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Abstract: The purpose of this paper was the study of the dynamic behavior of impact oscillators:

X'+ alx) x>+ Z i) x' =0, for x(r) > 0,
1=0

x(t) > 0,

xX'(15) = =x'(ty), if x(tp) = 0,

where the positive function a(x) is a smooth T-periodic oscillator violating the monotone twist
condition. We have proved that the above equation has an infinite number of bounded solutions as
well as a solution that escapes to infinity in a finite amount of time.
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1. Introduction and main results

In [1], Littlewood proposed the Duffing equation

X"+ G'(x) = p(®), p(t) = pt + 1)

concerning Lagrangian stability and boundedness of its solutions. We use Moser’s twist theorem to
prove boundedness when the Poincaré map has a monotone twist at infinity.

However, Zhiguo Wang and Yiqian Wang [2] have proved that the differential equation of the second
order is

X+ ¥ a(x) + p(f) = 0, with p(r) = p(t + 1), a(x) = a(x + T) is smooth, and a(x) > 0.
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Despite violating the monotone twist condition, the upper equation remains stable in Lagrangian
mechanics. For the Duffing equation x” + G’(x) = p(¥), violating the monotone twist condition means
that the ratio @ is not monotone, and one can see [3] for more details. The author [3] defines

A, (k) = the annulus bounded by Ay,—., and Ay,

and
A_(k) = the annulus bounded by Ajirir-c, and Aogrir,

where A, is the closed orbit of the unperturbed system

X+ X1 + ccosx) = 0,
and which passes through the point (x, 0) in the x — X plane, where ¢ is a positive constant. The author
pointed out that although the monotone twist condition is violated in the annulus A, (k) | J A_(k) (see [3]
for details), the sign of % would not change in each annulus A, (k) ( A_(k)).
In [4], the authors showed that all solutions of the following equation can be found

¥+ x4 Xp() = 0,if pr) e CLL0< 1<,

and are bounded.
Zhiguo Wang and Yigian Wang studied the following impact oscillators in [2]

x” + x** = p(1), for x(t) > 0,
x() > 0, () = —x'(6;), if x(t0) = 0.

They found that there are an infinite number of periodic and quasi-periodic solutions.

From a mechanical point of view, the previous equation shows how particles that are attached to
nonlinear springs will bounce off a fixed barrier (x = 0). These types of systems are special cases of
vibrating impact systems [5]. In addition, they are associated with the Fermi accelerator [6], the dual
billiard [7], and certain models used in astronomy [8]. The application of many powerful mathematical
tools is limited by the lack of smoothness caused by impact. However, the periodic and quasi-periodic
motion of impact oscillators has been addressed in several recent papers, see refs. [9—-11] and their
references.

Let us start by studying the following impact system:

X+ a(x) ¥+ (1) x' =0, for x(¢) > 0,0 < m < 2n,
; pi (1.1)

x(H) 2 0, X'(15) = =¥ (13), if x(t) = 0,

which has infinitely many bounded solutions. We suppose that the positive function a(x) is a smooth
T-periodic oscillating function that violates the monotone twist condition and the coeflicient p(t) is
1-periodic and C>-smooth. Denote T = R/Z, and then we have p;(t) € C3(T).

We can prove the first important result according to Moser’s twist theorem.
Theorem 1.1. Suppose p,(t) € C3(T),1 < n € N,0 < m < 2n — 2. Then every solution x(t) of Eq (1.1)
is bounded, i.e., it is in (—o0, +00) and satisfies

sup(|x(D)] + X' (D)]) < +oo.

teR
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In addition, for any positive integer m, there are an infinite number of m-periodic solutions, as well as
an infinite number of quasi-periodic solutions of large amplitude, i.e., there exists a very large w* > 0
such that for any irrational number w > w* which satisfies

|(U — £| > gq_%’ (1.2)
q

there exists a smooth function F(6,, 6,) periodic with period 1 for all integers p and g # 0 with constant
& > 0. This function is such that x(t) = F(8, + wt, 6, + t) are solutions of Eq (1.1).

Remark 1.1. Here the existence of infinitely many periodic solutions can be obtained by the Aubry-
Mather theory. We have chosen to omit it here because of the wealth of related results.

Remark 1.2. The w set satisfying Eq (1.2) has a positive Lebesgue measure.

Remark 1.3. Consider the impact system:

X7+ x* (1 + ccosx) = p(t), for x(t) > 0, |c| < 1,
x(1) 2 0, (1.3)
xX'(1) = =x' (1), if x(tp) = 0,

where 1 < n € N, p(t) are smooth, and a(x + 2r) = a(x), p(t) = p(t + 1). In this case, it is similar to
statement 1.1, as Eq (1.1) is a generalization of Eq (1.3).

