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Abstract: We examined ternary hybrid Carreau nanofluid flow on a porous bi-directional elongating 

sheet. The nanoparticles of TiO2, CoFe2O4, and MgO were mixed with water to get a ternary hybrid 

nanofluid. The flow was influenced by slip conditions of velocities along the x- and y-axes. The impacts 

of thermal- and space-dependent heat sources, thermal radiation, viscous dissipation, and Joule heating 

were used in this study. Moreover, magnetic effects were used along the z-axis, which was normal to 

the flow direction. The major equations were solved using the homotopy analysis method (HAM) in 

dimensionless form. As an outcome of this study, we discovered that with progression in velocity slip 

factors along x- and y-axes, magnetic factor, porosity factor, and local Weissenberg number, there was 

a reduction in primary and secondary velocities. With an upsurge in the stretching ratio factor, there 

was a reduction in primary flow and augmentation in secondary flow. Thermal distribution was 

augmented with the surge in thermal Biot number, thermal-dependent heat source factor, magnetic 

factor, space-dependent heat source parameter, radiation factor, and Eckert numbers along primary and 

secondary directions. The skin friction coefficients have augmented with growth in magnetic factor, 

porosity factor, and velocity slip factors along the x- and y-axes. The Nusselt number escalated with a 
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surge in radiation factor, space-dependent heat source factor, thermal-dependent heat source factor, 

and Eckert numbers along x- and y-axes. Our results were validated through comparative analysis by 

matching our results with established data. A fine agreement was noticed among all the results. Our 

findings benefit aerospace, biomedical, and electronics industries by improving thermal management 

in porous media. Magnetic and slip conditions aid in advanced manufacturing, while enhanced Nusselt 

numbers support efficient heat exchanger design. 

Keywords: ternary hybrid nanofluid; Carreau nanofluid; thermal radiation; heat source; viscous 

dissipation; Joule heating; slip conditions 

Mathematics Subject Classification: 76A02, 76D05, 65L10 

 

Nomenclature 

Symbol  Name  Symbol  Name  
, ,u v w  Velocity components 1.m s−    , ,x y z  Coordinate axis  m  

wu ,
wv  Velocities along x- and y-directions 

1.m s−    

b  Constant  

c  Constant wT  Surface temperature  K  

fT  Fluid temperature  K  T
 Free-stream temperature ( )K  

0B  Intensity of magnetic field 1.A m−      Electrical conductivity 1.S m−    

  Kinematic viscosity 2 1.m s−      Dynamic viscosity 1 1. .kg m s− −    

K  Porosity coefficient 2m      Material constant  

n  Power-law index k  Thermal conductivity 1 1. .W m K− −    

*k  Mean absorption coefficient  *  Stefan–Boltzmann constant 
2 4. .W m K− −    

pC  Specific heat 1. .J kg K −    SQ  Space-dependent heat source 

coefficient 3 1. .W m K− −    

TQ  Thermal-dependent heat source 

coefficient 3 1. .W m K− −    

*

1A  Coefficient of velocity slip along the 

x-direction  

*

2A  Coefficient of velocity slip along the 

y-direction  

  Nanoparticle volume fraction  

1. Introduction  

Nanofluid flow designates the motion of a base fluid comprising nanoparticles (with a size of 1−100 

nm). These nanoparticles enhance thermal conductivity, improve heat transfer rates, and reduce 

viscosity effects, as revealed first by Choi and Eastman [1]. Nanofluids demonstrate superior 

convective heat transfer, making them ideal for cooling systems, microelectronics, and biomedical 

devices. Ali et al. [2] investigated numerically micro-polar nanofluid flow on a surface. Galal et al. [3] 
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deliberated on MHD nanoliquid flow on a surface with inclined magnetic effects. Hybrid nanofluids 

consist of two diverse kinds of nanoparticles dispersed in a base fluid, offering improved thermal 

properties compared to single-nanoparticle nanofluids, as highlighted by Algehyne et al. [4]. These 

fluids exhibit enhanced thermal conductance and stability due to synergistic effects [5,6]. The study of 

hybrid nanofluid flow involves analyzing their rheological behavior, stability, and heat transfer 

characteristics, which depend on nanoparticles' shape, size, volume fraction, temperature, and flow 

conditions, including laminar or turbulent regimes. Ternary hybrid nanofluids contain three unlike 

nanoparticles mixed in a base fluid, offering even greater thermal and mechanical advantages than 

hybrid nanofluids. Guedri et al. [7] explored that these fluids exhibit superior heat transfer performance, 

enhanced stability, and reduced viscosity compared to single and hybrid nanofluids. Researchers have 

focused on optimizing these fluids for maximum efficiency in applications like nuclear cooling, 

aerospace, and advanced energy systems [8]. Nanofluids, hybrid nanofluids, and ternary hybrid 

nanofluids significantly impact velocity and temperature profiles in fluid dynamics. Shah et al. [9] 

revealed that the addition of nanoparticles generally increases viscosity, which can reduce velocity due 

to higher resistance. However, thermal conductivity improves, leading to higher heat transfer rates and 

reduced temperature gradients. In hybrid and ternary hybrid nanofluids, the combined properties of 

different nanoparticles enhance energy transport, further increasing thermal efficiency. Near heated 

surfaces, temperature profiles rise due to improved heat absorption. Advanced nanofluids offer 

optimized thermal and flow performance in engineering applications. Rabby et al. [10] discussed the 

ternary hybrid nanofluid flow by discussing its preparation, properties, and stability.  

