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1. Introduction

In this paper, we consider the multiplicity of periodic solutions of weakly coupled parameterized
systems of the form

x|+ filt,x1,- -+, xy) = spi(D),
.'x; +f2(t9 Xy oo ,XN) = SP2(t), (11)
Xy + fn(t, xp, -+, xn) = spy(D).

We assume that f = (fi, -+, fy) : RXxRY - R", p = (p1,--+,py) : R = R" are continuous

functions, 27-periodic with respect to the time variable. We also assume that there exists a continuous
function denoted as H : R x R¥ — R, which is differentiable with respect to the variable x. This
function satisfies the crucial relation

fi(t, x) = iH(t, x), (1.2)
8]6,'

for every index i. Moreover, s is a positive parameter. Similar results can be obtained for a negative s.
In the following, we will denote by x € RY, the vector x = (x1,- -+ , xy).
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The study of parameterized differential equations or systems can be traced back to the Ambrosetti-
Prodi problem originated from the seminal work of Ambrosetti and Prodi [1]. More precisely, a second-
order equation

X"+ g(x) = sw(t) (1.3)

was investigated by Berger and Podolak [2], where g : R — R is assumed to be C? such that
g” > 0and g'(-0) < A < g'(+0) < Ay, and w(t) = sin(%?) is the eigenfunction corresponding
to A, = (x/T)?* for the Dirichlet problem on the interval [0, T]. Since then, there have been many
significant achievements. Mawhin and Nkashama [3] initiated the investigation of the Ambrosetti-
Prodi problem with periodic boundary conditions. Ortega [4] discussed the Ambrosetti-Prodi periodic
problem for a damped Duffing equation from the point of view of the stability of the solutions. For
additional contributions, concerning the existence and multiplicity of periodic solutions for second-
order equations, see [5—7] and the references therein. The multiplicity of periodic solutions for the
classical equation u” + g(u) = s(1 + h(t)) was investigated in [8], Fonda and Ghirardelli [9] weakened
the assumptions on the differentiability of the nonlinearity and obtained the multiplicity of solutions.
Moreover, Calamai and Sfecci [10] studied the periodic boundary value problem for weakly coupled
parameter-dependent equations. For more contributions, we refer to [11,12] and the references therein.

In particular, Fonda and Ghirardelli [9] extended the results in [5, 8, 11] and investigated the
multiplicity of solutions for the following periodic problem:

{ X"+ g(t, x) = sw(t), (1.4)
x(0) = x(T), x'(0) = x'(T).

They assumed g : [0,7] X R — R to be a Carathéodory function, and w : [0,7] X R — R to be

integrable. Then their result was extended by Calamai and Sfecci [10] to a parameterized weakly
coupled system

X"+ gi(t, x) = sw;(t),

{ l g( ) () i=1,---N, (15)

x(0) = x(T), x;(0) = x;(T),

where g; : RXRY — R and w; : R — R are continuous functions, and T-periodic with respect to the
first variable.

Incorporating ideas from previous research, particularly from [9, 10], a natural question arises:
whether are there multiple periodic solutions for parameterized systems coupling asymmetric and
linear components? This paper delves into the investigation of multiplicity of periodic solutions for
the weakly coupled parameterized system (1.1). However, it is important to note that the main tool
employed in [9, 10], namely the Poincaré-Birkhoff theorem, is not directly applicable to the specific
problem at hand. What adds to the excitement is the concerted effort among researchers to introduce
innovative methodologies, exemplified by an expanded version of the higher-dimensional Poincaré-
Birkhoff theorem as outlined in [13]. This advancement holds the potential to offer fresh insights into
the present context and further propel research into the multiplicity of periodic solutions.

The extended version of the higher dimensional Poincaré-Birkhoff theorem outlined in [13] is
suitable for area-preserving maps. Therefore, we postulate the existence of H : RXRY — Rin (1.2) in
order to guarantee the Hamiltonian framework for the system delineated in (1.1). Within this paper, for
every index i = 1,2,---, N, standard notations x; := max{x;, 0} and x; := max{-x;, 0} are employed.
Additionally, p(-) stands as a representation for the rotation number of a linear equation or a piecewise
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linear equation. The exact definition of this term is expounded in Section 2. Furthermore, 7y is used
to represent the initial time. We also introduce the notation ¥; = (X, , Xi_1, Xix1, - -+ , xy) € R¥"! for
concise representation.

We assume the following conditions:

(Hy) f:RxR¥ - RN, p:R — RY are continuous functions, 2-periodic with respect to the time
variable, locally Lipschitz-continuous with respect to the second variable, and s is a positive parameter.

Fixing an integer m < N, we assume the following conditions for every index i = 1,2,--- ,m.
(H!) There are two functions vi, v, € L'([ty, y + 2x], R) such that
fi@, fit, x)

v’i (1) < liminf ») < lim sup < vé(t)
Xj——00 X;

1 Xj——00 i

holds uniformly for a.e. t € [ty, ty + 2] and X; € RV,
(H)) There is a function ¢;(¢) € L'([to, to + 2], R) such that

lim &9 _
im =

Xj—+00 xi

qi(1)

holds uniformly for a.e. t € [ty, t) + 2] and X; € RV,
(H;) There is an integer m; > 0 such that

m; < p(q;) <m; + 1,

where p(g;) denotes the rotation number of the equation x!’+¢,(#)x; = 0. Moreover, the only 27-periodic
solution of

X! + gi(0)x; = pi(t) (1.6)

is strictly positive.
(Hi) There is an integer n; > 0 such that

pOh) > ni,  p(vh) < mi+ 1,

where p(v}) and p(v)) denote the rotation numbers of equations

X!+ qi(Oxf = Vi()x; =0, (1.7)
and

X+ qi(t)xT —Vi(@)x; =0, (1.8)
respectively.

And for every i € {m + 1,--- , N}, we assume the following condition:

(Hg) fit,x) = M;®x; + eit,x), with ¢, : R x RY — R being bounded, M(t) =
diag(M,,+1(t),- -+ , My(?)) being a symmetric matrix, continuous and 2m-periodic, satisfying the
nonresonance condition

Xun(t) =0 1s the only 27 — periodic solution of x;,’,,N = M@®)xu.n, (1.9)

where X,n = (Xui1, 0 5 XN).
Then we have the following result.
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Theorem 1.1. Suppose (Hy) holds. Moreover, (Hi' )—(Hi) hold fori € {1,2,--- ,m}, and H; holds for
ie{m+1,---,N}. Then there is a sy > 0 such that, for every s > so, Eq (1.1) has at least

m+ D[ Jni—mi+1,
i=1

distinct 2r-periodic solutions.