Next, for the boundedness problem, during the past years, people have obtained many results via
some Kolmogorov-Arnold-Moser (KAM) theorems, see refs [12—-14]. In addition, there are many
references on the study of nonsmooth oscillators using the KAM theory, such as [15-17]. However, to
the best of our knowledge, there are few results [6, 18, 19] related to the unbounded problem. In [20],
Wang obtained an unbounded solution of the following equation:

i+ x4 p)x =0,
with p() € COSH), n>2,2n+1>1>n+2.
Motivated by [2, 3, 14], we consider the blow-up solutions of Eq (1.1). For simplicity, we will only
discuss the case where p,(t) = p(1), i.e.,

¥+ a(x) x> + p(t) x' = 0, for x(f) > 0,
x(t) >0, (1.4)
xX'(t5) = —=x'(ty), if x(tp) = 0,

where p(t) = p(t+ 1), n +2 <[ < 2n, a(x) = a(x+ T) > 0 are smooth.

From [3] we know that the monotone twist condition can be violated. Depending on the oscillation
behavior of the potential G(x) = fOx a(s)s**'ds of (1.4), the ratio @ may or may not be monotone.
For example, it is monotone if a(x) = 1, which corresponds to a non-oscillating potential, and not
monotone when a(x) = 1 + ccosx, 0 < |c| < 1, which corresponds to an oscillating potential [3]. The
second main result is as follows.

Theorem 1.2. There exists p(t) € CO(S!), n+2 < I < 2n, and a sufficiently large Ay such that for
the solution (x(t), x'(t)) with (x(0), x'(0)) = ((2/10)ﬁ, 0) of Eq (1.4), there is a strictly increasing series
{T}2, such that im T; < 1 with To = 0 and

1—00

min A(x(1), X' (1) = M

Ti<t<Ti+
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where M > 1 and A(x, X") is the new action variable after coordinate transformations ¥,, ¥,, Vs in
section 2.1 satisfying (x(1), X' (t)) = Wi o ¥, o W3(¢(2), A(1)).

Corollary 1.1. Egquation (1.4) in Theorem 1.2 has a solution (x(t), x'(t)) which satisfies (|x(t)| +
X' (D)) = +00,ast > T, < 1.

First, let us introduce the idea to prove the boundedness of the solutions of Eq (1.1). Using
transformation theory, we can first characterize Eq (1.1) in terms of a Hamiltonian function H® (¢, A, f)
(see Eq (2.8)) in action-angle variables, specified over the whole space T X R* X R. The action causes
H®(¢, A,1) to be C° smooth in A and ¢. It is only continuous in ¢.

By changing the roles of the variables ¢ and ¢, we move away from a large disc in the space D, =
{(¢,1) € T x R*,A < r} in the (¢, A) plane, and H®(¢, A, 1) is transformed into a perturbation of an
integrable Hamiltonian system (6, p, 7) (see Eq (2.13)). This system is sufficiently smooth in 6 and
p. The Poincaré mapping concerning the new time parameter 7 is closely related to a mapping called
“twist mapping” in the region R?/D, and exhibits area-preserving properties.

The KAM theorem ensures the existence of arbitrarily large invariant curves that are diffeomorphic
to circles and lie in the (x,y) plane, as presented in reference [21]. One can return to the equivalent
system Eq (1.1), where it is obvious that any such curve is a basis for a time-periodic and flow-invariant
cylinder in the extended phase space (x,y,#) € R* X R x R. This restriction of the solutions leads
internally to bounds on these solutions. This is true as long as the uniqueness of the initial value
problem persists.

Then the idea for the proof of the infinite solutions of Eq (1.4) is as follows. Indeed, we construct
simultaneously the function p(#) and the solution x(#) of Theorem 1.2. The first thing we notice is that
when the curve is spiraling once around the origin, the action variable A is increasing at some points
in time and decreasing at other points in time. So we have no idea whether the increase in A will be
positive or negative. But we can construct a time #; << 1 and modify p(r) = 1 at [0, #] so that the
increment is positive and 0(%/1(;”’%21 ) if the starting point is (1(0), ¢(0)) = (1o, 0) is far enough from the
origin, where the “jump” 7(0 < 7 < 1) is critical to modify p(¢) and our estimate. Inductively, we can
construct a series of times #, t, ..., t;, ti+1, --- and modify p(¢) on [¢;, t;11],1 = 1,2, -+, so that on each such

fntl
interval [#;, #;41], the increment is positive and at least O(%/lo’”2 ). So we can build a time T < Ti <1,

