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where, for the latter, the regional fractional Laplacian is used. The dynamics of thel-dimensional case
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1. Introduction

It is well known that the classical local model of elasticity is not suitable to describe a variety of
mechanical behaviors with special attention to nano and micro structures, composites and multi scale
analysis. Several other models have been proposed to study these materials and one of them is the
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nonlocal model following the approach proposed by Eringen and Edelen, further details can be found
in [1] and the references therein. A very fruitful step is the peridynamics theory proposed by Silling [2],
that is, the introduction of a suitable framework for problems where discontinuities appear naturally,
such as fractures, dislocations, or, in general, multiscale materials. This approach introduces a length
scale and permits it to draw a relation with the classical elasticity [3] and with the hyper-elasticity [4].
With attention to the mechanical behavior of a bar [5, 6], the authors in a recent paper [7], somehow
inspired by [8], analyzed the static mixed behavior (local and nonlocal) of finite length elements,
where the involved non local operator is the regional fractional Laplacian (—A)g. Recent developments
of peridynamics include the possibility of defining a double horizon [9] which allows one to reduce the
phenomenon of spurious wave reflection and the derivation of the equation of motion starting directly
by Navier’s displacement equilibrium equations by means of a peridynamics differential operator [10],
which has been generalized in [11]. An approach which uses different elements (rod, triangle elements,
and tetrahedron elements) depending on the dimensions of the problem (1D, 2D, and 3D) was proposed
in [12]. Moreover, the task of estimating the size of the horizon was approached using physics-
informed neural networks in a recent paper [13].

In this paper we apply this mixed approach to dynamical problems, and to do that, we first establish
the main properties of the eigenvalues and the eigenfunctions of the underlying mixed operator.

For this, we need to introduce the precise setting. Throughout the paper we denote by B(xy, r) the
open ball in RY of center x, and radius r > 0; when x, = 0 we simply write B, instead of B(0, r).
Here and in what follows Q C R" is a bounded domain. Moreover, Q is divided into two parts, that is,
Q = QyUQ, where ) is an open set, with smooth boundary dQ, and Qy,NQ; = (. Here, Q2 represents
the peridynamic boundary, or the horizon. Furthermore, the open enlargement Qs = Qg + By, for a
suitable small radius 6 > 0, is assumed to be a subset of Q. In this way, the remaining set ; D 9Q
can be seen as the nonlocal boundary of €, see Figure 1.

| x,

f
NP

Figure 1. Description of Q, Q, and Q;.

We are now in the position to consider the eigenvalue problem

{—cAu + k(=AY + V(u = Au in Q, (L1)

u=0 in Q,

where ¢, k > 0 are physical coefficients and usually, but not in this paper, are supposed to satisfy the
convex restriction ¢ + k = 1. Indeed, letting ¢ + k # 1 permits it to cover general and more realistic
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situations, in which the operator is not the convex combination of the local and of the nonlocal one.
The additional term V(x)u represents external springs whose stiffness is related to the position of the
point along €, and the potential V is a bounded non—negative continuous function, with V > 0 a.e.
in €y, while A is a real parameter. The operator (—A)g, defined pointwise for all x € Q along any
¢ € C7(Q) by
(~A)e(x) = Cray | L =E0) 4,
o lx=yl
is the so called regional fractional Laplacian. The constant Cy, plays an important role only in the
numerical approach described in Section 4, while in the first part of the paper, for simplicity, Cy; 1s
normalized to 1.
The natural solution space of (1.1) is

Hyo = {ue Hy(Q)NHY(Q) : u=0ae. inQ},

where Hé(Qo) is the completion of C°(€2y) with respect to the norm ||V - [[;2q, and H(€2) is the
completion of C°(€2), with respect to the Gagliardo seminorm

Ju(x) — u(y)P 12
[ulro = <ff><g x — yVes dx d) )

The canonical Hilbertian norm on Hj , is

lu(x) — u(y)? 12 12
leellless ,, = ( , |Vu|2dx+ff 0 e legs dxdy (||VM||%2(QO) + [M%,Q) ,
0 Qx

which, since V is a bounded non—negative continuous function, with V > 0 a.e. in ), is equivalent to
the Hilbertian norm

12
ol , = ( / V@luldx + [Vull}q,, + [u]ﬁ,g)
Qo

2 ) 5 12
= (”u”LZ(QO’V) + ”VMHLZ(QO) + [M]Z,Q)

b

being
2 2 2
Mol < Ny, < max(CallVll, Dl

where Cp is the Poincaré constant. It is convenient for later purposes to endow Hj, with the

Hilbertian norm
2 2 2 \1/2
[lul| = (”u”LZ(QO V) + CHVM”LZ(Q ) + k[u]z Q)

)

which is equivalent to || - Ilezs , » since ¢, k > 0, being «llullg; < lull < Kol for all u € Hy , where
xk =min{c, k, 1} and K = max{c k, 1}. The inner product 1nducmg || - is denoted by (-, -).
Since we consider the weak formulation of problem (1.1), it is convenient to introduce the functional

1
J(w) = Ellull2 (1.2)
defined on Hj . Indeed, a function u € Hj , is a (weak) solution of (1.1) if

(J'(w), @) = Au, ), forall g € Hyq. (1.3)
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Hence the (weak) solutions of (1.1) are exactly the critical points of " in Hy .
Following the proof of [14, Proposition 9] by Servadei and Valdinoci and of [15, Theorem A.3], for
related but different problems, we prove for (1.1) the next result.

