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1. Introduction

In this paper, we consider the multiplicity of periodic solutions of weakly coupled parameterized
systems of the form 

x′′1 + f1(t, x1, · · · , xN) = sp1(t),
x′′2 + f2(t, x1, · · · , xN) = sp2(t),
...

x′′N + fN(t, x1, · · · , xN) = spN(t).

(1.1)

We assume that f = ( f1, · · · , fN) : R × RN → RN , p = (p1, · · · , pN) : R → RN are continuous
functions, 2π-periodic with respect to the time variable. We also assume that there exists a continuous
function denoted as H : R × RN → R, which is differentiable with respect to the variable x. This
function satisfies the crucial relation

fi(t, x) =
∂

∂xi
H(t, x), (1.2)

for every index i. Moreover, s is a positive parameter. Similar results can be obtained for a negative s.
In the following, we will denote by x ∈ RN , the vector x = (x1, · · · , xN).
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The study of parameterized differential equations or systems can be traced back to the Ambrosetti-
Prodi problem originated from the seminal work of Ambrosetti and Prodi [1]. More precisely, a second-
order equation

x′′ + g(x) = sw(t) (1.3)

was investigated by Berger and Podolak [2], where g : R → R is assumed to be C2 such that
g′′ > 0 and g′(−∞) < λ1 < g′(+∞) < λ2, and w(t) = sin( πT t) is the eigenfunction corresponding
to λ1 = (π/T )2 for the Dirichlet problem on the interval [0,T ]. Since then, there have been many
significant achievements. Mawhin and Nkashama [3] initiated the investigation of the Ambrosetti-
Prodi problem with periodic boundary conditions. Ortega [4] discussed the Ambrosetti-Prodi periodic
problem for a damped Duffing equation from the point of view of the stability of the solutions. For
additional contributions, concerning the existence and multiplicity of periodic solutions for second-
order equations, see [5–7] and the references therein. The multiplicity of periodic solutions for the
classical equation u′′ + g(u) = s(1 + h(t)) was investigated in [8], Fonda and Ghirardelli [9] weakened
the assumptions on the differentiability of the nonlinearity and obtained the multiplicity of solutions.
Moreover, Calamai and Sfecci [10] studied the periodic boundary value problem for weakly coupled
parameter-dependent equations. For more contributions, we refer to [11,12] and the references therein.

In particular, Fonda and Ghirardelli [9] extended the results in [5, 8, 11] and investigated the
multiplicity of solutions for the following periodic problem: x′′ + g(t, x) = sw(t),

x(0) = x(T ), x′(0) = x′(T ).
(1.4)

They assumed g : [0,T ] × R → R to be a Carathéodory function, and w : [0,T ] × R → R to be
integrable. Then their result was extended by Calamai and Sfecci [10] to a parameterized weakly
coupled system  x′′i + gi(t, x) = swi(t),

xi(0) = xi(T ), x′i(0) = x′i(T ),
i = 1, · · ·,N, (1.5)

where gi : R × RN → R and wi : R → R are continuous functions, and T -periodic with respect to the
first variable.

Incorporating ideas from previous research, particularly from [9, 10], a natural question arises:
whether are there multiple periodic solutions for parameterized systems coupling asymmetric and
linear components? This paper delves into the investigation of multiplicity of periodic solutions for
the weakly coupled parameterized system (1.1). However, it is important to note that the main tool
employed in [9, 10], namely the Poincaré-Birkhoff theorem, is not directly applicable to the specific
problem at hand. What adds to the excitement is the concerted effort among researchers to introduce
innovative methodologies, exemplified by an expanded version of the higher-dimensional Poincaré-
Birkhoff theorem as outlined in [13]. This advancement holds the potential to offer fresh insights into
the present context and further propel research into the multiplicity of periodic solutions.

The extended version of the higher dimensional Poincaré-Birkhoff theorem outlined in [13] is
suitable for area-preserving maps. Therefore, we postulate the existence of H : R×RN → R in (1.2) in
order to guarantee the Hamiltonian framework for the system delineated in (1.1). Within this paper, for
every index i = 1, 2, · · · ,N, standard notations x+

i := max{xi, 0} and x−i := max{−xi, 0} are employed.
Additionally, ρ(·) stands as a representation for the rotation number of a linear equation or a piecewise
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linear equation. The exact definition of this term is expounded in Section 2. Furthermore, t0 is used
to represent the initial time. We also introduce the notation x̌i = (x1, · · · , xi−1, xi+1, · · · , xN) ∈ RN−1 for
concise representation.

We assume the following conditions:
(H0) f : R×RN → RN , p : R→ RN are continuous functions, 2π-periodic with respect to the time

variable, locally Lipschitz-continuous with respect to the second variable, and s is a positive parameter.
Fixing an integer m < N, we assume the following conditions for every index i = 1, 2, · · · ,m.
(Hi

1) There are two functions νi
1, ν

i
2 ∈ L1([t0, t0 + 2π],R) such that

νi
1(t) ≤ lim inf

xi→−∞

fi(t, x)
xi

≤ lim sup
xi→−∞

fi(t, x)
xi

≤ νi
2(t)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1.

(Hi
2) There is a function qi(t) ∈ L1([t0, t0 + 2π],R) such that

lim
xi→+∞

fi(t, x)
xi

= qi(t)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1.

