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Abstract: This paper aimed to establish optimality conditions and develop an efficient solution
method for unconstrained fuzzy optimization problems using the steepest descent method, based on
the granular differentiability and granular convexity of fuzzy mappings. First, building upon the
gr-difference for fuzzy numbers, the granular gradient, gr-differentiable and twice gr-differentiable
of fuzzy mappings were researched. Furthermore, the efficient solution of fuzzy optimization
was introduced under the granular convexity of fuzzy mappings. Finally, we proposed a steepest
descent method for fuzzy optimization problems by employing the characterization function of fuzzy
mappings. Our analysis demonstrated that the proposed method converged linearly under standard
convexity conditions.
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1. Introduction

Optimization plays an important role in mathematics, and it also has wide application in practical
problems. If the objective function is a real-valued function, the optimization is a classical optimization
problem. However, a number of classical optimization problems often involve uncertain or imprecise
data, so it is more suitable that the values are expressed with fuzzy numbers. In 1970, Bellman and
Zadeh [1] established fuzzy optimization models. Since then, the fuzzy optimization problems have
garnered increasing attention among researchers, leading to a growing body of studies in this field [2,3].

The differentiability and convexity of fuzzy-number-valued functions serve as a foundation for
fuzzy optimization and have been extensively examined by numerous researchers. The
differentiability and convexity of fuzzy-number-valued functions serve as foundational in fuzzy
optimization and have been extensively examined by numerous researchers. In 1983, Puri and
Ralescu [4] developed the Hukuhara differentiability (H-differentiability for short) for fuzzy


https://www.aimspress.com/journal/Math
https://dx.doi.org/ 10.3934/math.2025463

10164

mappings, which generalized and extended the concept of Hukuhara differentiability for set-valued
mappings. Subsequently, Wang and Wu [5] proposed the directional derivative, differential and
subdifferential of fuzzy mappings from R" into E using the Hukuhara difference. In order to overcome
the shortcoming of H-differentiability for fuzzy-number-valued functions, Bede and Gal [6]
introduced and studied strongly generalized differentiability (g-differentiability) for
fuzzy-number-valued functions in 2005. The Hukuhara difference of fuzzy numbers exists only under
very restrictive conditions and may not always be defined [7]. Based on the g-difference [7, 8] for
fuzzy sets which overcomes the shortcomings of the above-discussed concepts and always exists for
any two fuzzy numbers, Bede and Stefanini [9] introduced and studied the generalized Hukuhara
differentiability (gH-differentiability) for fuzzy-valued functions in 2013. With the development of
theory and applications of fuzzy differentiation, increasing scholarly attention has been directed
toward this research area. In 2016, based on the differentiability of endpoint functions for fuzzy
functions Cano et al. [10] gave some characterizations of gH-differentiable fuzzy functions and
introduced the gH*-differentiability of fuzzy functions which was more general than the
gH-differentiability. To study optimization problems with s-convex and s-differentiable
fuzzy-number-valued functions, Hai et al. [11] introduced differentiability concepts for n-dimensional
fuzzy-number-valued functions.  They characterized the relationships among three types of
differentiability: generalized differentiability  (g-differentiability),  support-function-wise
differentiability (s-differentiability), and level-wise differentiability (I-differentiability). for handling
the shortcoming of the computing complexity for fuzzy numbers. In 2018, Mazandarani et al. [12]
introduced the concept of granular differentiability (gr-differentiability) for fuzzy-valued functions.
This approach was developed by combining both the granular difference and horizontal membership
function concepts. The authors further conducted a comprehensive analysis of gr-differentiability
properties in comparison with other existing derivatives for fuzzy functions. Importantly,
gr-differentiability is devoid of certain shortcomings and limitations inherent in fuzzy number
arithmetic. Subsequently, Zhang et al. [13] produced the partial gr-derivative and gr-differentiability
of fuzzy functions from R" into E to present the Karush-Kuhn-Tucker type optimality conditions of
the fuzzy relative optimal solution for fuzzy programming problems. Moreover, the convexity of
fuzzy mappings is a considerably vital tool in fuzzy optimization, which has been investigated by
numerous researchers [14, 15]. Nanda and Kar [16] first put forward the concept of convex fuzzy
mapping, which laid a foundation for future research about fuzzy optimization. Subsequently, lots of
researchers focused on investigating the convexity and generalized convexity of fuzzy mappings as a
means to address challenges in fuzzy optimization. Furukawa [17], by using “fuzzy-max” order,
introduced the concept of convexity and Lipschitz continuity for fuzzy mappings. Research shows
that convex fuzzy mappings in R" are Lipschitz continuous. Syau [18] studied the convexity of
monotone fuzzy mappings in R! and R?, and established two characterization theorems of convex
fuzzy mapping. Zhang and Yuan [19] researched the operation properties of convex fuzzy mappings
as proposed by Nanda and Kar, and put forward some important concepts as positive homogeneous
fuzzy mapping and convex hull. Gong and Hai [11], utilizing the ordering of n-dimensional fuzzy
number space, investigated the convexity of fuzzy mappings because most existing methods may not
consider the convex fuzzy mappings on E”. Shi and Pang [20] introduced some basic concepts in
convex optimization theory as L-convex structure, L-neighborhood system, and fuzzy convex
structure. Their research results revealed that every L- fuzzy set is an L-convex set.
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With the development of fuzzy optimization theory, the solution of fuzzy optimization problems
has gradually shifted to more complex environments, which contain multi-objective, multi-constraint,
and non-convex fuzzy functions [21, 22]. Recently, numerical optimization methods are gradually
introduced into the fuzzy environment. The existing numerical optimization algorithm for fuzzy
optimization problems primarily rely on H-difference and gH-difference for fuzzy-numbers. For
instance, Pirzada and Pathak [23] developed the Newton method to compute a non-dominated
solution of an unconstrained multi-variable fuzzy optimization problem; Cano et al. [24] investigated
the Newton method to solve the unconstrained fuzzy optimization problems using generalized
Hukuhara differentiability of fuzzy mappings. However, these approaches are constrained by the
limitations of generalized Hukuhara differentiability. Granular differentiability provides a more
flexible framework that overcomes these restrictions. As a classical numerical optimization algorithm,
the steepest descent method is widely used in unconstrained optimization problems because of its
easy calculation and fast convergence speed. Its main idea is to find the optimal solution along the
inverse gradient direction of the objective function. However, this method cannot be applied directly
to solve unconstrained fuzzy optimization problems. Building upon prior research and recognizing
the significance of the steepest descent method, we propose the characterization function

