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Abstract: This work investigated the Kadomtsev Petviashvili-modified equal width (KP-mEW) 

equation describing ocean waves. Our focus was on the analysis of the KP-mEW equation from various 

angles, including the study of soliton solutions, bifurcation analysis, multistability, and Lyapunov 

exponents. First, a transformation was used to transform the partial differential equation (PDE) into an 

ordinary differential equation (ODE), from which the soliton solutions were obtained by using a new 

modified (G'/G2)-expansion method. We investigated different types of solutions of the KP-mEW 

equation with various parameters, including kink, periodic, singular periodic, singular kink, and 

singular periodic-kink solutions. We also simulated 3D and 2D plots for some solutions to enhance the 

visualizations. These graphical representations provide important information about the patterns and 

dynamics of the solutions, leading to a strong understanding of the behavior and applicability of the 

model. We also observed the chaotic behavior of the system by adding a perturbation term and analyzed 

the chaotic behavior through bifurcation plots, multistability and time series analysis, and Lyapunov 



9517 

AIMS Mathematics  Volume 10, Issue 4, 9516–9538. 

exponents and obtained various dynamic modes such as periodic and quasi-periodic types. A 

comparison of the obtained solutions with the existing solutions was also presented in the form of 

Table 1. 

Keywords: new modified (G'/G2)-expansion method; nonlinear KP-mEW equation; traveling wave 

solution; exact solutions; soliton solutions; chaotic analysis 

Mathematics Subject Classification: 34G20, 35A20, 35C07, 35C08 

 

1. Introduction 

Nonlinear models effectively explain complex natural phenomena in several areas. Recent 

advances in mathematics and physics have greatly expanded our understanding of these systems [1]. 

Ma and Geng [2] proposed a new coupled nonlinear Schrödinger type equation, and obtained several 

explicit analytical solutions, including periodic and rational solutions by using Darboux transformation. 

Yong et al. [3] conducted analysis of the singularity structure of the new nonlinear Schrödinger type 

equation and created several explicit wave solutions by performing direct quadrature and Painlevé 

expansion approaches. Innovative and broad closed form traveling wave solutions in terms of 

hyperbolic, trigonometric and rational were obtained by Akbar et al. [4] by using the rational (G’/G)-

expansion method of three nonlinear partial differential equations. The extended (G’/G), semi-inverse, 

and sine-cosine techniques were used by Kopcasiz et al. [5], and obtained bright, bright-dark, dark, 

periodic, combined singular soliton, rational and solitary wave solutions of nonlinear Schrödinger 

equation. Closed-form solutions in terms of hyperbolic, trigonometric, and rational function solutions 

of the simplified modified Camassa-Holm equation were obtained by Shakeel et al. [6] by using the 

novel (G’/G2)-expansion scheme. Such models now represent the precise process of population 

dynamics through optical fibers, fluid dynamics, plasma physics, and wave solutions. Researchers are 

scrutinizing these nonlinear systems using both numerical and analytical approaches. 

Some methods have been proposed such as the modified exp-function method [7], exp function 

method [8], extended exp-function method [9], modified F-expansion [10], tanh-function method [11], 

modified Sardar sub-equation method [12], Kudryashov method [13], improved tan(𝜙/2)-expansion [14], 

sine-cosine functions [15], first integral scheme [16], the simplest equation method and its 

modification [17,18], modified reduced differential transform method [19], modified simple equation 

method [20], and generalized auxiliary equation approach [21]. 

In this work, a recently developed technique, the novel modified (G'/G2)-expansion method as 

validated in [22], is used to obtain new wave solutions for the KP-mEW equation. The KP-mEW 

equation is the result of combining the Kadomtsev Petviashvili (KP) equation with the mEW equation, 

where it has the following form: 

( ) .0)( 3 =+++ yyxxxtxt rubuuau
       (1.1) 

This interesting model is obtained by Wazwaz [15]. The cubic nonlinear mEW equation associated 

with the nonlinear transient wave solution is given as below [23,24]: 

.03 2 =−+ xxtxt uuuu           (1.2) 
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Equation (1.2) is related to the regularized nonlinear long wave equation having solitary waves 

including altering amplitude of uniform width. Also, the KP equation demonstrating the nonlinear 

oscillatory behavior of waves is as follows: 

( ) .0=+++ yyxxxxxt uuuauu
        (1.3) 

Equation (1.1) has an important practical application of equations that have been modified to the same 

width (KP-mEW) equation, particularly in the modeling of nonlinear wave phenomena in various 

scientific fields. Marine engineering describes the spread and interactions of long waves such as 

tsunamis and tide drilling that support coastal protection and disaster prediction. In plasma physics, 

this equation is useful for the analysis of ionic acoustic waves and lonely dynamics. This is extremely 

important for merged energy research and space plasma research. Furthermore, it plays a role in the 

nonlinear appearance by modeling the optical impulse behavior of optical fibers and improving high 

speed techniques. Equations also apply to fluid mechanics. This mechanic records the surface and 

internal dynamics of layered liquids, including rogue waves and shaft breakers. Furthermore, it 

contributes to understanding the interaction between atmospheric waves and improvements in climate 

models in meteorology. These various applications highlight the importance of the KP-mEW equation 

for both theoretical research and practical engineering solutions. 