(Hi
3) There is an integer mi ≥ 0 such that

mi < ρ(qi) < mi + 1,

where ρ(qi) denotes the rotation number of the equation x′′i +qi(t)xi = 0. Moreover, the only 2π-periodic
solution of

x′′i + qi(t)xi = pi(t) (1.6)

is strictly positive.
(Hi

4) There is an integer ni ≥ 0 such that

ρ(νi
1) > ni, ρ(νi

2) < ni + 1,

where ρ(νi
1) and ρ(νi

2) denote the rotation numbers of equations

x′′i + qi(t)x+
i − ν

i
1(t)x−i = 0, (1.7)

and
x′′i + qi(t)x+

i − ν
i
2(t)x−i = 0, (1.8)

respectively.
And for every i ∈ {m + 1, · · · ,N}, we assume the following condition:
(Hi

5) fi(t, x) = Mi(t)xi + ei(t, x), with ei : R × RN → R being bounded, M(t) =

diag(Mm+1(t), · · · ,MN(t)) being a symmetric matrix, continuous and 2π-periodic, satisfying the
nonresonance condition

xm,N(t) ≡ 0 is the only 2π − periodic solution of x′′m,N = M(t)xm,N , (1.9)

where xm,N = (xm+1, · · · , xN).
Then we have the following result.
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Theorem 1.1. Suppose (H0) holds. Moreover, (Hi
1)–(Hi

4) hold for i ∈ {1, 2, · · · ,m}, and Hi
5 holds for

i ∈ {m + 1, · · · ,N}. Then there is a s0 > 0 such that, for every s ≥ s0, Eq (1.1) has at least

(m + 1)
m∏

i=1

|ni − mi| + 1,

distinct 2π-periodic solutions.

Remark 1.1. The nonresonance conditions outlined in (Hi
1)–(Hi

4) represent generalizations of the
classical nonresonance conditions outlined in (H1i)–(H4i) [10], where νi

1, νi
2, and ai(t) are required to

be positive. However, νi
1(t), νi

2(t), and qi(t) are allowed to be sign-changing in (Hi
1) and (Hi

2), which
implies that sgn(xi) fi(t, x) could be sign-changing. The following is an interesting example regarding
this. For every i ∈ {1, 2, · · · ,m}, define three sign-changing functions

qi(t) =

{
(2mi + 1)2, t ∈ [0, π],
−λ2

i , t ∈ [π, 2π],
νi

j(t) =

{
(2αi

j + 1)2, t ∈ [0, π],
−(µi

j)
2, t ∈ [π, 2π],

where j = 1, 2, mi, α
i
2 ∈ N

+, and αi
1 ∈ R

+, arctan |λi| ≤ π/(2(2mi + 1)), and

1 −
ni

2αi
1 + 1

−
ni

2mi + 1
≥ 2 max{arctan |λi|, arctan |µi

1|}/π > 0.

Additionally, assume that there exists an integer ni > 0 satisfying

π

mi
+
π

αi
j

<
2π
ni
,

π

mi + 1
+

π

αi
2 + 1

>
2π

ni + 1
, j = 1, 2. (1.10)

Then it can be proved (see the details in Section 5)

mi < ρ(qi) < mi + 1, ρ(νi
1) > ni, ρ(νi

2) < ni + 1. (1.11)

Therefore, the nonresonant conditions described in the sense of rotation numbers are different from the
previous nonresonant conditions.

The rest of the paper is organized as follows: In Section 2, we introduce the definitions and
properties of rotation numbers and 2π-rotation numbers. In Section 3, we prove a crucial existence
result. In Section 4, we give some preliminary lemmas. Finally, in Section 5, we prove Theorem 1.1,
and give the proof of (1.11).

2. Rotation numbers and 2π-rotation numbers for component equations

Within this section, we present the precise definitions of 2π-rotation numbers for first-order
component systems, as well as the rotation numbers for first-order piecewise linear systems. We
also elucidate the interconnection between the rotation numbers and the 2π-rotation numbers. This
discourse bears resemblance to the discussions found in [14, 15].

Consider a system of the form

x′i = −yi, y′i = hi(t, x), i = 1, 2, · · · ,N. (2.1)
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Let x = (x1, x2, · · · , xN), y = (y1, y2, · · · , yN), and z = (x, y) ∈ R2N . If the component zi(t; z0) of a
solution z(t; z0) with z(t0; z0) = z0 does not cross the origin, we can pass to the polar coordinates

xi = ri cos θi, yi = ri sin θi.

Then we have  θ′i = sin2 θi +
hi(t, x)

ri
cos θi,

r′i = −ri sin θi cos θi + hi(t, x) sin θi,
i = 1, 2, · · · ,N. (2.2)

If z(t; z0) exists within the interval [t0, t0 + 2π], we can define the 2π-rotation number associated with
the i-th component zi(t; z0) as follows:

Rothi(z0) =
θi(t0 + 2π; z0) − θi(t0; z0)

2π
=

1
2π

∫ t0+2π

t0

xihi(t, x) + y2
i

x2
i + y2

i

dt,

where θi(t; z0) is the argument function of zi(t; z0). Accordingly, Rothi(z0) represents the total algebraic
count of the counterclockwise rotations of the component zi(t; z0) around the origin, in the i-th
projection plane during the time interval [t0, t0 + 2π].

When the component of system (2.1) is a piecewise linear system

x′i = −yi, y′i = a+
i (t)x+

i − a−i (t)x−i , (2.3)

where a±i (t) ∈ L1([t0, t0 + 2π],R). The component argument function θi(t; z0) satisfies

θ′i = a+
i (t)((cos θi)+)2 + a−i (t)((cos θi)−)2 + sin2 θi. (2.4)

Hence, the value of θi(t; z0) is solely determined by the initial time t0 and the initial argument value,
denoted as θi(t0; z0), belonging to the unit circle S1, which can be represented as R/(2πZ). In this
particular scenario, we can express the 2π-rotation number of zi(t; z0) as Rotai(ω0), where ω0 = z0i/|z0i |.

Moreover,
a+

i (t)((cos θi)+)2 + a−i (t)((cos θi)−)2 + sin2 θi

is 2π-periodic in t and 2π-periodic in θi. Equation (2.4) is therefore a differential equation on a torus in
this case. Hence we can define the rotation number of (2.4) as

ρ(ai) = lim
t→∞

θi(t0 + t; θ0) − θ0i

t
, (2.5)

where θ0i is the i-th component of θ0. By extension, we refer to ρ(ai) as the rotation number of the
system (2.3).

Now, we present the relationships between the rotation number ρ(ai) and the 2π-rotation number
Rotai(ω0) of system (2.3).