Fluid flow with thermal radiation is an interesting phenomenon where heat transfer occurs due to 

convective and radiative effects. In many engineering applications, like aerospace, nuclear reactors, 

and industrial furnaces, thermal radiation plays a vital role in influencing the temperature distribution 

within a flowing fluid [11]. When a fluid flows past a heated surface, heat is transferred through 

conduction at the interface, convection within the bulk fluid, and radiation if the temperature is 

sufficiently high. The governing equations for such flows include the energy equation accounting for 

convective and radiative heat transfer and the radiative transfer equation, which describes how 

radiation propagates through a medium. Anwar et al. [12] studied thermally radiative effects in the 

existence of a thermal-based source on nanofluid flow on a surface. Sarfraz et al. [13] investigated that 

the existence of radiation alters the temperature gradients in the fluid, which affects its density, 

viscosity, and overall flow characteristics. Nayfeh et al. [14] highlighted that for optically thin fluids, 

radiation directly influences the temperature field without significant absorption, whereas in optically 

thick fluids, radiation is absorbed and re-emitted multiple times, leading to more uniform temperature 

distributions. In engineering applications, thermal radiation is vital for designing efficient cooling 

systems, improving thermal insulation, and predicting heat transfer rates accurately [15]. Thermal 

radiation significantly alters thermal profiles by introducing additional heat transfer pathways. In high-

temperature flows, radiation reduces steep temperature gradients, leading to more uniform temperature 

distributions. Sohail et al. [16] discussed thermal radiative effects on nanofluid flow past a disk. The 

study of fluid flow with thermal radiation is particularly important in high-temperature industrial 

processes and fire safety engineering, where radiation significantly influences heat transfer and fluid 

motion [17]. Bilal and Riaz [18] studied Williamson fluid flow on a stratified surface with thermal 

radiative effects by implementing a machine learning methodology. In industrial applications, radiation 

modifies cooling rates, affecting material properties. These impacts help engineers design better 

thermal management systems in reactors, combustion chambers, and space applications where 

radiative effects dominate heat transfer processes.  

Fluid flow with a heat source is a vital phenomenon in engineering and natural systems, involving 
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fluid motion while heat is added or removed. This process is mathematically governed by a specific 

term in the energy equation for heat transfer. Heat sources can be internal (like chemical reactions or 

electrical heating) or external (like radiative or convective heating). Ali et al. [19] investigated that the 

existence of a heat source alters the temperature distribution in the fluid, leading to variations in density 

and viscosity. These variations can induce buoyancy-driven flow, also known as natural convection, 

where hotter fluid rises and cooler fluid sinks, forming complex circulation patterns. Jalili et al. [20] 

discussed thermally the MHD Jeffery fluid flow on a surface with a heat source and chemically reactive 

effects. Alqawasmi et al. [21] inspected ternary hybrid nanofluid flow on a sheet with the effects of a 

heat source. The interaction between flow and heat influences velocity fields, pressure distribution, 

and turbulence characteristics. Madhukesh et al. [22] examined the ternary hybrid nanoliquid flow 

computationally through a conduit with impacts of heat sink/source. High heat fluxes can result in 

thermal boundary layers, affecting heat transfer efficiency. In industrial applications, such flows are 

found in cooling systems, nuclear reactors, and combustion chambers [23]. Vinodkumar Reddy [24] 

discussed the effects of heat source on stagnant point MHD fluid flow through a permeable medium 

subject to chemically reactive effects. Abbas et al. [25] emphasized that the existence of a heat source 

significantly alters thermal profiles by introducing temperature gradients that drive heat transfer. In 

steady-state conditions, temperature increases near the source and gradually decreases outward, 

forming a thermal boundary layer. Variations in the thermal profile influence system efficiency, 

material stress, and energy losses in industrial and natural applications. Swain et al. [26] discussed 

numerically three-dimensional Maxwell nanoparticle flow on a permeable elongated sheet with effects 

of heat sink/source.  

Viscous dissipation in fluid flow describes the alteration of mechanical to thermal energy. This 

occurs because viscosity causes energy loss in the form of heat. The effect is particularly significant in 

high-speed flows, microfluidic systems, and flows with high shear rates, like those in lubrication, 

polymer processing, and geophysical applications [27]. The governing equation for heat transfer with 

viscous dissipation is derived from the energy equation, which includes a term accounting for the heat 

generated by shear stresses. Mathematically, this is expressed as the dissipation function, which 

depends on velocity gradients and viscosity. Khedher et al. [28] scrutinized the dissipative effects on 

EMHD fluid flow along a horizontal circular cylinder. Rehman et al. [29] discussed dissipative fluid 

flow on an extending sheet by computing the analytical solution. The significance of viscous 

dissipation varies depending on the flow regime, fluid properties, and boundary conditions [30]. In 

laminar flows, dissipation effects are moderate, while in turbulent flows, they become more intense 

due to chaotic fluid motion. Li et al. [31] explored that viscous dissipation alters thermal profiles by 

introducing additional heat sources within the fluid, affecting temperature gradients and heat transfer 

rates. In shear-dominated flows, this can lead to higher core temperatures, flattening thermal profiles. 

In microchannels, where heat transfer mechanisms differ from macroscale systems, viscous dissipation 

becomes a crucial factor in temperature distribution. Additionally, in natural convection, dissipation 

can either enhance or suppress buoyancy-driven flows depending on whether the added heat increases 

or decreases the fluid density gradients. Viscous dissipation plays a main role in various uses like 

cooling of electronic components, biological fluid mechanics, and industrial heat exchangers [32]. 