Theorem 1.1.
(a) Problem (1.1) admits an eigenvalue A; which is positive and can be characterized by
llull®

11 P .
”EH(A),Q\{O} ”I/ll |L2(QO)

A = (1.4)

(D) There exists a non-negative function ey € Hjg, which is a normalized eigenfunction
corresponding to A, attaining the minimum in (1.4), that is, ||eil|;2q,) = 1 and

A= ||el||2~ (1.5)
(¢) Ay is simple, that is, if u € Hj g, is a solution of
<j,(u)a 90> = /ll(l/l, Q0>L2(Q()) for any ¢ € Hé,ﬂ’ (16)

then u = tey, for somet € R.
(d) The set of the eigenvalues of problem (1.1) consists of a sequence (A;)ren, With

O<i <S4S S (1.7)

and
Ay > o0 as k — oo, (1.8)

Moreover, for any k € N the eigenvalues can be characterized by

s = el
k41 = min > (1.9)
u€Pk1\{0} ||u||L2(QO)
where
Proi = {ue€Hg @ (u,e;) =0forany j=1,....k}. (1.10)

(e) For any k € N there exists a function ey, € Py, which is a normalized eigenfunction
corresponding to Ay, attaining the minimum in (1.9), that is, ||ex1ll2,) = 1 and

A1 = llex . (1.11)

(f) The sequence (ey)ren Of eigenfunctions ey corresponding to the eigenvalues Ay is an orthogonal
basis for both the Hilbert spaces Hy o and L*(Q).
(g) Each eigenvalue A; has finite multiplicity. More precisely, if A, is such that

Akt < A =0 = Ay < Akana (1.12)
for some h € N, then the set of all the eigenfunctions corresponding to A, agrees with
span{eg, . .., €k}
(h) If v € Hy g is a solution of (1.1) such that v > 0 a.e. in Qo, then A = Ay, defined in (1.4).

In particular, Theorem 1.1 gives that the first eigenvalue of (1.1) is positive and that the
eigenfunctions are a basis of the natural solution space Hj, of (1.1), as well as of the underlying
Lebesgue space L2(Q).
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2. Proof of Theorem 1.1

Let us first present some preliminary results.

Proposition 2.1. If X, is a non—trivial weakly closed subspace of Hy o, and
M* = {u € X* : ||u||L2(Q()) = 1} )

then there exists u, € M, such that

Lgl/iwn J ) = J(uy). (2.1)
Moreover, if A, denotes the number 2 (u,), then 1, > 0 and
(T (), @) = Aulllse, QY120 fOr any ¢ € X,. (2.2)

Proof. In order to prove (2.1), we use the direct method of minimization. Let us take a minimizing
sequence (u;); of J on M,, i.e., a sequence (u;); C M, such that

J ;) — ir}/f[ Jw) >0as j— oo. (2.3)

Then the sequence j — J(u;) is bounded in R, and so, by the definition of 7, we get that (||u;]|); is
also bounded.

Since Hyg, is a reflexive space, up to a subsequence still denoted by (u;);, we have that (u;);
converges weakly in Hj , to some u, € X, being X, weakly closed. The weak convergence gives that

(T (W), ) = (T (ux), ) for any ¢ € Hy g
as j — oo. Now, the weak convergence of (u;); to u, in Hg  gives at once that
u; = u, in L*(Qy)

as j — oo, since
the embedding H, — LX(Q) is compact. 2.4)

Hence, |[uxll;2, = 1, thatis, u, € M,.
Hence, (2.3) and the weak lower semicontinuity of || - || in Hp , imply that

: : I
Jnf TG = lim J ) = 5 lim (cllVujlia, + Kujha + lullzzo,mn)

1 .
> 2 (Vi + kB + lnalfg,) = ) > inf T,

Thus, u, is a minimizer of J in M. This gives (2.1).
To prove (2.2), fix € € (0, 1), ¢ € X, \ {0}, cc = [lux + €9l 120 > 0 and ue = (u, +€p)/c.. Next, (2.1)
yields that as € — 07

¢t = ||u*||%2(90) + 26/ U (X)p(x)dx + o(e),
Qo
Vi, + EV‘P”iZ(QO) = ||Vu*||i2(90) + ZE/Q Vi, (x) - Vo(x)dx + o(e),
0
[its + €017 = L]} + 2€Cits, @) + 0(€).
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Consequently, the fact that u, € M, gives that |lu,]|;2, = 1, so that as € — 0F

llual? + 26y, @) + 0(€)
1+ 2e¢ fQo uypdx + o(€)

= (2T + 26T ). 9) + () - (1 - 26/

Qo

29 (ue) =
uypdx + o(e))

=29 (uy) + 2¢ ((j'(u*), @) =27 (uy) M*SDdx) +0(e).

Qo

Clearly, J (u,) > 0, because otherwise we would have u, = 0, while 0 ¢ M,. Hence A, is positive.
This and the minimality of u, imply (2.2). m|

Proposition 2.2. If 1 # A are two different eigenvalues of problem (1.1), with eigenfunctions e and &
in Hj o, respectively, then e Ly; € ande L;2q) €, that is,

(e,e) =0 ={e, )2 (2.5)
Moreover, if e is an eigenfunction of problem (1.1) corresponding to an eigenvalue A, then
llel* = Allellz - (2.6)

Proof. Clearly e # 0 and e # 0, since they are eigenfunctions. Put g = e/|le||;2q,) and § = &/|le|l;2y)>
which are eigenfunctions, as well. The weak formulation of problem (1.1) for g with test function g
and viceversa gives

A /Q gE)dx =(T(9).8) =(T'(®).8) = 1 /Q g(x)g(x)dx, (2.7)
that is,
(A1-2) [ gxgx)dx=0.
Qo
Thus, since A # A,
/Q g(x)g(x)dx = 0. (2.8)

By plugging (2.8) into (2.7), we obtain
(8,8)=(TJ"(8).8 =0.

This and (2.8) complete the proof of (2.5). Finally, (2.6) can be easily proved by choosing ¢ = e in the
weak formulation (1.3) of (1.1). O

We are now able to prove the first main result of the paper.

Proof of Theorem 1.1. We adapt the proofs of [14, Proposition 9] and [15, Theorem A.3].

(a) For this, we note that the minimum defining A, exists and that A, is an eigenvalue, thanks to (2.1)
and (2.2), applied here with X, = Hp -
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(b) Again by (2.1), the minimum defining 4, is attained at some e; € Hj ,, with |le1]|;2q, = 1. The
fact that e, is an eigenfunction corresponding to A; and that formula (1.4) holds are consequences
of (2.2), again with X, = Hj .
Let us now show that e; > 0 in Q. First, we claim that if e is an eigenfunction associated to 4,
with |le||;2q,) = 1, then both e and |e| attain the minimum in (1.4) so that eithere > O ore < 0 a.e.
in Q. To check this, Proposition 2.2 and (1.5) give

29(e) = 41 =29 (en). (2.9)

Clearly, ”e”LZ(QO’V) = ”lel”LZ(QO’V) and also ”Ve”LZ(QO) = ”Vle”lLZ(QO), being |V€| = |V|€”,
while [|e|]%,Q < [e]g,Q by direct calculation. Consequently, J(le]) < J(e). Moreover, if both

sets EX ={xeQ : e(x) >0}and E~ = {x € Q : e(x) < 0} have positive measure, then

J(le)) < J(e). (2.10)

Furthermore, |e| € Hj , and |llell| ;2 = llellz2q,) = 1. Hence, (2.9), (2.10), and the minimality of
e; imply that T (le]) = J (e) = J(e;) and that either E* or E~ has zero measure. This is impossible
and proves the claim.
Thanks to the claim, by possibly replacing e; with |e;|, we may and do suppose that e; > 0 in Q.
This completes the proof of (b).