Lemma 2.1. For an arbitrary integer ni, we have
(i) ρ(ai) > ni ⇔ Rotai(ω0) > ni, ∀ ω0 ∈ S

1
i ;

(ii) ρ(ai) < ni ⇔ Rotai(ω0) < ni, ∀ ω0 ∈ S
1
i ;

(iii) ρ(ai) = ni if and only if there is at least one nontrivial 2π-periodic solution θi(t; t0, θ0) of
system (2.3) with θi(t0 + 2π; t0, θ0) − θ0i = 2niπ.
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The proofs of Lemma 2.1 and the following ones are similar to propositions or lemmas in [14, 15]
and [16,17], so we omit them. In fact, the core of the proof of Lemma 2.1 lies in utilizing the definition
of the rotation number, the periodic property of the homeomorphism, and the idea of iteration. By
analyzing the relationship between the extremal behavior of the mapping and its asymptotic linear
growth, it establishes the equivalence between the rotation number and the extremal condition. Next,
we give the following comparison result about the 2π-rotation numbers between the i-th component
system (2.1) and system (2.3).

Lemma 2.2. (Comparison lemma) Let hi : [t0, t0 + 2π] × RN → R be a Carathéodory function, and let
a±i ∈ L1([t0, t0 + 2π],R), then

(i) If

lim inf
xi→±∞

hi(t, x)
xi

≥ a±i (t) (2.6)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and a certain i. Then, for each ε > 0, there exists Ri
ε > 0 such

that
Rothi(z0) ≥ Rotai(ω0) − ε, ∀ t ∈ [t0, t0 + 2π], ω0 = z0i/|z0i | (2.7)

holds for the i-th component of every solution of system (2.1) satisfying |zi(t)| ≥ Ri
ε, ∀ t ∈ [t0, t0 + 2π].

(ii) If

lim sup
xi→±∞

hi(t, x)
xi

≤ a±i (t) (2.8)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and a certain i. Then, for each ε > 0, there exists Ri
ε > 0 such

that
Rothi(z0) ≤ Rotai(ω0) + ε, ∀ t ∈ [t0, t0 + 2π], ω0 = z0i/|z0i | (2.9)

holds for i-th component of every solution of system (2.1) satisfying |zi(t)| ≥ Ri
ε, ∀ t ∈ [t0, t0 + 2π].

By the above two lemmas, we have the following lemma about the 2π-rotation number of the
system (2.1) and the rotation number of system (2.3).

Lemma 2.3. Suppose hi : R × RN → R is a Carathéodory function, 2π-periodic with respect to the
first variable, and let a±i ∈ L1([t0, t0 + 2π],R), then

(i) If ρ(ai) > ni and (2.6) holds uniformly for a.e. t ∈ [t0, t0 + 2π] and a certain i, then there exists
Ri> 0 such that Rothi(z0) > ni holds for the i-th component of every solution z(t; z0) of Eq (2.1) satisfying
|zi(t)| ≥ Ri, ∀ t ∈ [t0, t0 + 2π].

(ii) If ρ(ai) < ni and (2.8) holds uniformly for a.e. t ∈ [t0, t0 + 2π] and a certain i, then there
exists Ri > 0 such that Rothi(z0) < ni holds for the i-th component of every solution z(t; z0) of Eq (2.1)
satisfying |zi(t)| ≥ Ri, ∀ t ∈ [t0, t0 + 2π].

3. A new existence result

In this section, we consider the existence of 2π-periodic solutions for the following weakly coupled
system 

x′′1 + g1(t, x1, · · · , xN) = ω1(t),
x′′2 + g2(t, x1, · · · , xN) = ω2(t),
...

x′′N + gN(t, x1, · · · , xN) = ωN(t).

(3.1)
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Here, we assume the following conditions.
(S 0) g = (g1, · · · , gN) : R × RN → RN , ω = (ω1, · · · , ωN) : R→ RN are continuous functions, 2π-

periodic with respect to the first variable, g is locally Lipschitz-continuous with respect to the second
variable.

(S i
1) There exist two functions ξi, ζi ∈ L1([t0, t0 + 2π],R) such that

ξi(t) ≤ lim inf
|xi |→+∞

gi(t, x)
xi

≤ lim sup
|xi |→+∞

gi(t, x)
xi

≤ ζi(t)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1.

(S i
2) There exists an integer mi ≥ 0 such that

ρ(ξi) > mi, ρ(ζi) < mi + 1,

where ρ(ξi) and ρ(ζi) denotes the rotation numbers of the equations

x′′i + ξi(t)xi = 0,

and
x′′i + ζi(t)xi = 0,

respectively.
(S i

3) There exists a function ξ̃i ∈ L1([t0, t0 + 2π],R) such that

lim
|xi |→+∞

gi(t, x)
xi

= ξ̃i(t)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1, where ξ̃i : R → R is continuous, 2π-periodic

and satisfies the nonresonance condition

xi(t) ≡ 0 is the only 2π − periodic solution of x′′i = ξ̃i(t)xi. (3.2)

Then, we have the following result.

Theorem 3.1. Assume (S 0). Moreover, (S i
1) and (S i

2) hold or (S i
3) holds, for every i = 1, 2, · · · ,N.

Then system (3.1) has at least one 2π-periodic solution.

Remark 3.1. In the proof of our main result, there is a crucial change of variables using the existence
of 2π-periodic solutions of systems similar to system (3.1). The proof of Theorem 3.1 is based on a
higher dimensional fixed-point theorem for the coupling of twist conditions and Poincaré-Bohl-type
conditions in [18].

For the convenience of readers, we state the higher dimensional fixed-point theorem in [18] as a
lemma in the following and then provide the proof of Theorem 3.1 in the end of this section.

Lemma 3.1. (Theorem 2.1 in [18]) Let Γ+
i , Γ−i be simple closed curves in the i-th phase plane

surrounding the origin Oi of the i-th phase plane, and Γ−i ⊂ I(Γ+
i ) with I(Γ±i ) the interior region bounded

by Γ±i , Ai = I(Γ+
i ) \ I(Γ−i ), i = 1, 2, · · · , k. DenoteA = A1 × A2 × · · · × Ak, B± = I(Γ±1 ) × · · · × I(Γ±k ).