Remark 1.1. The nonresonance conditions outlined in (H!)~(H') represent generalizations of the
classical nonresonance conditions outlined in (H1')~(H4') [10], where v, v}, and a;(t) are required to
be positive. However, v\(t), vi(1), and q;(t) are allowed to be sign-changing in (H}) and (H}), which
implies that sgn(x;) fi(t, x) could be sign-changing. The following is an interesting example regarding

this. For everyi € {1,2,--- ,m}, define three sign-changing functions
[ @mi+ 1), te[0,n], o (2a§. +1)2, tel0,n],
4i(t) = { 2, reman, 0T\ —@p, relnon,

where j = 1,2, m;, &, € N*, and o/, € R*, arctan || < /(2(2m; + 1)), and

n; n;

- — - > 2 max{arctan |4;|, arctan|u|}/7 > 0.
2 +1  2mi+1 { i kailh/

Additionally, assume that there exists an integer n; > 0 satisfying

2 2
R . L ) (1.10)
m; a’j n; m+1 a+1 nm+l
Then it can be proved (see the details in Section 5)
m <p(q) <m+1, pO)>n, pOh) <ni+1. (1.11)

Therefore, the nonresonant conditions described in the sense of rotation numbers are different from the
previous nonresonant conditions.

The rest of the paper is organized as follows: In Section 2, we introduce the definitions and
properties of rotation numbers and 2z-rotation numbers. In Section 3, we prove a crucial existence
result. In Section 4, we give some preliminary lemmas. Finally, in Section 5, we prove Theorem 1.1,
and give the proof of (1.11).

2. Rotation numbers and 27-rotation numbers for component equations

Within this section, we present the precise definitions of 2x-rotation numbers for first-order
component systems, as well as the rotation numbers for first-order piecewise linear systems. We
also elucidate the interconnection between the rotation numbers and the 2n-rotation numbers. This
discourse bears resemblance to the discussions found in [14, 15].

Consider a system of the form

xp=-yi, Yi=htx), i=12--,N. 2.1)
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Let x = (X1, X2, ,Xn), ¥ = (1,2, ,yn), and z = (x,y) € R2N. If the component z(z; z9) of a
solution z(#; zo) with z(#y; zo) = zo does not cross the origin, we can pass to the polar coordinates

X =71 COSGZ', Yi=7r sinHi.

Then we have

hi(t’ x) 0
- cos 6;, i=1,2,---,N. (2.2)
rl = —r;sin6; cos §; + h(t, x) sin 6;,

0 = sin® 6; +

If z(t; zo) exists within the interval [#y, ty + 2], we can define the 27-rotation number associated with
the i-th component z;(¢; z9) as follows:

ROthi (Zo) =

0i(to + 21, 20) — O:(to;20) 1 fmzﬂ xihi(t, x) + y;
2n 27 o

2 2
X+ Y

where 6;(t; 7o) 1s the argument function of z;(t; z9). Accordingly, Roty,(zp) represents the total algebraic
count of the counterclockwise rotations of the component z;(t;zo) around the origin, in the i-th
projection plane during the time interval [#y, fy + 27].

When the component of system (2.1) is a piecewise linear system

xll' ==Y y: = a:—(t)x:— - ai_(t)xi_’ (23)
where a; (1) € L'([ty, ty + 27], R). The component argument function 6;(t; z) satisfies
0, = a; (H)((cos 6;)*)* + a; (t)((cos 6;)7)* + sin” 6. (2.4)

Hence, the value of 6;(; zo) is solely determined by the initial time 7y, and the initial argument value,
denoted as 6;(t; zo), belonging to the unit circle S!, which can be represented as R/(2nZ). In this
particular scenario, we can express the 2rr-rotation number of z;(¢; z9) as Rota;(w,), where wqy = zo,/Iz0,|-
Moreover,
a’ (H)((cos 6,)*)* + a; (1)((cos 6;)7)* + sin® 6;

is 2mr-periodic in t and 2z-periodic in ;. Equation (2.4) is therefore a differential equation on a torus in
this case. Hence we can define the rotation number of (2.4) as
8;(to + 1;60) — 6,

pla;) = lim p , (2.5)

where 6, is the i-th component of 6. By extension, we refer to p(a;) as the rotation number of the
system (2.3).

Now, we present the relationships between the rotation number p(a;) and the 2z-rotation number
Rot,, (wp) of system (2.3).

Lemma 2.1. For an arbitrary integer n;, we have

(@) p(a;) > n; © Rot,(wo) > n;, ¥ wy € Sl.l;

(@) pla;)) <n; © Rot,(wo) <n;, Y wy € Sl.l;

(iii) p(a;) = n; if and only if there is at least one nontrivial 2n-periodic solution 6,(t;ty, 6y) of
system (2.3) with 0;(ty + 2m; ty, 6y) — 6o, = 2n;m.
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The proofs of Lemma 2.1 and the following ones are similar to propositions or lemmas in [14, 15]
and [16,17], so we omit them. In fact, the core of the proof of Lemma 2.1 lies in utilizing the definition
of the rotation number, the periodic property of the homeomorphism, and the idea of iteration. By
analyzing the relationship between the extremal behavior of the mapping and its asymptotic linear
growth, it establishes the equivalence between the rotation number and the extremal condition. Next,
we give the following comparison result about the 2r-rotation numbers between the i-th component
system (2.1) and system (2.3).

Lemma 2.2. (Comparison lemma) Let h; : [ty, to + 2] X R¥N — R be a Carathéodory function, and let
a;i € L'([to, to + 27], R), then
(i) If

lim inf 7 %)

Xiokeo X
holds uniformly for a.e. t € [ty, ty + 2rt] and a certain i. Then, for each € > 0, there exists R. > 0 such

that

> a; (1) (2.6)

Roty,(z0) > Rot,(wo) — &, Yt € [ty, 1y + 21], wo = z0,/lz0,] (2.7)

holds for the i-th component of every solution of system (2.1) satisfying |z,(t)] > R., Y t € [to, fp + 27].
(i) If
. hi(t, x)
lim sup

X;j—+00 xl

<a() (2.8)

holds uniformly for a.e. t € [ty,ty + 2n] and a certain i. Then, for each € > 0, there exists ng > 0 such
that
Rot;,(z0) < Rot, (wo) +&, V1€ [ty, 1o + 2r], wo = 20,/I20,] (2.9)

holds for i-th component of every solution of system (2.1) satisfying |z,(1)] > R., ¥ t € [to, g + 27].