This nonlinear model is due to the long wavelength oceanic waves along with low intensity 

nonlinear restoring forces and dispersion of frequency [25,26]. Ghosh and Das studied the KP-mEW 

equation from the perspective of time-dependent fractional order using the (G′/G2)-expansion 

technique and F expansion method [27]. The modified (G′/G2)-expansion scheme was employed 

by Behera et al. [28] to construct soliton solutions of Eq (1.1). Wazwaz studied the solutions of the 

same equation using sine-cosine and tanh schemes [15]. 

It is necessary to mention the effectiveness and efficiency of the newly modified (G’/G2)-

expansion method in solving nonlinear evolution equations. The resulting solutions are plotted in 

different 2D and 3D plots to describe various waveforms. The obtained results look different than the 

results found in the literature. We have found many important studies in the literature related to this 

research. Using the double (G'/G, 1/G)-extension method, Miah et al. [29] found enormous number of 

closed form wave solutions of the (2+1) dimension Maccari system, Korteweg-de Vries-Burgers 

equation and the generalized shallow water wave equation. Haghighi and Manafian [30] used the 

weak-form integral equation method to examine Boussinesq-like equation comprising the β-derivative. 

The modified sine–Gordon equation method was used by El-Shiekh and Gaballah [31] to find a new 

type of solitary-wave solutions for Davey–Stewartson system and coupled nonlinear Schrödinger 

equations with variable coefficients. Ibrahim et al. [32] proven a new analytic technique to solve 

nonlinear conformable time-fractional water wave dynamical equation in complex domains using 

symmetric and conforming differential operators. A generalized (G'/G)-expansion scheme was used 

by Shallal et al. [33] to construct precise solutions of nonlinear partial differential equations in the 

sense of conformable fractional derivative. We have also verified the novelty of this research, and that 

all results suggest a great influence in the ocean engineering field by mentioning some studies 

published in well-known journals [15,27,28]. 

The focus on the complexity contains the analysis of phase portraits, chaotic patterns, 

multistability, and Lyapunov exponents for the KP-mEW equation. Chaotic analyses in particular are 

important for analyzing the nonlinear behavior and initial-condition dependence of the system [34]. 

Bifurcation diagrams are important tools for exploring transitions between different states, such as 

transitions between chaotic and periodic states. These plots not only show how the stability of the 
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system is maintained with the parameters but also identify the bifurcation thresholds that influence the 

system’s future evolution. 

The phenomenon of multistability recognizes several stable states and helps us to understand the 

role of initial conditions in the system’s behavior. However, the Lyapunov exponent measures the rate 

of divergence between trajectories and thus provides a true measure of the stability and chaos of the 

system [35]. Collectively, these instruments signify a broad methodology to address the stability, chaos 

analysis, and sensitivity in nonlinear models across diverse fields like business, engineering, and 

related fields of science. 

The new modified extended direct algebraic technique within the sense of confirmable fractional 

derivatives was utilized by Seadawy et al. [36] to research the (3+1)-dimensional fractional time-space 

Kadomtsev Petviashivili equation, which propagates the acoustic waves in an unmagnetized dusty 

plasma. A variety of recent families of hyperbolic and trigonometric solutions have been acquired in 

unmarried and distinct combinations, and additionally built graphically with the exceptional 

parametric picks. The modified extended tanh and the generalized Kudryashov techniques in the sense 

of a conformable fractional derivative were implemented on the (3+1)-dimensional Kadomtsev 

Petviashvili equation to uncover new bright, dark, periodic, horse-shoe-like, bell-shaped, and W-

shaped solitary wave solutions by Hamza et al. [37]. 

In this paper, we have examined the KP-mEW equation from different perspectives: First, a 

transformation is used to transform a PDE into an ordinary differential equation. The soliton solutions 

are obtained by the new modified (G'/G2)-expansion method. Additionally, 2D and 3D graphs are 

generated with these solutions that determine the different physical conditions of the governing model. 