Let Ω j be a bounded open set surrounding the origin O j, whose boundary is a simple closed curve,
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j = k + 1, · · · ,N, Ω = Ωk+1 × · · · × ΩN , where 0 ≤ k ≤ N, k = 0 means that i does not take value and
k = N means that j does not take value. Define a continuous function

F : B+ ×Ω→ R2N ,

z = (z1, z2, · · · , zN) 7→ (F1(z), F2(z), · · · , FN(z)).

For i = 1, 2, · · · , k, let Ui(Oi) be a neighborhood of Oi in the i-th phase plane, Li be a real orthogonal
matrix with det(Li) = 1, and

Ji = {z ∈ B+ ×Ω : zi ∈ Ai, Fi(z) < Ui(Oi), 〈Lizi, Fi(z)〉 = 0}.

Suppose that
(i) For any continuous curve γ, if Πi(γ) connects Γ−i and Γ+

i , then γ ∩ Ji , ∅, where Πi(γ) is the
projection of γ on the i-th phase plane, i = 1, 2, · · · , k;

(ii) F j satisfies
F j(z) , µ jz j, for µ j > 1, z ∈ B+ × ∂ jΩ,

where j = k + 1, · · · ,N and ∂ jΩ = Ωk+1 × · · · ×Ω j−1 × ∂Ω j ×Ω j+1 × · · · ×ΩN for j = k + 2, · · · ,N − 1,
∂k+1Ω = ∂Ωk+1 ×Ωk+2 × · · · ×ΩN , ∂NΩ = Ωk+1 × · · · ×ΩN−1 × ∂ΩN .

Then F has at least one fixed point z0 in B+ ×Ω.

Consider the equivalent system of (3.1)

x′i = −yi, y′i = gi(t, xi) − ωi(t), i = 1, 2, · · · ,N. (3.3)

Denote zi = (xi, yi), i = 1, 2, · · · ,N. z = (z1, z2, · · · , zN). Let z(t; z0) be the solution of system (3.3)
satisfying the initial condition z(t0; z0) = z0. If the component zi(t; z0) , 0, by the polar coordinate
transformation

xi = ri cos θi, yi = ri sin θi,

system (3.3) is equivalent to θ′i = sin2 θi +
gi(t, x) − ωi(t)

ri
cos θi,

r′i = −ri sin θi cos θi + (gi(t, x) − ωi(t)) sin θi.
(3.4)

Then, we give a lemma concerning the uniqueness and global existence of solutions of the Cauchy
problem associated with system (3.1).

Lemma 3.2. Assume (S 0). Moreover, (S i
1) or (S i

3) holds for every i ∈ {i, 2, · · · ,N}. Then the solutions
of the Cauchy problem associated with system (3.1) exists uniquely and globally.

Proof. First, by the Lipschitz continuity of g, we obtain the uniqueness of solutions of the Cauchy
problem associated with system (3.1).

Secondly, we prove the global existence of solutions of the Cauchy problem associated with
system (3.1) using Gronwall’s inequality.

By (S i
1), there exist 0 < ε ≤ 1 and Di > 0 such that

ξi(t) − ε ≤
gi(t, x) − ωi(t)

xi
≤ ζi(t) + ε
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holds uniformly for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1 when |xi| ≥ Di. Then, we have

|r′i | ≤ ri(2 + max{|ξi(t)|, |ζi(t)|}),

by the Gronwall’s inequality, we obtain

r0ie
−

∫ t0+2π
t0

(2+max{|ξi(t)|,|ζi(t)|})dt
≤ ri(t) ≤ r0ie

∫ t0+2π
t0

(2+max{|ξi(t)|,|ζi(t)|})dt
,

where r0i denotes the i-th component of r0, and (r0, θ0) is the form in the polar coordinates of the initial
value z0 = (x0, y0). Hence, when r0i is large enough, ri(t) will be large enough, so solutions of the
Cauchy problem associated with system (3.1) exist globally.

Similarly, by (S i
3), we can prove the global existence of solutions of the Cauchy problem associated

with system (3.1). �

Next, we prove Theorem 3.1 by the higher dimensional fixed-point theorem for the coupling of
twist conditions and Poincaré-Bohl-type conditions outlined in [18].

Proof of Theorem 3.1. We take k = 0 while applying Lemma 3.1. Suppose z(t; z0) is a solution of
system (3.3) satisfying the initial condition z(t0; z0) = z0, and define the Poincaré map

P : Ω→ R2N ,

z0 7→ z(t0 + 2π; z0),

where Ω = Ω1 × · · ·ΩN is the region in the phase space of (3.3) described in Lemma 3.1. Denote
P = (P1, · · · ,PN). From Lemma 3.2, by conditions (S 0), (S i

1), and (S i
3), we obtain the uniqueness and

global existence of solutions for the initial value problem associated with system (3.1). Therefore, P is
well defined, and is a continuous map. In addition, system (3.1) has a 2π-periodic solution if and only
if P has a fixed point.

In the following we will prove that P has a fixed point using Lemma 3.1.
From (S i

1), by Lemma 2.3, we have

mi < Rotgi(z0) < mi + 1. (3.5)

So we can verify that condition (ii) in Lemma 3.1 holds. Actually, since (3.5) holds, the solution z(t; z0)
starting from z0 cannot rotates integer numbers of turns in the i-th projected phase plane. So there exists
a constant µi such that

Pi(z) , µizi, for µi > 1 and z ∈ ∂iΩ, (3.6)

where ∂iΩ is defined as that in Lemma 3.1.
By (S i

3), we can conclude that if xi(t) is a nontrivial solution of x′′i = ξ̃i(t)xi, then xi(t) can not
perform integer turns around the the i-th origin Oi, and we can also prove (3.6).

Hence by Lemma 3.1 we conclude that P has at least one fixed point, which implies the existence
of 2π-periodic solution of system (3.1). �
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4. Preliminary lemmas

In this section, we prepare some preliminary lemmas for the proofs of the main result. It is worth
noting that our discussion is based on the sign-varying conditions. We will always suppose that s ≥ 1,
denoting by ‖ · ‖p the usual norm in Lp([t0, t0 + 2π]).

