.5)

la|=n 0<j<m-1
foralln e N,qg>0and ¥ w,¥,¢ € &E.
(iii) If ‘W is an (m, q)-G-isometric multimapping , then

: 1 I’Z' (o1 (o1 (o4
QL (Wiw.,9) = lim = > —G(W 0. Wy, W) (2.6)

n
m—1) lal=n

In particular, Q@ (W; w,y,¢) > 0 for all w,y,¢ € &.

m

Proof. (i) Using mathematical induction to prove (2.4). The result is verified for k = 0 and k = 1. We
now assume it holds for r = k and will demonstrate its validity for k + 1.
By doing so, applying (2.1) and (2.4), we obtain

k+1)!
E D G wre, W, Wy
la|=k+1 @:
(q) . k+1-j k+1 ]' ] 7 ]
= QUWioig) = ) DT D G W e, W W)
0<j<k lel=j "
_ D . _ ekl Now
= QY (Wiop,9)— ) (D) ) D0 )@ we, v,
0<j<k J o=\
—_ @ . _ (@) (/- k=) k+1\(j
= QL (W w,y, ) Z QP (Wi w, ¢, @) Z( 1) i
0<r<k r<j<k
- N . @ (7. ik + L\(k+1-r
= Qk+1((W’ w, W’ 90) - Z Qr ((W’ w, l//’ 90)( Z (_1) . )
0<r<k r<j<k r J=r
@ k+1 @ k+1_jk+1—r
= QW= 3 (1w 3 o)
0<r<k r<j<k
= QU (Wiw,p9) - ) (k ’ 1)Qi")((W; w, ¥, 90)( -1+ (—D"“""’(k ti- r))
0<r<k r 0<r<k+1-j r
=0
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= Z (kjl)Qiq)(W;w,w,so)-

0<r<k+1

(i1) The ‘only if” part of statement (ii) can be deduced from (2.4), as

[(m, q) — 1SO1,[(E,G)] C [(k,q) - ISO),[(E,G)] for k = m.

(iii) From statement (ii), it can be easily observed that

S E dwrx wrg wegy =Y (k‘)ai‘q)((w“""”"’”( : )Qfgil((w;w’w)'
(0 J m-

lal=k —° 0<j<m-2

()
()

equation by ( k 1) leads to the desired result. O

Given

— 0as k — o), for 0 < j < m —2. The goal is to show that dividing both sides of some

m—

We extend [11, Corollary 1 and Corollary 2] to G-metric space. The proof is similar to the existing
proofs and directs readers to the original source for more information.

Proposition 2.2. Let W = (W,,--- ,W),) be a multimapping where each ‘W) is a self-map on a
G-metric space &. The following properties are true.

(i) W e [(m,q) — ISO],[(E, G)] if and only if

Z g W0, Wy, W) = Z ( Z (_l)p—j(k)(p))z%g(waw,walp,ﬂv%)q.

lal=k —° 0<j<m—1  j<p<m—1 p J lal=j
@2.7)
(ii) It W € [(m, q) — ISO1,[(E,6)] and k € N, then
P k . (k - ])' o o1 (3 _
D (—1)f(j) JP( > LG wro, weyw go)q) ~0 2.8)

0<,j<k la|=k—j
fork>m,p=0,1,--- ,k—m.

Corollary 2.1. Let W = (W, --- ,'W,) be multimappings where each Wy is a self-map on G-metric
space E. The following properties are true.

(1) W el2,q) — ISO1,I(E,G)] if and only if W satisfies

k!
D =G W o, WY W) = (1 - DG, 9)' +k ), GWio, Wi Wil (2.9)
o=k (<7n
VkeNandw,y,p €.
) If W € [(2,q9) — ISO1,1(E, G)]. The following property is true.
DG Wiw, Wy, W) > %g(w, U, 9)!  (VkeNand ¥ w,i,¢ € E), (2.10)

1<j<n
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Z G(Wjw, Wi, Wip)! 2 G(w,y,9)! (Y w,¢,¢ €8), (2.11)

1<j<p

k—o0

k! ;
lim ( > S GW o, Wy, fww)Q)k — 1 (Vaecs wthotovze). (212
lal=k "

Proof. (1) Connect the results obtained from Proposition 2.1(i1) and Remark 2.3(i1) and then link them
to establish the equivalence.

