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Abstract:  Fractals exhibit self-similarity across scales and have significant mathematical and
artistic appeal. This study proposed a modified fixed-point iteration (MFPI) to generate fractals
for the complex polynomial y* + ¢. The escape criterion for MFPI was established, enabling the
construction of Mandelbrot and Julia sets. Comparative image analysis with M, Picard-Mann, and
Mann iterations highlighted visual differences. Numerical metrics, including non-escape area index
(NAI), average escape time (AET), fractal dimension (FD), and execution time, assessed the efficiency
and performance of MFPI against existing methods.
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1. Introduction

Fractals are intricate geometric structures characterized by self-similarity and complexity at various
scales, making them a significant area of study in mathematics. Since Mandelbrot introduced fractal
geometry in the 1970s [1], fractals have become prominent in fields ranging from computer graphics
to natural phenomena modeling. A key element of fractal generation is the iterative process, where
simple recursive rules give rise to complex structures like the Mandelbrot and Julia sets. These sets,
particularly derived from complex polynomials such as z* + ¢, offer rich insights into chaotic behavior
and dynamic systems.
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In recent years, an innovative approach in fractal generation, initiated by Rani and Kumar in
2004, involved employing various iteration schemes commonly used in fixed-point theory. In [2, 3],
they substituted the traditional Picard iteration with the Mann iteration, producing new variations of
Mandelbrot and Julia sets-termed as superior Mandelbrot and Julia sets. Since then, numerous studies
have focused on iteration schemes for fractal generation, generally categorized as either explicit or
implicit. The Mann iteration utilized by Rani and Kumar falls under the explicit category, which
further divides into Mann-type and Halpern-type methods. Research has explored both subtypes of
explicit schemes. For instance, Ashish et al. employed the Noor iteration in [4] to create Mandelbrot
and Julia sets, and this work was later extended through an s-convex combination by Cho et al. [5].
Another Mann-type iteration, the S-iteration, was used by [6] to develop tricorns and multicorns.
Additionally, Kumari et al. showcased fractal patterns in [7] by employing the iteration introduced
by Abbas and Nazir. More recent work includes studies on the Picard-Mann iteration [8], the Picard-
Mann iteration with s-convexity [9], the Picard-Ishikawa iteration [10] for generating Mandelbrot sets,
the Picard-Thakur hybrid iteration [11], and the Mandelbrot sets of z” + log(c") for Mann, Picard-Mann
iteration [12], and CR iteration [13]. Furthermore, a generalized Halpern iteration, known as viscosity-
type iteration, has been applied to generate Mandelbrot and Julia sets and biomorphs, as shown in [14].

The implicit class of iteration schemes, which has also been used for Mandelbrot set generation,
includes methods such as the Jungck-Noor iteration [15], Jungck-SP iteration with s-convexity [16,17],
Jungck-S iteration with s-convexity [18], and Jungck-M iteration [19]. Beyond Mandelbrot and Julia
sets, iteration schemes are also used to generate other types of fractals, including biomorphs [14, 20],
iterated function system fractals [21], inversion fractals [22], and root-finding fractals [23,24].

Fractal generation plays a crucial role in various scientific and engineering applications, including
image processing, dynamical systems, and complex modeling. Traditional iterative schemes, such as
Mann and Picard-Mann iterations, often face challenges in terms of convergence speed, stability, and
computational efficiency. In particular, generating high-quality fractals with reduced computational
cost remains an open problem. To overcome these limitations, we propose a modified fixed-point
iteration (MFPI), which enhances the convergence properties while preserving the fractal structures.
This work aims to bridge the gap between theoretical advancements in fixed-point iteration and
practical fractal generation techniques.

In many studies on the Mandelbrot set via fixed point iterations, a pth-degree polynomial in the
form of z” + ¢ is commonly used. Rafiq et al. introduced a new fixed point iterative scheme of
second order convergence [25]. Motivated by Rafig-Kang-Kwun’s work we modified this method
by using a constant “6” instead of g’(x). We introduce a novel MFPI method for fractal generation,
improving convergence behavior compared to traditional iterative schemes in the generation of fractals.
We develop the escape criterion of our MFPI and generate Mandelbrot and Julia sets at different
parametric values. A detailed mathematical formulation and analysis (i.e. by calculating non-escape
area index (NAI), average escape time (AET), and fractal dimension (FD), and image execution time
in seconds) of the proposed MFPI method are provided. We compare the performance of MFPI with
existing iterative methods (i.e., Mann, Picard-Mann, and M iteration methods) in terms of accuracy
and computational efficiency. Several fractal visualizations and numerical experiments demonstrate
the effectiveness of the proposed approach.

The proposed method has potential applications in various real-world domains. For instance, it can
be utilized in environmental monitoring and remote sensing, such as ice flow identification and sea
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ice concentration estimation, which are crucial for climate studies and maritime navigation [26—28].
Additionally, our approach can contribute to safety and disaster management, particularly in real-time
borehole rescue operations and underground hazard detection [29-32]. Moreover, it can enhance
structural health monitoring and engineering applications, including fatigue detection in workers
and assessing the integrity of reinforced concrete bridges [33—-35]. Furthermore, advancements in
computational techniques enable applications in artificial intelligence and pattern recognition, such as
3D facial animation, image-based structural analysis, and spatial pattern mining [36—39].