Lemma 4.1. There exist three positive constants ε0, c0, and C0 such that, for every index i ∈
{1, 2, · · · ,N}, if β and γ are 2π-periodic functions, and β, γ ∈ L1([t0, t0 + 2π],R) satisfy

‖β‖1 ≤ ε0, ‖γ − ai‖1 ≤ ε0,

then the linear equation
u′′ + γ(t)u = pi(t) + β(t)

has a unique 2π-periodic solution u, and c0 ≤ u(t) ≤ C0, for every t ∈ [t0, t0 + 2π].

The proof of Lemma 4.1 is similar to that of Lemma 1 in [9], and we can take ε0 such that

0 < ε0 < min{ρ(qi) − mi,mi + 1 − ρ(qi)} (4.1)

holds throughout the proof.

Lemma 4.2. Assume (Hi
1), (Hi

2), and (Hi
5). Let ε0 > 0 satisfy ε0 < min{ρ(νi

1)−ni, ni +1−ρ(νi
2)} besides

satisfying (4.1), then for each function fi, we can write it as

fi(t, x) = ãi(t, x)x+
i − b̃i(t, x)x−i + ri(t, x),

where ãi, b̃i, ri : R×RN → R are continuous functions such that, for almost every t ∈ [t0, t0 + 2π], every
x ∈ RN and every i = 1, 2, · · · ,m,

qi(t) − ε0 ≤ ãi(t, x) ≤ qi(t) + ε0, (4.2)

νi
1(t) − ε0 ≤ b̃i(t, x) ≤ νi

2(t) + ε0, (4.3)

and for every i = m + 1, · · · ,N,

Mi(t) − ε0 ≤ ãi(t, x) = b̃i(t, x) ≤ Mi(t) + ε0, (4.4)

and ri(t, x) is bounded: there is a 2π-periodic function r̃i(t) with r̃i ∈ L1(t0, t0 +2π), such that, for almost
every t ∈ [t0, t0 + 2π] and every x ∈ RN ,

|ri(t, x)| ≤ r̃i(t). (4.5)

Proof. We will prove this lemma in two cases.
First, for i ∈ {1, 2, · · · ,m}, by (Hi

2), there exists a constant D+
i > 0 such that, when xi ≥ D+

i ,

qi(t) − ε0 ≤
fi(t, x)

xi
≤ qi(t) + ε0

holds for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1. So, we define

AIMS Mathematics Volume 10, Issue 4, 8988–9010.



8998

ãi(t, x) =


fi(t, x)

xi
, xi > D+

i ,

f (t,D+
i , x̌i)

D+
i

, xi ≤ D+
i .

Similarly, by (Hi
1), there exists a constant D−i < 0 such that, when xi ≤ D−i ,

νi
1(t) − ε0 ≤

fi(t, x)
xi

≤ νi
2(t) + ε0

holds for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1. So, we define

b̃i(t, x) =


fi(t, x)

xi
, xi < D−i ,

f (t,D−i , x̌i)
D−i

, xi ≥ D−i .

Then, take
ri(t, x) = fi(t, x) − ãi(t, x)x+

i + b̃i(t, x)x−i .

By the definitions of ãi(t, x) and b̃i(t, x), we have ri(t, x) = 0, x < [D−i ,D
+
i ], so the proof can be easily

completed.
Second, for i ∈ {m + 1, · · · ,N}, similar to above, by (Hi

5), there exists a constant D̃i > 0 such that,
when |xi| ≥ D̃i,

Mi(t) − ε0 ≤
fi(t, x)

xi
≤ Mi(t) + ε0

holds for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1. So, we define

ãi(t, x) = b̃i(t, x) =


fi(t, x)

xi
, |xi| > D̃i,

f (t, D̃i, x̌i)
D−i

, |xi| ≤ D̃i.

Then, take
ri(t, x) = fi(t, x) − ãi(t, x)x+

i + b̃i(t, x)x−i .

By the definitions of ãi(t, x) and b̃i(t, x), we have ri(t, x) = 0, x < [−D̃i, D̃i], so the proof can also be
completed. �

Now, we introduce a change of variable. In (1.1), we set

u(t) =
1
s

x(t),

with u = (u1, u2, · · · , uN). Then Eq (1.1) is equivalent to the following system

u′′i +
fi(t, su)

s
= pi(t), i = 1, 2, · · · ,N. (4.6)
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Lemma 4.3. Assume (H0), (Hi
1)–(Hi

3) and (Hi
5). Then there exists a s1 ≥ 1 such that for every s ≥ s1,

system (4.6) has a 2π-periodic solution u(s, ·) with the i-th component ui(s, t) satisfying

c0 ≤ ui(s, t) ≤ C0, (4.7)

for every t ∈ [t0, t0 + 2π] and i = 1, 2, · · · ,N, where c0 and C0 are two positive constants given in
Lemma 4.1.

Proof. By Lemma 4.2, we can rewrite (4.6) as follows:

u′′i + ãi(t, su)u+
i − b̃i(t, su)u−i = pi(t) −

ri(t, su)
s

, i = 1, 2, · · · ,N. (4.8)

Next we will prove that (4.8) has a 2π-periodic solution with every component positive. If such a
solution exists, it satisfies

u′′i + ãi(t, su)ui = pi(t) −
ri(t, su)

s
, i = 1, 2, · · · ,N. (4.9)

The converse is also true. Now we set Gi(t, su) = ãi(t, su)ui − pi(t) +
ri(t, su)

s
. Next, we will discuss in

two cases.
Case 1. For i = 1, 2, · · · ,m, by (4.2) and (4.5) we have

lim
ui→+∞

Gi(t, su)
ui

= lim
xi→+∞

fi(t, x)
xi

= qi(t). (4.10)

We define a function

G̃i(t, su) =

{
Gi(t, su), ui ≥ 0,
0, ui < 0,

then system (4.9) is changed into

u′′i + G̃i(t, su) = 0, i = 1, 2, · · · ,m, (4.11)

where G̃i(t, su) satisfies

lim
ui→+∞

G̃i(t, su)
ui

= qi(t), lim
ui→−∞

G̃i(t, su)
ui

= 0.