By the above two lemmas, we have the following lemma about the 2z-rotation number of the
system (2.1) and the rotation number of system (2.3).

Lemma 2.3. Suppose h; : R x RY — R is a Carathéodory function, 2n-periodic with respect to the
first variable, and let a; € L'([to, ty + 27], R), then

(i) If p(a;) > n; and (2.6) holds uniformly for a.e. t € [ty, ty + 2n] and a certain i, then there exists
R;> 0 such that Roty,(z9) > n; holds for the i-th component of every solution z(t; z9) of Eq (2.1) satisfying
lzi(®)| = R;, Y 1 € [1y, 1y + 27].

(ii) If p(a;) < n; and (2.8) holds uniformly for a.e. t € [ty,ty + 2n] and a certain i, then there
exists R; > 0 such that Rot,,(z0) < n; holds for the i-th component of every solution z(t;zo) of Eq (2.1)
satisfying |z(t)| = R;, Y t € [fo, 1o + 2n].

3. A new existence result

In this section, we consider the existence of 2r-periodic solutions for the following weakly coupled
system

x{ + g1t x1, -+, xn) = wi(2),
Xy + gt xp, -+, xn) = wa2),
2 1 N 3.1)
x;\,] +gN(t,XI,' o axN) = (,()N(t)
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Here, we assume the following conditions.

So) g=(g1, -+ ,gy) :RXRY 5 RY, w = (wy, - ,wy) : R = RY are continuous functions, 27-
periodic with respect to the first variable, g is locally Lipschitz-continuous with respect to the second
variable.

(S1) There exist two functions &, ¢; € L'([ty, o + 27],R) such that

UL < lim sup 8, x) < ()

|xi]—+00 Xi

&(t) < liminf

[xi]—+o0 X;

holds uniformly for a.e. t € [ty, ty + 27] and X; € RV~!.
(Sé) There exists an integer m; > 0 such that

p&) > m;,  p(&) <m;+1,
where p(&;) and p({;) denotes the rotation numbers of the equations
x|+ &x; =0,

and
x; + i(x; = 0,

respectively.
(S%) There exists a function & € L'([fo, o + 2], R) such that

1- gi(ta x)
m

[xil>+00  X;

= &(1)

holds uniformly for a.e. ¢ € [ty,f + 27] and X, € R¥™!, where & : R — R is continuous, 27-periodic
and satisfies the nonresonance condition

xi(t) =0 is the only 27 — periodic solution of x" = &(f)x;. (3.2)

Then, we have the following result.

Theorem 3.1. Assume (S,). Moreover, (S%) and (S')) hold or (S%) holds, for every i = 1,2,--- ,N.
Then system (3.1) has at least one 2n-periodic solution.

Remark 3.1. In the proof of our main result, there is a crucial change of variables using the existence
of 2n-periodic solutions of systems similar to system (3.1). The proof of Theorem 3.1 is based on a
higher dimensional fixed-point theorem for the coupling of twist conditions and Poincaré-Bohl-type
conditions in [18].

For the convenience of readers, we state the higher dimensional fixed-point theorem in [18] as a
lemma in the following and then provide the proof of Theorem 3.1 in the end of this section.

Lemma 3.1. (Theorem 2.1 in [18]) Let T}, I, be simple closed curves in the i-th phase plane
surrounding the origin O; of the i-th phase plane, and I'; C I(I';") with I(I'Y) the interior region bounded
byI's, A; = ITH\IT7}), i=1,2,--- k. Denote A = Ay X Ay X - -+ X Ay, BF =1(I7) X -+ X ITP).
Let Q; be a bounded open set surrounding the origin Oj, whose boundary is a simple closed curve,
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j=k+1,---,N, Q= ﬁkﬂ X+ xﬁN, where 0 < k < N, k = 0 means that i does not take value and
k = N means that j does not take value. Define a continuous function

F ?XEHRZN,

2=(21,22, " »an) P (F1(2), F2(2), - -+, Fn(2)).

Fori=1,2,--- ,k, let U;(O;) be a neighborhood of O; in the i-th phase plane, L; be a real orthogonal
matrix with det(L;) = 1, and

Ji={zeB*xQ: 7€ Ay, Fiz) ¢ U(0), {Lizi, Fi(2)) = O}.

Suppose that

(i) For any continuous curve vy, if I1y(y) connects I'; and I}, then y N J; # 0, where I1,(y) is the
projection of y on the i-th phase plane, i = 1,2,--- ,k;

(ii) F; satisfies

Fi(2) #pujzj, for u;>1, z€B*xd;Q,

where j=k+1,--+ ,Nand 8;Q = Qo X -+ - X Qj 1 X 0Q; X Q1 X - X Qy for j=k+2,--- ,N—1,
6k+1Q = 6Qk+1 X §k+2 X X ﬁN, (')NQ = ﬁk_,_] XX ﬁN—l X 6QN

Then F has at least one fixed point zy in 8+ x Q.

Consider the equivalent system of (3.1)
X ==y, yi=gt,x)—wi(®), i=12--,N. (3.3)

Denote z; = (x;,y;), i = 1,2,--- ,N. z = (21,22, -+ ,2n)- Let z(; Z9) be the solution of system (3.3)
satisfying the initial condition z(#y; z9p) = zo. If the component z;(t;zo) # 0, by the polar coordinate
transformation

X;=r;cosb;, y;=r;sin6;,

system (3.3) is equivalent to

y 2, 8l X) - wi(D) 4
0 = sin” 0; + I — cos d;, (3.4)

ri = —r;sinf; cos 6; + (g;(t, x) — w;(1)) sin 6;.

Then, we give a lemma concerning the uniqueness and global existence of solutions of the Cauchy
problem associated with system (3.1).

Lemma 3.2. Assume (S ). Moreover, (S') or (S%) holds for every i € {i,2,--- ,N}. Then the solutions
of the Cauchy problem associated with system (3.1) exists uniquely and globally.

Proof. First, by the Lipschitz continuity of g, we obtain the uniqueness of solutions of the Cauchy
problem associated with system (3.1).

Secondly, we prove the global existence of solutions of the Cauchy problem associated with
system (3.1) using Gronwall’s inequality.