1ol 1
Y(@) =f f f F8(t,p, ap)da,, .. .da,,du
0 Jo 0

for fuzzy mappings. Our theoretical analysis establishes that any local minimizer of the real-valued
function ‘¥(¢) corresponds to a local efficient solution of the fuzzy optimization problem (FOP).

The purpose of this work is to develop the theory of the steepest descent method for unconstrained
fuzzy optimization problems. From this perspective, the results presented will be useful for the
development of the fuzzy optimization. First, we present the terminology used in the present paper. In
Section 3, based on granular differentiability of fuzzy mappings, we propose the concepts of partial
gr-derivatives, granular gradients, and twice gr-differentiability, and discuss their interrelationships.
Additionally, granular convexity of fuzzy mappings is researched by utilizing gr-difference and
ordering relation of fuzzy numbers [12,25]. In Section 4, we introduce the steepest descent method to
solve unconstrained fuzzy optimization problems under the characterization function

1ol I
Y() =f f f F&(t,p, ap)da,, .. .da,,du
0 Jo 0

of fuzzy mappings. This method provides a robust tool for solving optimization problems in
environments with imprecise data, offering potential applications in engineering and economics.

2. Preliminaries

In this paper, R denotes the set of all real numbers, R" represents an n-dimensional Euclidean space,
and K C R" is a convex set. E is the set of all fuzzy numbers on R. The u-levels of u are given by

[u]* = [u",u"],
where
u, ' [0,1] > R.

The definition domain of fuzzy number u is the interval I C R.
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Definition 2.1. [12] Let u € E. The horizontal membership function
uf 10,11 x[0,1] = 1

is a representation of u as

ut (U, @) = x

in which “gr” stands for the granule of information included in x € I,u € [0, 1] is the membership
degree of x inu, a, € [0, 1] is called relative-distance-measure variable, and

u¥ (u,a,) = u' + (L_t“ - g”) .
Remark 2.1. We can also write
u® (u, a,) = (1 — a)u" + a, it

forany a, € [0, 1], and a, can determine points between the left and right endpoints of the u-level sets
of u.

Remark 2.2. [12] The horizontal membership function of u € E is also denoted by

Hwm) = v (u, ).

Moreover, the u-level sets of the vertical membership function of u can be presented by

H @ (u,0,) = [l =

inf min ® (8, @,) , sup max u® (B, a,)|,
ﬁzﬂ @y B> @y

which, in fact, represents the obtainable span of the information granule.

Definition 2.2. [12] Letu,v € E, whose horizontal membership functions are u® (u, a,) and v¥ (u, a,),
respectively, as well as “©” denote one of the four basic operations. Then,

uov=wekE,
such that
HW) = u¥ (u, @) O v (u, @)

It should be noted that 0 ¢ v¥* (u, a,) when “©” denotes the division operator. The difference between
two fuzzy numbers is called gr-difference, which is denoted by ©,,.

Remark 2.3. [I12] Let
wW=uov.
Then
Wl = H™ " (. @) © v (1, @,))

always presents u-level sets of the fuzzy number w.
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Remark 2.4. [26] The horizontal membership function H is a linear mapping. Let u,v € E and k € R.
Then

(1) Hu®v) = uf (1, @) +v& (1, @) = H@w) + H©);
(2) Hku) = kus" (i, @) = kH(w).

Definition 2.3. [12] Let u,v € E. The function

Dy : EXE — R" U {0}, Dg(u,v) = supmax | u* (u, @) — v (i, @) |
u

@y, Ay

is a distance between two fuzzy numbers u and v.

Proposition 2.1. Let u,v € E. We have
Dgr(ﬁ’% = Dgr@degrﬁ‘z 0).

Proof. The proof follows from Definition 2.3. O

Definition 2.4. Let N
F:K— E.

The limit of Fi (1) as t approaches t is AcE, if for any € > O there exists 6 > 0 such that whenever
O<|lt—1l <o

(Il - | is the Euclidean norm on R"), we have
D (F(H),A) < &

denoted by N N
lim F () = A.

-1
Definition 2.5. Let F: K — E.toe K,and h € R* withty + h € K. F is said to be continuous at to, Iif
for any € > 0 there exists 6 > 0 such that whenever 0 < ||h|| < 6, we have

Dy (F(ty + h), F(1)) < &.

The function F is continuous on K, if it is continuous at each t € K.
If K = [a, b], Definitions 2.4 and 2.5 coincide with [12, Definitions 12 and 13].