_n_ I+l
so that the curve spirals at least O($/l(’)‘*2) times around the origin and 4; = A(T}) > Ao + 54, where
% > 1 and 7’ are used to ensure that the time does not exceed 1. This completes an induction step:

During the time interval [0, 7], A increases from Ay to A;. Inductively, we can construct a series of
times T, 1>, ..., Ti, Tiy1, - - -, such that during the time interval [Ty, T)+1], A increases from A; to A1,

I+l

where Ay, > A + g A with the jump %, where T).1 — T} < T—lk The reason why the jump is less
and less is that we have to make sure that p(7) is continuous. Since the exponent is % > 1, the smaller
and smaller jump will not be able to stop the rapid increase of A. If Ti is chosen small enough, we will

findthat T, > Tow <lask > ooand A, » +oo0ast — T..

C

In the past, scholars studied either quasi-periodic solutions or blow-up solutions, but there were few
research results on the coexistence of quasi-periodic solutions and blow-up solutions. In this paper, we
obtained the result that quasi-periodic solutions and blow-up solutions coexist.

The article is structured as follows: In Section 2, the proof of Theorem 1.1 may be derived from
Moser’s twist theorem. To apply Moser’s theorem, we provide the necessary estimates, which are
proven in Section 3. These estimates are lengthy and complicated, but we think it is important to
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give the details because they are crucial for fitting the problem into the KAM theory framework. In
Section 4, we construct the action-angle transformation and obtain some Lemmas. In Section 5, we
construct p(f) € C°(S"') and a series of time T;. We then obtain an unbounded solution and finish the
proof of Theorem 1.2.

2. The proofs of Theorem 1.1

2.1. An only angularly continuous Hamiltonian

Equation (1.1) of the second-order model, excluding impacts, is equivalent to the following system
of the one-order model:

X =Y,

m 2.1
y = —a(x)x** =3 p)x!, 0 < m < 2n. 1)
1=0

Equation (2.1) 1s a Hamiltonian system defined in the entirety of the phase plane XOY of the
Hamiltonian function

_ 1 ) m Xl+1
H(x.y.1) = 5y +G<x>+; = PilD). 2.2)
where .
G(x) = f a(s)s*"ds. (2.3)
0

Define I = I(h) = fr, V2h — 2G(x)dx, where I';, represents the closed curve %yz +G(x) = h. We also
define l

f V2h =2G(x)dx, y > 0,

Sx, 1) = -

I- f V2h —2G(x)dx, y <0,

where G(—x_) = h.
Try changing the action angle like this:

lGA) oS

= —, 9:—,
Y= ox ol

and we get
x dx
H( — _y>0,
. o )L V- 26
- x dx
1-H/( — vy <0,
oD N2

where H, is the inverse function of /(h).
Denote

Y :(0,1) = (x,y). (2.4)

Subsequently, the Hamiltonian H of Eq (2.2) is transformed into the following expression:

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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m__I+1 I, 0
HYO,1,6) = Ho Wy = Ho(I) + ) ARCLP, (2.5)
1+

The impact case transforms the phase space into a half-plane x > 0 of the original phase plane XOY.
When x(f) = 0, the smoothness and continuity of H" with variable 6 is lost. Consequently, as outlined
below, an alternative Hamiltonian, designated as H 3 will be pursued.

To normalize the angle variable at a later stage, the following definition is proposed:

=1
P, 1 (p1, ) = (0,1): { f;;‘j‘l’ (2.6)

We get

+1

! 1
a -2, 560)pi(0). @.7)

[+

HP (1, 4,0 = H 0 %, = Hy2) + )
=0

The periodic extension of H® and ¢, to the interval [0, 1) defines a new Hamiltonian, which we
denote by

m I+1 1
HO(@.4.0) = H? 0¥y = H2) + ) ==, 5(6 - [4D)pi(0), (2.8)
=0
where
i@ @ { 47070 29)

where [¢] represents the greatest integer that is no greater than ¢. We know that

¢’ = 22 when ¢ € (k,k + 1),k € Z,
X =42 when ¢ € (k.k+ 1),k € Z, (2.10)

Bto) = k. Alty) = lim A(1), when lim¢(1) = k. k € Z.
—Iy —Iy

is the corresponding Hamiltonian system.
It is evident that H® is periodic in ¢ with a period of 1, and C* in ¢ when ¢ ¢ Z. However, it is
only continuous at ¢ = ¢, ¢o € Z. In fact, HV|y_g = H®|,_ = Hy(22) for x(24,0) = x(24, 3) = 0.
Then we provide the key lemma.
Lemma 2.1. For every solution (¢(t), A(t)) of Eqs (2.8) and (2.10) with A(t) # 0, the pair (x(t), x'(t)) =
¥ o ¥, o W53(¢(2), A1) is a continuous solution of Eq (1.1) with (x(t), x'(¢)) # (0, 0), and vice verse.
Remark 2.1. As stated in [22], a similar description is given for the equivalence of these systems.
Therefore, the proof is omitted.

