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Abstract: In this paper, we introduce a novel paranormed sequence space /(Rg, p) constructed through
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1. Introduction

Let w represent the set of all real sequences; within this context, a linear subspace of w is termed a
sequence space. In the present study, we denote the null, convergent, and bounded sequence spaces by
co, ¢, and [, respectively. Additionally, we utilize the notations bs, cs, [;, and [, (1 < p < o0),to refer
to the spaces of all bounded, convergent, absolutely convergent, and p— absolutely convergent series,
respectively.

The set of real numbers is denoted by R, and the set of natural numbers is denoted by N =
{1,2,3,...}. For ease of writing, we use lim,, ,,, sup,, and inf, instead of lim, e, X, ;> SUDP,cr>
and inf ¢y, respectively. Throughout the paper, p, > 0, and (p,) is a bounded sequence in R, where
sup,cnPn = Pand S = max{1, P}. Forany / € Randn € N

1 < max {1, |71°} (1.1)

is satisfied (see [1]). This is an important inequality that can be used to show that a space is paranormed.
Further, the equality p,' + (p/)~! = 1 is valid for 1 < inf,ay p, < P. The set of all finite subsets of N is
denoted by N.

Let X be a real linear space, and let o be a function from X to R. Then, the pair (X, o) is called a
paranormed space over R if the following axioms are satisfied:

1) o is sub-additive,
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ii) o (6) = 0 (6 is the zero of X),

i) o (x) = o(-x) Vx € U,

iv) & = ¢ = 0, o(x, — x) = 0 imply o({,x, — {x) — O for every sequence ({,) and (x,) with { € R
and x € X.

Complete paranormed sequence space [(p) is introduced by Maddox [1] (see also [2,3]) as:

I(p) = {x = () ew: Y Inl" < oo}
with

1/8
) (x) = [Z mw) :

Let T = (t,,) be an infinite matrix of real numbers z,,,, and let y and Y’ be any two sequence spaces.
T : y — 7T is called a matrix mapping, if Tx = (T}, (x)) € T for all x = (x,) € y. Here

T () = Dty (1.2)

for every meN. The T-transform of x is shown by Tx, which is a sequence. (y : T) is the notation of
the set of all matrices from y to Y. T is an element of (y : T) if and only if ), #,,,x,, converges for all
m € N and x € y; additionally, T x is an element of Y.

The set S (y, T) is defined as

S, V) ={s=(p)ew: xs=(x,8,) €Y, Yx =(x,) € x}.

Then, a-dual, B-dual, and y-dual of a sequence space y are denoted by x* = S (v, 1), ¥’ = S (v, ¢s),
and y” = S (y, bs), respectively.

Articles [4-6] are about summability and matrix transformations. Also, for more information
related to normed sequence spaces obtained by infinite matrix domains, one can see [7-9]. We refer
to [10-12] for detailed information about paranormed Riesz sequence spaces, and [13—15] for more
information about different paranormed sequence spaces. These studies have contributed significantly
to the ongoing exploration of paranormed sequence spaces within the broader mathematical landscape.

In this study, the Euler Totient function is represented by ¢, and the Mbius function is represented
by u. In the following definitions, ¢(n) and u (n) are defined for all neN with n > 1. ¢(n) counts the
positive integers up to a given integer n that are relatively prime to n, and ¢ (1) = 1. In the sequel some
properties of function ¢ are listed:

i) If the prime factorization of n is p{" p5* ... p}", then,

el 2)--3)

i1) For all neN, the equation
n= Z ¢ (m)

is valid.
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ii1) If two natural numbers n; and n, are relatively prime, then ¢ (n1n,) = ¢(n,)¢(n,) is satisfied [16].
Mobius function u is defined as:

() = (-1)', ifn=pip,...p, where pi,p,,...,p, are distinct prime numbers,
pn) = 0, if p?|n for some prime numbers p,

@] @2

and p (1) = 1. If the prime factorization of n is p{'p3*> ... p{", then,

Domu) = (1=p)(d=p)...(1=p).

min

Additionally, the equation
D ulm =0 (1.3)

is satisfied excluding n = 1. Also, u(nin,) = wu(n,)u(n,), where ny,n,€N are coprime [16]. [17] is
referred for more information about Euler’s totient and Mobius functions.