After constructing an unperturbed dynamic system, a comprehensive investigation of the qualitative 

characteristics of the model is then carried out through this system. Our work contains a comprehensive 

investigation that comprises 2D phase portraits, chaos theory concepts, multi-stability, time series 

graphs, and Lyapunov exponents. 

The KP-mEW model is selected in this study to explain its unique ability to describe complex 

nonlinear wave phenomena in multidimensional strewn systems. It combines both features of KP and 

modified equations of the same width (mEW) to provide a more comprehensive framework for 

analyzing wave expansion in oceanography, plasma physics, and optical communications than 

individual counterparts. The rich mathematical structure of this hybrid model, which includes high-

order and nonlinearity dispersion, presents new challenges for soliton dynamics and remains physically 

meaningful. The aim of our research is to improve our understanding of wave interactions in real-

world scenarios, to uncover new accurate solutions and stability characteristics that address the gaps 

in current nonlinear waveform theory, and at the same time demonstrate the effectiveness of 

progressive analytical methods. 

This paper is organized as follows: The derived solitary wave solutions of the KP-mEW equation 

using the new modified (G'/G2)-expansion method and their graphical discussion are provided first. 

Also, 2D and 3D graphs are given to demonstrate the physical behavior of the obtained solutions with 

suitable parameters. Then, we perform a bifurcation analysis of the dynamic system, followed by an 

investigation of quasi-periodic and chaotic behavior by adding a perturbation term in the system. A 

multistability analysis depending on the sets of initial conditions is then performed. Furthermore, 

Lyapunov exponents are utilized to analyze the sensitivity of a system to its initial conditions and to 

investigate the chaotic behavior of the system. Lastly, we discuss and conclude the main findings and 

future directions of our research.  
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2. Description of the new modified (G’/G2)-expansion method 

The new modified (G’/G2)-expansion method can be expressed by some simple steps. Consider 

a nonlinear evolutionary equation (NLEE) as given below: 

( ) ,0,...,,,,,,, =xytttyyxxtyx uuuuuuuuN       (2.1) 

where ( )tyxuu ,,=  is an unknown function and N is a polynomial in ( ).,, tyxuu =  

The main steps of the proposed method are given below: 

Step 1: Suppose the wave variable has the following representation: 

( ) ( ) ,,,, VtLyKxUtyxu −+==        (2.2) 

where V represents the wave speed, and converts Eq (2.1) into the following nonlinear ODE: 

( ) ,0,...,,, = UUUUN          (2.3) 

where primes denote the ordinary derivatives with respect to .  We integrate Eq (2.3) term by term 

one or more times, if possible. 

Step 2: Suppose the formal solution of Eq (2.3) can be written as 

( ) ( ) ( )( ),
1

0 
=

−
++++=

n

i

i

i

i

i HHU       (2.4) 

where ),/( 2GG= ),,...,1(,,0 niii = H   are unknown constants to be calculated later, and 

nn  ,  cannot be zero at the same time. By considering the homogeneous balance principle between 

the highest-order derivative term and the highest-order nonlinear term in Eq (2.3), we can determine 

the degree of the positive integer n. It is supposed that   satisfies the Riccati equation: 

.)()()( 2++= BCA        (2.5) 

The general solutions (2.6)–(2.10) of Riccati Eq (2.5) are considered in consideration of various cases 

of discriminatory ability ABC 42 −=  and coefficients A, B, and C: 

Case 1: For ,0,0 = CAB   the solution reduces to trigonometric functions, describing periodic 

waves: 

( cos( ) sin( ))

( cos( ) sin( ))

AB P AB Q AB

A Q AB P AB

 

 

+
 =

−
.       (2.6) 

Case 2: For ,0,0 = CAB  hyperbolic functions yield singular solitons: 

( sinh(2 ) cosh(2 ) )

( sinh(2 ) cosh(2 ) )

AB P AB P AB Q

A P AB P AB Q

 

 

+ +
 = −

+ −
.    (2.7) 

Case 3: When ,0,0,0 == CBA  rational solutions obtained, modeling kink-type waves: 
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( )

P

B P Q
 = −

+
.         (2.8) 

Case 4: For ,0,0 C   the solutions combine exponential/hyperbolic or trigonometric terms, 

capturing mixed behaviors: 

( ) ( )( )
( ) ( )( )

2 2

2 2

cosh sinh

2 2 cosh sinh

P QC

B B Q P

 

 

 

 

 +−
 = −

+
.     (2.9) 

Case 5: For ,0,0 C   the solutions cartel exponential/hyperbolic or trigonometric terms, 

capturing mixed behaviors: 

( ) ( )( )
( ) ( )( )

2 2

2 2

cos sin
,

2 2 sin cos

P QC

B B P Q

 