Theorem 2.1. Let F: K — E include m distinct fuzzy numbersuy, Uy, -+ , Uy, ty € K. F is continuous at
ty if and only if its horizontal membership function F&" (t, u, ar) is continuous at ty for any u, . € [0, 1],
where

ar = (@, Qs 5 Q,)

with regard to the distinct fuzzy numbers ui, us, - - - , Uy,

Proof. The proof follows from Definitions 2.3 and 2.5. O
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Definition 2.6. [27] The matrix

A = [E,‘j]
is a fuzzy matrix if its entries are fuzzy numbers, i.e., Eij eE@(=1,---,n;j=1,---,m). Moreover,
the horizontal membership function of the fuzzy matrix

nxXm

A=lal,,
is defined as N
HED = [7(7)

nxXm

3. The granular differentiability and granular convexity of fuzzy mappings

It is well-known that differentiability and convexity of fuzzy mappings play crucial roles in fuzzy
optimization. In this section, based on the gr-difference for fuzzy numbers, we investigate the
granular gradient, gr-differentiability, and twice gr-differentiability of fuzzy mappings. Furthermore,
we examine the relationship between gr-differentiability of fuzzy mappings and differentiability of
their corresponding characterization functions. Finally, building upon the partial order defined
in [12,25], we analyze the convexity properties of fuzzy mappings.

3.1. The granular differentiability of fuzzy mappings
Definition 3.1. [12] The fuzzy mapping
F:la,b] > E
is said to be gr-differentiable at ty € [a, b], if there exists a fuzzy number u € E, such that

. F(to+h) 6, F (1))
lim

=u.
h—0 h

dF (1)

u is called the gr-derivative of F at ty, denoted by =;*. Moreover, F is said to be gr-differentiable on

la, b if it is gr-derivative at any t, € [a, b].

Theorem 3.1. [12] Let
F:la,b] > E

include m distinct fuzzy numbers 1,0, - - -, Up. F is gr-differentiable at t € [a,b] if and only if its
horizontal membership function F&" (t, u, ar) is differentiable at t for any u, «,, € [0, 1],

” [dﬁ(t)) _OFS (L, ap)’

dt ot
where
ar = (aup auza T, a/um)
with regard to the distinct fuzzy numbers uy, uy, - - + , Uy,
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Definition 3.2. Let
F:K—>FE
and
to= (.0, .)€ K.
If fuzzy mapping
G(t)_F(t]"“ i— ]9tlvtl+]a“ 7t2)

IF| (lo)

is gr-differentiable at 17, then F is said to have the ith partial gr-derivative at ty, denoted by =5** and

oF () 4G (1))
ot; B dt

If =~ aF(t) has the jth partial gr-derivative at t, then F is said to have the second order (i, j) partial

gr—derlvatlve of F at to, denoted by aati;;j)-
Definition 3.3. Let
F:K—E
and
to = (t?rg t,?) €K

If all the partial gr-derivatives of F at 1y exist, then the granular gradient of F attyis defined by

OF(t) OF(w) 9F(w)

VFi
(to) = ( T on S

T
ot )y

If all the second order partial gr-derivatives of F at ty exist, then the gr-Hessian matrix of F is denoted
by V2F(ty) and

- O F (t9)
V2F(1y) = 1<i j<n).
(to) [ dir, | (I<i,j<n)
Definition 3.4. Let
F: K-> E
include m distinct fuzzy numbers uy, s, « - - , U, and

to= (.0, .)€ K.

The gradient of the horizontal membership function VF$" for Fattyis defined by

OFS" (1o, . avp) OF%" (1o, 11, OFS" (to, 1, ap)\
VFgr(t(),,Ll,a’F):( (OIJQ/F) (OﬂaF) (OIJQ'F)

ot ’ ot 7 o, ’
for any u, a,, €0, 1], where

ap = (), Oy, 5 ay,)
with regard to the distinct fuzzy numbers uy, uy, - - + , Uy,
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Remark 3.1. The definition of gradient for the horizontal membership function VF$" coincides with
the definition of gradient for the fuzzy mapping F in [13].

Theorem 3.2. Let F: K — E and ty € K. The granular gradient of F exists at t if and only if the
gradient of its horizontal membership function exists at ty and

H (VF(t0)) = VF* (10, . @),

for any u,a,, € [0, 1], where

ap 2 (@, Ay 5 Qy,)

with regard to the distinct fuzzy numbers ui, us, - - - , Uy,

Proof. According to Theorem 3.1 and Definition 3.2, for each i(i = 1,2, --- ,n) and any yu, o,, € [0, 1],
we can obtain

W(af(r())) _ OF¥ (o, ar)

ot; ot;
where
ar = (@, Qs 5 A,
with regard to the distinct fuzzy numbers uy,u, - - - ,u,. Therefore, we have from Definitions 3.3
and 3.4 that

H (VF(10)) = VF* (10, t, @) ,

for any u, @y, € [0, 1], where

ar = (au”auz"” 7aum)

with regard to the distinct fuzzy numbers u1, uy, - - - , Uy,. O

Example 3.1. Let
F(l) = ’I/‘[lf% + ’ﬁztz,

where
t=(t,0) R’ U =(-1,1,2,5) and u =(1,3,5,6).