By (S!), there exist 0 < £ < 1 and D; > 0 such that

< gi(t, x) — wi(?)

1

&) —¢ <G +e

AIMS Mathematics Volume 10, Issue 4, 8988-9010.
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holds uniformly for a.e. t € [ty, ty + 27r] and ¥; € R¥~! when |x;| > D;. Then, we have

Iril < ri(2 + max{lg&(OL, 11D,

by the Gronwall’s inequality, we obtain

_ 1 +21
ro,e 0

10 +21

2+max{|&OLIGDI})dt <r(n)< ro[ej;o

+max{ISi (LI (Ohdr

where r(, denotes the i-th component of ry, and (ry, 8y) is the form in the polar coordinates of the initial
value zo = (x0,y0). Hence, when ry, is large enough, r;(¢) will be large enough, so solutions of the
Cauchy problem associated with system (3.1) exist globally.

Similarly, by (S), we can prove the global existence of solutions of the Cauchy problem associated
with system (3.1). O

Next, we prove Theorem 3.1 by the higher dimensional fixed-point theorem for the coupling of
twist conditions and Poincaré-Bohl-type conditions outlined in [18].

Proof of Theorem 3.1. We take k = 0 while applying Lemma 3.1. Suppose z(#; z9) is a solution of
system (3.3) satisfying the initial condition z(#y; zo) = Zo, and define the Poincaré map

P §—>R2N,

20 P z2(ty + 2m; 20),

where Q = Q; X ---Qy is the region in the phase space of (3.3) described in Lemma 3.1. Denote
P = (P, - ,Py). From Lemma 3.2, by conditions (So), (S}), and (S}), we obtain the uniqueness and
global existence of solutions for the initial value problem associated with system (3.1). Therefore, P is
well defined, and is a continuous map. In addition, system (3.1) has a 2z-periodic solution if and only
if # has a fixed point.

In the following we will prove that # has a fixed point using Lemma 3.1.

From (S), by Lemma 2.3, we have

m; < Rot,,(z0) < m; + 1. (3.5)

So we can verify that condition (ii) in Lemma 3.1 holds. Actually, since (3.5) holds, the solution z(#; z¢)
starting from z, cannot rotates integer numbers of turns in the i-th projected phase plane. So there exists
a constant yu; such that

Pi(2) # nizi, foru; > 1 and z € 9;Q, (3.6)

where 0;Q is defined as that in Lemma 3.1.

By (Sg), we can conclude that if x;(r) is a nontrivial solution of x! = &(t)x;, then x;(¢) can not
perform integer turns around the the i-th origin O;, and we can also prove (3.6).

Hence by Lemma 3.1 we conclude that # has at least one fixed point, which implies the existence
of 2r-periodic solution of system (3.1). O
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4. Preliminary lemmas

In this section, we prepare some preliminary lemmas for the proofs of the main result. It is worth
noting that our discussion is based on the sign-varying conditions. We will always suppose that s > 1,
denoting by || - ||, the usual norm in LP([#y, ty + 27]).

Lemma 4.1. There exist three positive constants €y, co, and Cq such that, for every index i €
{1,2,---, N}, if B and y are 2r-periodic functions, and 3, y € L'([ty, to + 2r], R) satisfy

Bl < &0, |y —ailli < &,

then the linear equation
u” +y(tu = pi(t) + B()

has a unique 2r-periodic solution u, and cy < u(t) < Cy, for every t € [ty, ty + 27].

The proof of Lemma 4.1 is similar to that of Lemma 1 in [9], and we can take &, such that
0 < & < min{p(g;) — m;,m; + 1 — p(g)} (4.1)

holds throughout the proof.

Lemma 4.2. Assume (H!), (H,), and (H.). Let £y > 0 satisfy €y < min{p(v})—n;, n;+1—p(v})} besides
satisfying (4.1), then for each function f;, we can write it as

fit, x) = ai(t, x)x;7 — bi(t, x)x; + ri(t, x),

where @;,b;, r; : RXRN — R are continuous functions such that, for almost every t € [ty, ty + 2n], every
xRN and everyi=1,2,--- ,m,

qi(t) — gy < a;(t, x) < qi(t) + &y, “4.2)
Vi(t) — &9 < bi(t, x) < Vi(1) + &, (4.3)

and for everyi=m+1,--- N,
M(t) — &y < @;(t, x) = bi(t, x) < My(t) + &0, (4.4)

and ri(t, x) is bounded: there is a 2r-periodic function 7(t) with #; € L'(ty, ty+2n), such that, for almost
every t € [ty, ty + 2rt] and every x € RY,

|7:(2, x)| < Fi(2). 4.5)

Proof. We will prove this lemma in two cases.
First, fori € {1,2,--- ,m}, by (Hé), there exists a constant D! > 0 such that, when x; > D},

%m—%sﬁf”S%m+@

1

holds for a.e. t € [ty, ty + 2] and X; € R¥~!. So, we define
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i,
fitt,x) v D
~ Xi
ait,X) =3 f(1,D}, %)
n <DL
D} ’

Similarly, by (H’i), there exists a constant D; < 0 such that, when x; < D7,

Ji(t, %)

1

Vi(0) — & < <Vh(1) + &

holds for a.e. t € [ty, ty + 2] and %; € RY~!. So, we define

ills
fil X), x; < Di_’
bi(t, x) = ;CiDr %
I, i z), %> D
D

1

Then, take
ri(t, x) = filt, x) — ai(t, X)x7 + bi(t, x)x; .

By the definitions of &;(z, x) and bi(t, x), we have ri(t,x) = 0, x ¢ [D;, D], so the proof can be easily
completed.

Second, fori € {m + 1,--- , N}, similar to above, by (Hg), there exists a constant D; > 0 such that,
when |x;| > D,

Jit- ) < Mi(1) + &o

1

M,(t) —& <

holds for a.e. t € [ty, ty + 2] and %; € RY~!. So, we define

fi(t, x) x| > D
B - Xi ’ l ;
ait,x) = bit, ) =\ ¢(1' P, %) x| <D
, X = D,

D7

1

Then, take
ri(t, x) = fi(t, X) — @i(t, x)x; + bi(t, x)x; .