 

− −

− −

− −−
 = −

+
    (2.10) 

where P and Q are arbitrary constants and .42 ABC −=  

Step 3: If the degree of nUU == )]([Deg)(  , then the following formulas can be used to determine 

the degree of the other terms as follows: 

                 

( )
( )( )

( )
( ).Deg,Deg qnsnp

d

Ud
Uqn

d

Ud
s

q

q
p

q

q

++=






















+=


















  (2.11) 

Step 4: By plugging Eqs (2.4) and (2.5) into Eq (2.3), we derive a polynomial in

( ) )....,,2,1,0(, niH
i

=+  By collecting the coefficients of the similar powers of ( ) ,
i

H +  we 

can establish a set of nonlinear algebraic equations. To solve the obtained set of algebraic equations, 

we set each coefficient of ( )iH +   equal to zero, which yields a set of equations with unknown 

constants 0 , , , , , , , ,n n a b r A B C    , and .H   The symbolic software Maple 18 is used to find the 

values of the unknown constants. 

By putting the acquired values of the constants along with Eqs (2.6)–(2.10) into Eq (2.4), we get 

the precise traveling wave solution of Eq (2.1). 

3. Application of the method 

In order to solve the KP-mEW equation through the new modified )/( 2GG -expansion approach, 

Eq (1.1) is converted into a nonlinear ordinary differential equation using Eq (2.2): 

( ) .0)(63 22222)(3 =+−++− UUaKUKVrLUaKbVUK iv
   (3.1) 

Integrating Eq (3.1) twice with respect to   and ignoring the constants of integration, we find 

( ) .03223 =+−+− UaKUKVrLUbVK       (3.2) 

By considering the homogeneous balance between U  and 3U  in Eq (3.2), we find the value of the 

positive integer n as follows: .123 =+= nnn
 

Therefore, the trial solution Eq (2.4) takes the following form: 
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( ) ( ) ( ) .
1

1

1

10

−
++++= HHU        (3.3) 

Substituting Eq (3.3) along with Eq (2.5) into Eq (3.2) and equating the coefficients of 

( ) )3,2,1,0( =+ iH
i

 to zero, we obtain a system of nonlinear algebraic equations. By solving this 

system with the help of Maple 18, we obtain the following solution sets. 

Case 1: 

              

( )

.,,,,0,
)24(

2

,
)24(

2
,

)24(

2

12221

2220222

2

CCBBAAHH
KbCbABKa

LBrb

KbCbABKa

BHCLrb
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rL
V

=====
+−

=

+−

−
=

+−
=





   (3.4) 

Case 2: 

( )

.,,,,
)24(

)(2
,0

,
)24(

2
,

)24(

2

222

2

11

222
0222

2

CCBBAAHH
KbCbABKa

ACHBHLrb

KbCbABKa

BHCLrb

KbCbABKK

rL
V

====
+−

+−
==

+−

−
=

+−
=





   (3.5) 

Case 3: 

.
)14(4

)4(2
,

)14(

2

,,,,0,
)14(

,
2

222

2

1
222

1

0222

2

BKbCbABKa
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KbCbABKa

LBrbi
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KbCbABKK

rL
V

B

C
H

−−

−
=

−−
=

====
−−

−==
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

   (3.6) 

By substituting Eqs (3.4) and (2.6)–(2.10) into Eq (3.3), we get the following solutions: 

( )

( )
,

)24(

2

))sin()cos((

))sin()cos((

)24(

2
,,

222

222
11

+−

−
+















−

+
+

+−
=

KbCbABKa

BHCLrb

ABPABQA

ABQABPAB
H

KbCbABKa

LBrb
tyxu





   (3.7)

 

( )

( )
,

)24(

2

))2cosh()2sinh((

))2cosh()2sinh((

)24(

2
,,

222

222
12

+−

−
+















−+

++
−

+−
=

KbCbABKa

BHCLrb

QABPABPA

QABPABPAB
H

KbCbABKa

LBrb
tyxu





 (3.8) 

( )
( )

,
)()24(

2

)24(

2
,,

222222
13 









+
−

+−
+

+−

−
=

QPB

P
H

KbCbABKa

LBrb

KbCbABKa

BHCLrb
tyxu


  (3.9) 
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( )
( ) ( )( )
( ) ( )( )

( )
,

)24(

2

sinhcosh2

sinhcosh

2)24(

2
,,

222

22

22

222
14

+−

−
+















+

+
−−

+−
=





KbCbABKa

BHCLrb

PQB

QP

B

C
H

KbCbABKa

LBrb
tyxu





  (3.10) 

( )
( ) ( )( )

( ) ( )( )
( )

,
)24(

2

cossin2

sincos

2)24(

2
,,

222

22

22

222
15

+−

−
+















+

−−
−−

+−
=

−−

−−

KbCbABKa

BHCLrb

QPB

QP

B

C
H

KbCbABKa

LBrb
tyxu





  (3.11) 

where 

2

2 2 2

2
.