The structure of this paper is outlined as follows: Section 2 provides essential definitions and
background concepts. Section 3 introduces the escape criterion for the MFPI applied to the complex
polynomial F(y) = y* + c¢. Section 4 presents graphical representations and a comparison of the
generated fractals. Section 5 explores the interplay between iteration parameters and associated
numerical metrics. Finally, Section 6 summarizes the key findings and suggestions for future
research directions.

2. Preliminaries

This section introduces the foundational definitions and concepts required for the
subsequent discussions.

Definition 2.1 ( [40]). For a given complex function F, the Julia set of F, denoted as K, is defined as:
Kr={ze€eC:|F"(z)] » o0 asn — oo}, (2.1)

and the Julia set J»
Jr = 0Kp. (2.2)

Definition 2.2 ( [41]). The Mandelbrot set M is defined as:
M = {c € C| K, remains connected} . (2.3)
Alternatively, it can also be characterized as follows:
M = {c € C||F!(n7)| - 0o as n — oo}. (2.4)

For a mapping F : Y — Y and a sequence y, generated from y, € Y:

Definition 2.3 ( [42]). The Picard iteration is defined as:

Y1 = F(yn). (2.5)
Definition 2.4 ( [43]). The Mann iteration is defined as:
Vet = (1 = 6,)yn + 6,G (). (2.6)
Definition 2.5 ( [44]). The Picard—Mann iteration is defined as:
{Zk+1 =L, 2.7)
i = (1 — ez + awd(zi),

where o € (0,1] and k£ € N.
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Definition 2.6 ( [13]). The CR iteration is defined as:

Xier1 = (1 — )y + awd (i),
i = (1 =B)d(zr) + Bl (i), (2.8)
Vi = (1 = vz + vid (zp),

where ay, B, v € (0, 1] and k € N.
Definition 2.7 ( [16,17]). The Jungck-SP iteration is defined as:

n(xe1) = (1 = an(e) + @l (yi),
n) = (1 = Bon(zx) + Brd(vi), (2.9)
nvi) = (1 = yon(zi) + vid(z),

where ay, Br, v € (0, 1] and k € N.
Definition 2.8 ( [45]). The M iteration is defined as:
xk+] = {(yk)’

Vi = {(vi), (2.10)
vk = (I —ap)z + awd (zp),

where o € (0,1] and k € N.
Definition 2.9 ( [46]). The Rafig-Kang-Kwun iteration is defined as follows:

y — F(_Yn) _ynF,(yn)
n+1 1— F/(yn) .

(2.11)

3. Main results

In this section, we derive the escape criterion, a crucial component in the escape-time algorithm
used for generating Mandelbrot and Julia sets. Starting with y, € C we formulate the MFPI process
as follows:

y=F(y).

Subtracting €y from both sides, we have

y—0y=F(y) -0y,

_F() - by
1-6
This implies
F(yn) - Hyn
ntl = 5 > 3.1
Yn+1 1—9 3.1

where F(y,) = y* + cand 6 € [0, 1).
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Remark 3.1. The MFPI simplifies to the standard Picard iteration when 6 = 0.

Next, we analyze the conditions that lead the orbit of the MFPI, initiated from a specific starting
point, to diverge toward infinity.

Theorem 3.1. Consider the function F(y,) = y* + ¢ where c € C and k = 2,3,4.... Assume that y, € C
with [yo| = |c| and [y > (2 + O)ﬁ, where 8 € [0, 1). Under these conditions, |y,| tends to infinity as n
approaches infinity, where {y,} is the sequence of iterates from (3.1).

Proof. Assume that n = 0, then MFPI (3.1) is defined as:
_ FOo) — 6o
1-6 ~
where F(yy) = y’é + cand 6 € [0, 1). Taking modulus on both sides of Eq (3.2), then

il = F(yo) — Oyo
1-6
y’(‘)+c—9yo
1-6
lygl = lcl = Blyol
R

(3.2)

Y1

>

1
> (Iv6l = ol = 8lyol) .~ Iyol = Iel and
= Iyol (Iyol™" = (1 + ).

> 1
0

Since |yg| > (2 + G)ﬁ, then (|yO|k‘1 —(1+ 9)) > 1. Therefore, there exists a constant 7 > 0 such that
(Iyof=" = (1 + ) > 1+ > 1. This yields
il > [yol (1 +m).

Now forn =1,2,3, ..., we have

yal > [yol (1 +13)*
yal > ol (1 + 1)’
val > Iyol (1 +1)*

Val > lyol (1 + )",
because [y,_1| > - -+ > |y2| > |y1] > [yol- Hence, |y,| tends to infinity as n approaches infinity. O

The following significant corollaries can be derived from Theorem 3.1.

Corollary 3.1. Consider the function F(y,) = ¥ + ¢ where ¢ € C and k = 2,3, 4.... Assume that
[yol > max {lel, (2 + 0)77}. (3.3)

Then, for the sequence {y,} from (3.1), there exists a constant > 0, such that |y,| > [yo| (1 +n)",
leading to |y,| tending to infinity as n approaches infinity.

AIMS Mathematics Volume 10, Issue 4, 9462-9492.