Abid and Hasnain [33] used viscous dissipative effects on Casson fluid flow over a curved artery 

surface and highlighted that proper analysis of this effect ensures optimized thermal management and 

prevents overheating in high-performance systems.  

Fluid flow with Joule heating describes the motion of a conductive fluid under the influence of 

an electric field, which generates heat due to electrical resistance. This phenomenon is observed in 

various applications, including microfluidics, electro-hydrodynamic systems, and industrial heating 
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processes [34]. The heating effect depends on factors like fluid properties, electric field strength, and 

flow conditions. Elboughdiri et al. [35] highlighted that the Joule heating significantly alters the 

temperature distribution, affecting fluid viscosity, density, and velocity profiles. In forced convection, 

the additional heat influences boundary layer development, enhancing or disrupting thermal 

equilibrium. In natural convection, Joule heating may introduce buoyancy-driven flow variations. 

Hasan et al. [36] deliberated the effects of entropy production and Joule heating for MHD fluid flow 

for a thermally non-homogeneous coolant system. In microfluidic applications, controlled Joule 

heating is used for precise temperature regulation, affecting chemical reactions, mixing efficiency, and 

biological assays. In industrial processes, like electrochemical systems and molten metal flows, it aids 

in maintaining optimal temperatures for processing. Ghaderi et al. [37] discovered that Joule heating 

affects thermal profiles by introducing non-uniform temperature gradients in the fluid. The heat 

generated increases the local temperature, leading to thermal stratification and possible hotspots. This 

alters heat conduction and convection mechanisms, modifying velocity fields and flow stability. Ullah 

et al. [38] studied Joule heating effects on time-based micro-polar fluid flow past a horizontal revolving 

sheet. Abdeljawad et al. [39] discussed this type of effect on fluid flow through Dacry-Forchheimer 

medium with Cattaneo-Christov flux model effects. In microfluidics, controlled heating enhances 

precision, while in larger systems, excessive heating can lead to overheating and efficiency losses. 

Variations in thermal profiles influence phase transitions, reaction rates, and energy dissipation. Tahiri 

et al. [40] scrutinized Joule heating effects on fluid flow through the micro-channel. Proper design and 

control of Joule heating are vital to optimizing performance while minimizing undesirable thermal 

effects in engineering and industrial applications. 

A novel exploration of the Carreau ternary hybrid nanofluid past a bi-directional extending sheet 

incorporates the multiple physical effects that are not comprehensively examined together in other 

studies and is taken into consideration in this effort. The novelty factors of this research article are: 

• Unlike conventional analyses that focus on nanofluids and hybrid nanofluids, we consider a 

ternary hybrid nanofluid flow composed of TiO₂, CoFe₂O₄, and MgO nanoparticles in a water-

based fluid, offering enhanced rheological and thermal properties.  

• This analysis includes the velocity slip conditions along both axes, significantly impacting the 

momentum transfer and is of paramount importance to novel understandings of the flow control 

mechanics.  

• This analysis includes the influences of thermal-dependent and space-dependent heat sources, 

Joule heating, viscous dissipation, and thermal radiation, providing a more realistic model for 

heat transport in porous media.  

• The governing equations are transformed into a dimensionless system and analyzed using the 

homotopy analysis method, which ensures enhanced accuracy and great convergence control 

compared to numerical and traditional perturbation techniques.  

Our objectives of this article are:  

• To develop a robust mathematical model for the Carreau ternary hybrid nanofluid past a bi-

directional extending sheet using porous media, thermal convective, and slip conditions.  

• To investigate the impacts of velocity slip, internal heat generation, magnetic field, and thermal 

radiation on the velocity and temperature distributions.  

• To investigate the influences of thermal-dependent and space-dependent heat sources on heat 

transfer mechanisms.  

• To investigate the influences of dimensionless factors (e.g., Biot number, Weissenberg number, 

stretching ratio factor, and Eckert number) on surface drag and heat transfer. 

To validate the mathematical model by comparing our results with existing literature. 
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2. Formulation of the problem 

Consider the three-dimensional Carreau ternary hybrid nanofluid flow over a bi-directional 

elongating sheet using porous media. TiO₂, CoFe₂O₄, and MgO nanoparticles are taken into 

consideration along with water as a base fluid to form a ternary hybrid nanofluid. The surface of the 

sheet is stretched with velocity ( )wu x cx=   along the x-direction and ( )wv y by=   along the y-

direction such that c  and b  are fixed positive numbers. The magnetic field, having strength 
0B , is 

applied to the flow system in the normal direction, as portrayed in Figure 1. The flow is influenced by 

the velocity slip and convective conditions. The flow is convectively heated by a hot working fluid 

with temperature 
fT  , such that 

f wT T   where 
wT   is the surface temperature. Additionally, the 

impacts of thermal-dependent and space-dependent heat sources, thermal radiation, viscous dissipation, 

and Joule heating are taken into consideration. Thus, the major equations are [41–44]:  

 

Figure 1. Flow geometry.  

