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Abstract: We consider the following class of fractional p&g-Laplacian differential equation with
Choquard term:

|x—yl*

(=AYSu + (=D + V) (ulP2u + ul=2u) + [ goluldx = [, [, 2D dxdy, xRV,
u € WyP(RM) N WyARY), xeRY,

where s € (0,1),2 < p <r <q < N/s,0 <a <N, (-A);,, with m € {p,q} is the fractional m-
Laplacian operator, g(x) : R¥ — R, by introducing a potential term function to restore compactness in
the corresponding spaces. Using variational techniques and inequalities such as Hardy-Littlewood—
Sobolev, we ensure the geometric conditions of the mountain pass theorem in order to show the
existence of solutions.
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1. Introduction and main results

The purpose of this paper is to investigate the existence of solutions to the following fractional
p&qg-Laplacian equation with Choquard term:

k K
(=A)u+ (=A)u + V) (ul”u + [l 2u) + f gX)ul"dx = f f dedy (1.1)
RN RN JRV lx — yl*
where (—A); and (—A); are the fractional p&g-Laplacian operators, s € (0,1),2 < p <r < g <
N/s,0 <a <N, g(x) : RV — R*.
The nonlocal operator (—A);, is the fractional m-Laplacian operator, defined as

) =~ W) —u)

(=A);u(x) =21lim
=0 JrM\B,(x) |x — y|N+sm

where m € (p,q), s € (0,1),2 <m < ﬂv

The term on the right side of Eq (1.1) is referred to as the Choquard term, for the case s = 1 and
K(u) = |u)*, Eq (1.1) is called the Choquard—Pekar equation [1]. The nonlinear Choquard equation can
be used to describe mathematical physical phenomena. The Choquard nonlinear term in it appears in
many mathematical physical models, such as the mean field limit of weakly interacting molecules, the
Pekar theory of polarons, and the Schrodinger—Newton system, etc [2—6].

Ambrosio [7] explored the issue of the lack of compactness associated with the critical Sobolev
exponents. He addressed this issue by making an asymptotic estimation of the minimum values.
Subsequently, he applied the mountain pass theorem. By virtue of this theorem, he proved the existence
of weak solutions to Eq (1.2). These weak solutions are both non-negative and non-trivial.

(D)5 u+ (=A)2u = plul”u + Aul”u + [ul™ . (1.2)

In the local case p = g # 2, Eq (1.2) becomes a fractional p-Laplacian equation of the form:
(—A)Su+ VOl u = f(x,u), x € RY. (1.3)

Cheng and Tang [8] discussed that both potential function and nonlinear term are allowed to change
signs, and obtained the existence of solutions to the above problem. Torres [9] uses the mountain
pass theorem with (C). conditions and other theorems; problem (1.3) is presented as the existence of
solutions and radial symmetric solutions when f satisfies the p-superlinearity condition. The idea to
prove their result, consists in replacing the path in the mountain pass setting by its symmetrization. By
applying the fixed-point method, Souza [10] considers the existence of solutions to the above problem
with mixed nonlinearity term f(x, u), where the nonlinear f(x, u) = I(x, u) + Ah(x).

In addition, under the continuity and boundedness of potential function V(x) , Xu et al. [11] establish
the existence of a solution via the Fountain theorem for the case £(x,u) = I(x, u)+ Alu|72u+ h(x)|u|’~*u.
Using variational methods, Xiang [12] prove the nonexistence and multiplicity of solutions to
problem (1.3) depending on A in the case f(x,u) = Aa(x)|ulP~>u — h(x)|u|’~>u; their results extend the
previous work of the fractional p-Laplacian setting. Furthermore, they weaken one of the conditions
used in their paper. Hence the results of this paper are new even in the fractional Laplacian case.
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(=A)*u+ V(ex)u + Cu = f(x,u), x € RV, (1.4)

Very recently, numerous studies exist concerning the existence, multiplicity, and concentration
behavior of solutions for equations of the form (1.4), particularly under varying Sobolev subcritical
potential conditions; we also refer to [13—16] and references therein.

(=A)su+ (=M)u+ Ve +u™") = fu) +ut" x eRY, (1.5)

where € > 0 is a small parameter, s € (0,1),1 < p < g < N/s,V : R¥ — R is a continuous
function. Ambrosio [17] used the topological structure of the set of potential functions V that reach
their minimum value, combined the truncation of independent variables with Morse-type iterations, the
minimax theorem, and the Ljusternik—Schnirellmann category theory to obtain the multiplicity results
of the solutions to Eq (1.5).