(4 2)

rL
Kx Ly t

K bABK bC K
 = + −

− +
 

By substituting Eqs (3.5) and (2.6)–(2.10) into Eq (3.3), we get the following solutions: 

( )

( )
,

)24(

2

))sin()cos((

))sin()cos((

)24(

)(2
,,

222

1

222

2

21

+−

−
+









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

−

+
+

+−

+−
=

−

KbCbABKa

BHCLrb

ABPABQA

ABQABPAB
H

KbCbABKa
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tyxu





  (3.12) 

( )

( )
,

)24(

2

))2cosh()2sinh((

))2cosh()2sinh((

)24(

)(2
,,

222

1

222

2
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−
+
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(3.13) 
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 (3.14) 
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  (3.16) 

where 

2

2 2 2

2
.

(4 2)

rL
Kx Ly t

K bABK bC K
 = + −

− +
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By substituting Eqs (3.6) and (2.6)–(2.10) into Eq (3.3), we get the following solutions: 

( )

,
))sin()cos((

))sin()cos((

2)14(4

)4(2

))sin()cos((

))sin()cos((

2)14(
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4. Results and discussion 

With the help of the new modified (G’/G2)-expansion method, the Kadomtsev Petviashvili-

modified equal width (KP-mEW) equation has been effectively solved demonstrating the kink, 

periodic, singular-periodic, and singular-soliton solutions. Depending on the parameter values, the 

traveling wave solutions can have various shapes. A variety of soliton wave solutions are generated by 

changing the values of the parameters A, B, P, Q, a, b, and r. It is important to highlight that the 

traveling wave solutions obtained for the KP-mEW equation are different and new, and more general 

solutions are found for particular values of the free parameters. The main advantage of the proposed 
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method is that it offers a number of new exact traveling wave solutions that are more universal with 

varying free parameters. All of the discovered solutions are original and have never been documented 

in the past. 

The KP hierarchy is a fully integrated system and plays many important roles in the fields of 

mathematics and physics. The KP hierarchy has a sub-layer, that is, the B type 2 KP (MS2BKP) 

hierarchy, with the limit of the BKP hierarchy for the Lax operator [38]. The authors in [39] examined 

the integrable properties of the invariant generation functions of hop-link HOPFLY PTs colored with 

different representations and showed that such generation functions are functions of the KP hierarchy. 

A helpful tool for discussing and outlining problem solutions in a clear and brief way is a graphical 

depiction. A graph is a graphic representation of quantitative, qualitative, or other commonly 

contrasted solutions or data. We need to have a basic understanding of graphs in order to execute 

computations. There are several parameters in these solutions. Because the parameters affect how the 

solution is shaped, we can input arbitrary values for the parameters to produce a wide range of graphs. 

We can identify the type of solitons using the graphs. Figures 1–9 display some of the acquired findings 

in 3D and 2D graphs. 

Figure 1 represents the periodic soliton solution, described by a repeating pattern with sharp and 

regular peaks for the values of parameters A = 1, B = 1, P = 1, Q = 1, K = 1, a = 1, b = 1, and r = 1 of 

Eq (3.7). The 2D graph verifies the oscillatory periodic behavior. In Figure 2, 3D and 2D graphs 

represent the singular periodic soliton solution for the values of parameters A = 1, B = −1/4, P = 1, Q 

= 2, K = 1, a = 1, b = −1, and r = 1 of Eq (3.8). The 3D plot depicts the periodicity together with 

singular peaks at some points and the 2D plot verifies this singular behavior. Figure 3 represents the 

smooth and localized transitions forming a kink soliton solution for the values of parameters A = 3, B 

= 1, P = 2, Q = 4, K = 1, a = −3, b = 2, and r = 5 of Eq (3.10). The 3D plot shows the smooth transition 

between two states, forming a kink shape, and the 2D plot confirms this shape without singular 

behavior. Figure 4 represents the uniform periodicity forming a periodic soliton solution for the values 

of parameters A = 1, B = 2, P = 2, Q = 3, K = 1, a = 3, b = 2, and r = 5 of Eq (3.11). In Figure 5, 3D 

and 2D graphs represent the singular periodic soliton solution for the values of parameters A = 1, B = 