2.2. The new Hamiltonian is characterized by its sufficient differentiability in the action-angle
variable

In order to prove the boundedness of every solution of Eq (1.1), i.e., |x(?)] + |x'(¥)] < oo, by
Lemma 2.1, we need to show the boundedness of A(f). We will consider the Poincaré mapping of
the system Eq (2.15) below which is equivalent to the system Eq (2.10) by exchanging the positions
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of variables (¢, A) and (¢, H®) to cope with the non-smoothness in ¢. The next step is to use Moser’s
invariant curve theorem for similar considerations.
In this context, let a and A be suitable constants, without worrying about how big they are.

Lemma 2.2. Denote a = ﬁ For A large enough, H® has the inverse function

1
A=[H, -, 0] (p) = 5H51<p) +8(t, 0, 8),

and moreover,
1 .
|az ajgl < Apma+(2a—§)+(3a—])z (21 1)

forO0<i+ j<5,n>1,provided p is large enough.
We will approve the proof in Section 3. Then we exchange the roles of (¢, 1) and (¢, H*) by means
of

Yy (9, 4,0 > (0,0,7) := (L HO (4, 8,0),0),¢ ¢ Z. (2.12)
This transformation again leads to a new Hamiltonian system, cf. [23], where the new Hamiltonian

is
H(O,p,7) = [H)(z,-,0)] " (0) = —H ') + g6, p, 7). (2.13)

Therefore H (6, p, 7) is C° in 6, C* in p, and continuous in new time 7. This transformation is used by
many authors, cf. [24,25], etc.

2.3. Proof of Theorem 1.1
We know that the system (2.10) is the same as the Hamiltonian system

dg _ oM _ 14H'(0) dg(Opr)
dr — 8 2 dp + Top T¢Z,

Xp:{ = 9o %000 747 (2.14)

H(k) = hm 0(7), p(k) = hm p(T) keZ.

Integrate the above system by 7 from O to 1, and the Poincaré mapping is formed:

1. O =0+vy(p)+g(0,p),
@ '{m =p+&(0,p) (15)

where y(p) = l °p(p) and g, g satisfy the following lemma.
Lemma 2.3. If p is large enough, then

. 1 ; . .
|a;)aig]| < Apma+(2a—§)+(4a—l)(z+l), fOl"l +j< 4’

001 ‘ 2.16
1001 gs| < ApmerCam i for g < 4, 210
Proof. Set
t dHy'(p)
Y.t =7 4

and set for the flow (6(1), p(t)) = @'(6, p) with ®° = id:

{ 0, = 6+ y(p,1) + A6, p, 1),
pt :p + B(eap’ t)

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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Then the integral equation
t
'(6.p) = D°0.p) + f Xy 0 D*ds
0

for the flow is equivalent to the following equation for A and B:

ld2H 1 + 1B ¢
AO,p,1) = ff (p i )Bdfds+fag(9”+A’p+B)ds,
0

dp

8g(9+y+A p+B) 217

BO,p,1) = — 50 ds
0

It is easy to check that for any value of p > py, these equations have a unique solution in the space
|Al,|B| < 1 using the construction principle. Also, A and B are smooth. The required estimates in
Eq (2.16) can be verified from Eq (2.17) using induction.

Lemma 2.4. The mapping P = ®'(see Eq (2.15)) has the intersection property, i.e., if an embedded
circle I in R X [0, 1] is homotopic to a circle p = const., then PT) N T # 0.

Proof. One can see that the mapping ®' in (2.15) is the time-one map of the Hamiltonian system (2.10);
recall that the time-one map of a Hamiltonian system is symplectic, thus ®! is symplectic, and hence,
®! has the intersection property.