By the definitions of &;(z, x) and bi(t, x), we have r,(t,x) = 0, x ¢ [-D;, D;], so the proof can also be
completed. m|

Now, we introduce a change of variable. In (1.1), we set

1
u(r) = —x(1),
S
with u = (uy,u,, -+ ,uy). Then Eq (1.1) is equivalent to the following system

filt, su)
—

u! +

pi(t), i=1,2,---,N. (4.6)
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Lemma 4.3. Assume (H,), (Hi )—(Hé) and (Hg). Then there exists a s, > 1 such that for every s > sy,
system (4.6) has a 2r-periodic solution u(s, -) with the i-th component u;(s, t) satisfying

co < ui(s,t) < Cy, 4.7)

for every t € [ty,ty + 2]l and i = 1,2,--- ,N, where ¢y and Cy are two positive constants given in
Lemma 4.1.

Proof. By Lemma 4.2, we can rewrite (4.6) as follows:

- i(Z, .
u! + a(t, suyu; — bi(t, suyu; = pi(t) — ri€ su), i=1,2,---,N. (4.8)
s

Next we will prove that (4.8) has a 2r-periodic solution with every component positive. If such a
solution exists, it satisfies

ills .
W+ e, swus = ity — TS0 o0 N, 4.9)
. - ri(t, su) S .
The converse is also true. Now we set G,(t, su) = a;(t, su)u; — p;(t) + . Next, we will discuss in
two cases. g
Case 1. Fori=1,2,--- ,m, by (4.2) and (4.5) we have
Gi t’ . i ta
fim 2SO _ gy LD ) 4.10)
uj—>+00 ul Xj—+00 ‘xl
We define a function
~ _ | Git,su), u; =0,
Gi(t, su) = { 0. u <0,
then system (4.9) is changed into
u' +Git,su) =0, i=1,2,---,m, 4.11)
where G,(t, su) satisfies ) )
i t’ . i tv
lim S0 _ o, gim G0 g
uj—+o0o i Uuj——00 Uu;

Then the solutions of the initial value problem associated with system (4.11) exist uniquely and
globally. Indeed, on the one hand, by (H), there is a positive constant L; such that

fi(t, su) B fi(t, sv)
S S

Gi(t, su) — Gi(t, sv)| < | | < Lilu; — vil.

Thus every solution of the initial value problem associated with Eq (4.11) exists uniquely. On the other
hand, by (4.2) and (4.5), we have

- B 1
G2, su)| < |Gi(t, su)| < la;(t, su)llu;| + |p:i(D)] + ;|ri(f, su)l
1
< (i@ + e)luil + |pi(®)] + Efi(f) < Clujlw + Py,
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where C = max_y ... n{lgi()| + €0, t € [t0, 7o + 27]}, P, = maxy .. v{piD)] + 1F:(0), 1 € [to, 1o + 27]}.
Thus the solutions of the Cauchy problem associated with system (4.11) exist globally.
Secondly, we verify the nonresonance conditions. By (4.10) and the definition of G(t, su), we have
G~i t$ . Gi t7
lim S0 _ o gim G

Uj—>+00 i Uj——00 u;

Consider the limit piecewise linear equations in the i-th projection plane
u! + qi(tu; —Ou; =0,
that is
w +qi(u; =0,

coupled with (H}), we have that (S*) and (S) hold in Theorem 3.1.
Case2. Fori=m+1,---,N, by (4.4) and (4.5) we have
G~i f,
fim S o, 4.12)
|xj|—>+00 u;
thus by (H.), similar to that in Case 1, we can prove that any solution of the Cauchy problem associated
with system (4.11) exists uniquely and globally. Then we consider the validity of the nonresonance
condition fori =m + 1,--- , N. By (4.12), the limit linear equation in the i-th projection plane is

u! + Mi(t)u; = 0, (4.13)

take &(f) = M;(1), and combing (H!), we have that (S%) holds.

Therefore, by Theorem 3.1, we have the existence of a 2r-periodic solution of system (4.11), which
means that (4.9) has a 2z-periodic solution.

Next we will prove that every component of such a solution u(s, t) is positive for s large enough.
Notice that every component of u(s, t) solves the following equation:

ri(t, su(s, 1))

' + ai(t, su(s, 0)u; = pi(t) - (4.14)

1
Now set s; = —||74||;, for every s > s, by (4.2) and (4.5), we have
€0

ri(" SI/I(S, ))

llc; (-, su(s, -)) — qi(Olh < &o, ”f”l < &.

Thus by Lemma 4.1, for s > s, Eq (4.14) has a unique 27-periodic solution, which must coincide with
u;(s,t) and satisfy cy < u;(s, 1) < Cy. O

Next, by another change of variables
(1) = u(r) — u(s, 1),

with v = (vi,v,, -+, vy). Equation (4.6) is changed into

o Jilts s+ uls, 1)) = filt, su(s, 1))
v, + =

S

0, i=12,---,N, (4.15)

then, we can see that v = 0 is a solution of (4.15).
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Lemma 4.4. Foreveryie{1,2,---,mj},

lim fi(t, s(v + u(s, 1)) — fi(t, su(s, 1)) = gt

§—+00 S

1 1
holds uniformly for every t € [ty, ty + 2] and v € RN with v; € [_ECO’ 560]'

Proof. Forevery i€ {1,2,---,mj}, by (4.7) and (H;), we can deduce that

fstuls, )
R T Y B

and
lim Ji(t, su(s, 1)) _

i(7),
so+o0 Su(s, 1) q @)

1 1
hold uniformly for every ¢ € [ty, 1y + 2x] and v € RY with v; € [_ECO’ ECO]' Therefore, for every € > 0
and s large enough, we can deduce that

fi(s, 2,v) — qi()vil
:'ﬁ(t, s(v + u(s, 1)) — fi(t, su(s, 1)) B

S

qi(Dv;

ill, +u(s, 1)) — qi(t)s(v; + u;(s, ill, » 1) — qiD)su(s, 1
]St s+ uls, 1)) = giD)s (i + uis ))' Wt s, 0)] + 'f( su(s, 1)) — qi(O)sui(s, 1| 5. )|
s(vi + u;(s, 1)) su;(s, 1)
<(co/2 +2Cy)e,
N 1 1

holds for every t € [#y,ty + 2] and v € R" with v; € [—ECO, ECO]' O
5. Proof of Theorem 1.1

Set

F(stv) = filt, s(v + u(s, 1)) — fi(t, su(s, t))’
s
then system (4.15) is changed into
v+ fi(s,t,v) =0, i=1,2,---,N. (5.1

Specifically, the actual form of system (5.1) is
v + fi(s,t,v) =0,

V' + fu(s,t,v) = 0,
V“ + Mi(t)vm+](sa ta V) + ém+1(s7 t’ V) = 09

m+1

vy + M(t)vn(s,t,v) + éy(s,t,v) =0,
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(1, + ,1))) —eilt, > 1 . :
eilt, s(v + uls, 1)) — ei(t, suls )), i = m+1,---,N. For the convenience of

where &,(s,t,v) =

s
description, we still use (5.1) to represent the above system.
Consider the equivalent system

V; = =W W: = f;(s’ Z, V)ai = 1a2’ U ’N (52)

associated with system (5.1), where fi(s, t,v) satisfies the following conditions, i = 1,2,--- ,m.