1, P = 1, Q = −4, K = −1, a = 1, b = 1, and r = 1 of Eq (3.12). The 3D plot depicts the periodic peaks 

but with shifted symmetry. Figure 6 represents the singular kink soliton solution for the values of 

parameters A = 0, B = 1, P = 1, Q = 1, K = 1, a = −1, b = 1, and r = 1 of Eq (3.14). In Figure 7, 3D and 

2D graphs represent the singular periodic-kink soliton solution for the values of parameters A = 1, B = 

2, P = 1, Q = 2, K = 1, a = 2, b = 2, and r = 2 of Eq (3.16). The 3D plot depicts the localized periodic 

patterns with singular appearances. Figure 8 represents the localized irregular patterns forming the 

singular periodic-kink soliton solution for the values of parameters A = 1, B = 1, P = 1, Q = 1, K = 1/2, 

a = −1, b = 1, and r = 1 of Eq (3.17). Figure 9 represents the regular, constrained oscillation forming 

periodic soliton solution for the values of parameters A = 2, B = 1, P = 1, Q = 1, K = 1/2, a = 1, b = 1, 

and r = −1 of Eq (3.21). 

The advantages and disadvantages of the present method are: The proposed method creates a 

variety of accurate solutions based on the free parameters of the auxiliary Riccati equation, providing 

more flexibility than limiting methods such as the tanh function and exp function methods. It avoids 

complex transformations or powerful symbolic calculations. This means that higher orders of nonlinear 

PDEs are more likely to be resolved faster and easier than some iterative or perturbation-based 

approaches. It works well with a variety of nonlinear evolutionary equations (NLEEs), including those 

with mixed dispersion and nonlinearity. The proposed method depends heavily on the selection of the 

appropriate parameters for the auxiliary equation. Wrong choices can lead to trivial or redundant 

solutions. The proposed method combats severe conjugation or multidimensional PDEs, where 
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methods such as Hirotas could be more effective or reversed. Simpler methods such as the tanh 

function require careful handling of the uniform homogeneous principles that are both troublesome in 

strong nonlinearity or higher-order equations. 

 

Figure 1. 3D and 2D graphs for ( )tyxu ,,11 . 

 

Figure 2. 3D and 2D graphs for ( ).,,12 tyxu  

 

Figure 3. 3D and 2D graphs for ( ).,,14 tyxu  
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Figure 4. 3D and 2D graphs for ( ).,,15 tyxu
 

 

Figure 5. 3D and 2D graphs for ( )tyxu ,,21 . 

 

Figure 6. 3D and 2D graphs for ( )tyxu ,,23 . 
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Figure 7. 3D and 2D graphs for ( ).,,25 tyxu  

 

Figure 8. 3D and 2D graphs for ( )tyxu ,,31 . 

 

Figure 9. 3D and 2D graphs for ( ).,,35 tyxu  

The novel modified (G'/G2)-expansion method significantly promotes the traditional (G'/G)-

expansion method by introducing a nonlinear auxiliary equation with improved parametric flexibility. 
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This innovation allows for the derivation of previously inaccessible solutions, such as singular period 

waves, hybrid solitons, and simultaneous computational efficiency. This method is characterized by 

powerful nonlinear systems, particularly the KP-mEW equation, providing a more comprehensive 

solution. However, its effectiveness depends on carefully selecting parameters to avoid redundant 

solutions. These advantages provide superior analysis of fluid dynamics and complex wave 

phenomena in physics. 

Table 1 shows the comparison of our obtained solutions using the new modified (G’/G2)-expansion 

method and the solutions obtained by Islam et al. [40] using the improved auxiliary equation method. 

We have compared only a few solutions for the sake of ease, and are in full agreement with the solutions 

obtained by [40]. 

Table 1. Comparison of our solutions and the solutions by Islam et al. [40]. 

Our solutions Solutions obtained by Islam et al. [40] 
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5. Bifurcation analysis 

Regardless of whether the parameters are dependent on one another or not, bifurcation analysis 

looks at dynamical systems and observes how the system behaves at different parameter values. The 

observed second-order differential equation (3.2) may be transformed into two first-order differential 

equations by applying the Galilean transformation [41]: 
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uFF
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The Jacobian gives a linear approximation of the system near the fixed or equilibrium points and helps 

classify these points as saddle points or center points based on the eigenvalues. This analysis is 

fundamental in understanding the local stability of a dynamical system. 

Case 1: b > 0, r > 0. In Figure 10(a), the trajectories are closed periodic orbits centered on a stable 

equilibrium point (center point at (0, 0)). There is no separatrices or saddle behavior present. The 

system exhibits purely center-like dynamics where all trajectories are periodic. Small perturbations 

around the equilibrium result in oscillations that do not decay or grow. This configuration is typically 

governed by purely conservative forces, with no damping or unstable effects. 