(c) Assume by contradiction that there exists another eigenfunction f; in Hj ,, corresponding to i,
with f; # e;. Clearly, f; # 0, since it is an eigenfunction. By the proof of (b), we know that either
fi=0or f; <0a.e. in Q. Let us consider only the case

fi=0 ae. inQ, (2.11)
since the proof in the other case is similar. Set fl = fi/llfill 2, and g1 = e; — fl We claim that
g1 =0 ae. inQ. (2.12)
To this aim we argue by contradiction. Hence,
g1 # 0 in a subset of positive measure of Q. (2.13)

Then, also g; is an eigenfunction associated to A; and so either g; > 0 or g; < 0 a.e. in Q by (b).
Hence, either e; > f; or e; < fi. Thus, by (2.11) and the non-negativity of e; either

el>fr or el<f! ae inQ. (2.14)

In both cases,

/ (300 = F200)dx = lle1lBa) — il = 1= 1 =0,
Q

This and (2.14) give at once that e; = f] a.e. in Q, thatis, g; = O a.e. in Q. This is in contradiction
with (2.13) and proves the claim (2.12).
Then, as a consequence of (2.12), we obtain that f; is proportional to e, and this proves (c).
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(d) We define A,y as in (1.9). Clearly, the minimum in (1.9) exists and it is attained at some
er+1 € Pry1, thanks to (2.1) and (2.2), applied here with X, = P;,;, which, by construction, is
weakly closed.

Moreover, since Pry; € P C Hp , we get that

O< <<, 4L S
Also, (2.2) with X, = Py says that

(T (1), @) = Akr1ers1, P12 for any ¢ € Py,. (2.15)

In order to prove that 4;,; is an eigenvalue with eigenfunction e, it is enough to show that
formula (2.15) holds for any ¢ € Hj, not only in Pryy. To this aim, we argue recursively,
assuming that the claim holds at each step 1,...,k and proving (2.15) at k + 1. The base of
induction is given by the fact that A, is an eigenvalue, as shown in assertion (a). We use the direct
sum decomposition

Hyq = spanfey,..., e} @ (span{el,...,ek})L = span{ey,...,e;} ® Pryq,

where the orthogonal L is intended with respect to the scalar product of Hj, namely (-, -).
Thus, given any ¢ € Hj, we write ¢ = ¢ + ¢, With ¢, € Piyy and ¢ = Zf;l c;e;, for some
C1,...,Cr € R. Then, from (2.15) tested with ¢, = ¢ — ¢1, we know that

(T (1), @) = Ar1€ersts P 1200y) = (T (€rs1)s ©1) — Aks1{ks1, @1 1200

k (2.16)
Ci [(j/(ekﬂ)» ei) — Arr1{€ks1, ei)LZ(QO)} .

i=1

Furthermore, testing the weak formulation of problem (1.1) for e; against e, fori = 1,...,k,
allowed by the inductive assumption, and recalling that e;,; € Pi;;, we see that

0 = (ers1,€) = (T (ers1), €) = Ari{is1, €)12(p)»

so that, by (1.7),
(T (exs1), i) = 0 = (e, €i>L2(QO)

for any i = 1,...,k. By plugging this into (2.16), we conclude that (2.15) holds true for any
¢ € Hj o, that is, 4z is an eigenvalue with eigenfunction e;,;.
Now we prove (1.8). Let us start by showing that if k, h € N, k # h, then

(ex,ep) =0 = / ex(x)en(x)dx.
Qo
Indeed, if k > h, then k — 1 > h. Thus,

e €EPL = (span {eg,... ,ek_l})l C (span {eh})l,
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and therefore (e, e,) = 0. But ¢, is an eigenfunction and so, using the weak formulation of
problem (1.1) for ¢, tested with ¢ = ¢;,, we get

0 = (ex, en) = (T (ex), en) = ﬂk/ ex(x)en(x)dx,
Qo
as claimed.
To complete the proof of (1.8), suppose by contradiction that 4, — C for some constant C € R.
Then (A;); is bounded in R. Since |lei]|> = A; by (2.6), we deduce by (2.4) that there
is a subsequence and some e, € Hj , for which ¢;, — e, in Hy o, so that (2.4) implies that

€L — oo in L2(Qy)

J

as j — oo. In particular, (¢;); is a Cauchy sequence in L*(€). But this is in contradiction with
the fact that if ¢;, and ¢, are orthogonal in L*(Qyp), then

2 2 2
”ek/- - eki”[](go) = ”ekj”LZ(QO) + ”eki”LZ(QO) =2.

Now, to complete the proof of (d), we need to show that the sequence of eigenvalues constructed
in (1.9) exhausts all the eigenvalues of the problem, i.e., that any eigenvalue of problem (1.1)
can be written in the form (1.9). We show this by arguing, once more, by contradiction. Let us
suppose that there exists an eigenvalue

A & {0 ken (2.17)

and let e € Hj , be a normalized eigenfunction relative to 4, that is, |le]|;2q, = 1. Then, by (2.6)
we have
29(e) = llell” = . (2.18)

Thus, by the minimality of A; given in (1.4) and (1.5), we get that
A=29(e) 229 (e1) = Ai.
This, (2.17) and (1.8) imply that there exists k € N such that
A < A< Ay (2.19)

We claim that ¢ ¢ P;.;. Indeed, if e € P, from (2.18) and (1.9) we deduce that 1 = 29 (e) >
Ar+1, which contradicts (2.19). As a consequence, there exists i € {1,...,k} such that (e, e;) # 0.
But this is in contradiction with (2.5), which can be easily adapted to our problem. This shows
that (2.17) is false and completes the proof of (d).