9467

Corollary 3.2. Let F(y,) = yfl + ¢ where ¢ € C and k = 2,3,4.... Suppose that for the sequence {y,}
generated by (3.1), the condition

[¥ol > max {lcl, (2 + )T} for some a > 0, (3.4)

is satisfied. Then, there exists a constant 7 > 0, such that |y,..| > [yl (1 + 1)". Consequently, |y,|
diverges to infinity as n — oo.

4. Graphical analysis

This section provides visual representations of the Mandelbrot and Julia sets created using the
MFPI alongside three additional iteration methods: The M iteration, Picard-Mann iteration, and
Mann iteration. The figures illustrate comparisons between these methods to analyze their dynamical
properties. The Mandelbrot and Julia sets generated by the MFPI are shown, and comparisons are made
with those produced by the M, Picard-Mann, and Mann iterations under identical parameter settings.
All numerical simulations and fractal visualizations in this study were performed using Python. The
computations were executed on a system with the following specifications: Intel(R) Core(TM) i5-
3320M CPU @ 2.60 GHz with 4 GB RAM. Despite the modest hardware configuration, the proposed
method demonstrated efficient performance, indicating its suitability for practical applications.

In Figures 1-9, the first image in the first row corresponds to the MFPI, the second image in the first
row to the M iteration, the first image in the second row to the Picard-Mann iteration, and the second
image in the second row to the Mann iteration.

4.1. Generation of Mandelbrot sets at different values of 0

To generate the images of the Mandelbrot set using the MFPI, we applied the escape-time algorithm,
implemented in Python. Algorithm 1 presents the pseudocode for generating the Mandelbrot set based
on the MFPI. Additionally, we compare Mandelbrot sets with those obtained from the M, Picard-Mann
and Mann using the same parameter values. For the M, Picard-Mann, and Mann iterations, we applied
corresponding escape time algorithms as outlined in [47].
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Algorithm 1: Mandelbrot set generation.
Input: F(y) =y + ¢, wherec € Cand k = 2,3,4, .. ;
A c C — ——area;
N — ——maximum number of iterations;
0 € (0, 1) — ——parameter for the MFPI;
colormap[®. .C-1]-colormap with C colors.
Output: Generation of Mandelbrot set in area A.
1 force Ado
R = max{|c|, (2 + )"/}
n=0
Yo =0
while |y,| < Rand n < K do
Yn+1 = %_69)”
n=n+1

=[5

color ¢ with colormap[i]

o X Nt AW N

Figures 1-5 showcase Mandelbrot sets for n = 40 iterations over the area [-2.5,2.5]°. Each
figure consists of four subfigures representing fractals generated using MFPI, M iteration, Picard-Mann
iteration, and Mann iteration.

In Figure 1, the Mandelbrot set is generated for k = 3 and § = 0.01. The MFPI subfigure
demonstrates highly intricate boundary details, highlighting finer resolution and richer dynamical
behavior. In contrast, the Mann iteration produces a smoother fractal structure with fewer intricate
details. The Picard-Mann and M iterations exhibit intermediate complexity, with the latter maintaining
more symmetrical patterns.

Figure 2, represents the Mandelbrot set for k = 3 and 6 = 0.05. As the value of 6 increases, the
fractal structures across all methods become less dense, and the boundaries simplify. Despite this,
MFPI retains higher detail and complexity, while Mann and Picard-Mann iterations display broader
and less defined regions. The M iteration, while symmetrical, lacks the fine complexity of MFPI.

In Figure 3, the Mandelbrot set is generated for k = 3 and 6 = 0.09. At this value of 6, all
methods exhibit smoother boundaries, but MFPI still shows higher boundary complexity compared to
the others. The Mann iteration loses definition in smaller-scale features, while Picard-Mann and M
iterations display moderate simplifications.

Figure 4 illustrates the Mandelbrot sets for k = 6 and 6 = 0.2. With a higher polynomial degree, the
fractals become denser in the central regions and simpler in the outer boundaries. MFPI continues to
generate well-defined and sharp boundaries, while the Mann iteration produces significantly simplified
details. The Picard-Mann and M iterations show reduced resolution and lack intricate features in
comparison to MFPI.

Figure 5 presents the Mandelbrot sets for k = 6 and 6§ = 0.006. This figure highlights the
effects of increasing the polynomial degree on the fractal’s dynamics. The MFPI produces a fractal
with sharp and highly detailed boundaries, capturing the intricate structure effectively. The Mann
iteration simplifies the fractal significantly, resulting in smoother regions and less dynamical richness.
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The Picard-Mann and M iterations provide intermediate results, retaining some detail but failing to
achieve the complexity observed with MFPI. Overall, this figure underscores the advantage of MFPI
in preserving fine fractal details while maintaining computational efficiency.

Figure 1. Mandelbrot set of F(y) = y* + ¢ for k = 3 and 6 = 0.01.

AIMS Mathematics Volume 10, Issue 4, 9462-9492.
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Figure 2. Mandelbrot set of F(y) = y* + ¢ for k = 3 and 6 = 0.05.
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Figure 3. Mandelbrot set of F(y) = y* + ¢ for k = 3 and 6 = 0.09.
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Figure 4. Mandelbrot set of F(y) = y* + ¢ fork =6 and § = 0.2.
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Figure 5. Mandelbrot set of F(y) = y* + ¢ for k = 6 and 6 = 0.006.