Proof of Theorem 1.1. Through Lemma 3.3 in Section 3, denote G(x,) = h, and we can obtain an
annulus kT — ¢y < x, < kT when a’(x) > 0, or an annulus k7" + % —co < xy <kT + % when a’(x) < 0,
respectively, such that y(p) of Eq (2.15) satisfies y'(p) # 0,Vp € [a,b] and y(p) € C*[a, b]. When
n>1,0<m<2n-2,by Lemma 2.3, we have ||g1|lc+) + llg2llc+a) < €. Lemma 2.4 shows that ®! has
the intersection property. Therefore, ®' meets the assumptions of Moser’s twist theorem. Theorem 1.1
is complete.

3. Some estimates and the proof of Lemma 2.2

Lemmas 3.1, 3.2, 3.4-3.6 below are the direct results of [3]and [14].
Lemma 3.1. It holds that
ax2n+2 < G(X) < Ax2"+2,

and
IGP(x0)] < Al
foranyi>1.
Lemma 3.2. Denote a = 5—. There exist a,A € Rand 0 < a < A, for large I > 0, and we get

ah?™ < I(h) < Ahz*,

ah®? < I'(h) < Ah®"2

If in the smooth T-periodic function a(x) # d, d is a constant, then its maximum value points in (0, T)
must exist, and we use x* to mark the largest point in (0, 7). Then we have the following lemma.
Lemma 3.3. There exists ¢y > 0, such that

1) - Ah3e 2 < <I"(h) < —ah3% 2 kT — CO <xy <kT,d(x)>0, xe (x*,T);
2) ah>*3 < I"(h) < Ahza", kT + 3 —co < xy <kT + 5, a(x) <0, xe(x*T);

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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where G(x.) = h

Proof. We denote

a(x) =a+ b(x),

where a = 1 fOT a(s)ds, + fOT b(s)ds = 0. Then we get

where B’(x)

= b(x).

Gx) = fxa(s)s2"+1ds
= fo(a+b(s))s2”+1ds

a 2 | 2n+l
= — b d
2t fo ($)57ds

= a X2 4 BoxM ! - 2n+ 1) f B(s)s*ds,

2n+2

From the above equality, we have

GG/I

iz 4 BOOx! — 2n + 1) [ B(s)s™ds

G12

a(x)x2n+l
(2n + Dax™ + 2n + Db(x)x*" + a’(x)x>"*!
a(x)x2"+1
2+l @ 1 adx 20+ 1ab()  BWd() 0(3)
2n+2a%(x) 2n+2 d*(x) 2n+2a*(x) a?(x) a*(x)’

Using the above equality, we get

with

AIMS Mathematics

o 1 G” dx
2h V2h = 2G(x)

I’ (l’l)

aa’(x)x

2n +2 a*(x) \2h-— 2G(x

4
h
4
h
4
h
4_1 B(x)a’(x)

Ja-
f l_2n+l a? dx
2 2n+2a2(x) 2h 2G(x)

(3.1
dx

fx* 2n + 1 ab(x)
( +
hJo 2n+2a*x)

~ ﬁ_lfx*o() dx
hJo a*(x) \2h =2G(x)

= Ji1+Jy+ J3+ Jy,

a*(x)

2n+1 a2 dx

aa’(x)x

4 1
J —
? hfo 2n+2 aX(x) \/72;,_ 260

4 (1
J —
: hfo G- 2n+2a2(x) \/72;1 260

V2h - 2G(x)

dx

4 f 2n + 1 ab(x) B(x)a’(x))
0

Jy = —-
3 h 2n +2 a2(x) a2(x)

o _z_tfx+ O0(y)  dx
Y )y @0 V2Rh-2G()

\2h =2G(x)’

Volume 10, Issue 5, 10263-10282.
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Similarly to the proof of Lemma 2.1 in [3], it is easy to see that

= O(h"™%),
I3 = O(h*%),

and
Jy = 0O(h™2).

If the following inequality holds:

3

—ARITE < < —ahie,
kT — < xy, <kT,d(x)>0,xe(x",T),

(3.2)

the proof of Lemma 3.3 can be reduced. Next, we will only prove (3.2). Due to 2) of the lemma,
the proof is similar. Let x, = kT — 6 € [kT — ¢y, kT] with ¢y > 0 to be determined later. Choose

c1 =ci(x;)€0,1)suchthat cix, = kT — T + x".