According to Definition 2.2 and Remark 2.4, the horizontal membership function of Fis as follows:
HF(1) = Qu—1+(6 - S + Qu+ 1+ (5= 3ua,)h
forany u, a,,,a,, €10, 1]. The gradient of the horizontal membership function for F(t) is
VFS (to, i, ap) = (4 — 2 + (12 = 10w)a, )1, 2u + 1+ (5 = 3u)ay,)” .
It follows from Theorem 3.2 that the granular gradient of F (1) is as follows:
VF(t)) = ((-2,2,4,10)t,,(1,3,5,6))".
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Definition 3.5. Let F: K — E,tve K, he R"withty+h €~K, and for a given 6 > 0, ||h|| < 9. F is said
to be gr-differentiable at t, if there exists a fuzzy vector VF(ty) such that

. Flto+h) &y Flto) O (VF(t0), )
lim =0,

h—0 17l

where

~ "\ AF (1)
(VF(t0).h) = Z‘ h"a—r,-o'

The fuzzy mapping Fis gr-differentiable on K, if it is gr-differentiable at each t € K.
Theorem 3.3. If F: K > Eis gr-differentiable at t) € K, then F is continuous at f.

Proof. Since Fis gr-differentiable at 7, € K, there exists a fuzzy vector VF (1), such that

. Flto+ h) 0y Flto) ©g (VF(t0), h)
lim =0,
h=0 lIAll

which implies _ _ B
lim |F(to + 1) 4, F(to) 04, (VF(to). h)| = 0.

Since .
lim (VF(1o), 1) = 0,

we have _ .
}lir%[F(to +h) O, F(to)] = 0.

Therefore, for any £ > 0, there exists 6 > 0; when 0 < ||A]| < 9, we have
Do (F(ty + h) ©,, F(1),0) < &.
According to Proposition 2.1, we can obtain
Dy (F(to + h), F(10)) < €.
This completes the proof. O

Definition 3.6. [13] Let F: K — E include m distinct fuzzy numbers uy, o, - -+ , Uy, tg € K, h € R"

with ty + h € K, and for a given 6 > 0, ||h|| < 8. The horizontal membership function F$" of F is said to
be differentiable at ty, if there exist a vector VF$" (ty, u, ar) and a function

e(h,u,ar) : R"x[0,1] x[0,1]" - R,
such that for any u, . € [0, 1],
F¥ (1o + h, i, ap) = F& (to, p, p) + (VF¥ (to, u, r) , ) + |1l € (h, . aF)
where

}11_1‘)%8(}1’#’&1:) =0
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and
- 8Fgr (t()’ M Q’F)
VF& (ty, u, ar),h)y = hi——————,
( (fo, s @r) , ) ; o
where
ar = (au” auza Tt aum)
with regard to the distinct fuzzy numbers ui, us, - - - ,u,,. The horizontal membership function F&" is

differentiable on K, if it is differentiable at each t € K.

Proposition 3.1. Let F: K — E include m distinct fuzzy numbers uy, Uz, - -+, Uy, to €K, h € R" with
to+h € K, and for a given 6 > 0, ||h|| < 6. The horizontal membership function F*" of F is differentiable
at ty if, and only if, there exists a vector VF8" (ty, u, ar) such that

m Fgr(t() + h’ /.l, QF) - Fgr(t()a 1u9 a’F) - <VFgr(t09/'la a/F)a h> —

o I >
for any u,a,, € [0, 1], where
ar = (@, Qu 5 Ay,,)
with regard to the distinct fuzzy numbers ui, uy, - - - , .
Proof. The proof follows from Definition 3.6. m|
Theorem 3.4. Let F: K — E include m distinct fuzzy numbers Wy, T, Ty, to € K. F is

r-differentiable at t if, and only if, its horizontal membership function F8" is differentiable at t,.
8 y p

Proof. Only if: Let h € R" with 7y + h € K, and for a given 6 > 0, ||A]| < 8. We have from Definition 3.5
that _ _ _
F(to + h) ©g F(ty) 4 (VF(t0), h)

er
Il
According to Remark 2.3 and Definition 2.3, for any £ > 0, we can obtain

,0) <e.

Fgr(to + h’ M, (IF) - Fgr(t()a M, G’F) - <VFgr(t0uu9 a[F)9 h>

sup max | | <e,
poar Il
where
arp = (@, Ay, 5 Qy,)
with regard to the distinct fuzzy numbers u, u,, - - - , u,,. Then we have
|Fgr(t0 + huu’ QF) - Fgr(t()’/la Q/F) - <VFgr(t0 + h&ﬂ? Q'F), h>| <
&,
[l
for any u, @,, € [0, 1]. This implies that
. Fgr(to + ha M, CL’F) - Fgr(t()’ M Q’F) - <VFgr(t0,/l’ CL’F), h> _
lim =0,

h—0 1Al

for any u, ,, € [0, 1]. It follows from Proposition 3.1 that the horizontal membership function of Fis
differentiable at ¢.
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If: According to Proposition 3.1, for any & > 0, we have

ng’(lo +h,p,ap) = F8(to, 4, ap) = (VF¥ (o, p, ap), )
lIAll

| <e,

for any u, a,, € [0, 1], then

Fgr(t() + hnua a/F) - Fgr(t()’ /’la Q’F) - <VFgr(t0nu9 (IF), h>

sup max <e
P Il |
We have from Remark 2.3 and Definition 2.3 that
F(ty + h) ©4 F(to) 05 (VF(15), ) 0
,0) < e.
o ] °
Therefore F is gr-differentiable at #,. O
Corollary 3.1. Let F: K — E include m distinct fuzzy numbers Wy, - - - , iy, and ty € K. If the partial
3F(t0) BF(lo) . BF(lo)

gr-derivative exists on some neighborhood of ty and is continuous at t, then Fis

on 0 Ton 0T T,
gr-differentiable at t,.