Continuity equation:  

0.x y zu v w + + =          (1) 

Momentum equations:  
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Temperature equation:  

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )

* 3 2

* 2

2 22 2 2

0

16

3
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p x y z thnf Tthnf
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    (4) 

The corresponding BCs are: 

( )* *

1 2, 0, , 0,

, 0, , .

w z w z thnf z f fu u A u w v v A v k T h T T at z

u v T T as z
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→ → → →
    (5) 

The density is defined as defined as [45]:  

( ) ( ) ( ) 3 2 1
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    (6) 

The specific heat is defined as [45]: 
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   (7) 

The dynamic viscosity is defined as [45]: 

( ) ( ) ( )
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The thermal conductivity is defined [45]: 
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The electrical conductivity for ternary hybrid nanofluid is defined as [45]: 

( ) ( )
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       (10) 

The experimental values of the considered nanoparticles and water are defined in Table 1 [46–48].  

Table 1. Experimental values of base fluid and nanoparticles.  

Properties 2H O  
2TiO  

2 4CoFe O  MgO  


-3kg.m    997.1 4250 4907 3560 

pC
-1J.kg.K    4179 686.2 700 955 

k -1 -1W.m .K    0.613 8.9538 3.7 45 

 -1S.m  

 

0.05 2.38×106 5.51×109 1.42×10-3 

The similarity transformations are described as [49–51]:  
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Employing Eq (11) in Eqs (1)−(5) we have:  
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With corresponding BCs:  
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A A
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=  is the slip factor for primary velocity, and 

*
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f

c
A A

v
=  is the slip factor for secondary velocity.  

3. Physical quantities 

The physical quantities for the current work are described as follows: 

The skin frictions along the primary and secondary are respectively defined as:  

2 2

22
, ,

wywx
fx fy

w w

C C
u u



 
= =           (16) 

where wx  and 
wy , the shear stresses along x- and y-directions, are defined as:  

( )( ) ( )( )
1 1

2 22 22 2

0
0

.1 , 1

n n

wx thnf z z wy thnf z z
z

z

u u v v     

− −

=
=

   =  +  =  + 
   

   (17) 

The Nusselt number is defined as:  
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( )
,w

x

f f

xq
Nu

k T T

=
−

          (18) 

where 
wq , the heat flux is defined as:  

3 *

*

0

16

3
.w thnf z

z

T
q k T

k



=

 
= − +  

 
       (19) 

Using Eq (11), Eq (16) is reduced as: 

( )( ) ( )

( )( ) ( )

1/2 2 2

1

1/2 2 2

1

2
1 0 0 ,

2
1 0 0 .

fx x

fy y

C Re We F F

C Re We G G

 = +


 = +


       (20) 

Using Eq (11), Eq (18) is reduced as: 

( ) ( )1/2

4 0 .x xNu Re Rd − = −  +        (21) 

4. Solution method 

To evaluate the solution of Eqs (12)−(14) with Eq (15), we use the homotopy analysis method 

(HAM). It is used to determine the solution to nonlinear ODEs. By introducing an auxiliary parameter 

(  ), HAM enables the flexibility to adjust and ensure convergence. This feature makes it highly 

effective in solving a wide range of nonlinear problems. This approach requires an initial guess, which 

is described for the current problem in the following lines: 

( )
( )

( ) ( )
( )

( ) ( )
( )

( )0 0

1 2 4

1
1 , 1 , .

1 1 1

T

T

Bi
F e G e e

A A Bi

  
   − − −= − = − =

+ +  +
  (22) 

The linear operators are chosen as: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0, , .F F F G G G               = − = − = −    (23) 

With properties: 
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        (24) 

where 
1 8 −

 

are the constants.  

5. HAM convergence  

HAM ensures convergence through the convergence control parameter (  ), which enables 

flexible adjustment of the solution series. Factor ( ) plays a vital role in defining and monitoring the 

area of convergence for series solutions. For this problem, -curves are sketched in Figure 2(a)−(c) 
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to secure the convergence for each profile of the solution series on specific domains. The convergence 

of velocity distribution along the x-axis ensures the domain 1.0 0.2f−   . The convergence of 

velocity distribution along the y-axis ensures the domain 2.0 0.00g−    . The convergence of 

thermal profiles ensures the domain 2.3 0.7−   .  

  

(a) − curve for ( )0F   (b) − curve for ( )0G  

 

(c) − curve for ( )0  . 

Figure 2. − curves for ( )0F  , ( )0G  and ( )0  . 

6. Validation 

To ensure the validation of current results, we compare our results with established studies of 

Yusuf et al. [52], Mabood and Das [53], and Xu and Lee [54]. This comparison is illustrated for various 

values of (
1/2

fx xC Re , 
1/2

fy yC Re ) in Tables 2 and 3 regarding variations in   and M  and fixing other 

factors. Table 2 confirms the validation of the method for variations in  , while Table 3 confirms the 

validation method for variations in M . 
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Table 2. Comparison of our results with Yusuf et al. [52].  

   0.0 0.2 0.4 0.6 0.8 1.0 

Ref. [52] 
1/2

fx xC Re  1.0 1.039495 1.075788 1.109944 1.142489 1.173721 

 
1/2

fy yC Re  0.0 0.148737 0.349209 0.590529 0.866683 1.173721 

Present 
1/2

fx xC Re  1.0 1.039495 1.075788 1.109944 1.142489 1.173721 

 
1/2

fy yC Re  0.0 0.148737 0.349209 0.590529 0.866683 1.173721 

Table 3. Comparison of our results with Mabood and Das [53] and Xu and Lee [54].  

 M  0.0 1.0 5.0 10.0 50.0 100.0 500.0 1000.0 

 

Yusuf 

et al. 