We denote
4a -
= )
\2(2n + 2)h
and
A f a’(x)x dx
? o a*(x) \h— G(x
fc"” a'(x)x N “oa (x)x dx
o a*(x) \/h—G(_x ax, @) VRE=G(x)
= Ju+Jn
with

7 - fcm a'(x)x dx
BN ST Vi=Go
1X+ X
- d
0 Vh—=G(x) a(x)

~ X |0 N f61x+ 1 1 xG’(x) )dx
VG o a0 i G(x) \/ (h - G(x))3
_ CrXy N at 1 xG'(x)
a(c1xy) Vh — G(c1xy) 0 a(x) Vh — G(x N G()c))3

= O(h*?),

5. = f"* a’'(x)x dx
2 Clkx]t—(SaZ(X) Vh - G(X)

B f a'(x)x dx

- KT=T+x* a*(x) Vh—G(x)

_ f“ a' (—x)(kT - x) d
Js @ (=x) V= G(T = )

- kT f a'(-x) = a'(—x)x
B s a(=x)\Vh— G(kT — x s a@(=x)Vh—G&T — x

and

= L+

(3.3)

(3.4)

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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After a simple calculation, we have

L = O(h?™?)

andbyo<x<T —-x",wegetx" <T —x<T -0, and then a’(—x) = @’(T — x) > 0. Therefore

3a_ 30 _
ah?

<I, <Ah~

8=
D=

From the fact that kT € [x,, x, + T] C [ah®, Ah®], it holds for small § that

301 3a_1
ah272 < J, <Ah?272

Combining (3.3), (3.4), and the last inequality, there exists ¢y > 0, such that (3.2) holds, and thus the
proof is complete.

For higher derivatives of I(h), from the definition of /(h), [26], and Lemma 3.1, we have:
Lemma 3.4. For large [ > 0, we have

D) < AR+2710-0) > 3,

Lemma 3.5. For large I > 0, we have
al@= < Hy(I) < A%,
al% < H)(I) < AI%H,

\H]/(I)| < AI=,
and

- 2+3(-Da
H (D] < AT 2=

i foreachi> 3.
Lemma 3.6. For i, j > 0, we have

019,31, 6)] < ALV,

(3.5)
where
2
o i=0,j=0.1,
. . _ a
(@) =9 (i + 2max{j— 1,0D)a (3.6)

, otherwise.
2a + 1

Proof. The proof method is like the one in Lemma 3.4 in [3], so we will not go into detail about it here.
Lemma 3.7. For i, j > 0, we have

2l
2o+l 3.7)

.y a(i,j)—1i+
goae < al?

Proof. We know 6§6£xl” (1,0) is the sum of terms

(YN x(1,6) - - - 87 8y x(1, )
withv > 1,s,8,--+, 8,6, 20,81+ +s, =011 +---+1, =]
If you add the above inequality to Lemma 3.6, you can easily show that (3.7) is true
AIMS Mathematics

Volume 10, Issue 5, 10263-10282.



10274

The proof of Lemma 2.2. H® (¢, A,1) is defined in R X R* X R, and is 1-periodic in ¢ and . First,
consider the existence of the inverse function of H®(¢, A, t) with the second variable. Denote

m

p=HO(b.1.1) = Hy2A) + Z

—(¢ (D) pi(0).

For A large enough, by Lemma 3.5, we have ‘3§ > A05% > 0, where 85 2 > (), thus ﬂhm p = oo and p
has its inverse function .
A= [HO($,,017(p) = SHy' (0) + 8(t, p, b).
Next, we will provide the estimates in summary, for p large enough,
180/ < Ap"+@em DGl for 0 < i+ j < 5.
Rewrite
m +1
p= %@(mmm+@ }] 2(mmm+@—@ [6D)pi() (3.8)
into the following form:
1 m
1
2gj‘ o(HG' (o) + 27g)dr + }] 56— 16D)pi(0) = 0. (3.9)

=0

If p is large, g is well determined by the contraction principle. Moreover, by the implicit function
theorem, g is smooth in p, for large p. We can easily obtain |g(t, p, ¢)| < Ap’"‘”z"‘%
By Eq (3.9), we have

e
S

Applying Bfo to Eq (3.10), the left-hand side is 6Lg and the right-hand side is the algebraic sum of
terms

1 1
5@ = [9D)pu(— : (3.10)
o Hy(Hy'(p) + 278)dr

I+1 . 1
S (H5' () + 22, 50 ~ (0D — ’
2P0+ g fo H(')(Hal(p) + 2Tg)dT

withi; +i, = 0.

_1 ll x/+l
We know 6p )

( o) + 28, 3(¢ - [¢]))pl(t) is the algebraic sum of terms

v

1 (xl+1)(v) 4 , ~ )
apk(Hol(P) +28)pi(0), v > 1, Z Vi =1

2 0+1 L £
and 6’2 m is the algebraic sum of terms
+278
u
“(Hy'(p) +278), 2 1, Zﬂk—lz,v+#<l-
k=1 =1

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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Thus, by Lemma 3.7 and
i 1 (i+1)(2a—1)
|8p Hl (p)l Ap 2a+1
we can get
| 8; g <A pma+(2af—%)+(3a—l)i.