(A u+ (=AY + V) (ulu + [l u) + g(Olul™*u = K(x) f(x,u) + h(u), x € RY, (1.6)

where V : R¥ — R is a continuous function, and 2 : R — R is a perturbation term, Wang [18]
studied two cases of Eq (1.6): If f(x,u) is sublinear, by means of Clark’s theorem, which takes into
account the symmetric condition of the functional, infinitely many solutions can be obtained; if f(x, u)
is superlinear, by using the symmetric mountain pass theorem, infinitely many solutions can be derived.

eP(=A)pu + e1(—=A)gu + V() ([t u + [ul"*u) = W(x)f(u), x € RY, (1.7)

where 1 < p < g < N,Aqu = —div(|Vu|*"2Vu), s € {p, g}, is the s-Laplacian operator, and & is a small
positive parameter. Zhang et al. [19] assumed that the potential energy V, W, and nonlinear term f
satisfy certain conditions. Using topology and variational methods, they established the existence of
positive solutions to Eq (1.7) when the function is sufficiently small, and also proved the nonexistence
of ground state solutions.

(—A)u+ (=A)u + V(Eex)(ulu + lul"*u) = f(u), x € RY, (1.8)

where € > 0 is a small parameter, s € (0,1),1 < p < g < N/s, the above equation has a continuous
potential energy function and a nonlinear term with subcritical growth. Alves et al. [20] applied
theoretical tools, such as the minimax theorem, to establish the existence and multiplicity of solutions
to Eq (1.8), provided that the parameter ¢ is sufficiently small.

Motivated by the aforementioned papers, in this article, this paper investigates the fractional p&g-
Laplacian problem with a Choquard term, characterized by the following features:

1) The problem involves the combined effects of fractional differential operators with unbalanced
growth, where the associated energy corresponds to a fractional differential variational functional.

i1) Due to the unbounded nature of the domain, the Palais—Smale sequence fails to exhibit
compactness.

iii) The Choquard reaction term on the right-hand side introduces a nonlocal characteristic.

Before presenting our main result, we first introduce the assumptions on the potential V(x) and the
nonlinearity k(u).
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(V1) V(x) € C(RY,R*): there exists a constant V,, > 0, such that for all x € R", V(x) > V.
(V) There exist constants d,b > 0 and y > N(m — 1) such that

lim meas({x € R I&ij) <b}NB;y)=0

lyl—>o0 | x|

where meas(-) is the Lebesgue measure in RY.
(k1) k(x) € C(R,R), there exist p < p; < p, and a positive constant C such that

k(D] < Co(” ™! + 11171, V1 € R,

(2N-a)q (2N—a)q*) * _ Ng

wherepze( VR g

(ky) There exists ¢ > ¢ such that

0 < ¢K(t) < 2k(t)t,Vt € R,

where K(1) = [ k(x)dx.

Theorem 1.1. Assuming that conditions (V}), (V,), (k;), and (k,) are satisfied, problem (1.1) has at
least one nontrivial solution in E.

This paper is organized as follows: In Section 2, we state the notations and main Lemma. Section 3
will be devoted to the proofs of the main results of the paper.

2. Notations and main lemma

There may be multiple selection methods for some spaces, but they should be considered as suitable
for discussion. In order to obtain a solution to the problem (1.1), the space should be smaller, which
can make the direction of the discussion clearer and eliminate some uncertainty. As for its smoothness,
it is also advisable to request a lower level as much as possible to avoid increasing the complexity of
argumentation and calculation. Next we introduce some relevant space and variational setting.