(Hy) f:R*xRxRY — RY is continuous, 27r-periodic in the first variable, and locally Lipschitz-
continuous in the second variable, f(s,,0) = 0.

(H})  For the function v} (1), v} € L'([to, to + 271, R) in (H}), we have

fi(s, t,v) < lim sup fi(s, t,v)

i Vi——00 i

vi(t) < liminf

Vi——00

< Vh(0) (5.3)

holds uniformly for a.e. t € [ty, ty + 27] and X; € RV~!.
(H))  For the function ¢(t) € L'([to, fo + 27], R) in (H}), we have

. fils,1,v)
lim ————— =

Vi—+00

qi(1)
holds uniformly for a.e. t € [ty, ty + 27] and X; € RV~!.

And foreveryi € {m+1,---, N}, we assume the following condition:

(H)Y  fi(s,t,v) = My(t)v; + &(s,1,v), with ¢; : R* x R x R¥ — R being bounded, M(r) =
diag(M,,1(t), - - , My(2)) being a symmetric matrix, continuous and 2x-periodic with respect to the
time variable, satisfying the nonresonance condition

vmn(t) =0 1s the only 27 — periodic solution of v;;’N = M(@®)vim.n, 5.4)

where v,y = (Vis1s -0 5 VN)-

Now, we will outline the deduction process for the aforementioned conditions based on (Hy), (H j ),
(H}) and (H)). i

Firstly, by assumption (H,), we can conclude that f; : R*xRxRY — R¥ is a continuous function, 27-
periodic with respect to the first variable, and f(s,¢,0) = 0. Moreover, using the Lipschitz-continuity
of f with respect to the second variable as presented in (H,), we can deduce that, for arbitrary r € R
and for v;, v € U(v(s, 1)), where U(v(s, 1y)) represents an arbitrary neighborhood of v(s, y), there
exists a positive constant L; such that

- - 1 - . .
|fiCs.t,v0) = fils, t,vin)| = ;lﬁ(r, svp + u(s, 0)) = filt, sy + uls, )| < Libvi = v,

where v} and v}, are the i-th component of v}, v! , respectively.
Secondly, by (H!), we can conclude that

lim inf fi(s,t,v) — liminf fit, s(v + u(s, 1)) — fi(t, su(s, 1)) — liminf Silt, s(v + u(s, 1))
Vi——00 Vi Vj——00 SV; Vj——00 Sv;
— liminf Jilt, s(v + u(s, 1)) s(vi + ui(s, 1)) — liminf S, s(v+u(s, 1)) > v (1),
vio—co SV + ui(s, 1)) SV; vim=co  S(v; + u;(s, 1))
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and 3
lim sup ACT sup Jit, s(v + uls, ) = fit, suls, 1) _ .

Vi——00 Vi V;——00 SV;

Similarly, by (H%), we have

. fils,t,v) L filt s+ us, 1)) = filt, su(s,0) . filt, s+ u(s, 1))
lim = lim = lim
vi—+co Vi vi—+eo SV; vi—+co SV;
_ iy A SOt uCs D) situidsn) L fEs@ru(s0)
- Vil’rP‘x’ s(vi + ui(s, 1)) SV - vz-irPoo s(vi + ui(s, 1) 9i(1)-

Finally, by the boundedness of ¢; outlined in (Hg), we can conclude that &; is bounded. Therefore,
(Hy)" holds.

Denote by Z(s,1) = (v(s,1),w(s,t)) a solution of Eq (5.2) with initial value Zy := Z(s,f) =
(v(s,20), w(s, 1)), Z = (Z1,- -+ ,2ZN), 20 = (Zo,»- "+ »Z0y)- If the component Z; = (V;, W;) does not cross
the origin, we can pass to the standard polar coordinates

V; = r; COS 9,', WwW; =r; sin 9,',

we have .
; -2 ) ﬁ(sa t9 V) .
0, = sin” 6; + i’i ~COS 0; i=1,2,---.N. (5.5)
ri = —r;sin6; cos 6; + fi(s,1,v)siné;,
Denote by (0(s,1),7(s,1)) = (6(s,t;10,60),7(s,t;79,0y)) a solution of system (5.5) with

(é(s, lO), ?(S, t())) = (90’ I’Q). (éa ]7) = ((él, ’71 )’ R (éN, fN))’ (90’ rO) = ((901’ r0|)7 R (60]\/7 rON))'
Next, we give some general properties of system (5.1), containing global existence and rotational

property.
Lemma 5.1. Assume (Ho)’—(Hé)’ and (Hg)’, then solutions of system (5.1) exist globally.

Proof. Using Lemma 4.2, we can write function ﬁ(s, t,v) as
fi(s,t,v) = @i(s, t, v} = bis, t,v)v; + rils, 1,v),

where
ai(s,1,v) = a;(t, s(v + u(s, 1)), bi(s,t,v) = bi(t, s(v + u(s, 1))).

Therefore, for almost every ¢ € [ty, t, + 2x] and every v € R", it follows that
qi(t) — &9 < a;(s,t,v) < qi(1) + &,

v’i(t) — &9 < bi(s,1,v) < vé(t) + &.

Furthermore, by Lemma 4.3, we have
0 < +uls,0)" —vi <u(s,1) <Co, —Co < —ui(s,1) < (v +ui(s, 1) — vy,

then we can conclude that r,(s, ¢, v) is bounded independently of s > 1, namely,
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Iri(s,t, | < R(1), for a.e. t € [ty, ty + 27],
with R(¢) = (2lg:()] + Vi ()| + 3&) + 27,(t). Especially, by (H!)" and (H.), for s > 1, it follows that

|fi(s,t,v)| < Cilvil + Ri(t), for a.e.t € [ty ty + 2n] and ¥; € RN,

where C; = [maxz ]{lqi(t)l, Ivg(t)l} + &y. Therefore, fi(s, t,v) grows at most linearly in v;, and so the
telty,tot+2m
solution to the Cauchy problem associated with system (5.2) exists globally. O

In order to find the inner boundary of a suitable annulus in the Poincaré-Birkhoff theorem, we need
the following lemma, which comes from Lemma 2.5 in [10].