(e) Again using (2.1) with X, = P, the minimum defining A, is attained in some e, € Piy;.
The fact that e, is an eigenfunction corresponding to A;,; was checked in (d) and (1.11) follows
from (2.2).

(f) The orthogonality has been already showed in (d), so we need to prove that the sequence of
eigenfunctions {e;}, is a basis for Hy . Let us start to prove that {e;}, is a basis for Hy . For this,
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we show that if v € Hj , is such that (v, ¢;) = 0 for any k € N, then v = 0. For this, we argue by
contradiction and suppose that there exists a nontrivial v € Hj , satisfying

(v,exy =0 for any k € N. (2.20)

Then, up to normalization, we assume that ||v||;2q,) = 1. Hence, from (1.8), there exists k € N
such that
29(0) < 1 = min  ul].
il 2, =1

Hence, v ¢ Py and so there exists j € N for which (v, e;) # 0. This contradicts (2.20), as claimed.
To prove that {e;}; is also a basis for L*(€)), let us introduce a standard Fourier analysis
technique which shows again that {e; }, 1s a basis for Hy . Define E; = e;/|le;l|. Given g € Hy ,

J
8j = Z(g, E)E;.
i=1

We point out that g; belongs to span{el,...,ej} for any j € N. Letv; = g — g;. By the
orthogonality of {e; };ey in Hy ,, we get

2
I

0 < Ivjll = (j v = llglP + llg/I* = 2¢g, g

J J
= llgll” + (g 8" =2 > (& EN =ligl> = > (g E
i=1 i=1

Therefore, for any j € N
J
> (G EN < gl
i=1

and so Zf;(g, E;)? is a convergent series. Thus, setting

J
T = Z<g, Ei>2,
i=1

we get that (7;); is a Cauchy sequence in R. Moreover, using again the orthogonality of {e};c in
H{ . we see that, if 2 > j,

2

h
= Z(g, Ei>2 =T, —Tj.

i=j+1

h
> (2. E)E;

i=j+1

2
vy, = vill* =

Therefore, (v;); is a Cauchy sequence in the Hilbert space Hj . Hence, there exists v € Hy
such that
vi = vinHyg as j — oo, (2.21)

Now, we observe that if j > k,
<Vja Ek> = <g9 Ek> - <g]a Ek> = <g’ Ek> - <g7 Ek> =0.
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Hence, by (2.21), it easily follows that (v, E;) = O for any k € N, so that v = 0. Consequently,
gj=8-v;—og-v=g inHyg asj— oo

This and the fact that g; belongs to span {el, ces ej} for any j € N yield that {e;}, is a basis in
H{ o, as claimed.

To complete the proof of (f), we have to show that {e;}, is also a basis in L*(€;). To this aim, fix
v e L*(Qp) and let (v ;); be a sequence in C°(€2p) such that |[v; — V|| 2, < 1/ for each j. Clearly,
(vj); € Hyq. Since {ei}; is a basis in Hp, as shown above, for each j there exists k; € N and
a function w; € Ey;,, where Ey;; = span {el, ... ,ek_,.}, such that [[v; — wjl| < 1/j. Thus, since
V € L*(€y) and is nontrivial,

Vi =willz < V—”Vj = willzqy) < lv; = will
IVl

Vs @)
1

- IVIIzs )
J

Hence,
1 1
v =willize) < v =villizy + 1IVi = will2i) < (1 + ||V||Lw(go))}-

This shows that the sequence {e;}, of eigenfunctions of (1.1) is a basis in L?(Qy). Thus, the proof
of (f) is complete.

(g) Let h € Nj be such that (1.12) holds true. Thanks to (e), we already know that each element of the
space Ey;, = span{e, ..., e} 1s an eigenfunction of problem (1.1) corresponding to A4y = -+ =
Ar+n- Thus, it is enough to show that any eigenfunction ¢ # 0 corresponding to A; belongs to Ej ;.
For this we write H , = Ey, @ Ej, and so ¢ = 1 + ¢, with

(,[/1 S Ek,h and lﬁz S Eli:h (222)

In particular,

W1,42) = 0. (2.23)

Since ¢ is an eigenfunction corresponding to Ay, taking ¢ itself as a test function, we obtain
by (2.23)

AW 0y = AP = I + D . (2.24)

Moreover, from (e) we know that the functions e, ..., ex, are eigenfunctions corresponding to
Ay =+ = Agyn, and so

Y1 is also an eigenfunction corresponding to Ay. (2.25)

As a consequence, taking ¥, as a test function for ¢, by (2.23), we have
A [ Y1 (x)dx = Y1, ¢2) = 0,
Qo
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that is,
Y1 (XY (x)dx = 0.
Qo
Hence
”'MI[ZJZ(QO) = ”w”iZ(Q) = ”'701”%2(9) + ”'702”%2(9)' (2-26)
Write
k+h

Y = Z cie;,
i=k

for some ¢; € R. Now, we use the orthogonality in (f) and (1.11) to obtain
k+h k+h k+h

ol = clled? =Y i = 4> cf = vl (227)
i=k i=k i=k

By (2.25) and by the fact that ¢ is an eigenfunction corresponding to A;, we deduce that also
Y, 1s an eigenfunction corresponding to A;. Therefore, recalling (1.12) and Proposition 2.2, we
conclude that

W, e1) == e1)=0.
This and (2.22) imply that
Yo € Efy = P (2.28)
We claim that
s = 0. (2.29)

Otherwise, by (1.9) and (2.28),

m [l < [l ll? .
VU 171 P 1721 | P2
Thus, (2.24), (2.26), (2.27), and (2.30) imply that

ARy = ARy = W12 +
> Ll + Al = A,

This obvious contradiction proves (2.29).
From (2.22) and (2.29), we obtain that

Ak < Agsny1 = (2.30)

W =y € Exp,

as desired. This completes the proof of (g).

(h) Assume that v € Hj , as in the statement. Without loss of generality, we suppose that the function
v is normalized in L*(Q). Thanks to (a) and (b) there exists a non—negative eigenfunction e; €
H{ o corresponding to 4y, with [leq||;2q,) = 1. Then,

(J'(v),e1) = v, €1>L2(QO) and (J'(e1),v) = Ai (e, V>L2(Qg)-
Hence,
(/1] —/1) €]de:0.

Qo
In conclusion, the fact that v > 0 a.e. in €}y implies that 4 = A, as required.