[52] 

1.0000

08 

1.414

214 

2.449

49 

3.3166

25 

7.1414

28 

10.049

88 

22.383

03 

31.638

58 

1/2

fx xC Re  

Maboo

d and 

Das 

[53] 

1.0000

08 

1.414

214 

2.449

49 

3.3166

25 

7.1414

28 

10.049

88 

22.383

03 

31.638

58 

 

Xu 

and 

Lee 

[54] 

- 
1.414

21 

2.449

4 
3.3166 7.1414 

10.049

8 

22.383

02 
- 

 
Presen

t 

1.0000

08 

1.414

214 

2.449

49 

3.3166

25 

7.1414

28 

10.049

87 

22.383

02 

31.638

58 

7. Discussion of results 

We examine ternary hybrid Carreau nanofluid flow on a porous bi-directional elongating sheet. 

The nanoparticles of 
2TiO , 

2 4CoFe O , and MgO  mix with water to get a ternary hybrid nanofluid. 

The flow is influenced by slip conditions of velocities along the x- and y-axes. The impacts of thermal- 

and space-dependent heat sources, thermal radiation, viscous dissipation, and Joule heating are used 

in this study. Moreover, magnetic effects are used along the z-axis, which is normal to the flow 

direction. The major equations are solved through the HAM in dimensionless form. The impacts of 

various emerging factors on velocities and temperature are discussed in the upcoming paragraphs. The 

default values of the embedded factors are chosen as, 0.1Rd = , 0.1SdQ = , 0.5TBi = , 0.1TdQ = , 

0.1xEc = , 0.1yEc = , 0.5We = , 0.2 = , 0.5 = , 1.0M = , 1 0.5A =  , and 
2 0.5A = .  

The effects of the velocity slip factor 1A  along the x-axis on primary velocity distribution

( ) F   are portrayed in Figure 3, in which ( ) F    has a declining behavior for 

1 0.1, 0.2, 0.3, 0.4A = . As the velocity slip factor increases along the x-axis, the interaction between 

the fluid and the surface weakens, leading to a reduction in momentum transfer from the surface to the 

fluid. This causes lower shear forces and less energy being conveyed to the fluid, causing a decrease 

in ( ) F  . Physically, this can be interpreted as a greater resistance to acceleration due to reduced 

adherence of fluid particles to the surface, which inhibits the development of a strong velocity profile 
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( ) F  . Consequently, the overall motion of the fluid slows down, leading to a reduction in primary 

velocity ( ) F   . The effects of velocity slip factor 2A   along the y-axis on ( ) G    are 

portrayed in Figure 4, in which ( ) G   has a declining behavior for 
2 0.5, 0.6, 0.7, 0.8A = . As the 

velocity slip factor 2A  increases along the y-axis, the interaction between the fluid and the surface 

weakens, reducing the transfer of momentum from the primary flow to the secondary flow. This results 

in a decrease in secondary velocity ( ) G  , which is typically driven by shear forces and boundary 

layer effects. Physically, this can be understood as a reduction in the strength of secondary flow 

structures, such as vortices, due to lower frictional forces at the boundary. Consequently, the flow 

becomes more aligned with the primary direction, and the intensity of secondary motion ( ) G   

diminishes, as illustrated in Figure 4. 

 

Figure 3. Effect of 1A  on ( )F  .  
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Figure 4. Effect of 2A  on ( )G  . 

The effects of the magnetic factor M on ( ) F   are portrayed in Figure 5, in which ( ) F   

has a declining behavior for 0.5, 1.0, 1.5, 2.0M = . As M  (magnetic factor) increases the Lorentz 

force-generated and acts as a resistive force, opposing the fluid motion. This results in a reduction of 

( ) F  . In the case of ternary hybrid nanofluid flow, which consists of multiple nanoparticles (
2TiO , 

2 4CoFe O   and MgO  ), the combined effects of enhanced viscosity and intensified electromagnetic 

interactions further amplify this resistive effect, leading to a more noticeable velocity reduction than a 

single-component nanofluid. The increased particle-particle and particle-fluid interactions in ternary 

hybrid nanofluids contribute to greater momentum diffusion, thereby reinforcing the deceleration effect 

under a magnetic field. The effects of the magnetic factor M on ( ) G   are portrayed in Figure 6, in 

which ( ) G    has a declining behavior for 0.5, 1.0, 1.5, 2.0M =  . The reduction in secondary 

velocity ( ) G   with increasing magnetic factor is due to the Lorentz force, which acts as a resistive 

force against the fluid motion. In the case of ternary hybrid nanofluid flow, the presence of multiple 

nanoparticles enhances the electrical conductance of the fluid, leading to a stronger interaction with 

the applied magnetic field. This causes a more significant damping effect on the secondary velocity 

( ) G   compared to a regular nanofluid. The increased resistance slows down the transverse motion, 

making the suppression of secondary flow more noticeable in ternary hybrid nanofluids. 
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Figure 5. Effect of M  on ( )F  . 

 

Figure 6. Effect of M  on ( )G  .  

The effects of stretching ratio factor     on ( ) F    are portrayed in Figure 7, in which 

( ) F   has a declining behavior for 0.5, 1.0, 1.5, 2.0 = . As stretching ratio factor   increases, 

the fluid experiences greater elongation, leading to a decrease in primary velocity ( ) F  . Physically, 

this occurs because as the sheet’s surface stretches, the fluid’s particles spread over a larger area, 

causing a redistribution of momentum. This stretching effect reduces the forward motion of the fluid’s 

particles, as more energy is used in the elongation process rather than maintaining the initial velocity. 