The fractional Sobolev space W*™(R") is defined by

W‘Y’m(RN) = {l/t € Lm(RN)’ [u]s,m < oo},

with the corresponding norm
1
el = (lleelly, + [ul,) ™,

where [u],,, denotes the Gagliardo seminorm and ||u||, is given by

[tt]sm = ( f ) = UOWT 4 vy, m € (py b, luls = ( f ul’ds)*,
2N RN

x _ |N+sm
for u,v € W¥™(R"), we have

_ m-2 _ _
Gy Vs = f ) — "2 (ux) — u N = V)
R2N

|X _ y|N+sm

2
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let us introduce the space

WEmRY) = {u € WH(RY), f V(@)lul"dx < +oo},
RN

and it is equipped with the norm

1
iz = ([l + Nl ) Nl = f VCOlul"dx,
N

R

after consideration, we define the working space:
E = WP ®") [ Wy ®Y),
which is a uniformly convex Banach space (similar to [7]), endowed with the norm

i = > ol = Horllgr + ol
m=p,q

We define the energy functional associated with problem (1.1)

J(w) :l( f ) = HOW o 4 f V(x)|u|de)+1( f ) = O 4+ f V(x)lul"a’x)
p\Jrov [ — y[V*sp RV g\Jrov  |x =yt RV

r Jry 2 Jrv Jrv lx — y|

applying some standard arguments, we can see that J with the derivative given by

- m=2 - -
Tz Y ( fR u) — U @) —uNEE) =G fR V(x)|u|m—2uv(x)dx)

|X _ y|N+sm

m=p.q

+f g(x)lul’_zuv(x)dx—f f K(M(Y))k(u(x))v(x)dydx_
RN RV JRWN lx — y|*

e “—" means weak convergence, “—” means strong convergence.
e “—” means continuous embedding, “—<"" means compact embedding.

Definition 2.1. [21] Let (E, || - ||) be a real Banach space, ¢ € C'(E,R). We say that ¢ € C'(E,R)
satisfies the (PS).-condition if any sequence {u,} C E such that

¢(u,) — c and ¢'(u,) — 0, (2.1)

admits a strongly convergent subsequence. Such a sequence is called a (PS') sequence on level ¢, or a
(PS).-sequence for short.

Now, we present the following lemmas which will play a crucial role in the proof of the main
theorems.

Lemma 2.1. (Hardy-Littlewood—Sobolev inequality [22]) Let 1 < r, s < +00 and 0 < @ < N such
that L +1 + 2 =2 If ¢ € L'(RY) and ¢ € L*(R"), then there exists a sharp constant C(N, a, r, 5) > 0,
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independent of ¢ and ¥, such that

f f MddeSC(N,OZ,H Il 15
RN JR

volx =yl

Lemma 2.2. [18] Suppose that (V;) and (V) are valid. If {u;} is a bounded sequence in E, then there
exists u € E N L*(RY) such that, up to a subsequence,

u; — u strongly in LY(RM),

Nm

. % * _
as j — oo, for anyﬂ € [l’ms)’ ms = NZsm-

Lemma 2.3. [21] Let E be a real Banach space with its dual space E*, ¢ € C!(E,R), for some u < 7,
o >0, and e € E with ||e|| > p, such that

max{p(0),p(e)} Su<n < ||£ﬂ1:fp o(u),

under the above assumption, if the functional ¢ satisfies the (PS).-condition, then we can see that c is
a critical point of ¢, where c is the mountain pass level of ¢, defined as

= inf t
¢ = Inf max (y(1)),

andI' = {y € C([0, 1], E) : v(0) = 0,(1) = e}, I' is the set of continuous paths joining 0 and e.

Based on self-argumentation or utilizing existing abstract critical point theorems, provide
reasonable and specific conditions for the studied problem to ensure the existence of differentiable
functional critical points. Starting from the given specific conditions, verify the requirements of the
Mountain Pass theorem, and obtain the existence of the solution to the problem.

3. Proof of the Theorem 1.1

To prove Theorem 1.1, we will apply a mountain pass-type argument to find critical the point of J.
Firstly, we need to verify that the functional J satisfies the geometrical assumptions of the mountain
pass theorem.

Lemma 3.1. Assume that (V,), (V»), (k;), and (k;) hold; then the functional J(u) satisfies the following
conditions:

(a) There exist o, 0 > 0, such that J(u) > o with ||u|| = o.

(b) There exist 6 > 0 and u € E such that ||ug|| > 0 = J(ug) < 0.