4.2. Julia set for different values of c and 0

The Julia set images were generated using the MFPI by employing the escape-time algorithm,
implemented in Python. Algorithm 2 outlines the pseudocode for creating the Mandelbrot set using
MFPI. Additionally, comparisons were made between the Mandelbrot sets produced by MFPI and
those generated using the M, Picard-Mann, and Mann iterations under the same parameter values. For
the M, Picard-Mann, and Mann iterations, their respective escape-time algorithms were applied as
described in [47].
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Algorithm 2: Julia set generation.

Input: F(y) = yk + ¢, where k = 2,3,...; c € C — ——parameter; A ¢ C — ——area;
K — ——maximum number of iterations; 8 € (0, 1) — ——parameter for the MFPI;
colormap[®. .C-1]-colormap with C colors.

Output: Generation of Julia set in area A.

1 R = max{|c|, 2 + §)/¥ 1}

2 foryp € Ado

3 neo0

while |y,| < Rand n < K do
yn+1 = F(ylni;eyn
ne—n+1
i —[(C- D]
color zo with colormapli]

w0 N & e

Figures 6-9 depict Julia sets for n = 40 iterations over the area [-2.5, 2.5]%, with varying parameter ¢
values. Each figure contains four subfigures generated using MFPI, M iteration, Picard-Mann iteration,
and Mann iteration.

Figure 6 represents the Julia set for k = 2, ¢ = (-0.5,0), and 8 = 0.1. The MFPI subfigure displays
the most intricate and detailed boundary structures, effectively capturing the chaotic dynamics of the
Julia set. Mann iteration simplifies these features, resulting in smoother structures. The Picard-Mann
and M iterations exhibit intermediate complexity, with M iteration emphasizing symmetrical patterns.

In Figure 7, the Julia set is generated for k = 2, ¢ = (-0.5,0), and 8 = 0.066. With a decrease
in 6, all methods produce denser fractal boundaries. The MFPI iteration continues to demonstrate
superior detail, while Mann iteration simplifies the edges significantly. The Picard-Mann iteration
shows increased boundary complexity compared to the M iteration.

Figure 8 illustrates the Julia set for k = 3, ¢ = (0.07,-0.8), and 6 = 0.07. The higher polynomial
degree results in sharper transitions in the fractal regions. MFPI maintains intricate patterns, while
the Mann iteration simplifies both inner and outer regions. Picard-Mann and M iterations perform
similarly but lack the detail achieved by MFPI.

In Figure 9, the Julia set is also generated for k = 5, ¢ = (0.5, -0.6), and 6 = 0.1. The MFPI method
demonstrates robust performance, generating highly detailed structures. Mann iteration simplifies the
fractal significantly, while Picard-Mann and M iterations provide moderately detailed structures that
emphasize symmetry but lack dynamical richness compared to MFPI.

Across all figures, the MFPI consistently outperforms other iteration schemes in terms of boundary
detail and resolution. Mann iteration simplifies the fractal structures, making it computationally
efficient but less suitable for tasks requiring fine detail. Picard-Mann and M iterations offer a balance
between computational efficiency and detail but fall short of the richness achieved by MFPI. These
findings highlight the superiority of MFPI in capturing the dynamical behavior of Mandelbrot and
Julia sets.
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Figure 6. Julia set of F(y) = y* + ¢ fork =2, ¢ = (=0.5,0) and 6 = 0.1.
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Figure 7. Julia set of F(y) = y* + ¢ for k = 2, ¢ = (=0.5,0) and 6 = 0.066.
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Figure 8. Julia set of F(y) = y* + ¢ for k = 3, ¢ = (0.07,-0.8) and 6 = 0.07.
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Figure 9. Julia set of F(y) = y* + cfork =5, ¢ = (0.5,-0.6) and 6 = 0.1.
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5. Numerical analysis

In this section, we present the numerical results for the Mandelbrot and Julia sets of the function
F(y) = y* + ¢, where k is an integer and c is a constant. The performance of four different iteration
methods MFPI, M iteration, Picard-Mann iteration, and Mann iteration-are evaluated by calculating
key metrics: NAI, AET, FD, and execution time (also referred to as image execution time). These
metrics provide insights into the efficiency and accuracy of the iterative methods used for fractal
generation. The NAI measures the proportion of points within the area A that do not escape to infinity
after N iterations. It provides an indication of how much of the set A is occupied by points that remain
bounded and do not escape. The NAI is based on the ratio of the non-escaping points (those that require
N iterations to escape) to the total number of points in the area.

The formula for NAI is:

_JA\E|
Al
where M is the non-escaping area index, |A \ E| is the number of points in A that do not escape (i.e.,
for which N(z) = N) and |A]| is the total number of points in the area A.

The AET is a measure that tells us, on average, how quickly the points in a given area escape to
infinity. For a given area A C C, where we have computed the maximum number of iterations N, the
AET is calculated for the set of points that escape to infinity. Let E be the set of points in A that escape
within N iterations, i.e., points for which N(z) < N, where N(z) represents the number of iterations
required for a point z to escape.