Lemma 5.2. There are three positive constants 9, r;, and s,, with 6 < r; < %CQ and s, > s1, such that,
for every s > s,, if ri(ty) = r;, then we have

1
o< ri(t) < EC(),
foreveryt € [ty,ty +2n] and i € {1,2,--- ,m}.

1 .
Proof. We first prove that r;(f) < ECO for every t € [ty, ty + 2m]. We assume by contradiction that there
exists a f € [tg, ty + 27] such that

1 1
ri(t) < ECO forevery t € [ty,1), and ri(f) = ECQ. (5.6)
Set | | .
7= §C0€—2(1+nqum>n, 5= Z?ie‘z(””q”“’)” and & = zr_;r _

) 1 )
Itisclearthat 0 < 6 < 7; < ECO' By Lemma 4.4, there exists a s, > s; such that, for every s > s,,

almost every ¢ € [f, f] and every v; € [_ECO’ ECO],

fis,1,v) = qi(tvil < &.
Then by (5.5), we have
[F/(0)| = |r; sin6; cos 6; — fi(s,1,v)sin 6] < ri(t) + |fi(s, t, V)| < (1 + ||gilleo)7:(2) + &.
By Gronwall’s inequality, we have
ri(t) < (7 + eb)e! il

thus for the solution of (5.1), we have

. 1
ri(0) < (F; + 2em)eX 1 Hlaillon - 70

which contradicts (5.6). By a similar discussion, we can prove that r;(t) > o for every t € [ty, tp+2r]. O
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In order to complete the proof of Theorem 1.1, we apply a consequence of an extended version of
the higher dimensional Poincaré-Birkhoff theorem for Hamiltonian systems (see Corollary 5.2 in [13]),
which is a direct consequence of Theorem 1.1 in [13].

Proof of Theorem 1.1. We will divide the proof into three steps.
Step 1. Define a set
1
Q ={zeR*:0<zl< 5ol
and let
I i=AZi(s, 1) 1 |Zi(s, D = i},

fori=1,2,--- ,m.
Now, consider a solution Z(s, 1) of (5.2) with Z,, € I';. By Lemma 5.2, there is a positive constant s,
with s, > s1, such that Z;(s, 1) € ; when s > s,, that is

1
0 < |Zi(S, f)l < ECQ, te [t(),f() + 271']

1
Therefore, it follows that the component v;(s, f) satisfies 0 < [|vi(s,7)| < ECO' Consequently, by
Lemma 4.4, it follows that
lim fi(s,2,v) = gi(t)v;
§—+00

holds uniformly for a.e. t € [fy, fy + 27] and Z; = (v;, w;) € ;. So we have

lim fi(s, t,v) _

s—+00 Vi

qi(1) (5.7
holds uniformly for a.e. t € [fy, p + 27] and Z; = (v;, w;) € Q. Furthermore, we observe that
s — 400 = s(v; + u;(s, 1)) —> +oo,
where v; + u;(s,1) € [%co, %co + Co]. Then by (Hé) and Lemma 2.3, we have
m; <Rotp(Zo) <m; +1, for Zo, €T7. (5.8)
Step 2. By (H!) and (H})', we have

Jils, ) Jis:1,v)
— < limsup

i Vi——00 i

<Vi®,  lim M = 40,

Vi—+00 i

v|(t) < liminf

Vi——00

Therefore, by (Hj) and Lemma 2.3, for s > s,, there exists a R; > 0 such that if the component Z;(s, 1)
of a solution of system (5.2) satisfying |Z;(s, t)| > R;, t € [ty, to + 2], it follows that

n; < ROtﬂ(ZO) <n;+ 1. (59)

Let
F;r =1z |l = Ry,

consider the solution of system (5.2) starting with Zy, € I'’. From (4.1), we have
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n; <Rot;(Z) <m+1, for Z, eT;. (5.10)
Step 3. Consider the annulus A = int(I')) \ int(I';). For every i € {1,2,--- ,m}, take [; = m; + 1,

m; +2,---,n;if n; > m; (take [; = n; + 1,--- ,m; if m; > n;), then for each /;, by (5.8), (5.10), and
Corollary 5.2 [13], system (5.2) has at least m + 1 distinct 2-periodic solutions such that

Rot; (%) = ;. (5.11)

So that system (5.2) has at least (m + 1) [ /2, [n; — m;| distinct 27-periodic solutions.

And recalling the zero solution of system (4.15) that corresponds to the solution of u(s, ¢) of (5.1).
Therefore, we get (m + 1) [172, [n; — m;| + 1 distinct 27-periodic solutions of system (5.1). Therefore,
system (1.1) has at least (m + 1) [, [n; — m;| + 1 distinct 27-periodic solutions. O

Remark 5.1. In order to illustrate the application of the main result, we present an example. Consider
the coupled system

{ X!+ fit, x1) + e (1, x1, x2) = spi (1), 512

x5+ Mo(D)xs + ex(t, x1, X2) = spa(t),
where e;, i = 1,2 are bounded functions, M,(t) is defined as that in (H;), and fi(t, xy) is defined as

vi(D)xy, x <0,
q(x;, x>0,

fl(t’ xl) = {

where vi(t) and q,(t) are the functions defined in Remark 1.1. This means that we let m = 1 and N = 2
in Theorem 1.1. Then we can deduce that

t, t, X1, . , 1, Xy,
v}(t)sliminffl( x1) + e (1, x1, x2) Shmsupfl( x1) + e (1, x1, x2) <), (5.13)
X -0 X1 X]—>—00 X1
and
t’ t’ b
lim Si(t, x1) + e (t, x1, x2) — 00 (5.14)

X1 —+00 xl

hold uniformly for a.e. t € [0, 2n]. Therefore, (H}) and (H,) hold. By Remark 1.1, we can verify the
validity of (H;) and (H j) holding. Then for the system (5.12), there is a so > 0 such that, for every
s > So, it has at least 2|n; — my| + 1 distinct 2r-periodic solutions by Theorem 1.1.