Although in most cases the new sequence space X, generated by the triangle matrix A from a
sequence space X is the expansion or the contraction of the original space X, it may be observed in
some cases that those spaces overlap.

The Euler’s totient matrix ® = (¢,,,) is defined as:

G = @, if min,
" 0, m/n,

and the inverse of matrix ®, ®~! = (¢,!), is obtained [18] as

1 “(a)m, if m|n,
¢n = o(n)

" 0, m /n,

for all n,m € N. Lately, in [19], two new Banach sequence spaces are obtained via Euler’s totient
matrix, namely, [, (®) (1 < p < o) and /(D) as

1
Iy (@) = {u = (w)ew: ) |- > plnyu,

m nlm

p
<w}ﬂSp<wL

<oo}.

In 2021, ilkhan and Bayraktar [20] introduced the sequence space /,(Rg) by using the matrix Ro,
where 1 < p < o0.
The matrix Rg = (r,x), which is called the Riesz Euler Totient matrix operator, is defined as:

L ifn |k,
Tkn = 9 .
0, ifn 1k,

and

% > e,

m
njm

[ (D) = {u = (u,) €Ew: sup

where Q;y = q1 + q2 + ... + gx.
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The inverse matrix of R, Ry' = (1)), is found as

i .
» {’L)Q— ifn |k,

b
Ty, = o(k) qr

0, ifn ¢k,
for all k,n € N.
Then, they introduce the sequence space [,(Rq) by
1
— ), qrp(k)x

1,(Re) = {x =(ew: Y 0
n T kin

In some cases, the most general linear operator between two sequence spaces is given by an
infinite matrix. So, the theory of matrix transformations has always been of great interest in the study
of sequence spaces. The study of the general theory of matrix transformations was motivated by
special results in summability theory. The theory of sequence spaces is fundamental to summability.
Summability is a wide field of mathematics, mainly in analysis and functional analysis, and has many
applications, for instance, in numerical analysis to speed up the rate of convergence, in operator theory,
in the theory of orthogonal series, and in approximation theory. The classical summability theory deals
with the generalization of the convergence of sequences or series of real or complex numbers. The
idea is to assign a limit of some sort to divergent sequences or series by considering a transform of
a sequence or series rather than the original sequence or series. The reference [13] is a recent study
in the field of sequence spaces. They have become the starting point of our study to construct a new
paranormed sequence space. By the concept of matrix domain, we have aimed to introduce complete
paranormed sequence space [ (Rg, p).

The paranormed spaces have more general properties than normed spaces. In this paper, the normed
sequence space [, (Rp)(1 < p < o0) is generalized to a new paranormed space [(Rq, p). Also,
completeness, a-, -, y-duals of this space and the Schauder basis of the space [ (Rg, p) are investigated.

P
<oo} (1<p< o).

2. Materials and methods

2.1. The Paranormed sequence space [ (Rg, p)

In this section, the paranormed sequence space / (Rg, p) is defined by using the Riesz Euler Totient
matrix Re. Then, it is shown that, given paranormed space is complete. Also, the Schauder basis of
this space is given.

Throughout the paper, Rq-transform of u = (u,) is denoted by v = (v,), that is,

1
VYV = — Z gnp(mu,, (YmeN).

njm

[(Re, p) sequence space is given by

I(Ro, p) = {M = (u,) €Ew: zm: |le Z Gnp(M)u,|’m < oo}.

nlm

(R, p) space can be represented by I(Ro, p) = (I(p))g, according to the definition of matrix
domain.
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Theorem 2.1. With the paranorm given by

7o @) = 5 D ™)'

m um
[ (Re, p) 1s a complete paranormed space for all u = (u,) €/ (Rgp, p).

Proof. Letu = (u,), s = (s,) € [(Rg, p). According to [21] (p.30), we can write

(Z 2= 3 a0t + s (Z 5 2, ane il
m nlm m njm
* (Z |— D aupmys, ),

m lm
(2.1)

The linearity of / (Re, p) relative to scalar multiplication and co-ordinate-wise addition comes from
(1.1) and (2.1).