(2) We have (2.9) = (2.10) and (2.10) = (2.11) (k — o). By following these steps, we can
rigorously verify the validity of the inequalities.
We need to verify (2.12). Let w, ¥, ¢ € & for which w # ¥, w # ¢, ¥ # ¢. It follows from (2.9) that

' ¥
lim sup ( Z 5Q(W“w, Wy, “W“go)q) <lI.
r—oeo lal=r "

k!
However, according to (2.11), the sequence (Z —‘g(‘W“w, WY, ‘W“go)q) is monotonically
a. reN
lal=r
increasing, SO
r! 7 ¥
lim inf(z W v, Wy, ’W"go)q) > lim (g(w, v, 90)‘1) - 1.
r—00 . r—oo
lal=r

O

Definition 2.2. Let W = (W,,--- ,“W,) be a tuple of mappings on (&, G). ‘W is a G - power bounded
tuple if

k' 04 0 @, \4
sup{zag(w w0, Wy, W) | VkeN}<oo

lal=k
for all w, ¥, ¢ € &E.

Theorem 2.2. Let W = (W,,--- ,W,) € [(m,q) — ISO1,[(E, G)] and G-power bounded tuple. Then

(> 6Wiw Wy, w,-so)‘f)‘l’ = G(w. .9,

1<i<n
that is W € [(1,q) — ISO1,[(E,G)].
Proof. According to that ‘W is an (m, g)-Gisometric and (2.5) we obtain

Z k_!‘g((waa), (Wﬂ’lﬁ, (WQQD)q — Z (k)QEq)((W, w, lﬁ, QD), vV keN.
(0%

lal=k " 0<j<m—1

Consequently, real numbers 6o(w, ¥, ), 61(w, ¥, ), - -+ , Opm—1(w, ¥, ) exist such that
D, G Wio, Wiy, Wief' = > siw.n@) . 2.13)

1<i<n 0<j<m—1
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Since ‘W is power bounded, we put

|
M = sup { > %g((w"w, Wy, W), k=0,1,2, } < o
lal=k "

for w, ¥, ¢ € E We now obtain

OSsup{ Z Si(w b, @k k:0,1,2,...}sM‘1.

0<j<m—1
Since £ is arbitrary, we have 6;(w, ¥, ¢) = 02(w, ¥, ) = - -+ = Op_1(w, ¥, ¢) = 0. Therefore
> G Wiw, Wiy, W) = Gw,y, ¢)".
0<i<p
Since k is arbitrary, we choose k = 1 to get that W is a (1, g)-G-isometric multimapping. O

3. Generalized metric in the context of (i, g)-G-isometries
By using these generalized metrics and their associated isometries, one can explore some G-metrics-

preserving transformations and their applications. Our results extend those given in [12—14].
Let ‘W be an (m, q)-G-isometric multimapping. We set

1
A (w, ¥, ) = (Qf:fil(fw;w,lp,cp))q, Yo, y,pe& m=>1,g=>1.

Theorem 3.1. Let W = (W,,--- ,W,) be an (m, q)-G-isometric multimapping. Then

1 n!
— Jm =1 1i § e q
A (w, ¥, @) (m 1).”11rri0 T 2 y!g(fwm, W', W), (3.1)

Moreover Aqy is a semi-G-metric on &.

Proof. According to statement (iii) of Theorem 2.1, we may write

|
Q2 (Wiw.0g) = lim (2 B6wro, W, wey) (3.2)
n—oo (m—l) o )/
This means that
pw(w,y,¢) = QY (W;w,y,¢)
1

V(m —1)! lim

oo (D)

We show that Aqy satisfied the following conditions:

(> Z—ig(wm, wy, (wn,o)’f);.

lyl=n

o Ay(w, ¥, ¢ > 0, by the statement (iii) of Theorem 2.1.
e Ay(w,w,w)=0forall weE.