Proof. (a) Using the Hardy-Littlewood—Sobolev inequality and (k;), we immediately obtain

f f K(u(X))K(:t(y)) dydx < Cy (lul2! + lull22).
rVJry Xl

where C| is a constant, let u € E; we can choose |[u|| = o € (0, 1), then we have “””va < IIMIII;,S,F <1.
\%4

Vv
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Combining the above inequality, we can infer

p q -
J(u) _ “u”W;’” s ”uHW‘S/ﬂ N ”uHr,g _ lf f K(u(x))K(u(y))
p C] r 2 RN |x j— yl(lf

Nallyr Medlles gl
wy wy M||rg 9 2
> pv + qv +— = Cy (Il + 11ul222)
q q
u ; u ;
el Welle
> - = Cy (2! + 11l22)
q q

C, 2 2
> ?(nunw ) = €1 (R + )
Gl

2 2
= Cy (Il + 1lully?).

where C, is a constant and
1

ll,, = ( f g(x)lul’dx)r.
RN

dydx

Since p, € (2N — a)q/N,(2N — a)q*/N), then 2p, > g; consequently, o is sufficiently small and

can find o > 0 such that J(u) > o.
(b) Fix ug € W,,*(RV)\{0}, with uy > 0; let us define

h) = f f K( ||Tuﬁ|)K ( ||TuL:)O\|) dxd
- a Vs
RN |x =yl

according to the (k,) condition, we immediately obtain

TUY

DK (F k()
W (r) = |x — y|o dxdy

> f f K(n) K (nuoon)
- ————dx
T Jry JrWN lx — y|*

> /—lh(r),
T

in terms of interval [1, 7||ug||], for T > max{1/2, 1/||ugl|}, we deduce that

h(tlluoll) = h(1)(xlluol)’,

and therefore

K
[ [ Rk gy ([ SR
Y Jry X =) RY JRY =yt

(3.1
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Moreover, for T > 1/||ugl|, it follows from the above conclusion that

J(tug) :T—p(f Mdydx+f V(x)luol"dx)
)4 R2N RN

|X _ y|N+sp

q — q
+ = f o) = U0 ”OQ)l dydx + f V()luol?dx
g \Jpav  [x = yIN+sa RN

+ f g<x>|uo|fdx_1 f f K(ruo(x) K (tu0(y)) dyds
r RN 2 RN JRN |x_y|a/

<C3(tP + 1+ 17) — Cy7°,

where C; and C, are constants. Taking e = 7u, for 7 sufficiently large, we deduce that (b) holds since
§$>dq.

Proof of Theorem 1.1. First, under the assumptions in Theorem 1.1, we need to prove that any (PS),
sequence {u,} is bounded in E. For every ¢ € R, let {u,} C E be a (PS).-sequence; that is, J(u,) — ¢
and J'(u,) — 0. Then we deduce that

1
¢+ llulle =2J(uy,) — E<J'(un), Up)

:(l_l)( f W) = 1 OW f v<x>|un(x)|”dx)
RN

p s \Jpw |x—yNtsp

. —)( f %d dx + f V(x)lu,,lqu)
RN

q

+ (1 - —)f 8(X0)|uy|"dx + f K lk(un)un - lK(un)]dydx
r r Jry X — y|" 2

1 lut (X) — un (V)™ -

6—] - S') Z fRZN x =y dxdy + fRN V(O™ () x]

1 1
(- _ 2 p q
= g)(nunnwé.p - ||un||W;.4).
Arguing by contradiction, we assume that [|u,|| — oo, and then we have the following two cases:

(D) Nlunllygr — oo
(2) lluyllwsr is bounded, [juy[lyss — oo.

We divide into two cases to prove the conclusion.
Case 1. Since p < g, we can see that Iunllq > 1, then ||u,1||q 2 ||un||p > 1, for n large enough

1
_ _ _ p q
¢ + s > (q g)(uunnw )
1 1
_ _ _ p p
> ( g)(nunnw + )

p

= Cslluy|I%,
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clearly, this is impossible since p > 1, and we get a contradiction.

Case 2. In view of the above relation, we immediately obtain
S 1 1 » ¢ \s 1 1 »
¢+ lletnllyysr + ltnllwye > (5 - E) letallyysr + IIMnIIW;,q) > (ZI - E)Ilunllwsvv,q,

moreover, we have

¢ Ml fullyse 11

¥ + > (= - =)
p p p ’
lalfys Tl unllys =g 6

which is a contradiction.