Then the solutions of the initial value problem associated with system (4.11) exist uniquely and
globally. Indeed, on the one hand, by (H0), there is a positive constant Li such that

|G̃i(t, su) − G̃i(t, sv)| ≤ |
fi(t, su)

s
−

fi(t, sv)
s
| ≤ Li|ui − vi|.

Thus every solution of the initial value problem associated with Eq (4.11) exists uniquely. On the other
hand, by (4.2) and (4.5), we have

|G̃i(t, su)| ≤ |Gi(t, su)| ≤ |ãi(t, su)||ui| + |pi(t)| +
1
s
|ri(t, su)|

≤ (|qi(t)| + ε0)|ui| + |pi(t)| +
1
s

r̃i(t) ≤ C|ui|∞ + Pr,

AIMS Mathematics Volume 10, Issue 4, 8988–9010.



9000

where C = maxi=1,2,··· ,N{|qi(t)| + ε0, t ∈ [t0, t0 + 2π]}, Pr = maxi=1,2,··· ,N{|pi(t)| + 1
s r̃i(t), t ∈ [t0, t0 + 2π]}.

Thus the solutions of the Cauchy problem associated with system (4.11) exist globally.
Secondly, we verify the nonresonance conditions. By (4.10) and the definition of G̃i(t, su), we have

lim
ui→+∞

G̃i(t, su)
ui

= qi(t), lim
ui→−∞

G̃i(t, su)
ui

= 0.

Consider the limit piecewise linear equations in the i-th projection plane

u′′i + qi(t)u+
i − 0u−i = 0,

that is
u′′i + qi(t)ui = 0,

coupled with (Hi
3), we have that (S i

1) and (S i
2) hold in Theorem 3.1.

Case 2. For i = m + 1, · · · ,N, by (4.4) and (4.5) we have

lim
|xi |→+∞

G̃i(t, su)
ui

= Mi(t), (4.12)

thus by (Hi
5), similar to that in Case 1, we can prove that any solution of the Cauchy problem associated

with system (4.11) exists uniquely and globally. Then we consider the validity of the nonresonance
condition for i = m + 1, · · · ,N. By (4.12), the limit linear equation in the i-th projection plane is

u′′i + Mi(t)ui = 0, (4.13)

take ξ̃i(t) = Mi(t), and combing (Hi
5), we have that (S i

3) holds.
Therefore, by Theorem 3.1, we have the existence of a 2π-periodic solution of system (4.11), which

means that (4.9) has a 2π-periodic solution.
Next we will prove that every component of such a solution u(s, t) is positive for s large enough.

Notice that every component of u(s, t) solves the following equation:

u′′i + ãi(t, su(s, t))ui = pi(t) −
ri(t, su(s, t))

s
. (4.14)

Now set s1 =
1
ε0
‖r̃i‖1, for every s ≥ s1, by (4.2) and (4.5), we have

‖ãi(·, su(s, ·)) − qi(·)‖1 ≤ ε0, ‖
ri(·, su(s, ·))

s
‖1 ≤ ε0.

Thus by Lemma 4.1, for s ≥ s1, Eq (4.14) has a unique 2π-periodic solution, which must coincide with
ui(s, t) and satisfy c0 ≤ ui(s, t) ≤ C0. �

Next, by another change of variables

v(t) = u(t) − u(s, t),

with v = (v1, v2, · · · , vN). Equation (4.6) is changed into

v′′i +
fi(t, s(v + u(s, t))) − fi(t, su(s, t))

s
= 0, i = 1, 2, · · · ,N, (4.15)

then, we can see that v = 0 is a solution of (4.15).
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Lemma 4.4. For every i ∈ {1, 2, · · · ,m},

lim
s→+∞

fi(t, s(v + u(s, t))) − fi(t, su(s, t))
s

= qi(t)vi

holds uniformly for every t ∈ [t0, t0 + 2π] and v ∈ RN with vi ∈ [−
1
2

c0,
1
2

c0].

Proof. For every i ∈ {1, 2, · · · ,m}, by (4.7) and (Hi
2), we can deduce that

lim
s→+∞

fi(t, s(v + u(s, t)))
s(vi + ui(s, t))

= qi(t),

and

lim
s→+∞

fi(t, su(s, t))
sui(s, t)

= qi(t),

hold uniformly for every t ∈ [t0, t0 + 2π] and v ∈ RN with vi ∈ [−
1
2

c0,
1
2

c0]. Therefore, for every ε > 0
and s large enough, we can deduce that

| f̃i(s, t, v) − qi(t)vi|

=

∣∣∣∣∣ fi(t, s(v + u(s, t))) − fi(t, su(s, t))
s

− qi(t)vi

∣∣∣∣∣
≤

∣∣∣∣∣ fi(t, s(v + u(s, t))) − qi(t)s(vi + ui(s, t))
s(vi + ui(s, t))

∣∣∣∣∣ · |vi + ui(s, t)| +
∣∣∣∣∣ fi(t, su(s, t)) − qi(t)sui(s, t)

sui(s, t)

∣∣∣∣∣ · |ui(s, t)|

≤(c0/2 + 2C0)ε,

holds for every t ∈ [t0, t0 + 2π] and v ∈ RN with vi ∈ [−
1
2

c0,
1
2

c0]. �

5. Proof of Theorem 1.1

Set

f̃i(s, t, v) =
fi(t, s(v + u(s, t))) − fi(t, su(s, t))

s
,

then system (4.15) is changed into

v′′i + f̃i(s, t, v) = 0, i = 1, 2, · · · ,N. (5.1)