It is trivial that og, (0) = 0 and oy, (u) = o, (—u) for all u € [(Ry, p). Also, by using (1.1) and
(2.1), it is obvious that o, 1s subadditive and o, ({u) < max {1, |{|} ok, (v) for any { € R.

Let us consider {u™} any sequence in [ (R, p) satisfying og, (u™ — u) — 0, and let ({,,) be a sequence
in R with {,, — {. Because o7, is subadditive, we have

OR, U") < Ory ) +og, U" —u).
So, {og, (u™)} is bounded, and we can obtain:

Z Gup () (Lt} = L)

m um

pm)l/s

< |{m _§|0-R<p (um)+ |§|0-Rq> (um_u) -0 (m - OO)

ORy (LUt — {u) = [

Scalar multiplication is hence continuous. So, og, is a paranorm on [/ (Rg, p).
Now, it is time to show that / (R, p) space is complete. Let {ui } be any Cauchy sequence in [ (R, p),

where ' = {u(ll), u(zl), u(;), ... } for each i € N. For a given & > 0, there exists an integer ny(g) € N such

that
ORy (ui — uj) <eg (2.2)

for every i, j > ny({). For every fixed k€N, we can determine via the definition of o, that

/s
Z 'R(Dk R(Dk( } <é&

for all i, j > no(e). This indicates that the sequence {R@k (ul) ,Rox (uz), Roy (u3) ... } is Cauchy in

'R(Dk R(Dk(u])'

R for each fixed keN. Because R is complete, it is convergent, say Roy (u‘) — Roi(u) asi — oo
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for every fixed keN. By using these infinitely many limits Re; (#), Ros (1), Res (1),. .., the sequence
{Rop1 (), Rpy (1), Res (1), ... } is defined. Then, by using (2.2) for all fixed meN and i, j > ny(g)

S Ro () - Rosta|”" < g (i - )’ <& 23)
k 1

can be written. Let no({) < iand m — oo, j — oo, respectively. If the limit of (2.3) is taken, then
we obtain o, (ui - u) < . Finally, if we assume € = 1 in (2.3) and let i > ny (1.1), by the use of
Minkowski’s inequality

1/8

[Zm: IRox (u)|pk] < ORy (ui - u) + ORe (ui) <1+ 0%, (u’)
k=1

is obtained for every fixed meN. This means that u € [(Rg, p). Since o, (ui - u) < ( for each
i > no(), we get that u' — u as i — oo. Due to this, [ (R, p) is complete.

It should be noted that the absolute property on [ (R, p) 1s not satisfied since there can be a sequence
u in [ (R, p) such that o, (u) # og, ([u]), where |u| = (Ju,|). So, [ (Re, p) is a sequence space of non-
absolute type. O

Theorem 2.2. The sequence space | (Rg, p) is linearly isomorphic to the space L (p).

Proof. For this proof, it should be shown that there is a linear bijection L between [ (Rg, p) and [ (p).
To show this, take the mapping L : [ (Re, p) — [(p) whichis given as u — v = Lu = Reu. The linearity
of L is trivial. Also, L is injective because u = 6, where Lu = 6.

Let us define a sequence u = (u,) by any v = (v,) € [(p):

n
- ; ﬂ(%) 0w (VneN).
Pm]l/S

S gt — ()Zu( ) 0w

o pm\1/S
5 3 Zult)o |

sxlzeofel |
"™ nfm \ k/n

n/m k/n
1
|32y
m
AIMS Mathematics Volume 10, Issue 5, 11260-11270.
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1

- [Z |Vm|pm] = hR(D (V) < 0.

This proves that u € [ (Rg, p). So, L preserves the paranorm, and L is surjective. As a result, there
is a linear bijection L between the spaces [ (Rg, p), and [ (p) and these spaces are linearly isomorphic.

It is a well-known fact that for every neN if 1 < p, < s,, then [(p) C [(s). As a consequence,
[ (Ro, p) Cl(Ro, s). O

A sequence (by) of the elements from the paranormed space X, paranormed by p, is known as a
Schauder basis of the space X if and only if there exists a sequence (a;) of scalars such that

lim p (u - akbk) =0 (2.4)
n—oo =0

holds true for all # € X. Furthermore, it is established that the domain X7 of the matrix 7 in the space
X possesses a Schauder basis if and only if both X possesses a Schauder basis and 7 is triangular (refer
to [22], Theorem 2.3). In light of this observation, we present the Schauder basis for the space [ (R, p).