Next differentiating (');g with respect to 7, we have
180/ < Apm+@emD*CaDl for 0 <+ j < 5.

Thus whenn > 1, for 0 <i+ j <5, Eq(2.11) has been proved.
4. Action-angle transformation and some lemmas

In this section, we are concerned with the blow-up solutions of the system (1.4). Recall that by
similar variable transformations as in Section 2.1, the system (1.4) can be determined by

d _ M oF2) + X124, (0 — (912D () — 1), when ¢ € (k k + 1),

U 0 ) (g~ [61) 2D (o) — 1), when ¢ € (k,k + 1), 4.1

d(ty) = k, A(ty) = }11? A(t), when }11? ¢(t) =k keZ,
—ly —ly

where
I+1

H3(4,¢.1) = Hy 0 ¥5 = Ho(24) + 5 g 1A (¢ [6D)(p(®) = D). (4.2)

4.1. Some lemmas

Similarly to the Lemmas 3.1 and 3.2 in [14], it is easy to imply that there exist some constants
a;>0,i=1,2,3,4,5, such that

a2 < Hy(I) < a1, (4.3)
X1, 0)| < asl7=, (4.4)
0)( —n
|E(1, 0)| < asl2, 4.5)
d 1
|£mw<%mz (4.6)
d 9
a—g > (0, when y > 0; a—; < 0,when y < 0. 4.7)

We assume that / is an even number, and then define py(7) to be a piecewise continuous function,
where #; is the unique time which satisfies 6(t;) = k — %, I = I, for the solution of the new system
corresponding with py(?).

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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19 [09 t%]»
pO(t) = 1- g, (t%’tl]’ (48)
1, (11, 1].

Remark 4.1. By (4.1) and (4.8), it is easy to imply that /l% = Ap.
In the following, all ¢; are independent of the steps in the induction process.
Lemma 4.1. If A is sufficiently large, then

n
_ —ma
h l% < C]/l0 .

Proof. By (4.7), we have "; > 0, and when ¢ € [t1 t1], A is an increasing function on this interval. We
know that ¢(t% ) =0,¢(t;) = 1. By (4.1), (4.3), (4. 4) and (4.5), if A, is sufficiently large, we get

h = t% = ’ 1 0x
0o 2H{2A) —ox'5
1

I -
0 2a,20)7 — caza, ()
de
1-2n

L (240)™2 2a; — 0'0!3614(2/10)"”)

20 "2
< G
ay

IA

IA

Lemma 4.2. If A is sufficiently large, then

=1-2n

A < /10(1 + C20'/1 = )

Proof. By (4.1), (4.4), and (4.6), one has

11
Hh—ti = fdt
2 0"
U
f;] ol &%

0¢

fﬁl dﬂ’
1y 0axas 21) W

n+l-l

Q)T - (24" T

n+l1-[
n+2

\%

20asas

Because n + 1 — [ < 0, by the above inequality, Remark 4.1, and Lemma 4.1, we have

n+l-1 n+l-1
n+2 n+2
A7 = A ;
2 <o 3d S/l n+2

i.e.,

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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n+12_[ n+]2_[ azas (n+1-0) y~ 7
n+ n+ asds n+
/11 2 /10 o to ay n+2 /l
n+l=
— n+2 asas (}’H—l l) n+2
- /10 (1+ a;  n+2 /1 )
Then
asas (n+1=l) 35"\ 222
A< Al + o h g
aa =1-2n
< A1 +2a;—1510"+2 )
1-1-2n
< Ap(1 + 020'/10"+2 ).
Theorem 4.1.

=1-2n

A > (1 + c30'/10"T).
Proof. If t € [t%, t1], by (4.1)—(4.5), there exists ag > 0, such that

¢,(I) < 616/16?.
Denote

M%u@—gzﬁﬁmm

and then if ¢ € (4, 4) we have ¢»(4, ¢) > 0 and if ¢(4, ¢) = 0, then ¢ = 1. Thus

5
3

ﬁ g1, 9)qa(A, p)dg > 0.

by

A1
I
A1
! ox
= ox! =—dt
[

a@m&fﬂm@@@@@m

t

a1 (A Dga(A
3
4

By (4.1), (4.9), and (4.10), we get

/11—/1%

<ol

\%

D=
w

¢'(1)
205 (i
zfiiiijﬁm%ﬂ@%ﬂ&
ag %
I-n+1
> o).