Proof. The proof follows from Theorems 2.1, 3.1, and 3.4. m]

BF(lo) IF (1) 19F(to)
Ton 0 on ’ 6t

continuous granular differentiable fuzzy mapping at #,.

If the partial gr-derivative of F is continuous at o, F is said to be a first-order

Definition 3.7. Let F: K — E, to € K, h € R" with ty+ h € K, and for a given 6 > 0, ||h|| < 9. F is said
to be twice gr-differentiable at ty, if there exist a fuzzy vector VF (ty) and n X n symmetric fuzzy matrix
V2F (o) such that

) F(ty + h) 6, F(to) 6, (VF (1), ) grthVZF(to)h
1im
h=0 I8

where

= O F(t)
V2FE(t) =
(fo) l 1,0t
The fuzzy mapping F is twice gr-differentiable on K, if it is twice gr-differentiable at each t € K.

Definition 3.8. [13] Let F: K — E include m distinct fuzzy numbers uy,u>, - -+ Uy, tg € K, h € R"
with ty + h € K, and for a given 6 > 0, ||h|| < 6. The horizontal membership function F$" of F is
said to be twice differentiable at t,, if there exist a vector VF8" (ty, u, ar) and n X n symmetric matrix
V2F8" (ty, 1, ap) such that

1
F¥" (to + hopt,p) = F¥ (to. ) + (VP (to, . p) ) + ShT V2P (1o, ) b+ O ().
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where the n X n matrix V?F8" (ty, i1, ) is the Hessian matrix for the horizontal membership function
F38" at ty and

PF (o) . PFE (o puar)
6;% ot 0ty
2 ) ) .
VFgr(IO’ﬂ’aF): : : : ’
PF (o par) . PF¥ (o puar)
Ftd, a2
for any u,a,, € [0, 1], where
A
afp = (au| s a,uza RS aum)
with regard to distinct fuzzy numbers uy, us, - - - , U, The horizontal membership function F$" is twice

differentiable on K, if it is twice differentiable at each t € K.

Theorem 3.5. Let F: K — E include m distinct fuzzy numbers uy,uy,- -+ ,u, and ty € K. F is twice
gr-differentiable at t, if, and only if, its horizontal membership function F&" is twice differentiable at
to, and

H (VF) = VF (1o, o).

forany u,a,, €0, 1], where
ar = (a'ula Ayt s a’um)

with regard to distinct fuzzy numbers uy, ua, - - - , Uy,

Proof. The proof follows from Theorem 3.4 and Definitions 3.7 and 3.8, and the proof progress is
similar to Theorem 3.4. |

Definition 3.9. Let F: K — E include m distinct Sfuzzy numbersuy, uy, - - -, u,,. The real-valued function

1 pl 1
o(t,pu) = f f ‘.- f F8'(t,u, ap)da, da,, ... do,,
0o Jo 0

is said to be the characterization function of F, where

aF é (au”auzau' ’aum)

with regard to distinct fuzzy numbers uy, uy, - - - ,u,, and u € [0, 1].

Remark 3.2. Let .
F() =u.
According to Remark 2.1, we have
U +u
¢t ) ==

Definition 3.10. Let F: K — E include m distinct fuzzy numbers uy, u,, - -+ , u,,. Denote

1 1 Al 1
Y1) = f o(t, p)du = f f f F8(t,u, ap)da,, ...da, du,
0 o Jo 0

arF = (a/ul’ Ayttt ’a/um)

where

with regard to distinct fuzzy numbers uy, uy, - - - , Uy,.
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Theorem 3.6. Let F: K — E include m distinct fuzzy numbers uy,u,,- - ,u,, and ty € K. If F is
first-order continuous granular differentiable at t,, then the real-valued function

1 1 1
W) = f f f Fo(t, 1, ap)da, .. dar, g
0 0 0

is differentiable at t), where

ar = (aupauz"” 7aum)

with regard to distinct fuzzy numbers uy, uy, - - - , Uy,.

Proof. Let F be first-order continuous granular differentiable at 7. We have from Corollary 3.1 that
F is gr-differentiable at #,, thus F is continuous at #y. It follows from Theorem 2.1 that its horizontal
membership function F#' (¢, u, @) is continuous at #, for any u, «,, € [0, 1], where

ap = (@, Qs 5 Q)
with regard to distinct fuzzy numbers u;, u,, - - - , u,,. Since %(f) (i=1,2,---,n)is continuous at fy, we
can obtain W (i=1,2,---,n)is continuous at f, for any u, ,, € [0, 1], where

ar = (y,, Qs+ 5 Qy,)
with regard to distinct fuzzy numbers u;, us, - - - , u,,. Therefore, W(z) is differentiable at t,. O

3.2. The granular convexity of fuzzy mappings

Definition 3.11. [12,25] Let u,v € E, and we say that

Du>=v,if Hu) = HO) for any a, = a, € [0, 1] and u € [0, 1];

i) u=v,if Hu) = HO) for any a, = a, € [0, 1] and u € [0, 1];
i) u > v, if Hu) > HO) for any a, = a, € [0, 1] and u € [0, 1].

u and v are said to be comparable if

Hw) = H®O)
or
Hw) < H®O)
for any
a, =a, €[0,1]
and u € [0, 1].

Definition 3.12. Let F: K — E. F is said to be granular convex on K if
Ft; + (1 = D)1) < AF (1)) + (1 = DF (1),
forany A € [0,1] and t|,t, € K with t; # t,.
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Proposition 3.2. Let F: K — E include m distinct fuzzy numbers W, us, - - - , T, and F as granular
convex on K. Then, the real-valued function

1 1 1
W(r) = f f f Fo(t, 1, a)dan, . dary, di
0 0 0

a = (@, @, ay,)

is convex on K, where

with regard to distinct fuzzy numbers uy, u, - - - , U, and u, ,, € [0, 1].