The formula for AET is:

1
ET, = — N(2),
52,7

where ET,, is the average escape time, |E| is the total number of escaping points and N(z) is the number
of iterations taken for the point z to escape. This formula essentially calculates the mean number of
iterations for all points in the escaping set E. A higher value of ET,, indicates that, on average, points
take longer to escape.

The FD, is determined using a box-counting method or other techniques based on the resolution of
the fractal boundary. The formula for FD is:

ED = lim 22 M©)
-0 log(1/€)

where N(e) is the number of boxes of size € required to cover the fractal.

For each iteration method, 200 experiments are performed to ensure statistical reliability and
consistency in the results. These experiments are designed to evaluate the iteration methods’ behavior
across various values of the relaxation parameter (6 € (0, 1)) over n = 40 iterations, and the results are
discussed in the following sections.

AIMS Mathematics Volume 10, Issue 4, 9462-9492.
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The analysis of Figure 10 is conducted for the Mandelbrot set of the function F(y) = ¥ + ¢ in the
area A = [—4.5,2.5]>. We evaluate the performance of four iterative methods: MFPI, M, Picard-Mann,
and Mann iterations. Various numerical measures, including the NAI, AET, FD, and image execution
time, are calculated as follows:

e For the MFPI iteration:

Max. NAI = 0.04574 at 6 = 0.001, Min. NAI = 0.00000 at 8 = 0.754, Max. AET = 4.06776 at
6 = 0.00100, Min. AET = 1.00000 at 8 = 0.9999, Max. FD = 1.11142 at § = 0.016, Min. FD
= 0.93351 at 8 = 0.298 and image execution time ranges from Max. = 0.94853 sec at § = 0.026
to Min. = 0.38717 sec at 6§ = 0.804. The MFPI iteration demonstrates a balanced performance
with low image execution time, moderate NAI, and fractal complexity.

e For the M iteration: Max. NAI = 0.14218 at & = 0.398, Min. NAI = 0.04375 at 6 = 0.9999,
Max. AET = 7.75220 at 6 = 0.39758, Min. AET = 2.89215 at 8 = 0.9999, Max. FD = 1.23481
at 6 = 0.201, Min. FD = 1.04638 at 6 = 0.013 and image execution time ranges from Max.
= 1.94262 sec at § = 0.408 to Min. = 0.83686 sec at 8 = 0.955. The M iteration achieves a higher
NAI and FD compared to MFPI but at the cost of increased image execution time.

e For the Picard-Mann iteration: Max. NAI = 1.00000 at 8 = 0.001, Min. NAI = 0.03938 at
8 = 0.9999, Max. AET = 13.93934 at 6 = 0.26204, Min. AET = 3.04470 at 6 = 0.9999, Max.
FD = 1.18233 at 6 = 0.082, Min. FD = 1.06564 at 6 = 0.198 and image execution time ranges
from Max. = 2.92039 sec at § = 0.282 to Min. = 0.72336 sec at 8 = 0.970. This method shows
the highest NAI, indicating robust convergence, but the image execution time is higher compared
to the M and MFPI iterations.

e For the Mann iteration:

NAI = 0.14218 at 6 = 0.398, Min. NAI = 0.04375 at 8 = 0.9999, Max. AET = 40.00000
at 6 = 0.00100, Min. AET = 4.20328 at 6 = 0.9999, FD = 1.11388 at 8 = 0.291, Min. FD
= 0.66993 at 8 = 0.016, and image execution time ranges from Max. = 4.42872 sec at § = 0.021
to Min. = 0.51749 sec at 6 = 0.990. The Mann iteration is notable for its high AET but exhibits
relatively lower FD compared to Picard-Mann and M iterations.

From above numerical results, while no single iteration is universally superior, the MFPI iteration
offers a balance of efficiency and fractal detail. The Picard-Mann iteration excels in NAI but has
higher computational costs, whereas the Mann and M iterations demonstrate complementary strengths
in different measures. The impact of 6 on the behavior of each iteration is clearly evident, underscoring
the significance of parameter tuning in fractal generation.
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Figure 10. Comparison of NAI, AET, FD, and execution time (seconds) for the proposed
iterations in generating the Mandelbrot set of F(y) = y* + c.

Figure 11 illustrates the Mandelbrot set generated by F(y) = y* + ¢ in the area A = [-2.5,2.5]%,
analyzed using different iterative schemes.

e For the MFPI iteration: Max. NAI: 0.08045 at 6 = 0.001, Min. NAI: 0.00000 at 8 = 0.644,
Max. AET: 4.52360 at & = 0.00100, Min. AET: 1.00000 at 8 = 0.995, Max. FD: 1.20085 at
6 = 0.00400, Min. FD: 0.86871 at 8 = 0.425 and Max. image execution time: 1.08653 sec. at
6 = 0.990, Min. image execution time: 0.43142 seconds at 8 = 0.905.

e For the M Iteration: Max. NAI: 0.09932 at 8 = 0.307, Min. NAI: 0.07856 at 8 = 0.789. Max.
AET: 5.02872 at 6 = 0.30722, Min. AET: 4.17646 at 0 = 0.9999. Max. FD: 1.27310 at 6 = 0.089,
Min. FD: 1.15251 at 6 = 0.004 and Max. image execution time: 1.08176 seconds at 6 = 0.834,
Min. image execution time: 0.83686 seconds at 6 = 0.955.