AIMS Mathematics Volume 10, Issue 5, 11369-11381.
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o Ay(w, w, ) < Ay(w, ¥, @) for all w, ¥, ¢ € E with ¥ # .
o Ay(w, ¥, ) = Ayw(w, o, ) = Ay, p, w) = ... (symmetry in all three variables).
o Ay(w, ¥, 9) < Ayw(w,a,a)+ Ayl(a,y, ) for all w, ¥, ¢,a € & (rectangle inequality).

Remark 3.1. It should be noted that if W is an (m, g)-G-isometry, then in view of Proposition 2.1,

S QW Wewo, Weg, Wig) = QW 0,01, ).

1<k<n

This means that
A(w, ¥, @) = Z Ay (Wiw, Wiy, Wip)

1<k<m

and therefore
W (&, Ayw) — (&, Aw),

is an (1, g)-G-isometry.
By observing that
Qf’g)((w’ w’ w’ ‘70)
ofm k! q
2, D ( k) 2 GW o, Wiy W)

0<k<m lyl=k " "

Il
M
s

k!
2 G W o, Wiy W)

0<k<m =k
k (even)
k!
-y (’Z) DG W, W W)
0<k<m ek
k (odd)
k!
- Z (’Z) Z —G(W 0, Wy, W)
0<k<m =
k (even)

- Z Z 117:) Z k_,!;g((Wy,Wkw, W W, W W)

’]— y *
1<k<p 0<k<m ly'|=k

k (odd)
= Z(W((A), lﬁ, ‘10) - Z E/W,((Wkw, (Wkwa (Wk‘P)
1<k<p

Lemma 3.1. (&, EW) and (&, E/’) are both G- metric spaces.

AIMS Mathematics Volume 10, Issue 5, 11369-11381.
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Theorem 3.2. Let ‘W be a self multimaping on a general metric space (8, G) and q > 1. Then
following statements are equivalent.

(D)W = (Wi, -, Wy) where Wy : (E, G) — (&, G) is an (m, q)- G-isometry.
2) W : (&, E];/) — (&, ATA//) is an (1, G)-isometry.
Proof. In view of Proposition 2.1, we obtain

W is an (m, q) — G — isometric tuple

Y [N Seewe wuwey

0<k<m =k
k (even)
k!
- Z m)Z—g(Ww, WYY, W), Y w,,p €&
k y!
0<k<m =k
k (odd)
i Zig;(0)7¢0 ¢0 = :E: 2&;;,((‘1/k0)’(14/k¢“‘14/k¢0’ A U)’¢“‘p €&
1<k<p

& Wisan (1,q9) — G — isometry tuple.
O
In general, if either of the statements (1) or (2) in Theorem 3.4 is not satisfied, then the other is also

not satisfied, as illustrated in the following example.

Example 3.4.

Let (E, d) be a G-metric space where & = {0, 1,2} and
G, ¢, ¢) = max {lw — Yl lw - ¢l.lp - YIIY w,¢,p € E.
Define mappings ‘W, and W, : & — E by
Wi(0) =2, W) =W (2)=0,
Wy(0) =0, W,r(1)=W,2)=2.
Then, a straightforward calculation shows that WW, = W, W), and

G(Wiw, Wiy, Wie)! + G(Wiw, Wiy, Wig)’
4‘2{?((l1/1(‘1/20),(‘4/1(11/2¢G'14/1(‘1/290)q +'£;(U),¢7,90)q
* 2g((W1(1), (WIW, (Wl ()D)q + 2g((W2w’ (WZw’ (WZQD)[I

for all w, Y, ¢ € &. Therefore, we conclude that the pair ‘W = (W, W,) is not a (2, g)-isometric pair
of mappings. Moreover,

Z(T/V((’u’ W, ‘10) * Z gj—/W,((M/ka)a (Wklﬁ, (Wk‘p), v w, W, "2 € 8

1<k<2
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4. Conclusions

(m, g)-isometric multimappings in G-metric spaces provide a novel framework for analyzing
distance-preserving transformations. This research extends classical isometric concepts, offering a
broader perspective on metric structures and their properties.
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