Proof. Let F be granular convex on K. We have from Definitions 3.11 and 3.12 and Remark 2.4 that
HF (A + (1 = D)) < AHEF (1)) + (1 = DH(F (1),
forany A € [0,1] and 11,1, € K with #; # t,. That is
F8 (At + (1 = Dy, @) < AFE (t, 1, @) + (1 — DFE (1, u, @),
forany A, u, @y, @y, - ,@,, €[0,1]and t,,1, € K with #; # ,, where
a2 (@, uys 5 Q) -
According to Definition 3.10, we have
YAt + (1 — D) < AY(5)) + (1 — HY(1r),

forany A € [0,1] and ¢, 1, € K with #; # t,. Therefore, ¥ is convex on K. O

Remark 3.3. The convexity of Y(t) does not necessarily imply that the corresponding fuzzy function F
is granular convex.

Example 3.2. Let
F(t) =Te" +t, = (-1,5,6), % =(1,3,7) and t=(1,1) € R>.

It follows from Definition 2.2 and Remark 2.4 that the horizontal membership function of F(t) is as

follows: N
HF(D) = [6 — 1 +T(1 = ), le" + [2u + 1+ 6(1 = )y, 1o,

for any u,a,,,a,, €[0,1]. Therefore,

1 plopl
Y() = f f f F&(t,u, ap)de,, de,,du
0o Jo Jo

PSS!
— f f f {lou—1+7(1 — e, le" + 2u+1+6(1 — wa,,lnldae,, da,,du
0o Jo Jo

15, .7,
= —¢ —1,
4 2"

AIMS Mathematics Volume 10, Issue 4, 10163-10186.



10177

where
af = (a/ul s a’uz)

with regard to distinct fuzzy numbers u, u,. Let

p=(t,0), q=(s,s)eR.
We can obtain

Y(Ap + (1 = Dq) =Yt + (1 = D)sy, Aty + (1 = )s2)

15 s 7

= Zeﬁ“*“ ey Sl + (1= Ds2]

15 15 7 7

Z/le" + Z(l - /l)e““ + E/Uz + E(l —A)s,

15 7 15 7
= /1(Z€tl + Etz) + (1 - /l)(?e‘” + 552)

IA

=A¥(p) + (1 - )¥(q),
for any A € [0, 1], which implies that ¥(t) is convex on R>. If
MH=ay =a, = Oa
we can obtain N
H(F () = —€" + t,.
Then, for any p = (t1,1),q = (s1, 52) € R?,

HFAp + (1 = Dg)) = "= 4 Aty + (1 = )sy)
> —de" — (1 = De* + Aty + (1 = sy
= A(=e" + 1) + (1 = D)(=€"" + 57)
= AH(F(p)) + (1 — YH(F(9)),

for any A € [0, 1]. Thus, F(1) is not granular convex on R.

Theorem 3.7. [13] Let F: K — E include m distinct fuzzy numbers uy, uz, - - - , Uy, and the horizontal
membership function of F(t) be a twice differentiable. Then, Fisa gr-convex fuzzy mapping on K if,
and only if. for all t € K, the gr-Hessian matrix V*F¢ (t, u, @) is a positive semidefinite matrix for any
u,ay, € [0, 1], where

a = (@, @y, ,ay,)

with regard to distinct fuzzy numbers uy, uy, -+ - , Uy,
4. Unconstrained fuzzy optimization and steepest descent method

The steepest descent method, as a cornerstone of classical optimization theory, has been widely
applied in scientific and engineering due to its simplicity and efficiency in locating local minima. In

this section, the steepest method is used to solve the unconstrained fuzzy optimization problem. We
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study the efficient solution of such problems and present a detailed algorithmic framework for the
steepest descent method in unconstrained fuzzy optimization, accompanied by a rigorous convergence

analysis.
Let F be a first-order continuous granular differentiable fuzzy mapping including m distinct fuzzy
numbers uy, u,, - - - , U,,. We consider the following fuzzy optimization problem

(FOP) minF(1), teKk.
Definition 4.1. Let K C R" be an open set and t* € K. If there does not exist any
t € Ns(f)NK,

such that N N
F(t) < F(t"),

t* is said to be a local efficient solution of the FOP, where Ns(t*) is a 6-neighborhood of t*.

Definition 4.2. Let K C R" be an open set and t* € K. If there does not exist any t € K/t* such that
F() < F(t),

t* is said to be a global efficient solution of the FOP, where K/t* is a feasible set excluding point t*.

Theorem 4.1. Let F: K — E include m distinct fuzzy numbers iy, s, - - , Ty and t* € K. If t* is a local
minimizer of the real-valued function \P(¢), then t* is a local efficient solution of the FOP.

Proof. t* is not a local efficient solution of the FOP. Then for any ¢ > 0, there exists a point
te N(s(l*) NK,
such that N N
F(t) < F(t").
By Definition 3.9, we have . .
H(F (1) < HF (),

for any u, @y, € [0, 1], where
@ = (s Qs 5 @,)

with regard to the distinct fuzzy numbers u;, u, - - - , u,,. This implies that
Fe& (f,,u,oz) <F¥(t',p,a),

for any u, @y, € [0, 1], where
@ = (@, @, Q)

with regard to the distinct fuzzy numbers u,, us, - - - , u,,. Therefore,

NI 1 NI I
f f fe f Fé¥(t,u, @)da,, . ..da,, du < f f fe f F¥ (", u, @)da,, ...da, du.
o Jo 0 0 Jo 0

Y(r) < P(1),

i.e., t* is not a local efficient solution of the FOP, which is contradictory. m]

Thus
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Theorem 4.2. Let F: K — E be a granular convex fuzzy mapping. The local efficient solution t* of F
is also the global efficient solution of F.