Hence, the (PS). sequence {u,} of J is bounded in E. According to Lemma 2.2, we can extract a
subsequence (still denoted {u,}) and u € E such that

U, — uin E,
u, — uin L*(RM),

u, — u a.e. in R,

Nm
N—sm*

where ¥ € [m, m}), m}; =

Observe that, by a direct calculation, we have

_ m-2 _ _ —(y. —
) - T, — 10} = Z f § le42(X) = D" (U (X) = 10, (V) — u)(x) = (U, — u)(y)) dydx

N+sm
X
m=p,q R | y|

Z f Ju(x) = u)" > ((x) = (@)U = w)(x) = (W, = u)(y)) J
- ydx
R2N

_ y|N+sm
= lx =yl
| V" Py — "), - wdx
m=p.g VR

+ f ) (Ul %1, — lulu)(u,, — u)dx
RN

+f f K (1, (y)k (1, (X)) (1, (x) — M(x))dydx
RN lx =yl

RN
f f K (u()k(u(x))(u,(x) — u(x)) J
- vd x
RN RN

lx — y|*
= 0,(1).

(3.2)
Next, we estimate the above each term. Applying the Minkowski inequality and Holder inequality, we
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can conclude that

f f K (u, (¥)k(u, (%)) (1 (x) — u(x)) J ‘
ydx
RN JRV lx — y[*

r

<

L . IK(un(y))I’dy]r[ fR MRt () atnCx) = u(x))lrdX]

< C6 f (ll/tn|p1 + |un|p2)rdy]r[f [(lun|171—1 + |un|[72—1) . Iun(x) _ u(x)l]rdx]r (33)
RN RN

< Co | luaaliZ), + leaallZ3, ) (HetallZo et = wCOllrp, + Mot et () = w0l
< Cs | lla(x) = uCllep, + ot () = ()l |
= 0,(1).

Similarly, we can obtain

f f K(u(y))k(u(x))(u,(x) — u(x)) J ’
vd x
RV JRV lx — y|*

<Co [llutn(x) = u(0)llgp, + lltn () = u()llgp, |
=On(1),

3.4)

where C;(i = 6,...9) is constant, § = szi' —. On the other hand, taking into account that m > 2, applying
the following inequality

ld — b|"™ < ¢, (|d"™2d — |b|"2b)(d - b),d, b € R".
We infer that

[0 () = ™2 (W(X) = U, () = [(x) — )™ (W(x) — u(y))]
X (Un(x) = u(x) = 4, (y) + u@))lx — Y7V dxdy

. 3.5)
e f ) = ) ) + WO
R2V |x — [V
and
> f VOOt "2t = 0" 210) a1, — )l
m=p.g VR
>0 Z f V(X)lu, — ul"dx (3.6)
m=p.q RY
= > culluy =l > 0.
m=p,q
Similarly, we obtain
f OOl 2ty = " 10)(ut, = w)dx > 0. (3.7)
RN

AIMS Mathematics Volume 10, Issue 4, 9042-9054.
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Therefore, it is easy to see that

Lot (x) = n ™00 (6) = 4 (9) = u(x) = ()" (0e(x) = u(y))]

X (un(x) = u(x) =ty (y) + u())lx — Y™ dxdy (3.8)
=0,(1),
we also have
Z f V) (tal"™ 1ty = |t u) 1ty — w)dx = 0,(1), (3.9)
m=p.g VE"
and
f OOttty — )ty — wdx = 0,(1). (3.10)
RN
Now, we obtain
Z e, — ullﬁZV = 0,(1), (3.11)
m=p.q

moreover, there holds

|(ut — ) (x) = (tp — )Y)|"
dxdy = 0,(1).
Z »[1;21" ‘[RZN |x_y|N+sm xdy 0 ( ) (312)

m=p.q

Putting together (3.11) and (3.12), we have

1

dxdy + f V(x)|u, — u|mdx) = 0,(1).
RN

ey —ullg = > ( 1ty — 1)) — (1t — DY)

—_ y|N+sm
m=pyg \W R lx =yl

We can see that the functional J(u) satisfies the (PS ).-condition. Thus, problem (1.1) possesses at least
one solution. The proof is completed.

4. Conclusions

We point out that the main novelty of the paper is the combination of both double phase fractional
differential operators and nonlocal Choquard reaction. Using employing variational techniques and
inequalities such as Hardy-Littlewood-Sobolev, ensuring the geometric conditions of the Mountain
Pass theorem for the energy functional. We demonstrate the existence of solution for the type of
problem.
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