Case 2: b > 0, r < 0. A double-lobed structure appears with trajectories forming two distinct regions 

connected by a separatrix as depicted in Figure 10(b). A saddle point divides the regions, while the 

center is still present. The system exhibits mixed dynamics, periodic orbits near the center, and 

trajectories tending toward the saddle. The presence of the saddle point and separatrix suggests 

instability for certain trajectories. For perturbations close to the saddle point, trajectories diverge along 

the unstable manifold, leading to splitting behavior. 

Case 3: b < 0, r < 0. The trajectories form double loops around two unstable center points as shown 

in Figure 10(c). The center point is no longer stable, and all trajectories diverge away from the center 

or saddle points. The phase space is dominated by unstable dynamics. Both the center and saddle points 

act as sources of instability. The system exhibits outward divergence, and no periodic orbits are 

observed. 

Case 4: b < 0, r > 0. It can be observed in Figure 10(d) that the trajectories form elongated ovals 

around a stable center point, with some symmetry. The system retains periodic orbits, but they are 

stretched along one axis, indicating anisotropy or directional bias. Stable center dynamics dominate, 

but the directionality suggests non-isotropic forces or interactions. The system might exhibit stronger 

restoring forces in one direction compared to the other. 

Case 5: b = r. Figure 10(e) represents that the trajectories form uniform nested closed loops, centered 

on the equilibrium point (0, 0). No saddle points or separatrices are present, and the phase space is 

fully occupied by periodic orbits. The equality of parameters b and r suggests balanced conservative 
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dynamics. This configuration represents a purely oscillatory system with uniform dynamics and no 

instability. The summary of the above discussed cases in Section 5 is described below in Table 2. 

  

(a) (b) 

  

(c) (d) 

 

(e) 

Figure 10. Phase portraits showing system dynamics for different cases.  
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Table 2. Summary table of cases. 

Case Conditions Observations System Behavior 

1 b > 0, r > 0 Uniform periodic orbits around the 

center 

Stable center dynamics 

2 b > 0, r < 0 Double-lobed structure with separatrices Mixed dynamics with saddle 

behavior 

3 b < 0, r < 0 Diverging trajectories, no stable regions Fully unstable dynamics 

4 b < 0, r > 0 Elongated periodic orbits Anisotropic stable dynamics 

5 b = r Uniform nested closed loops Perfectly balanced oscillations 

6. Chaotic analysis 

In this section, we add an external force in the dynamical system (5.1) to make it perturbed as 

shown below: 

( )












++=

=

,cos3

21 




uFuF
d

dv

v
d

du

      (6.1) 

where ( ) cos   is known as the perturbation term. In our system of equations, τ represents the 

frequency of the external perturbation, determining how often the external force oscillates over time, 

while ρ is the amplitude of the perturbation, controlling the strength of the external force [41]. The 

term ρcos(τ) models this periodic forcing. A higher τ means faster oscillations, and a larger ρ means a 

stronger force. Together, they define the nature of the perturbation, with stronger and more frequent 

forces potentially driving the system toward more complex or chaotic behavior, while weaker or slower 

perturbations tend to produce smoother, more regular dynamics [42]. 

Figure 11 demonstrates the dynamics of a nonlinear, bounded system under periodic forcing. The 

2D phase portrait illustrates quasi-periodic or chaotic behavior, with knitting loops signifying 

sensitivity to initial conditions. The time series plot displays steady amplitude oscillations, indicating 

periodic or quasi-periodic behavior due to perturbation. The 3D phase portrait depicts an oscillating 

trajectory, emphasizing the bounded nature of the system and the interaction between velocity, 

displacement, and time. These plots together recommend that the system behaves like a nonlinear 

oscillator effected by damping and periodic forcing, maintaining stability while showing rich, complex 

dynamics. 

The plots in Figure 12 show a nonlinear, bounded system by periodic external perturbation. The 

2D phase portrait displays quasi-periodic behavior with overlapping trajectories. On the other hand, 

the time series plot emphasizes the nonlinearity and sensitivity in displacement over time. The 3D 

phase portrait provides a comprehensive evolution view of the system, verifying its stability and 

complex patterns. This behavior is typical of a nonlinear oscillator working in a quasi-periodic 

behavior. 
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(a) (b) (c) 

Figure 11. Chaotic analysis of the dynamic system: (a) 2D phase portrait, (b) time series 

analysis, and (c) 3D phase portrait. 

   

(a) (b) (c) 

Figure 12. Chaotic analysis of the dynamic system: (a) 2D phase portrait, (b) time series 

analysis, and (c) 3D phase portrait. 