Lemma 4.3. If I, is sufficiently large, then

n
_ -
3n>n+25uchthat 4 t%>2/10.

4.9)

(4.10)

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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Proof. By (4.1)—(4.5), and Lemma 4.2, we get

[/

Hh—ti =

2 3 H)Q2A) —ox!
1 1

ox
aa

> —
fazml)n”v +1cra3a4(2al)i%'%
Z E n 1-2n
(A2 (ay + oazasA|*)
1 _n
> n+2
16&2 0
> 22,7,

n
where n > 5.

Now we change the piecewise continuous function py(f) of (4.8) into a continuous function:

L, [0,,],
oty - NAY + 1, (111 + A",

P’o=4{ 1-o0 (ry + 4" 1= 4,71, (4.11)
L+ (=)Ao, (1 —2,",1]
1, (1, 1].

It is easy to check that Lemmas 4.1-4.3 and Theorem 4.1 still hold with ¢; after this modification in
view of 1,7 < 2,".

5. The proof of Theorem 1.2

We will modify p°(¢) inductively and denote the function obtained and the corresponding solution
with (g, ¢o) as the initial point by p’ and ¢/(¢), A'(f) with ¢ (t;) = i, A (t;) = A,.

Suppose we have obtained p°, p!, ..., p’. p*! is constructed by modifying p on the interval [z;, £;,1],
where t;,; satisfies ¢"*! (,,1) = i+1 in the same way as above if we regard A;, t; as A, ty. All the lemmas
are true after the modification.

In the process of constructing p', we keep the jump o = 1/7(r > 2) unchanged until i = j;. Then we
let o = 1/7% and keep it unchanged until i = j,. Inductively, we choose o~ = 1/7% when ¢ € [ji_1, ji],
where j, =0, ji, Jo, ... satisfies

AIMS Mathematics Volume 10, Issue 5, 10263-10282.
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Ty =0;
n+2
te[0,t;], o= [0( =), T1 =t}
)
re (tjlatjz]a o= Ti27 j2 _jl = [0( j.,{/ )]’ T2 = t]z;
nﬁz (5.1
LE Uy, 0= &, ja— jo = [O(EO)], Ts = 1,;
n+2
te(t]kp ]O_:.rl_k,jk Jkl_[O( /k])] Tk_tjk’
Then we can imply that
jl I+l
A, > Ay + /1"*2
1+l
Aj, > A5 + /l"*z,
C}; il
Ajy > Aj, + A7 (5.2)
Ch it
Ajp > Aj, + Tk—lT/k—l/?'jk—l’
Lemma 5.1.
]}1_)12) T, < 1, if v’ is large enough.
Proof. First, we will show
cl
Ter —Te < ==, k=0,1,- (5.3)
In fact, by (4.1), we have
/1%
fo< 2
2 2a;
and
T, =1t <J1‘2f% < [0(7)]'— <=

aj T

1

c'
If T, — T < T,,'(;fl, then

AIMS Mathematics
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Tir =Tk = iy =t < (Uit = J) - 2055, — 1)
2
nl+12
Jk n+2
< [0( )] 2CJ1<+1

1

Cjk+1

T/k ’

and therefore, if 7’ is large enough, we have

lim7; = ,}EE},[TI +(T =T+ (T3 =-T)+ -+ (T —Tir) +- -]

k—o0
1 1 1 1
c C. C. C.
1 J2 J3 Jk
< —+ =4+ =4+ —
T T T/Z T/k—l
< 1

Lemma 5.2.
A5, > 22 M > 1.

Proof. By (5.2), one has

Ch l-n-1
A >dog+ -2 >2M M=1+——.
L 0 2(n +2)
If
ﬂjk—l > 2/134]{71’
then

cjk &

. n+2

> /1]/{-1 + Th=17k=1 /ljk—l
/

Jk

l+1

(&F k-1
> —(2/1’” Yue2

Tk 1 /k 1
C’ k=1, 1+1 _ prk
I+1 MEL AL
— -1 n+2
= 2/10 1 /k 72 A,
T T
I—n—1
_ 2/1Mk C,\ lnl oL ME
0 pk=1prk-1

> 244

Proof of Theorem 1.2. According to Lemma 5.2, one can see that

1 i
min A(?) > /l > /134 .
1€[T;,Tis1]

Thus Theorem 1.2 has been proved.

Since M > 1, we imply that A(f) — +o0 as i — +oo. Therefore, Eq (1.4) in Theorem 1.2 possesses
an unbounded solution (x(¢), x’(¢)) satisfying (|x(¢)| + [x'(1)]) = +o0, a8t — T, < 1.
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