The proof of the theorem is thus complete. O
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3. An application

Here, following [15, 16, Section 5], we consider the next evolutionary problem

Uy — cAu + k(=A)su + a()t®u, + V(t,x)u =0 in I X Qy, G.1)
u(t,x)=0 onlXxQ, .
where I = [1, o0), the continuous function a satisfies
1/C<a(t)<C inl (3.2)

for some C > 0, @ € R, and V is a non—negative bounded continuous function in /x€, with continuous
partial derivative V; in I X € such that V,(¢, x) < 0in I X €.
A natural solution space for (3.1) is

X = {¢ € C(I - Hyn)N C'(I - L*(Qy)) : E¢ is locally bounded on I} ,

where E¢ is the total energy of the function ¢ € X, that is,

E¢ = E¢(1) = 5 (I14ill72qy) + I41P) -

| =

Remark 3.1. Actually, ||¢|| depends on ¢, since V = V(¢, x). However, for the sake of simplicity, we
still use the same notation as the one for the case V = V(x).

A strong solution of (3.1) is a function u € X satisfying the following two conditions:

(A) Distributional identity

<Mt’ ¢>]l = / {(M[, ¢I>L2(Qo) - <I/t, ¢> - <a(t)taut + V(t’ ')M, ¢>L2(QO)} dr
1

forallr e land ¢ € X.
(B) Conservation law

() Du(®) = a@llulljzq,) — 5 Jo, Vilt: u*dx € Li (D),
(i1) t — Eu(t) + f lt Yu(t)dt  is non—increasing in /.

We emphasize that condition (B) is an essential attribute of the solution. Indeed, standard existence
theorems for (3.1) in the literature always yield solutions satisfying both (A) and (B) in the stronger
form in which the function in (B)—(i7) is assumed to be constant. On the other hand, (A) alone does not
imply (B), even if the integrability condition (B)—(i) is assumed a priori, see [17]. Condition (B)—(ii)
implies, however, that Eu is non—increasing in /.

Let u be a fixed strong solution of (3.1). Then the non—increasing energy function Eu verifies in
I that

1 1
Eu(1) > Eu(t) > §||u,||§2(90) + E||u||2 > 0. (3.3)
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Moreover
eallz200)s Nl z2eg)s el Nullz2e ) € L7,

. 1 (3.4)
QMﬂ:deM@@w—El;W@xmwxeﬁd)

The fact that Zu € L'(I) is a direct consequence of (B). Indeed, Eu > 0 by (3.3) and Zu > 0, giving
t
0< / Pu(t)dt < Eu(l) — Eu(t) < Eu(1).
1

By (B)—(ii) and (3.3) it is clear that there exists £ > 0 such that

lim Eu(t) = . (3.5)
t—o00
Pt 2N 2N
= N 23 = N3
r=2={N-2 ""=7  p={Ny2 "TE7
o,  ifN=1,2, 1, ifN=1,2,

for simplicity. Then, in 7, thanks to the Holder inequality, we get
/ la(O)r w2 dx = [a(t)*] / la()ru?) Pdx
Qo Q0

, _ _ 201 Tr_l)
< [a(t)t*]" 21Q| =212 “( la(Ht"u?]? rdx)

Qo
/2 —2)/2(r—1 201’ /2
= [ar ) Q|22 Va2l 2,

Consequently,

2 -2)/2 1/2 2111/2
la@r el 0y < Q02> [a@r ] a2,

< |Qol(r—2)/2r[a(t)ta] I/ZDM(I)I/Z.
Hence, for all 7 > 1 and for all # > T we obtain by the Holder inequality

t t
2 2
/ a(n)T | |u;uldxdr < / la(™) w11 )l ydT
T Qo T

—2)2
< 190272 sup [u(t, @)
Tel

t 1/2 t 1/2
X < / a(T)T“dT) ( / Z)u(T)dT) .
T T
Finally, recalling that r = 2*, we get

t t 1/2
/ a(t)t® |u,2u|dxd‘r <e(T) ( / a(T)T”dT) ,
T Q T

) 1/2
&(T) = 1Q0]"™ sup lu(r, |2 qy ( / Z)u(t)dt> 50 asT — oo,
T

el

(3.6)
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thanks to (3.4).
Similarly, for all 7 > 1 and for all # > T, we obtain by the Holder inequality

Tel

1/2
< sup lu(, )l bt / la(r)e"1'2 ( / a(r)r“ufdx) dr
T o

Tel

t 1/2 t 1/2
< suplln(r. i f, < / [a(r)r”]-ldr) ( / Z)u(T)dr) |
1€ T T

' t 1/2
/ llut, (7, 2 ydT < &(T) (/ [a(‘r)‘r"‘]‘ldr) ’
g T

00 1/2
&(T) = sup |lu,(r, -)||2éfgo) (/ Z)u(t)dt> — 0 asT — .
T

Tel

t t
1/2 1/2
/Ylllul(‘r’ ')”LZ(Q())dT < sup ”M[(T, ')”LZ(QO) /T ”ut(T, .)”Lz(Qo)dT
t

Hence, by (3.4), we have
3.7

Theorem 3.1. Let the assumptions listed in this section hold. If || < 1, then all the strong solutions of
problem (3.1) have the property

lim Eu(t) =0 and so tlim(llu,||Lz(Qo) + [Ju|]) = 0. (3.8)

t—00

Proof. The argument will show (3.8) follows the main steps of the proofs of [15, Theorem 5.1]. We
present all the details since the framework is fairly different.
Suppose by contradiction that £ > 0 in (3.5). Define a Lyapunov function by

L(t) = / u(t, x)u,(t, x)dx.
Qo

Hence, by the distributional identity (A), with ¢ = u, and setting Lu = 2Eu, we have Lu > 2¢ in I and
foranyr>T > 1

L), = /T {20l — Lu()dr} - /T a@ [ luuldxdr. (3.9)