Proof. t* is not the global efficient solution. Then, there exists 7 € K/t* such that
F@) < F(t).

Moreover, F is a granular convex fuzzy mapping, then we have from Remark 2.3 and Definition 3.11
that

H (F(ai +(1 - /l)t*)) < AH (F(r)) + (1= DH (F(r*))
<AH(F @)+ (1 - DH (F (1))
= H(F(t).
For A € [0, 1] with
At + (1 = Dt € Ns(t) N K,
we have
F(/zi +(1 - A)t*) < E(t),

which is contradictory. O

4.1. The steepest descent method

In this section, we employ the steepest descent method to obtain an efficient solution for the FOP
and assume that F: K — E satisfies the following two conditions:

i) F includes m distinct fuzzy numbers &, i, - - - , i, and is well-defined at each iteration point of {¥},
where i =0,1,2,---.

i1) The fuzzy mapping F is first-order continuous granular differentiable.

It follows from Theorem 3.6 that real-valued function

1 1 1
W(r) = f f f Fo (6,1, Ddan, ... day dg
0 0 0

is differentiable and (1), V¥(t*¥) are well-defined for all k = 0,1,2,--- . According to Taylor’s
formula, we can approximate the real-valued function

1ol 1
Y1) = f f f F&(t,u, )de,, ...da,, du
o Jo 0

h(?) = P(®) + VPO (1 — 1P).

at t*) by a linear function

Let
t=1%+v,

and we have

h(i® +v) = P(D) + VRE0)y, (4.1)
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where v € R" with |[v|| = 1. We assume that 4% is the steepest descent direction of ¥(¢) at the point ¥
and satisfies

d® := arg min,{P(1P) + VEEP) v}, 4.2)
Since W(#%) is a constant, the above equation is equivalent to
min  VEE*®)Ty.

—vyhy . o .
Theorem 4.3. ||VV‘1‘J{$<t’<>)|)| is the steepest descent direction at point t*®.

Proof. The proof follows as the classical proof of the steepest descent method. O

Let a® be the step length at the point #* with regard to the steepest descent direction d* and satisfy
a® = arg min P(1* + ad®).
a=0

We can obtain the next iteration point
k) — 4 4 o0 g (4.3)

Thus, we can generate a sequence to approximate the minimizer of function ¥(¢) through (4.3) with an
initial point. We can employ the termination condition of the above process of generating the sequence
{0} as

1D — 19 < &

or
VP < e,

where ¢ is a prespecified tolerance level of acceptable solution. The algorithmic implementation of the
above steepest descent method is presented in Algorithm 1.

Algorithm 1 The steepest descent method.

Input: The objective function ¥(7) = fol fol e fol F8"(t,u, ®)de,, . ..da,, du, the tolerance value g, the
initial point x©,
Output: 7* that meets the accuracy requirements.
1. Initialization k « 0, « x©@,
2. while ||g®|| > £ do
3. Compute gradient g® « VWP(1V).

. . . (k)
Determine search direction d® « —-=£

4 .
llg®l
s:  Compute the step length @® « arg min,so Pt + ad®).
6
7

Update iterate f**D « (0 + o®g®,
- Increment counter k «— k + 1.
8: end while
9: return r* « t*.

The convergence of the steepest method with the positive definite quadratic fuzzy number-valued
objective function is as follows.
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Theorem 4.4. Let 1
F(t) = EITXI —{'B,

where A is a symmetric n X n fuzzy matrix

A = a

|-
nxn

and
[7‘{ (Ziij)]an = [a;gjr(ﬂ’ a’a,-j)]nxn

is a positive definite matrix for any u,a,,; € [0,1], and Bisannx 1 fuzzy matrix [Ei]nxl. Then,
the steepest descent method is linearly convergent with respect to the iterated sequence {t*} and the
efficient solution is t*.

Proof. We have from Definition 2.2 that
1 n n n
. er 4. gr :
HF®) = 5 le ;aﬁw,amgaz} ;b,- (. @)t

where M, @y ap, € [0,1]1and i, j = 1,2, -, n. The real-valued function is

1 n n 1 1 1 .
Y =5 > Y fo fo fo (st Vit ety - derg,

i=1 j=1

n 1 1 1
_ Z f f . f bf.”r(/,l, ozbi)t,-dabl te da'bnd/l
i=1 Y0 O 0

n

1 2 1_ 1 n 1_
:ZZZ fo (ai;() + @(ﬂ))dﬂ-ritj—il; fo (bi(p) + bi(u))dy - 1;

i=1 j=1

17 T
==t Ax -1t B,
> X

where A is an n X n real symmetric matrix [% fol(a_,-j(p) + a;j(w)dul,xn, B is an n x 1 real
matrix [% fol(E(,u) + bi(u))dul . Since [afjr(/l,cyaij)]nxn is a positive definite matrix for any

M, @y, € [0, 1], we have

n n
T
(@ (. vt = Z Z al; (. g, it > 0

i=1 j=1
for any € R" and x # 0. We can obtain
n

1 1 1 n n 1 n 1
f f f D2 @ e ttdag, - dag,du =5 Y > f @) + a;;(w)dutit; > 0.
0 Jo 0 ‘ 2 T Jo —

=1 j=1 =l j=

Thus, A is a positive real matrix. It follows from the classical conclusion that

Hh—1,
(t(k+l) _ l_*)TA(t(k+l) _ l,*) < (tl " ti’l )z(l'(k))TA(t(k)),
1 n

where #; and ¢, are, respectively, the smallest and largest eigenvalues of A. Therefore, the steepest
descent method is linearly convergent. O
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Example 4.1. We consider the following fuzzy optimization problem:
min F(7), ¢ = (t,1,) € R*.