In fluid dynamics, this is observed when an increasing stretching ratio leads to a thinner boundary layer, 
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which reduces the fluid’s ability to sustain its primary velocity due to increased resistance and strain 

effects. The effects of stretching ratio factor    on ( ) G   are portrayed in Figure 8, in which 

( ) G   has an augmenting behavior for 0.5, 0.6, 0.7, 0.8 = . As the stretching ratio factor    

increases, the fluid elements experience greater elongation, leading to enhanced momentum transfer. 

This results in an increase in secondary velocity ( ) G  , which represents the motion perpendicular 

to the primary flow direction. Physically, this can be interpreted as the stretching force inducing 

stronger transverse flow effects due to increased shear stress and strain rates within the fluid. In 

practical scenarios, like in polymer processing or boundary layer flows, a higher stretching ratio can 

enhance mixing and influence the overall stability of the flow field. 

 

Figure 7. Effect of   on ( )F  . 

 

Figure 8. Effect of   on ( )G  .  
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The effects of porosity factor    on ( ) F   are portrayed in Figure 9, in which ( ) F   

has a declining behavior for 0.1, 0.2, 0.3, 0.4 =  . As porosity increases    , ( ) F   decreases 

because a more porous medium offers greater resistance to flow. Higher porosity means more void 

spaces within the material, leading to increased interactions between the fluid and the solid matrix on 

the sheet’s surface. These interactions cause energy dissipation through friction and turbulence, 

reducing the overall velocity of the fluid. Additionally, a highly porous medium leads to fluid 

dispersion, further slowing down the primary flow direction. This effect is commonly observed in 

porous rock formations, filtration systems, and other fluid transport processes in porous materials. The 

effects of porosity factor    on ( ) G   are portrayed in Figure 10, in which ( ) G   has a 

declining behavior for 0.1, 0.2, 0.3, 0.4 = . As the porosity increases, more void spaces are present 

in the medium, reducing the resistance to fluid flow. This leads to a decrease in the shear forces that 

drive secondary velocity components, which are typically caused by variations in pressure and velocity 

gradients within the fluid. In porous media on the surface of the sheet, the increased porosity enables 

the fluid to pass more freely through the voids, reducing the need for significant transverse or 

secondary motion ( ) G   . Consequently, the secondary velocity diminishes, and the overall 

momentum exchange in the transverse direction weakens. 

 

Figure 9. Effect of   on ( )F  . 
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Figure 10. Effect of   on ( )G  .  

The effects of the local Weissenberg number  We  on ( ) F   are portrayed in Figure 11, in 

which  We  has a declining behavior for 0.1, 0.2, 0.3, 0.4We = . As the local Weissenberg number 

 We  increases, the fluid’s elasticity becomes more dominant. This causes increased resistance to 

deformation and inhibits the fluid’s ability to flow smoothly. Consequently, ( ) F    decreases 

because the fluid stores more elastic energy instead of converting it into motion. This effect is 

particularly significant in viscoelastic fluids, where higher  We  values cause strain strengthening, 

reducing the overall momentum transfer and slowing the flow in the primary direction ( ) F  . The 

effects of the local Weissenberg number  We  on ( ) G   are portrayed in Figure 12, in which 

 We  has a declining behavior for 0.1, 0.2, 0.3, 0.4We = . As  We  surges, the fluid’s elasticity 

becomes more dominant, leading to stronger normal stress differences. This elasticity resists secondary 

flows ( ) G  , which are typically induced by shear or other forces perpendicular to the primary 

flow direction. Consequently, the secondary velocity ( ) G   decreases because the fluid’s internal 

structure resists deformation and redistributes stress in a way that suppresses transverse motion. This 

effect is particularly significant in flows where viscoelasticity is crucial, such as in polymeric or 

biological fluids. 
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Figure 11. Effect of We  on ( )F  . 

 

Figure 12. Effect of We  on ( )G  . 

The effects of thermal Biot number  TBi  on the thermal distribution ( )    are portrayed in 

Figure 13, in which  TBi   has an augmenting behavior for 0.1, 0.2, 0.3, 0.4TBi =  . As  TBi  

increases, it indicates that heat conduction inside the fluid becomes relatively slower compared to heat 

transfer across the surface. Physically, this means that the temperature gradients within the fluid 

become more noticeable, leading to non-uniform thermal distribution ( )    . In practical terms, 

when  TBi  is low (less than 0.1), the fluid tends to have a nearly uniform temperature since internal 
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conduction is much faster than surface convection. However, as  TBi  grows, heat takes longer to 

diffuse internally, causing significant temperature variations inside the fluid. Moreover, this impact is 

more significant in the case of ternary hybrid nanofluid in comparison to nanofluid. 

 

Figure 13. Effect of TBi  on ( )  . 

The effects of the thermal-dependent heat source  TdQ  on the thermal distribution ( )    

are portrayed in Figure 14, in which  TdQ  has an augmenting behavior for 0.1, 0.2, 0.3, 0.4TdQ = . 