Qo
Let us now estimate the right-hand side of (3.9). The definition of Lu gives at once
t
- / Lu(tydr < =20t -T). (3.10)
T
Now, applying (3.6), (3.7), and (3.10), from (3.9) we obtain
t 1/2 t 1/2
L(T)}; <2&(T) (/ [a(T)Ta]_ldT) =20t—-T)+&(T) (/ a(T)TadT) , (3.11)
T T

where £(T) is defined in (3.7) and &(T) in (3.6). Moreover, (3.2) implies that

1 t 1/2 t 1/2
liminf — { ( / [a(T)T“]_ldT) + ( / a(T)T“dT) }
tooo  f T T
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< Const. lim 11772 < oo,

t—00

since |a| < 1. Hence, there exists a sequence (¢;); tending to co as i — oo and a number / > 0 such that

ti 1/2 t 1/2
< / [a(T)T"]‘ldT) + ( / a(r)T“dT) <lt,.
T T

Ml <,

Fix T > 1 so large that

where &(T) = max{e(T),&(T)} = o(1) as T — oo. Consequently, for ¢; > T,
L) <S(T) -ty

where S(T) = L(T) + Te(T)¢. Thus, we get

lim L(t;) = —oo. (3.12)
On the other hand,
sup ‘L(f)| < sup [Ju(t, )l 2@y) * w2t 2, = U < o0 (3.13)
tel tel
by (3.4). Clearly, (3.13) contradicts (3.12). The proof is then completed. O

When |@| > 1, we cannot apply Theorem 3.1. If |a| > 1, we consider the special case

Uy — cAu + k(=A)su + a(®)t®u, + Vx)u =0 inl X Qy, (3.14)
u(t,x) =0 on I X Q, .
of (3.1), that is, the case in which V(z, x) = V(x), V(x) > 0 a.e. in Q.
Now consider solutions of (3.14) having the separated form
u(t, x) = w(t)e(x), (3.15)

where e = ¢; is an eigenfunction of —cA + k(-A);, + V(x) in Hyg,, with peridynamical Dirichlet
boundary conditions. The corresponding eigenvalue A; is positive, by Theorem 1.1-(d). An easy
calculation shows that w is a solution of the ordinary differential equation

w’ +a()t*w + Aw = 0, tel (3.16)

We recall now [18, Theorem 5.1’] related to the scalar case, which provides necessary conditions for
global asymptotic stability of the rest state u = 0 for the quasi—variational ordinary differential equation

0,G(u,u")) —0,G(u,u’) + f(t,u) + Q(t,u,u’) =0, J = [R, ), (3.17)
where G = G(u,v) and f(t,u) = 0,F(t,u). We suppose that
G € C'(R xR), F e C'(J xR), 0 eC(JXRxR),
and that G(u, 0) = F(u,0) = 0. Denote with H(u,v) = 0,G(u, v)v — G(u, v), so in particular H(u,0) = 0

for all u.
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Theorem 3.2. [18, Theorem 5.1’ ] Assume that the function H(0,v) is strictly increasing for v > 0 and
strictly decreasing for v < 0. Let u be a solution of (3.17) on J such that u(t) — 0 as t — co. Suppose
that for every t € J and for all u, v sufficiently small

H(u,v) >0, v#0, (3.18)
F(t,u) > 0, 0<F(t,u) <y(t)  withy e L'(J), (3.19)
0 < O(t,u,v)v < 6(H)H(u, v), (3.20)
where
5eL'(J). (3.21)
Thenu=0inJ.

Observe now that, as in [16], Eq (3.16) satisfies hypotheses (3.18)—(3.21), with J = I, H(u,v) =
V22, F(t,u) = Au?/2, and 8(r) = 2a(t)t®. Therefore, if @ < —1, the only solution of (3.16) that
approaches zero at infinity is w = 0.

This being shown, if @ < —1, it is easy to argue that all nontrivial solutions of (3.16) are oscillatory,
with amplitude approaching a nonzero limit as t — co. It may be noted that the behavior of solutions
of (3.16) when @ < —1 is then essentially the same as for the wave equation itself in a bounded domain
with zero boundary data.

When a > 1, solutions of (3.14) again do not in general approach zero as t — oo, though their
behavior is quite different from the case where @ < —1. We say that a function ¢ € L*(Q) is attainable,
if there exists a strong solution u of (3.14) such that

limfu(?, ) = ¥llz2qq) = 0 (3.22)
Theorem 3.3. If V(t,x) = V(x) in I X Qy, V > 0 a.e. in Qy and a > 1, then every function y € Y,
Y = span {e)

is attainable for problem (3.14) and the set of attainable functions is dense in L*(Q).

Proof. The proof is based on that of [16, Theorem 5.1]. We first show that every eigenfunction e,
of —cA + k(=A)g + V(x) in Hy 5, with eigenvalue 4; > 0 by Theorem 1.1—(d), is attainable. For this
purpose, consider the function

u(t, x) = wi(ter(x),

which satisfies (3.14) if and only if wy is a solution of (3.16), with 1 = A;. Moreover, we have

LD,

€
a(t)r®

since @ > 1 and a verifies (3.2). Hence, by [19, Theorem 4.4], it follows that the set of attainable
limits at oo of the solutions of (3.16) is dense in R. On the other hand, since (3.16) is linear, the set of
attainable limits for (3.16) must in fact be all of R. Hence for an appropriate solution wy # 0 of (3.16),
corresponding to A, we get

tim{lue(t, ) = exllizay) = 0. (3.23)
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Finally, again from the linearity of (3.14), we obtain (3.22) for every ¢ € Y. Indeed, given y € Y, there
exists ey, . . ., ¢, and real coefficients Sy, ..., 8; such that y = Y1, Biex,. Consider the function

J J
w(t, ) = B (t,x) =Y Bwi, (e, (x),
i=1

i=1

where the functions wy, are the appropriate solutions of (3.16), corresponding to A;,. Then, by (3.23)
lim||uy, (2, -) — exlli2) =0 foranyi=1,...,
t—o00

Since (3.14) is linear, we get that u is a solution. Moreover, we have

J J
> Bt = Brey,
i=1

i=1

ez, -) — Y2y =

L2(Qo)
J

< Billuy,(t.) = exllizy — 0
i=1

as t — oo. Hence, (3.22) holds for every ¥ € Y, as claimed. m]
4. Numerical application

In general it is not possible to achieve in a convenient way a closed form solution for both
problems (1.1) and (3.1). Therefore we look for a numerical approximation of their solution.

In this case we consider a rod, that is, the case N = 1. Thus, Q = (-L,L) = Q¢ U Q; and
Qo = (—Loy, Ly). Let us discretize the intervals (L, L) and (—Lg, Ly), in a finite number, n, of points
denoted by x;, withi =0,2,...,n — 1, as shown in Figure 2. From the definition we have

x;i=—-L+ih, i=0,1,....,n—-1,

with oy
h= .
n—1
—-L —L+h —Lg Lo L
} I } } R - G+t _|_|_)
Tog T1 Tp—1 T Tkl Ti—1 Ti Titl -1 T T4 Tp—2 Tp—1
~— _
——
~_ Qo -
V
QU

Figure 2. Discretized interval.