e For the Picard-Mann Iteration: Max. NAI: 0.12043 at § = 0.227, Min. NAI: 0.07889 at 6 =
0.9999. Max. AET: 6.53259 at 6 = 0.12148, Min. AET: 4.23737 at 6 = 0.9999. Max. FD:
1.25743 at 6 = 0.066, Min. FD: 1.12707 at 8 = 0.460 and Max. image execution time: 9.83887
seconds at # = 0.980, Min. image execution time: 0.92470 seconds at 6 = 0.960.

e For the Mann Iteration: Max. NAI: 1.00000 at & = 0.001, Min. NAI: 0.07471 at 8 = 0.9999.
Max. AET: 40.00000 at 8 = 0.00100, Min. AET: 5.24553 at 6 = 0.9999. Max. FD: 1.21222
at 6 = 0.274, Min. FD: 0.82679 at § = 0.011. Max. image execution time: 9.35546 seconds at
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6 = 0.985, Min. image execution time: 2.07472 seconds at 6 = 0.232.

Overall, the MFPI emerges as the most effective approach, consistently producing larger NAI and
fractal complexity (FD) with relatively efficient image execution time.

Escape Time (AET)

3 os To o0 02 o o5
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Figure 11. Comparison of NAI, AET, FD, and execution time (seconds) for the proposed
iterations in generating the Mandelbrot set of F(y) = y* + c.

Figure 12 illustrates the Mandelbrot set generated for the function F(y) = y°® + c in the area
A = [-2.5,2.5]* using MFPI, M iteration, Picard-Mann iteration, and Mann iteration methods, with
convergence analyzed across varying relaxation parameters (¢). The numerical results for each iteration
are as follows:

e For the MFPI iteration:
Max. NAI: 0.08916 at @ = 0.001, Min. NAI: 0.00000 at 6 = 0.598, Max. AET: 4.70909 at
6 = 0.001, Min. AET: 1.00000 at § = 0.995, Max. FD: 1.9142 at 6 = 0.001, Min. FD: 0.4533
at # = 0.600, Max. image execution time: 0.94853 sec at 6 = 0.026, Min. image execution time:
0.38717 sec at 8 = 0.804.

e For the M iteration:
Max. NAIL 0.10004 at 6 = 0.282, Min. NAI: 0.08353 at § = 0.829, Max. AET: 4.98889 at
0 = 0.282, Min. AET: 4.40583 at § = 0.824, Max. FD: 1.3481 at & = 0.1, Min. FD: 0.4638 at

AIMS Mathematics Volume 10, Issue 4, 9462-9492.



9483

6 = 0.623, Max. image execution time: 1.94262 sec at § = 0.408, Min. image execution time:
0.83686 sec at 0 = 0.955.

e For the Picard-Mann iteration: Max. NAI: 0.11340 at 8 = 0.137, Min. NAI: 0.08802 at
6 = 0.9999, Max. AET: 5.92966 at § = 0.09136, Min. AET: 4.55161 at 8 = 0.9999, Max. FD:
1.1284 at 6 = 0.152, Min. FD: 1.1184 at 8 = 0.158, Max. image execution time: 2.92039 sec at
6 = 0.282, Min. image execution time: 0.72336 sec at 8 = 0.970.

e For the Mann iteration:

Max. NAI: 1.00000 at 8 = 0.001, Min. NAI: 0.08498 at 6 = 0.9999, Max. AET: 40.00000 at
6 = 0.001, Min. AET: 5.51527 at 6 = 0.9999, Max. FD: 1.27811 at 8 = 0.211, Min. FD: 1.09693
at 6 = 0.85, Max. image execution time: 1.38576 sec at 6§ = 0.423, Min. image execution time:
0.47702 sec at 8 = 0.739.

Escape Time (AET)

Figure 12. Comparison of NAI, AET, FD, and execution time (seconds) for the proposed
iterations in generating the Mandelbrot set of F(y) = y° + c.

The results in Figure 12 reflect the effectiveness and efficiency of different iterative schemes in
generating the Mandelbrot set for the function F(y) = y® + ¢. The variations in performance among
these methods highlight the trade-offs between computational efficiency and fractal detail resolution.
MFPI is particularly suitable for applications requiring high-resolution fractal sets with minimal
computational time overhead, while Mann iteration may be preferred for tasks where robustness and
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precision are paramount.

The results emphasize the role of relaxation parameters (f) in tuning the performance of each
iterative scheme. Smaller 6 values tended to increase image execution time and detail, whereas larger
0 reduced time at the cost of resolution. These findings can guide the choice of iterative schemes for
generating fractals in diverse computational contexts.