Theorem 2.3. Let b'™ = {b,(f")}neN be a sequence in | (Rg, p) given by
1 n
VRN 7 s .f )
b =1 g’ (F)e it
0,n fm,

where m is a fixed natural number. Then, {b(’”)}
u € [ (Ry, p) is uniquely represented in the form

u= Z Yb™,

. is a Schauder basis of the space [ (Rg, p) and any

me

where v,, = Rg,, (1) Ym € N.

Proof. The previous proof showed the surjectivity of the isomorphism L : [ (R, p) — [(p). Therefore,
the inverse image of the Schauder basis of the space [(p) is a Schauder basis of the space [ (Rg, p).
This ends the proof. O

2.2. Dual spaces of [(Re, p)

In this section, dual spaces of the space [ (Ry, p) are given. In the sequel, there are some lemmas
that are essential for proving dual spaces in the following proofs.

Lemma 2.4. [23]
(i) Let1 < p, < P<ooforalln € N. Then, T = (t,,) € ({(p) : [,) if and only if there exists an integer

supz Z tn K !

K > 1 such that
NeN meN

n

(ii) Let0 < p, < 1foralln € N. Then, T = (¢,,,) € ({(p) : [,) if and only if

Ph

< oo, (2.5)

Pn

sup sup < 0o, (2.6)

NeX n

tmn

meN
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Lemma 2.5. [23]

(i) Letl < p, <P <ooforallneN. Then, T = (¢,,) € (I(p) : l) if and only if there exists an integer
K > 1 such that

sup Z K| 2.7)
(ii) Let0 < p, < 1 foralln € N. Then, T = (¢,,,) € ({(p) : ) if and only if
sup |t < oo. (2.8)

m,neN

Lemma 2.6. /23]
LetO< p, <P <ooforallneN. Then, T = (t,,,) € ({(p) : c¢) if and only if (2.7) and (2.8) hold, and

limt,, =c,, (neN) (2.9)

also holds.
Theorem 2.7. Let N € X and K > 1. The sets D{ and D are defined as:

Pn
<oo},
Ph
< 00 p.

Proof. Only the second case has been proved since the proof of the first case is similar. Take any
s = (s,) € w. Itis trivial from the relation between u = (u,) and v = (v,),

1 m
DY ={s=(s,) €Ew: supsu (—)Qnsm
! { Neg np Qm()o(m) nz/m:ﬂ n

and

K>1

i-Ufroco St Su()ans

D, if0<p,<l1forallneN;

{{(Ro, p)}* =
DS, if 1 <p,<P<ooforallneN.

SmUm =

Sm G (m) Zn/mﬂ( ) OnVn

(qmsol(m) ZnimH (m) Q"S'")v"

B,(v), (meN), (2.10)

where B is a matrix defined as:

B =b,, :{ qm(pl(m) ( )Qnsm, if njm;

0, otherwise, (¥n,meN).

We obtain that su = (s,u,) € [, where u = (u,) € [ (R, p) if and only if Bv € [}, where v = (v,) €
[(p). This gives us s = (s,) € {{(Rop, p)}” if and only if B € (I(p) : ;). Hence, from Eq (7) of Lemma
2.4 (i), we obtain {{ (R, p)}" = D5. O
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Theorem 2.8. Let us define the sets Df , Dg, and D{j as follows:

p;}
b

le U{s—(s,,)ew supZ

K>1

1 a k
=10, K!
qrp(k )k;‘/kﬂ(n)st
Dn
qk (k)k;;/k ( )Qnsk },

D?z{s:(s,,)ew hr{lnqup() Z ( )Q,,sk exists forneN}

Then, {{(Re, p)Y’ = D’ U D} U D,

Dgz{s:(sn)ew: sup

m,neN

and

Proof. Choose any s = (s,) € w. Since v = (v,,) is the Ry-transform of the sequence u = (u,), we write

lenun:;sn[q T )Z ( )ank] @2.11)

n n n/k
= 3 ! 3 k = 2.12
—Z:‘ PRETS kZ/k# p OnsSi |vk = Dp(v), (2.12)

where the matrix D is a matrix defined as:
1 k L <n<
D=d,, = Qk(,D(k) Do nn/k/v‘ O Sk, sns=m,
0, n>m,
for all n,m € N. From Lemma 2.6 with (2.11), it follows that su = (s,u,) € cs, where u = (u,) €