Note that the points of Qg = (—L, L) are givenby i =k, k+1,...,1—1,1.
The values of a function u defined in Q at x; will be denoted by u; = u(x;).
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We approximate the Laplacian Au using the central difference formula

Uie1 = 20 + Ui

h? ’
in all the interior points, while when i = 0 and i = n — 1 we resort to forward difference and backward
difference formulas, respectively.

Thereafter, we approximate (—A)¢,u using the approach proposed in [20] and already used in [7],
which we recall briefly. The regional fractional Laplacian can be defined as

(Au); =

P u(x) — u(y)
X — y|l+2s

(—A)qu(x) = Ci a4 /

|

with 2s—171( 25+1
25275 F(T)

< PICE)
The integral over Q is split in two contributions: the sum of the integrals in the intervals (=L, x; — h)
and (x; + h, L) and the (improper) integral in the interval (x; — h, x; + h).

. 5 u(x;) — uly) u(x;) — u(y)
(=A)qu(x;) = Ci 24 {[L mdy + /x,+h (= 2+ dy]

x,—+h
+Cia, / u(x;) — u(y) ux) = uly)

12s =

n |X _ |1+2§
xi—(=L) L—x;
ulx;)) —u(x; —t u(x;) —u(x; +1t
e () —uti=n [ —uCy+)
, tl+2s t1+2s
h h
h
u(x;) — u(x; — 1)

+ C1,2s /_h |[|1+2S dt.

We note that the second contribution is more problematic since it contains the singularity. In order to
achieve a numerical approximation, we employ the result in [20, Section 2.2] so that

h
ulx;) —ulx; — 1) u(x; + h) — 2u(x;) + u(x; + h)
Cios dt = —C 5
b2 [h J¢]1+2 b2 (2 —2s)h%s

The first contribution is easier to handle. Indeed, following the main argument in [20], we perform
an exact integration using the interpolant of the terms u(x;) — u(x; — y) as follows

u(x;) —u(x; £ 1) = Z () = u(xie))] Tult = x)),

JEN

with ¥
t
1-— |{<h,
Ty(1) = p s
0 otherwise.

The numerical approximation of the regional fractional Laplacian can therefore be evaluated

numerically as
i n—1-i

(—A)f)”i - Z ( — Ui Wj Z uz+]

J=1 J=1
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with c
1,2s .
oy ) —— —-F'(H)+FQ2)-F(, =1,
w=i ] 3o mF M+ FQ-F,)
FG+1)-2F()+ F(j-1), j=2,3,...,
where c
L3S 125 25 £ 1,

F@) = 2s—1)2s
—C 25 log 1], 2s = 1.

As highlighted in [20] the function F' = F(¢) has the second derivative

144 1
F'(n) = CI’ZSW.

The discretized form of (1.1) is therefore

(4.1)

—C(Au)i+k((—A)§lu),-+ Viup=Au;,, i=kk+1,...,1-1,1,
u; =0, i=0,1,...,k=1,1+1,...,n—-1,

where V; is V(x) evaluated at x = x; and the points in Q are x; withi = j, j+ 1,...,k.
Problem (4.1) can now be interpreted as a root-finding problem, where we have to find the values
of u; and A so that the following discretized function g is zero:

(x) —C(Au)i+k((—A)§2u)l~+V,-ui—/lul-, i=kk+1,...,01-1,1,
Xi) =
8 u;, i=0,1,....k—-1,1+1,...,n—-1.

There are numerical tools to achieve the solution, and we use the Python programming language
and the procedure “fsolve” from the Scipy package, which is based on the Powell hybrid method,
as implemented in MINPACK [21].
In the case of problem (3.14), we must resort to numerical tools for integrating in the time domain.
In particular, the time interval (0, 7'] is divided in m — 1 time steps equally spaced:

tj=jAT, j=1,...,m—1,

with AT = T/(m — 1). The time ¢ = 0 is not considered to allow for negative values of «, therefore the
initial conditions are set for t = AT.

In the present case, Newmark’s method is used [22]. Within this method, the velocity and
displacement at time #;,; are evaluated as follows:

{j+1ui =i+ [(1 = y) A] Jii + (yAD) i, (4.2)

Py = Ju; + (At i + (0.5 = B) (AD?] it + [B(AN?] 7 iy,

where ‘u; = u(x;, 1), Ty = a(x;, tj), and Tit; = ii(x;, t;). We recall that Newmark’s method is considered
an implicit method since the acceleration at time ¢;,; is not known. The advantage of using Newmark’s
method is that it is well known that it is stable for a suitable choice of the coefficients y and 3: In
the present case, in order to achieve numerical stability, we have used y = 1/2 and 8 = 1/4, which
correspond to assuming a constant average acceleration between ¢; and 7, ;.
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By means of (4.2) the discrete form of (3.14) is

iy — ¢ M (Aw); + kT (-A){u); + Vi, +J“at“ i =0,
i=kk+1,....,0-1,land j =0,1,..., 4.3)
My =7y, | =0, i=0,1,...,k=1,l+1,...,.n—1and j=1,2,...,

where
j+1 j+1 j+1
AL = Uiy = 27w+ uy
( u)l - hz B
i n—1-i
j+1 K _ j+1 +1
! (_A)Qui - § (] Ui — uz r ] ul+r) Wr.
r=1 r=1

Again, the left-hand side of (4.3) can be interpreted as the definition of the vector function for which
we search the zeros as done previously for the eigenproblem.

In order to perform the integration, initial condition are needed. In the present case, it is assumed
that the initial displacements are given by one of the eigenvalues and the initial velocities are zero.

4.1. Eigenvalue problem

In order to find a solution for problem (4.1), the following values have been taken:

¢ =50,000N/mm?, «=15,000N/mm*>, V =20N/mm*

L=100mm, Ly=80mm, Ah=1mm.

The values of the parameters are chosen so that the contribution due to the ordinary Laplacian
—c(Au), the regional fractional Laplacian k((—A)gu) and the linear restoring term V u are approximately
of equal magnitude at x = 0. We stress that, even if the model is able to account for a nonlinear
expression in place of V(x)u, we choose the linear form to analyze the eigenvalue problem.