Let
= — 2~ 2 ~
F(t) = wt] + ux(t; — t112) — usty,

where
u; =3,8,9), w=(3,4,5 and uz =(-2,8,10)

are triangular fuzzy numbers. The horizontal membership function of F(t) is

H(F () = F¥'(1, 1, ar)
=[5+ 3+ 6(1 — ), 165 + [3 + p + 2(1 — v, 16 — tit) — [10u — 2 + 12(1

forany u,a,,, ay,, a,, €10, 1], where
aF = (a/ul, a’uza a’u;)

with regard to distinct fuzzy numbers u,, u,, us. Therefore,

1 1 1
%WffowMmmmw

ffff [Su+3+6(1 - )au1t1+[3+,u+2(1 )au2(t2—t1t2)

- [10u -2 + 12(1 - wea,, 1t }da,, da,,da,,du
:7t1 + 4(12 — 11tp) — 61.

According to Algorithm 1, with the initial point
2 =(0,1)
and the tolerance value 107, the efficient solution of Y(t) is obtained after 9 iterations as
t = (0.50000, 0.25000).

Detailed iterations are provided in Table 1.

Table 1. Iteration data table and dates from MATELAB R2021b.

— aylt,

Iteration: k. iteration points: #*) direction: d® step length: A% functional value: W(+®)
1 (0.642633,0.485893) (-1.053292,-1.316614) 0.822972 -1.269592
2 (0.479054,0.281419) (0.418923,-0.335138) 0.261855 -1.490348
3 (0.505975,0.259882) (-0.044125,-0.055156) 0.034476 -1.499596
4 (0.499123,0.251316) (0.017550,-0.014040) 0.010970 -1.499983
5 (0.500250,0.250414) (-0.001848,-0.002311) 0.001444 -1.499999
6 (0.499963,0.250055) (0.000735,-0.000588) 0.000460 -1.500000
7 (0.500010,0.250017) (-0.000077,-0.000097) 0.000061 -1.500000
8 (0.499998,0.250002) (0.000031,-0.000025) 0.000019 -1.500000
9 (0.500000,0.250001) (-0.000003,-0.000004) 0.000003 -1.500000
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We have from Theorem 4.1 that t is a local efficient solution of F (1). It follows from Definition 3.8
that the Hessian matrix for the horizontal membership function F*&" is

6+ 10u+12(1 —wa,, -3-pu-2(1-wa,

2 rrgr =
V°F (l‘,/«l,a’F) -3 — - 2(1 _'u)auz 6 +2,U +4(1 _,u)auz .

Thus,

min {6+ 10u + 12(1 — we,,} =6 >0
y,aule[O,l]

and
min  |V2F¥ (t,u, ap)| =27 > 0.
[ty @y €10,1]
Then, V*F¢ (t,u, A) is a positive definite matrix. According to Theorem 3.7, F(t)isa gr-convex fuzzy
function. We have from Theorem 4.2 that t is a global efficient solution of F() ( Figure 1 shows the
variation of the functional value W(1*) with respect to the number of iterations K under the steepest
descent method with the objective function

F(tla t2) = (37 8’ 9)t% + (3’ 4’ 5)(t§ - tl t2) - (_2, 8’ 1O)t1

In the first few steps, the objective function decreases rapidly; but when approaching the efficient
solution of F(t), the convergence is slow).

-1.45 8

*
A5+ . * * * * * ¥

1 2 3 4 5 6 7 8 9

Figure 1. The iteration process of the steepest descent method with the objective function
F(ti,0) = (3,8,91 + (3,4,5) (15 — ti2) — (=2,8, 10)1,.

Furthermore, the horizontal membership function of Fi (1) at
t = (0.50000, 0.25000)
is

— 1 1 1
HF®) = 7151+ 3 +6(1 = a1 = 7213+ 1+ 201 = ] = 51100 = 2+ 12(1 = e, .

According to Remark 2.2, we can obtain

73 9 49

FiO) = (16776

).
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5. Conclusions

We define granular differentiability of fuzzy mappings from R”" to E, provide the characterization
of differentiability for the horizontal membership function, and discuss the granular convexity of
fuzzy mappings. Granular differentiability and convexity overcome limitations of the Hukuhara
difference, resulting in improved convergence properties and efficiency. Based on W(¢), we have
proved that the proposed method achieves linear convergence for quadratic fuzzy optimization
problems, thereby ensuring both reliability and efficiency in practical implementations. The
numerical experiments validate the theoretical findings and demonstrate rapid convergence of the
algorithm. The research in this paper not only enriches the fuzzy optimization theory, but also
provides new ideas and technical means for fuzzy numerical computation. Furthermore, the paper
provides a robust tool for solving optimization problems in environments with imprecise data,
offering potential applications in engineering and economics. In the future, we will apply this method
in multi-objective, multi-constraint, and non-convex fuzzy optimization problems and explore its
potential for wide application in practical problems. Additionally, based on both our current work and
the foundation established in [28], we will explore more advanced optimization algorithms for fuzzy
optimization problems.
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