[ (R, p) if and only if Dv € ¢, where v = (v,) € [(p). This gives us s = (s,,) € {{ (Ro, p)}ﬂ if and only if
D € (I(p) : ¢). Hence, from (2.7)—(2.9), we conclude that

{l(Ro, p)Y = D} U DS U DS,

O
Theorem 2.9.
D’ O<p, <1, VneN;
l R , Y — 2° n — b
{(Ro. p)} {DL:, l<p,<P<oo, YneN.
Proof. If we use Lemma 2.5 instead of Lemma 2.6 in the proof of Theorem 2.8, we obtain the result.
So, we omit the details. O
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3. Conclusions

In continuation of the work presented by ilkhan and Bayrakdar [20], our focus centered on an
extensive exploration of the domains governed by the Riesz-Euler totient matrix Re. In this article,
we introduce a novel paranormed sequence space [(Rg, p) constructed through the application of the
Riesz-Euler totient matrix. We show that the spaces /(Rg, p) and I(p) are linearly isomorphic. Further,
we identify the dual spaces associated with this sequence space and establish its Schauder basis.

Let p € [1,+00). [(Ro, p) is a generalization of the spaces [, (Re) and [, (®). In special cases, for
all m and n in N:

1) if p,, = p, [ (Ro, p) 1s reduced to [, (Ro);

i) if p,, = pand g, = 1, [ (Re, p) 1s reduced to [, (D).

In the future, studies can be done on the geometric properties of these spaces. Also, a more general
space can be obtained by using the Jordan totient matrix instead of Riesz-Euler totient matrix.

Use of Generative-Al tools declaration
The author declares he has not used Artificial Intelligence (Al) tools in the creation of this article.
Acknowledgments

The author is thankful to the editor and reviewers for their suggestions in improving this manuscript.
This research received no specific grant from any funding sources.

Conflict of interest

The author declares no conflicts of interest.

References

1. L. J. Maddox, Spaces of strongly summable sequences, Q. J. Math., 18 (1967), 344-355.
https://doi.org/10.1093/qmath/18.1.345

2. S. Simons, The sequence spaces /(p,) and m(p,), Proc. London Math. Soc., 15 (1965), 422-436.
https://doi.org/10.1112/plms/s3-15.1.422

3. H. Nakano, Modulared sequence spaces, Proc. Japan Acad., 27 (1951), 508-512.
https://doi.org/10.3792/pja/1195571225

4. M. Candan, Almost convergence and double sequential band matrix, Acta Math. Sci., 34 (2014),
354-366. https://doi.org/10.1016/S0252-9602(14)60010-2

5. R. Kama, B. Altay, F. Basar, On the domains of backward difference matrix and the spaces of
convergence of a series, Bull. Allahabad Math. Soc., 33 (2018), 139-153.

6. M. Gurdal, S. Kolanci, O. Kisi, Generalized statistical relative uniform ¢ -convergence
of triple sequences of functions, Journal of Classical Analysis, 23 (2023), 35-44.
https://doi.org/10.7153/jca-2023-21-04

AIMS Mathematics Volume 10, Issue 5, 11260-11270.


https://dx.doi.org/https://doi.org/10.1093/qmath/18.1.345
https://dx.doi.org/https://doi.org/10.1112/plms/s3-15.1.422
https://dx.doi.org/https://doi.org/10.3792/pja/1195571225
https://dx.doi.org/https://doi.org/10.1016/S0252-9602(14)60010-2
https://dx.doi.org/https://doi.org/10.7153/jca-2023-21-04

11270

7.

10.

11.

12.

13

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

@ AIMS Press

B. Altay, F. Basar, The fine spectrum and the matrix domain of the difference operator 6 on the
sequence space Ip (0 < p < 1), Communications in Mathematical Analysis, 2 (2007), 1-11.