Specifically, the actual form of system (5.1) is

v′′1 + f̃1(s, t, v) = 0,
· · ·

v′′m + f̃m(s, t, v) = 0,
v′′m+1 + Mi(t)vm+1(s, t, v) + ẽm+1(s, t, v) = 0,
· · ·

v′′N + Mi(t)vN(s, t, v) + ẽN(s, t, v) = 0,
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where ẽi(s, t, v) =
ei(t, s(v + u(s, t))) − ei(t, su(s, t))

s
, i = m + 1, · · · ,N. For the convenience of

description, we still use (5.1) to represent the above system.
Consider the equivalent system

v′i = −wi, w′i = f̃i(s, t, v), i = 1, 2, · · · ,N (5.2)

associated with system (5.1), where f̃i(s, t, v) satisfies the following conditions, i = 1, 2, · · · ,m.
(H0)′ f̃ : R+×R×RN → RN is continuous, 2π-periodic in the first variable, and locally Lipschitz-

continuous in the second variable, f̃ (s, t, 0) = 0.
(Hi

1)′ For the function νi
1(t), νi

2 ∈ L1([t0, t0 + 2π],R) in (Hi
1), we have

νi
1(t) ≤ lim inf

vi→−∞

f̃i(s, t, v)
vi

≤ lim sup
vi→−∞

f̃i(s, t, v)
vi

≤ νi
2(t) (5.3)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1.

(Hi
2)′ For the function qi(t) ∈ L1([t0, t0 + 2π],R) in (Hi

2), we have

lim
vi→+∞

f̃i(s, t, v)
vi

= qi(t)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and x̌i ∈ R
N−1.

And for every i ∈ {m + 1, · · · ,N}, we assume the following condition:
(Hi

5)′ f̃i(s, t, v) = Mi(t)vi + ẽi(s, t, v), with ei : R+ × R × RN → R being bounded, M(t) =

diag(Mm+1(t), · · · ,MN(t)) being a symmetric matrix, continuous and 2π-periodic with respect to the
time variable, satisfying the nonresonance condition

vm,N(t) ≡ 0 is the only 2π − periodic solution of v′′m,N = M(t)vm,N , (5.4)

where vm,N = (vm+1, · · · , vN).
Now, we will outline the deduction process for the aforementioned conditions based on (H0), (Hi

1),
(Hi

2) and (Hi
5).

Firstly, by assumption (H0), we can conclude that f̃i : R+×R×RN → RN is a continuous function, 2π-
periodic with respect to the first variable, and f̃ (s, t, 0) = 0. Moreover, using the Lipschitz-continuity
of f with respect to the second variable as presented in (H0), we can deduce that, for arbitrary t ∈ R
and for vI , vII ∈ U(v(s, t0)), where U(v(s, t0)) represents an arbitrary neighborhood of v(s, t0), there
exists a positive constant L̃i such that∣∣∣ f̃i(s, t, vI) − f̃i(s, t, vII)

∣∣∣ =
1
s

∣∣∣ fi(t, s(vI + u(s, t))) − fi(t, s(vII + u(s, t)))
∣∣∣ ≤ L̃i|vi

I − vi
II |,

where vi
I and vi

II are the i-th component of vi
I , vi

II , respectively.
Secondly, by (Hi

1), we can conclude that

lim inf
vi→−∞

f̃i(s, t, v)
vi

= lim inf
vi→−∞

fi(t, s(v + u(s, t))) − fi(t, su(s, t))
svi

= lim inf
vi→−∞

fi(t, s(v + u(s, t)))
svi

= lim inf
vi→−∞

fi(t, s(v + u(s, t)))
s(vi + ui(s, t))

·
s(vi + ui(s, t))

svi
= lim inf

vi→−∞

f (t, s(v + u(s, t)))
s(vi + ui(s, t))

≥ νi
1(t),
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and

lim sup
vi→−∞

f̃i(s, t, v)
vi

= lim sup
vi→−∞

fi(t, s(v + u(s, t))) − fi(t, su(s, t))
svi

≤ νi
2(t).

Similarly, by (Hi
2), we have

lim
vi→+∞

f̃i(s, t, v)
vi

= lim
vi→+∞

fi(t, s(v + u(s, t))) − fi(t, su(s, t))
svi

= lim
vi→+∞

fi(t, s(v + u(s, t)))
svi

= lim
vi→+∞

fi(t, s(v + u(s, t)))
s(vi + ui(s, t))

·
s(vi + ui(s, t))

svi
= lim

vi→+∞

f (t, s(v + u(s, t)))
s(vi + ui(s, t))

= qi(t).

Finally, by the boundedness of ei outlined in (Hi
5), we can conclude that ẽi is bounded. Therefore,

(Hi
5)′ holds.
Denote by z̃(s, t) := (v(s, t),w(s, t)) a solution of Eq (5.2) with initial value z̃0 := z̃(s, t0) =

(v(s, t0),w(s, t0)), z̃ = (z̃1, · · · , z̃N), z̃0 = (z̃01 , · · · , z̃0N ). If the component z̃i = (ṽi, w̃i) does not cross
the origin, we can pass to the standard polar coordinates

vi = ri cos θi, wi = ri sin θi,

we have  θ′i = sin2 θi +
f̃i(s, t, v)

ri
cos θi,

r′i = −ri sin θi cos θi + f̃i(s, t, v) sin θi,
i = 1, 2, · · · ,N. (5.5)

Denote by (θ̃(s, t), r̃(s, t)) := (θ(s, t; r0, θ0), r(s, t; r0, θ0)) a solution of system (5.5) with
(θ̃(s, t0), r̃(s, t0)) = (θ0, r0). (θ̃, r̃) = ((θ̃1, r̃1), · · · , (θ̃N , r̃N)), (θ0, r0) = ((θ01 , r01), · · · , (θ0N , r0N )).

Next, we give some general properties of system (5.1), containing global existence and rotational
property.

Lemma 5.1. Assume (H0)′–(Hi
2)′ and (Hi

5)′, then solutions of system (5.1) exist globally.

Proof. Using Lemma 4.2, we can write function f̃i(s, t, v) as

f̃i(s, t, v) = ãi(s, t, v)v+
i − b̃i(s, t, v)v−i + ri(s, t, v),

where
ãi(s, t, v) = ãi(t, s(v + u(s, t))), b̃i(s, t, v) = b̃i(t, s(v + u(s, t))).