In order to facilitate the proof of (1.11), we prepare the following lemma. This lemma can be seen
as a slight generalization of Proposition 1 in [14].

Lemma 5.3. For the piecewise linear system (2.3), the following two statements hold:
(i) Ifa;(t) >n? a; (t) > 7% 1 € [to, o + 27). Then

2nt

) > .
pla;) = -
(ii) Ifa’(t) > 7, a: (1) > 72, t € [ty, to+x]; and a; (1), a; (t) take other values for t € (to+y, to+2n].

Then
ﬂ]

pla;) > [(77 Fon
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Proof of (1.11). (1) We show that p(g;) > m;. By Lemma 4.4 in [16], it holds p(g;) > m;. If p(g;) = m;,
from Lemma 2.1, there is at least one nontrivial 2r-periodic solution () of the torus differential
equation

0, = g,(t) cos” 6; + sin” 6, (5.15)

with 6;(27) — 6;(0) = 2m;z. Using a simple computation, it holds

0, ( 2m;m

(5 1)— 6:0) = 2mir.

2m;m
Zmi +1

Then 6:(27) — 9,-(
it follows that

) = 0. Using Lemma 4.5 in [16], we have 6;(2r) — 6;(w) > —2 arctan |4, then

0;,(m) — Hi(zjzifl) < 2 arctan |4;|.

Since
g, = sin?6; + 2m; + 1)>cos®9; > 1, for t € ( 2mix ,71),
2m; + 1

then )

0:(r) — ei(zm’j‘f 1) > 7/Q2m; + 1),
Thus arctan [4;| > 7/(2(2m; + 1)). This contradicts to the definitions of A; in Remark 1.1. Therefore,
p(g) > m;.

(i) We prove p(g;) < m; + 1. Let 6(¢) be a solution of (5.15) with §,(0) = 0. Since g;(t) = 2m; + 1)?

for t € [0,n], it follows that 6;(7) = (2m; + 1)x. Furthermore, we can observe that y; = —u’x for

t € [m, 2n], and it implies that nonzero solutions of (5.15) can never perform counterclockwise rotations
at x;-axis when ¢ € [, 2x]. Therefore, we have

0;(t) < 2m; + DHmr, for t € [r,2n].

So it follows that 6;(2r) < (2m; + 1)m. Furthermore, by the uniqueness of the solution for Cauchy
problem associated with Eq (5.15), we have

0, 2k;mr) < 6; 2(k; — D) + Cm; + D < 2m; + Dk;w,  for k; € N.
Therefore, by the definition of rotation number in Section 2, we have

. 9i(2ki7T ) — éi(o) 1
) = - T <m 4+ — . .
0(g:) k,.li‘?m n S+ 5 <mit 1
(iii) We prove p(v}) > n;. By (ii) of Lemma 5.3 and (1.10), we have p(v}) > n;. If p(v/\) = n;, from
Lemma 2.1, we can conclude that there is at least one nontrivial 2z-periodic solution 6,(z) of the torus
differential equation

6, = qi(t)((cos 6;)")* + v(t)((cos 6;)")* + sin” 6,
with 6;(2r) — 6;(0) = 2n;nm. Using a simple computation, it holds

( n;mw n;mw
i

; —91'0 :2i-
2m; + 1 2a’1+1) © i
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n;m n;mw
2mi+ 1 2a) +1

Then 6,(27) — ei( ) = 0. Similar to Lemma 4.5 in [16], it follows that

— max{2 arctan ||, 2 arctan |u}|} < 6;(27) — 6;() < 7 — arctan |4, — arctan |i! ],

which implies

0,(m) — 6, —2Z nin 2 1 i
() — i(2ml~ 1 20/1 N 1) < 2max{arctan |4;], arctan |u)[}.
Since
0 = sin?0; + 2m; + 1)*cos?§; > 1, for te ( nin + rwr ,n),
2mi+ 1 2a) +1
then

0m) - o

n;mw n n;mw ) n;iw n;iw
: - - — .
2m;+ 1 20, +1 2m;+ 1 2a) +1
Thus we have 2 max{arctan |4;|, arctan |y} > 7 —nw/2m;+1)—n;x/ (20/1 + 1). This contradicts to the

definitions of 4; and y; in Remark 1.1. Therefore, p(V’i) > n,;.
(iv) We prove p(vé) < n; + 1. Consider the first-order linear system

X, ==y, ¥ =qOx —vi@)x;, (5.16)

associated with Eq (1.8). Denote by 6,(f) a nontrivial 27-periodic solution of the torus differential
equation
0, = qi(t)((cos 6;)")* + v (t)((cos 6,)7)* + sin® 6;

associated to system (5.16), with 6,(0) = /2. Let t; denote the instant at which the solution component
zi(t; 0, /2) first intersects the negative y-axis in a counterclockwise manner, and #, denote the instant
at which the solution component z;(¢; 0, /2) first intersects the positive y-axis in a counterclockwise
manner. Then, by two simple calculations, we have

. f” do; o
] 0 (2a4 + 1)>cos?6; + sin?6;  2al+1

and

g do; T
h—1H = — = .
o (2m; +1)2cos?6; +sin"6; 2m; + 1
Therefore, we can calculate the time At,, used by the solution component to perform »; turns around
the origin, meanwhile, by (1.10), we can conclude that
n;m n;m

At, = — <
" 2a5+1 2mi+ 1

T.

For the time At,_,; used by the solution component to perform n; + 1 turns around the origin, by (1.10),
it follows that

i+1 i+1
Atyot = (n - )78 N (n )8
2a;, + 1 2m; + 1

On the other hand, we can observe that y; = —/ll.zxi ory. = —ufx[ for t € [, 2r], and it implies that
nonzero solutions of (5.16) can never perform counterclockwise rotations at x;-axis when ¢ € [, 27].
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Therefore, we can deduce that the solution component has completed fewer than n;+ 1 full turns around
the origin, namely

Rot,;(wo) <mi+1, wo €S,

Using Lemma 2.1 again, it follows that p(v}) < n; + 1. i
6. Conclusions

In this paper, we studied the multiplicity of periodic solutions for parameterized systems coupling
asymmetric components and linear components, and obtained the multiplicity of periodic solutions. It
is formulated in an original way, relying on sufficiently general assumptions.

Variable transformation is a key step in this paper, which requires the existence of periodic solutions
of system (3.1), so we present a new existence theorem in Section 3. Moreover, we address the
challenges arising from the sign-changing nature of the nonlinearity.
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