P. Zengin Alp, E. E. Kara, The new class Lz, p, E of s-type operators, AIMS Mathematics, 4 (2019),
779-791. https://doi.org/10.3934/math.2019.3.779

T. Yaying, S. A. Mohiuddine, J. Aljedani, Exploring the g-analogue of Fibonacci
sequence spaces associated with ¢ and ¢y, AIMS Mathematics, 10 (2025), 634-653.
https://doi.org/10.3934/math.2025028

B. Altay, F. Basar, On the paranormed Riesz sequence spaces of non-absolute type, Se. Asian B.
Math., 26 (2003), 701-715.

B. Altay, F. Bagar, Some paranormed Riesz sequence spaces of non-absolute type, Se. Asian B.
Math., 30 (2006), 591-608.

M. Candan, A new perspective on paranormed Riesz sequence space of non-absolute type, Global
Journal of Mathematical Analysis, 3 (2015), 150-163. https://doi.org/10.14419/gjma.v3i4.5573

.M. C. Dagli, T. Yaying, Some new paranormed sequence spaces derived by regular Tribonacci

matrix, J. Anal., 31 (2023), 109-127. https://doi.org/10.1007/s41478-022-00442-w

E. E. Kara, S. Demiriz, Some new paranormed difference sequence spaces
derived by Fibonacci numbers, 2013, Miskolc Math. Notes, 16 (2015), 907-923.
https://doi.org/10.18514/MMN.2015.1227

P. Zengin Alp, A new paranormed sequence space defined by Catalan conservative matrix, Math.
Method. Appl. Sci., 44 (2021), 7651-7658. https://doi.org/10.1002/mma.6530

E. Kovac, On ¢-convergence and ¢-density, Math. Slovaca, 55 (2005), 329-351.

I. Niven, H. S. Zuckerman, H. L. Montgomery, An introduction to the theory of numbers, 5 Eds.,
New York: Wiley, 1991.

I.J. Schoenberg, The integrability of certain functions and related summability methods, Am. Math.
Mon., 66 (1959), 361-375. https://doi.org/10.1080/00029890.1959.11989303

M. lIlkhan, E. E. Kara, A new Banach space defined by Euler totient matrix operator, Oper:
Matrices, 13 (2019), 527-544. https://doi.org/10.7153/0am-2019-13-40

M. IIkhan, M. A. Bayrakdar, A study on matrix domain of Riesz-Euler Totient matrix in the space of
p-absolutely summable sequences, Communications in Advanced Mathematical Sciences, 4 (2021),
14-25. https://doi.org/10.33434/cams.845453

I. J. Maddox, Elements of functional analysis, 2 Eds., Cambridge: Cambridge University Press,
1989.

A. M. Jarrah, E. Malkowsky, Ordinary, absolute and strong summability and matrix
transformations, Filomat, 17 (2003), 59-78. https://www. jstor.org/stable/43998651

K. G. Grosseerdmann, Matrix transformations between the sequence spaces of Maddox, J. Math.
Anal. Appl., 180 (1993), 223-238. https://doi.org/10.1006/jmaa.1993.1398

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 5, 11260-11270.


https://dx.doi.org/https://doi.org/10.3934/math.2019.3.779
https://dx.doi.org/https://doi.org/10.3934/math.2025028
https://dx.doi.org/https://doi.org/10.14419/gjma.v3i4.5573
https://dx.doi.org/https://doi.org/10.1007/s41478-022-00442-w
https://dx.doi.org/https://doi.org/10.18514/MMN.2015.1227
https://dx.doi.org/https://doi.org/10.1002/mma.6530
https://dx.doi.org/https://doi.org/10.1080/00029890.1959.11989303
https://dx.doi.org/https://doi.org/10.7153/oam-2019-13-40
https://dx.doi.org/https://doi.org/10.33434/cams.845453
https://www.jstor.org/stable/43998651
https://dx.doi.org/https://doi.org/10.1006/jmaa.1993.1398
https://creativecommons.org/licenses/by/4.0

	Introduction
	Materials and methods
	The Paranormed sequence space l (R,p) 
	Dual spaces of l (bold0mu mumu RR2005/06/28 ver: 1.3 subfig packageRRRR,bold0mu mumu pp2005/06/28 ver: 1.3 subfig packagepppp)

	Conclusions