7. Multistability 

“Multistability” refers to the presence of multiple stable states or behavior that a dynamical 

system can exhibit under the same set of system parameters. It shows that the system can settle into 

different long-term behavior depending on its initial conditions. In a multistable system, different 

trajectories can lead to periodic, quasi-periodic, or chaotic outcomes, even though the system’s 

parameters remain unchanged. This phenomenon highlights how sensitive the system is to initial 

conditions, where small variations in starting points can result in vastly different dynamics [43,44]. 

In practical terms, multistability is important because it indicates that the system can respond to 

perturbations or initial differences in a variety of ways, revealing complex underlying structures like 

attractors. It is commonly observed in systems like biological processes, climate dynamics, and 

mechanical systems, where different operational modes can coexist. 

The plots shown in Figure 13 demonstrate the multistability of the perturbed system through both 

phase-space curves and time-series illustrations for three different initial conditions such that initial 

condition [0.10, -0.60] is shown in purple, initial condition [-0.10, 0.20] is given in green, and initial 

condition [0.20, -0.10] is presented in orange. In Figure 13(a), the multistability plot, the system 
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displays separate, overlapping periodic attractors. These attractors illuminate the sensitivity of the 

behavior of the system to initial conditions which is an important factor of multistability. In 

Figure 13(b), the time-series plot strengthens this analysis, showing periodic oscillations for all three 

initial conditions. Remarkably, the frequency of oscillations seems stable on all initial conditions, 

showing the effect of the external perturbation. Collectively, the plots confirm that the system 

transitions from steady state to stable periodic attractors, whose nature depends on the initial conditions, 

indicating predictable and non-chaotic behavior. 

  

(a) (b) 

Figure 13. Multistability analysis for the perturbed system (6.1) at different initial conditions. 

8. Lyapunov exponents 

Lyapunov exponents are utilized to analyze the sensitivity of a system to its initial conditions by 

evaluating the rate of convergence or divergence of adjacent trajectories in phase portraits. A positive 

Lyapunov exponent demonstrates chaotic conduct, where small perturbations develop exponentially 

over time, whereas a negative exponent recommends steadiness, stability, or convergence to a fixed 

point or periodic trajectory. These exponents are basic for recognizing and characterizing chaos, 

stability, and consistency in nonlinear dynamical systems [45]. 

The x-axis of the plot represents the normalized time (τ), and the y-axis Lyapunov exponent (λ) is 

displayed in bits/unit time. Nearly zero stabilization (λ₁ ≈ -0.0036, λ₂ ≈ +0.0037) indicates weak chaos, 

which is characteristic of disturbed systems that induce energy. This agreement observed quasi-

periodic behavior and limited plasma in the marine case [44]. Numerical verification ensures reliability 

by confirming that these are physical effects and artifacts and Wolf methods with convergence tests [45]. 

Figure 14 examines the chaotic behavior of the system (6.1) with ρ = 0.1, ω = 0.5, and initial 

conditions set to [0.2, -0.1] using Lyapunov exponents. At first, λ1 and λ2 show non-steady-state 

oscillations, reflecting the sensitivity of the system to initial conditions. With time, the exponents 

become stable to the values approximately equal but opposite, i.e., λ1 = -0.0036 and λ2 = 0.0037. This 

balance indicates limited chaotic behavior, where trajectories stay bounded within a specific region 

while showing exponential divergence in at least one direction, as shown by the positive value of λ2. 

The negative λ1 approves the convergence of the system in another direction, keeping its nature 

bounded. These outcomes confirm that the chaotic dynamics of the system, dependent on initial 

conditions and bounded trajectories, align with the properties of a chaotic attractor. 
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Figure 14. Investigating chaotic behavior in system (6.1) using the Lyapunov exponent 

chaos detection technique for ρ = 0.1, ω = 0.5, and initial condition [0.2, -0.1]. 

9. Conclusions 

This study successfully examined the KP-mEW equation through analytical and dynamic 

approaches, providing some important results. First, the new modified (G'/G²)-expansion method 

produced several new accurate solutions that demonstrate superior skills compared to traditional 

methods, such as kink, periodic, singular periodic, and singular kink-soliton solutions. Second, 

comprehensive divergence analysis resulted in five different dynamic systems ranging from stable 

periodic orbits to completely confusing behavior determined by variations in parameters. Third, chaos 

analysis by disturbance identified quasi-periodic patterns and limited chaos by the Lyapunov index 

(λ₁ = -0.0036, λ₂ = 0.0037). These results promote nonlinear wave theory using potential applications 

for tsunami modeling and plasma wave expansion. Future work will need to examine experimental 

validation and extension of these solutions for machine learning. 
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