As the heat source  TdQ  increases, more thermal energy is introduced into the system, causing a 

rise in temperature. This results in enhanced thermal distribution ( )    due to increased conduction, 

convection, and radiation. The heat spreads more efficiently through the medium, affecting 

temperature gradients and fluid flow characteristics, especially in heat transfer applications. The 

augmentation in ( )    is more noticeable in ternary hybrid nanofluid flow than nanofluid flow due 

to improved thermal conductivity and heat absorption properties. The synergistic effect of multiple 

nanoparticles enhances energy transport, reducing temperature differences and improving heat 

dissipation efficiency in engineering and industrial applications. 
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Figure 14. Effect of TdQ  on ( )  . 

The effects of space-dependent heat source  SdQ   on the thermal distribution ( )     are 

portrayed in Figure 15, in which  SdQ  has an augmenting behavior for 0.1, 0.2, 0.3, 0.4SdQ = . As 

the space-dependent heat source  SdQ  increases, the thermal energy distribution within the system 

becomes non-uniform, leading to spatial variations in temperature. This results in enhanced thermal 

distribution ( )   , where regions closer to the heat source experience higher temperatures, while 

conduction and convection help spread heat throughout the medium. The intensity and pattern of 

thermal augmentation depend on the heat source’s spatial variation, the thermal conductivity of the 

medium, and the flow characteristics of the fluid. In fluid-based heat transfer systems, this spatially 

varying heat input significantly affects the thermal boundary layer, leading to complex temperature 

gradients and influencing energy transport efficiency. The enhancement in thermal profiles ( )    

is more noticeable in ternary hybrid nanofluid flow than in nanofluid flow due to the superior thermal 

conductivity and synergistic effects of multiple nanoparticles. This combination improves heat 

absorption, enhances convection, and leads to more efficient energy transport, resulting in greater 

thermal augmentation than conventional nanofluids. 
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Figure 15. Effect of SdQ  on ( )  . 

The effects of the radiation factor  Rd  on the thermal distribution ( )    are portrayed in 

Figure 16, in which  Rd  has an augmenting behavior for 0.1, 0.2, 0.3, 0.4Rd = . When the thermal 

radiation factor  Rd  increases, it enhances energy transfer through radiation, leading to a higher 

thermal distribution ( )    in the fluid. This occurs because radiation contributes additional heat 

energy, intensifying the thermal gradients and raising the overall temperature. In fluid dynamics, this 

effect is more noticeable in thermally conductive materials, where increased radiation absorption 

accelerates the energy exchange. In nanofluid and hybrid nanofluid flows, the presence of 

nanoparticles further enhances thermal conductivity, amplifying this effect. The augmentation is 

particularly significant in ternary hybrid nanofluids, as they contain multiple nanoparticles that 

synergistically improve heat transfer, leading to superior thermal performance compared to 

conventional nanofluids. 
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Figure 16. Effect of Rd  on ( )  . 

The effects of Eckert number  xEc   along the primary direction on the thermal distribution

( )     are portrayed in Figure 17, in which  xEc   has an augmenting behavior for 

0.1, 0.2, 0.3, 0.4xEc = . As  xEc  increases along the primary direction, more mechanical energy 

is converted into heat due to viscous dissipation, leading to enhanced thermal distribution ( )   . 

This effect is particularly important in high-speed and high-viscous flows, where frictional heating 

significantly influences the temperature field. In nanofluid flow, suspended nanoparticles improve 

thermal conductance, but in ternary hybrid nanofluids, the synergistic interaction of three different 

nanoparticles enhances heat transfer even further. Combining multiple nanoparticles provides 

superior thermal performance and greater surface area for heat exchange. 

 

Figure 17. Effect of xEc  on ( )  . 
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The effects of Eckert number  yEc   along the primary direction on the thermal distribution

( )     are portrayed in Figure 18, in which  yEc   has an augmenting behavior for 

0.1, 0.2, 0.3, 0.4yEc = . An increase in the Eckert number  yEc  along the secondary direction 

implies that more mechanical energy is being converted to thermal energy due to viscous effects. 

This results in an augmentation of the thermal distribution ( )    , meaning that the fluid 

temperature rises as more heat is generated through internal friction. In boundary layer flows, higher 

 yEc   values enhance the temperature near the surface of the sheet, leading to greater heat 

accumulation and altering the overall thermal gradient in the system. This effect is particularly 

noticeable in high-speed and high-viscosity flows, where viscous heating plays a dominant role in 

energy transfer. 

 

Figure 18. Effect of yEc  on ( )  . 

The effects of  M  on ( )    are portrayed in Figure 19, in which  M  has an augmenting 

behavior for 0.1, 0.2, 0.3, 0.4M = . As the magnetic factor  M  increases, charged particles within 

the fluid flow system experience greater Lorentz forces, altering their motion and influencing heat 

transfer mechanisms. In conductive materials (fluids), stronger magnetic fields can induce swirl 

currents, leading to Joule heating, which raises the thermal energy of the system. In fluids, magnetic 

effects modify convection patterns, redistributing heat and potentially enhancing the thermal gradients. 

Additionally, for fluid flow on the bi-directionally elongating sheet, changes in magnetization can 

further affect fluid temperature by altering thermal conductance. The augmentation in thermal 

distribution with increasing magnetic factor arises from these combined effects on the flow system. 
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Figure 19. Effect of M  on ( )  . 