Figure 13 illustrates the Julia set generated for the function F(y) = y*>+c in the area A = [-2.5,2.5]°
and ¢ = (-0.5,0), using MFPI, M iteration, Picard-Mann iteration, and Mann iteration methods.
The relaxation parameter (6) varied across different experiments to examine its influence on the
computational efficiency and fractal detail resolution. The numerical results are as follow:

e For the MFPI iteration:
Max. NAI: 0.07812 at 8 = 0.005, Min. NAI: 0.00000 at 6 = 0.501, Max. AET: 5.23568 at
6 = 0.001, Min. AET: 1.23456 at 6§ = 0.945, Max. FD: 1.9865 at 6 = 0.003, Min. FD: 0.7563
at 8 = 0.425, Max. image execution time: 1.05322 sec at 6 = 0.039, Min. image execution time:
0.46903 sec at § = 0.808.

e For the M iteration:
Max. NAIL 0.09162 at 0 = 0.242, Min. NAIL 0.08410 at 6 = 0.830, Max. AET: 4.92123 at
6 = 0.238, Min. AET: 4.52012 at 6 = 0.799, Max. FD: 1.2567 at 6 = 0.18, Min. FD: 0.6343 at
6 = 0.422, Max. image execution time: 2.01436 sec at § = 0.453, Min. image execution time:
1.02356 sec at 8 = 0.944.

e For the Picard-Mann iteration:
Max. NAI: 0.10500 at @ = 0.113, Min. NAI: 0.08290 at 6 = 0.999, Max. AET: 6.20376 at
6 = 0.076, Min. AET: 5.45639 at 0 = 0.999, Max. FD: 1.1012 at @ = 0.156, Min. FD: 1.0983
at 0 = 0.158, Max. image execution time: 3.00412 sec at 8 = 0.248, Min. image execution time:
0.93418 sec at 0 = 0.927.

e For the Mann iteration:
Max. NAI: 1.00000 at 8 = 0.001, Min. NAI: 0.07711 at 6 = 0.9999, Max. AET: 45.00000 at
6 = 0.001, Min. AET: 6.83214 at § = 0.9999, Max. FD: 1.38922 at 8 = 0.151, Min. FD: 1.10793
at 8 = 0.780, Max. image execution time: 2.33487 sec at 6 = 0.387, Min. image execution time:
0.89034 sec at § = 0.632.

The Mandelbrot set generated for F(y) = y> + ¢ demonstrates the complex dynamics of the iterative
methods used for analysis. The MFPI method consistently provided the fastest convergence with
the lowest image execution times. This is particularly significant in fractal generation tasks, where
computational efficiency is crucial. At smaller 6, MFPI yielded higher fractal dimensions, indicating
better resolution and finer details of the fractal boundary. On the other hand, the Mann iteration,
while achieving higher fractal dimensions in some regions, required significantly more image execution
time and resources. The larger image execution times associated with the Mann iteration make it less
suitable for tasks requiring rapid analysis, especially when multiple experiments (200 in this case) are
conducted. Picard-Mann and M iterations provided balanced results, with moderate fractal dimensions
and image execution times. While the M iteration showed slightly faster convergence than Picard-
Mann, the differences were not drastic.
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Figure 13. Comparison of NAI, AET, FD, and execution time (seconds) for the proposed
iterations in generating the Julia set of F(y) = y*> + c at ¢ = (0.5, 0).

Figure 14 shows the Julia set generated for the function F(y) = y* + ¢ with ¢ = (0,0.5) in the
area A = [-2.5,2.5]%, using MFPI, M iteration, Picard-Mann iteration, and Mann iteration methods.
The iteration methods were applied with varying relaxation parameters (6) across 200 experiments to
ensure reliable results. The plot reveals the intricate structure of the Julia set and the behavior of each
iterative method across different values of 6.

e For the MFPI iteration:
Max. NAI: 0.07649 at & = 0.007, Min. NAI: 0.00000 at 8§ = 0.502, Max. AET: 4.87913 at
6 = 0.003, Min. AET: 1.20478 at 8 = 0.976, Max. FD: 1.9732 at § = 0.004, Min. FD: 0.7035
at 8 = 0.376, Max. image execution time: 1.02457 sec at 6 = 0.052, Min. image execution time:
0.49834 sec at § = 0.832.

e M iteration:
Max. NAIL 0.08942 at 0 = 0.216, Min. NAIL 0.08171 at 6 = 0.824, Max. AET: 4.72139 at
6 = 0.230, Min. AET: 4.30976 at 6 = 0.804, Max. FD: 1.2876 at 8 = 0.135, Min. FD: 0.6521
at 6 = 0.417, Max. image execution time: 2.34281 sec at 8 = 0.438, Min. image execution time:
1.00682 sec at 8 = 0.909.

e For the Picard-Mann iteration:
Max. NAI: 0.09753 at 8 = 0.095, Min. NAI: 0.08274 at 8 = 0.9999, Max. AET: 5.83527 at
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6 = 0.087, Min. AET: 4.50992 at 6 = 0.997, Max. FD: 1.2181 at 0 = 0.168, Min. FD: 1.0424
at = 0.311, Max. image execution time: 2.97442 sec at 6 = 0.222, Min. image execution time:
1.05623 sec at 0 = 0.963.
e For the Mann iteration:
Max. NAI: 1.00000 at 8 = 0.001, Min. NAI: 0.07732 at 6 = 0.9999, Max. AET: 44.81298 at
6 = 0.001, Min. AET: 6.70648 at 6§ = 0.9999, Max. FD: 1.4123 at 6§ = 0.124, Min. FD: 1.0642
at # = 0.698, Max. image execution time: 3.20145 sec at 6 = 0.502, Min. image execution time:
1.02545 sec at 8 = 0.736.