We note that choosing 2 = 1 mm is a compromise between precision and computational efficiency.
In fact, with smaller values of & we obtain the same results. For the same reason, we opted for a uniform
spacing of points. We plan in the future to explore the possibility to use adaptive mesh refinement or
non-uniform grids, particularly near the boundaries, in order to achieve better accuracy.

Three different values of s are used in order to analyze its influence on the response: 0.65, 0.75,
and 0.90. In what follows, the eigenfunctions are normalized so that f_LL w*(x)dx = 1.

It is worth noting that as s — 1 the purely local case is recovered, since the regional fractional
Laplacian tends to the usual Laplacian and so the problem at hand becomes the following Sturm-
Liouville problem:

—(c+x)Au+Vu—-Au=0,

for which the eigenvalues are given by
2 .2

A =
412

(c+x)+V,
with the values shown in Table 1 for the first modes, and the eigenfunctions are

AIMS Mathematics Volume 10, Issue 4, 9435-9461.



9456

1 mmn
loc - & o + L
um ('x) ,—LO sin (2 L() (-x 0) ’

where m =1,2,....

Table 1. First three eigenvalues for the purely local case.

/llloc /11206 /léoc
45.06 120.24 245.54

We note that in order to find the nontrivial solution a starting guess is needed for the numerical
procedure: In the present case, the initial guess is the eigenfunction for the corresponding local
case (m = 1 to find the first eigenmode, m = 2 to find the second eigenmode, and so on). The
results for the first eigenvalue are shown in Figure 3 for the first eigenmode and in Figure 4 for the
second eigenmode.

1.04 —— 5=0.65, A\; =87.7466
5=0.75, A1 = 66.0851
—— 5=0.90, A; =50.0419
0.8 1 —== starting guess
0.6
X
>
0.4
0.2
0.0
—-100 -75 -50 -25 0 25 50 75 100
X
Figure 3. First eigenmode i (x).
1.0 —— 5=0.65, A; =271.6791
5=0.75, A; = 195.7501
—— $=0.90, A\; = 138.5877
—=—- starting guess
0.5 99
¥ o0
>
-0.5 A
-1.0 4

—1‘00 —I75 —EISO —I25 (I) 2‘5 5‘0 7‘5 1(I)0
Figure 4. Second eigenmode i, (x).
We note that as s increases both the eigenvalues and the eigenfunctions tend to the purely local case.
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4.2. Time evolution problem

In order to find a solution for problem (4.3), the same values used previously have been taken:

¢ =50,000N/mm?, «=15000N/mm*?, V =20N/mm*,
L=100mm, Ly=80mm, A=1mm.

It was assumed that a(r) = C, with C variable, and different values of @ have been considered.
Since there are no forcing terms, the initial conditions have been assumed to be equal to one of the
eigenfunctions for displacements u(x, 0) and zero for velocities i#(x, 0). It is worth noting that when
a = 0 we are in the case of “classical” damping, and we can define a critical value of C, C*, which
divide the regime of periodic motion (for C < C*) and the regime of aperiodic motion (for C >
C”). When considering as the initial condition the configuration of the m-th mode, u(x,0) = ,,(x),
considering the eigenvalue 4,,, the critical value for the mode, C;, is given by

C:, =2vVA,.

As an example, in Figure 5 the response for a super-critical and a sub-critical value of C are shown.

The result, when considering an initial configuration equal to the first eigenfunction, is shown in
Figure 6 at the midspan, while using the second eigenfunction, the solution is shown in Figure 7 at
x = Ly/2 since, obviously, the displacements at the midspan are null.

As expected, since C is quite smaller than C* the motion is aperiodic, and the oscillation tends to
decrease faster as C increases and « increases.

If a larger value of C is used, it is clear from Figure 8 that a transition between the periodic and
aperiodic motion occurs.

— 5=0.65,C=3C;, a=0.00
$=0.65C=1C/, =0.00

0.5 A

0.4

0.3 A

u(0,t)

0.2 A

0.1 A

0.0

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
t

Figure 5. The solution at the midspan with u(x, 0) = i;(x) and super- and sub-critical values
of C.
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—— 5=0.65, C=1.00, #=0.50
—— 5=0.65, C=0.50, #=0.50
0.41 —— 5=0.65,C=1.00, a=0.75
0.2
k=
S 0.04
3>
_02 4
~0.4

Figure 6. The solution at the midspan with u(x, 0) = i;(x) and different combinations of C
and a.

—— 5=0.65,C=1.00, a=0.50
—— 5=0.65,C=0.50, a=0.50
—— 5=0.65,C=1.00,a=0.75

u(L/2,t)
o
o
o

—0.25 A

—0.50 1

—0.75 A

—1.00 -

Figure 7. The solution at x = Ly/2 with u(x,0) = ii;(x) and different combinations of C
and a.

—— 5=0.65, C=3.00, a=0.50
—— 5=0.65,C=15.00, a=0.50
0.4+ —— 5=0.65, C=40.00, @ =0.50
0.2
S
o \/
_02 4
0.4 A
0 1 2 3 4 5

t

Figure 8. The solution at x = 0 with u(x, 0) = i;(x) and increasing values of C.

AIMS Mathematics Volume 10, Issue 4, 9435-9461.



9459

In the case where @ < -1 the results are shown in Figure 9, confirming that the solution
is oscillatory.

— 5=0.65,C=1.00, a= —1.50
0.5 A

0.4

0.3 1

0.2

u(0, t)

0.1

0.0 A

—-0.14

0 5 10 15 20 25 30 35 40
t

Figure 9. The solution at x = 0 with u(x,0) = #t;(x) and @ < —1.

We note that the obtained results are satisfactory and we plan to extend the model to take into
account complex geometries or non-standard boundary conditions. Moreover, we aim to extend the
model to other dimensions, 2D and ideally 3D, and to evaluate the response accounting for stochastic
effects and uncertainties.

5. Conclusions

In this paper we have studied existence and properties of the eigenvalues and of the eigenfunctions
of a bounded body with peridynamical Dirichlet boundary conditions. Then, we have analyzed the
dynamics of the 1-dimensional case, studying the dynamical behavior of a rod, also from a numerical
point of view.
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