Table 1 demonstrates the experimental values of base fluid and nanoparticles. Table 2 illustrates 

the comparison of current results with Yusuf et al. [52], while Table 3 provides the comparison of 

current results with Mabood & Das [53] and Xu & Lee [54]. Table 4 portrays the impacts of various 

factors on 
1/2

fx xC Re  and 
1/2

fy yC Re . Here, it is revealed that as the magnetic factor M , porosity factor

 , and velocity slip factors 
1A  and 

2A  increase along the x- and y-axes, there is a corresponding 

rise in skin frictions 
1/2

fx xC Re  , and 
1/2

fy yC Re  . The magnetic field influences the fluid flow by 

introducing a resistive force, which alters the velocity profile and enhances shear stress at the surface. 

Similarly, the porosity factor affects the permeability of the medium, modifying the interaction 

between the fluid and the boundary, leading to changes in frictional forces. The velocity slip factors 

also contribute to the variation in shear stress by reducing the no-slip condition’s effectiveness. 

Consequently, the combined effects of these parameters result in an overall augmentation of skin 

friction in both the primary and secondary directions, i.e., 
1/2

fx xC Re  and 
1/2

fy yC Re . Table 5 contains 

the impacts of various factors on Nusselt number 1/2

x xNu Re− . Here, it has been revealed that as the 

radiation factor Rd increases, it enhances the overall thermal energy transfer, leading to an increase in 

the Nusselt number 1/2

x xNu Re−  , which signifies improved convective heat transfer. Similarly, the 

space-dependent heat source factor 
SdQ   contributes to localized variations in heat generation, 

intensifying thermal gradients, thereby augmenting the Nusselt number 1/2

x xNu Re−  . The thermal-

dependent heat source factor TdQ   further influences heat transfer by altering the rate of heat 

production based on temperature variations, which enhances convective efficiency. Additionally, a rise 

in the Eckert numbers xEc  and yEc , which represents the relative significance of kinetic energy to 

enthalpy, leads to higher heat dissipation due to viscous dissipation effects, further boosting the Nusselt 

number 1/2

x xNu Re− .  
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Table 4. Effects of M ,  , 
1A  and 

2A  on 
1/2

fx xC Re  and 
1/2

fy yC Re . 

M    1A  
2A  1/2

fx xC Re  
1/2

fy yC Re  

0.5    1.455653 0.576436 

0.6    1.504345 0.597543 

0.7    1.553567 0.616532 

 0.1   1.253356 0.224442 

 0.2   1.268643 0.232463 

 0.3   1.279654 0.254325 

  0.1  1.424675 0.224565 

  0.2  1.433566 0.256754 

  0.3  1.444335 0.286586 

   0.1 1.597643 0.597643 

   0.2 1.622567 0.605426 

   0.3 1.654367 0.613465 

Table 5. Effects of Rd , 
SdQ , 

TdQ , 
xEc  and yEc  on 1/2

x xNu Re− . 

Rd  SdQ  
TdQ  

xEc  yEc  1/2

x xNu Re−  

0.1     1.543455 

0.2     1.554356 

0.3     1.568642 

 0.1    1.296544 

 0.2    1.327884 

 0.3    1.359875 

  0.1   1.486536 

  0.2   1.503256 

  0.3   1.527542 

   0.1  1.633677 

   0.2  1.705363 

   0.3  1.779976 

    0.1 1.668098 

    0.2 1.764348 

    0.3 1.868965 

8. Conclusions 

In this work, we examine ternary hybrid Carreau nanofluid flow on a porous bi-directional 

elongating sheet. The nanoparticles of 
2TiO , 

2 4CoFe O , and MgO  mix with water to get a ternary 

hybrid nanofluid. The flow is influenced by slip conditions of velocities along the x- and y-axes. The 

impacts of thermal- and space-dependent heat sources, thermal radiation, viscous dissipation, and Joule 

heating are used in this study. Moreover, magnetic effects are used along the z-axis, which is normal 

to the flow direction. The major equations are solved through the HAM in dimensionless form. After 

an in-depth investigation of the work, it is noticed that: 
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• With progression in velocity slip factors along x- and y-axes and magnetic factor, there is a 

reduction in both velocities. 

• An upsurge in the stretching ratio factor results in lessening primary flow and intensification 

in secondary flow. 

• Growth in porosity factor and local Weissenberg number causes a lessening in both velocities. 

• Thermal distribution augments with a surge in thermal Biot number, magnetic factor, space-

dependent heat source parameter, radiation factor, and Eckert numbers along primary and 

secondary directions. 

• The skin friction coefficients increase with growth in magnetic factor, porosity factor, and 

velocity slip factors along the x- and y-axes. 

• The Nusselt number escalates with a surge in radiation factor, space-dependent heat source 

factor, thermal-dependent heat source factor, and Eckert numbers along x- and y-axes. 

• Our results of this work are validated through comparative analysis by matching our data with 

established results. A fine promise has been noticed among all the results.  

Limitations: This analysis is limited to time-independent flow assumptions, which do not capture 

transient effects that may occur in real-world applications. A ternary hybrid nanofluid contains TiO₂, 

CoFe₂O₄, and MgO nanoparticles with water as a base fluid. However, the incorporation of other metals, 

metal oxides, nonmetal and polymeric nanoparticles with other base fluids like ethylene glycol, oil, 

etc. could exhibit different thermal and flow characteristics.  

Future research: In the future, the present research can be extended to explore the time-dependent 

flow conditions to better understand the transient effect in practical applications. Extending this 

research to analyze the impacts of different base fluids and nanoparticle composition could provide 

broader insights into the nanofluid behavior. In addition, the investigation of alternative non-

Newtonian models, such as Cross, Casson, or Maxwell models, could enhance the applicability of the 

analysis to various biomedical and industrial processes. 
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