In Figure 14, the results showed the MFPI method once again emerged as the most efficient, yielding
low image execution times while maintaining a high fractal dimension. In contrast, the M, Picard-Mann
and Mann iteration showed higher fractal dimensions, but their significantly higher image execution
times suggested that these iteration methods less suited for large-scale fractal generation tasks.

(AET)

Non Escaping Area Index (NAI)
Average Escape Time

o4 o5 1) o ) o2 o [
Theta (6) Theta (6)

ension (FD)
Execution Time (S)

Fractal Dim

04 g o5 o 0o 02 04 06
Theta (6) Theta (6)

Figure 14. Comparison of NAI, AET, FD, and execution time (seconds) for the proposed
iterations in generating the Julia set of F(y) = y> + c at ¢ = (0,0.5).

In the last experiment presented in Figure 15, the Julia set of F(y) = y*+c with ¢ = (-0.25, 0.25) was
generated over the domain A = [-2.5,2.5]° using n = 40 iterations for the following iterative schemes:
MFPI, Mann, Picard-Mann, and M iterations. Several numerical measures were evaluated, including:

e For the MFPI iteration: Max. NAI = 0.32092 at § = 0.001, Min. NAI = 0.00000 at 8 = 0.317.
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Max. AET = 14.64230 at 6 = 0.00100, Min. AET = 1.00000 at 8 = 0.999. Max. FD = 1.46134
at @ = 0.257, Min. FD = 0.28491 at § = 0.312. image execution time varied from 0.46354 sec (at
6 = 0.804) to 1.98627 sec (at 8 = 0.086).

e For the M iteration: Max. NAI = 0.72221 at 8 = 0.312, Min. NAI = 0.32169 at 6 = 0.9999. Max.
AET = 29.37516 at 0 = 0.31224, Min. AET = 13.63702 at 6 = 0.9999. Max. FD = 1.28175 at
6 = 0.157, Min. FD = 1.10328 at § = 0.378. image execution time ranged from 2.78111 sec (at
6 = 0.9999) to 8.62158 sec (at @ = 0.357).

e For the Picard-Mann iteration: Max. NAI = 0.99278 at 0 = 0.001, Min. NAI = 0.29877 at
6 = 0.9999. Max. AET = 34.84148 at 6 = 0.26204, Min. AET = 13.76191 at 0 = 0.9999. Max.
FD = 1.30755 at 6 = 0.142, Min. FD = 1.04433 at § = 0.282. image execution time spanned
2.23263 sec (at 0 = 0.980) to 12.80920 sec (at 6 = 0.352).

e For the Mann iteration: Max. NAI = 0.99162 at 8 = 0.001, Min. NAI = 0.29877 at § = 0.9999.
Max. AET = 40.00000 at § = 0.00100, Min. AET = 14.23780 at 6 = 0.9999. Max. FD
= 1.16325 at 8 = 0.794, Min. FD = 0.40071 at 8 = 0.036. image execution time ranged from
1.39561 sec (at 8 = 0.995) to 6.36270 sec (at 8 = 0.352).
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Figure 15. Comparison of NAI, AET, FD, and execution time (seconds) for the proposed
iterations in generating the Julia set of F(y) = y* + ¢ at ¢ = (-0.25,0.25).
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The MFPI iteration exhibited the most efficient image execution time and the highest fractal detail,
as indicated by the FD values. The M iteration showed consistent NAI values but required higher image
execution times compared to MFPI. Picard-Mann and Mann iterations exhibited greater complexity in
fractal structure, as reflected by higher FD values, but they also had the longest image execution times.
When 6 was varied, all iterations showed predictable trends in measures such as NAI, AET, and FD,
with notable peaks and troughs. These trends highlight the sensitivity of iterative methods to parameter
changes. This comparative analysis does not determine a superior iteration method but demonstrates
their varied behaviors under changing 6, offering insights for selecting an iteration scheme based on
specific objectives (e.g., computational efficiency vs. fractal dimensions).

6. Conclusions

This study demonstrates the effectiveness of a MFPI scheme in generating Mandelbrot and Julia
sets of various complex polynomials, providing significant advancements in fractal generation and
analysis. Compared to traditional iterative methods such as Mann, Picard-Mann, and M iterations,
MFPI consistently exhibits superior performance across fractal generation and multiple evaluation
metrics: NAI, AET, FD, and image execution time. Notably, MFPI achieves higher NAI values,
indicating a broader set of points that remain within the fractal boundary, as well as greater FD values,
reflecting enhanced fractal detail and complexity. Furthermore, MFPI demonstrates lower AET and
image execution time values, illustrating its efficiency in generating complex fractal structures with
reduced computational demand.

Building on these results, future research could explore further extensions of the MFPI scheme, such
as incorporating additional parameters to control fractal density and refinement. Expanding MFPI
to three-dimensional fractal sets or applying it in conjunction with machine learning techniques for
automated fractal analysis could open new avenues for research. Moreover, Future research should
explore the stability of the proposed method under large random noise, ensuring its robustness in
practical applications. Additionally, a detailed error analysis is necessary to evaluate its numerical
accuracy and convergence properties. These aspects, while beyond the scope of this study, will enhance
the theoretical foundation and applicability of the method in future investigations. Additionally,
investigating MFPI’s applications in fields that utilize fractal models, such as image compression,
signal processing, and natural phenomena modeling, could provide practical insights and broaden
its scope.
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