Therefore, for almost every t ∈ [t0, t0 + 2π] and every v ∈ RN , it follows that

qi(t) − ε0 ≤ ãi(s, t, v) ≤ qi(t) + ε0,

νi
1(t) − ε0 ≤ b̃i(s, t, v) ≤ νi

2(t) + ε0.

Furthermore, by Lemma 4.3, we have

0 ≤ (vi + ui(s, t))+ − v+
i ≤ ui(s, t) ≤ C0, −C0 ≤ −ui(s, t) ≤ (vi + ui(s, t))− − v−i ,

then we can conclude that ri(s, t, v) is bounded independently of s ≥ 1, namely,
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|ri(s, t, v)| ≤ R̃(t), for a.e. t ∈ [t0, t0 + 2π],

with R̃(t) = (2|qi(t)| + |νi
2(t)| + 3ε0) + 2r̃i(t). Especially, by (Hi

1)′ and (Hi
2)′, for s ≥ 1, it follows that

| f̃i(s, t, v)| ≤ C̃i|vi| + R̃i(t), for a.e. t ∈ [t0, t0 + 2π] and v̌i ∈ R
N−1,

where C̃i = max
t∈[t0,t0+2π]

{|qi(t)|, |νi
2(t)|} + ε0. Therefore, f̃i(s, t, v) grows at most linearly in vi, and so the

solution to the Cauchy problem associated with system (5.2) exists globally. �

In order to find the inner boundary of a suitable annulus in the Poincaré-Birkhoff theorem, we need
the following lemma, which comes from Lemma 2.5 in [10].

Lemma 5.2. There are three positive constants δ, ri, and s2, with δ < ri <
1
2c0 and s2 ≥ s1, such that,

for every s ≥ s2, if ri(t0) = ri, then we have

δ < ri(t) <
1
2

c0,

for every t ∈ [t0, t0 + 2π] and i ∈ {1, 2, · · · ,m}.

Proof. We first prove that ri(t) <
1
2

c0 for every t ∈ [t0, t0 + 2π]. We assume by contradiction that there
exists a t̄ ∈ [t0, t0 + 2π] such that

ri(t) <
1
2

c0 for every t ∈ [t0, t̄), and ri(t̄) =
1
2

c0. (5.6)

Set
r̃i =

1
8

c0e−2(1+‖q‖∞)π, δ =
1
4

r̃ie−2(1+‖q‖∞)π and ε =
r̃i

2π
.

It is clear that 0 < δ < r̃i <
1
2

c0. By Lemma 4.4, there exists a s2 ≥ s1 such that, for every s ≥ s2,

almost every t ∈ [t0, t̄] and every vi ∈ [−
1
2

c0,
1
2

c0],

| f̃i(s, t, v) − qi(t)vi| ≤ ε.

Then by (5.5), we have

|r′i (t)| = |ri sin θi cos θi − f̃i(s, t, v) sin θi| ≤ ri(t) + | f̃i(s, t, v)| ≤ (1 + ‖qi‖∞)ri(t) + ε.

By Gronwall’s inequality, we have

ri(t) ≤ (r̃i + εt̄)e(1+‖qi‖∞)t,

thus for the solution of (5.1), we have

ri(t̄) ≤ (r̃i + 2επ)e2(1+‖qi‖∞)π =
1
4

c0,

which contradicts (5.6). By a similar discussion, we can prove that ri(t) > δ for every t ∈ [t0, t0+2π]. �
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In order to complete the proof of Theorem 1.1, we apply a consequence of an extended version of
the higher dimensional Poincaré-Birkhoff theorem for Hamiltonian systems (see Corollary 5.2 in [13]),
which is a direct consequence of Theorem 1.1 in [13].

Proof of Theorem 1.1. We will divide the proof into three steps.
Step 1. Define a set

Ωi := {z̃i ∈ R
2 : δ < |z̃i| <

1
2

c0},

and let
Γ−i := {z̃i(s, t) : |z̃i(s, t)| = ri},

for i = 1, 2, · · · ,m.
Now, consider a solution z̃(s, t) of (5.2) with z̃0i ∈ Γ−i . By Lemma 5.2, there is a positive constant s2

with s2 ≥ s1, such that z̃i(s, t) ∈ Ωi when s ≥ s2, that is

δ < |z̃i(s, t)| <
1
2

c0, t ∈ [t0, t0 + 2π].

Therefore, it follows that the component vi(s, t) satisfies 0 < |vi(s, t)| ≤
1
2

c0. Consequently, by
Lemma 4.4, it follows that

lim
s→+∞

f̃i(s, t, v) = qi(t)vi

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and z̃i = (vi,wi) ∈ Ωi. So we have

lim
s→+∞

f̃i(s, t, v)
vi

= qi(t) (5.7)

holds uniformly for a.e. t ∈ [t0, t0 + 2π] and z̃i = (vi,wi) ∈ Ω. Furthermore, we observe that

s→ +∞ ⇐⇒ s(vi + ui(s, t))→ +∞,

where vi + ui(s, t) ∈ [1
2c0,

1
2c0 + C0]. Then by (Hi

3) and Lemma 2.3, we have

mi < Rot f̃i(z̃0) < mi + 1, for z̃0i ∈ Γ−i . (5.8)

Step 2. By (Hi
1)′ and (Hi

2)′, we have

νi
1(t) ≤ lim inf

vi→−∞

f̃i(s, t, v)
vi

≤ lim sup
vi→−∞

f̃i(s, t, v)
vi

≤ νi
2(t), lim

vi→+∞

f̃i(s, t, v)
vi

= qi(t).

Therefore, by (Hi
4) and Lemma 2.3, for s ≥ s2, there exists a Ri > 0 such that if the component z̃i(s, t)

of a solution of system (5.2) satisfying |z̃i(s, t)| ≥ Ri, t ∈ [t0, t0 + 2π], it follows that

ni < Rot f̃s
(z̃0) < ni + 1. (5.9)

Let
Γ+

i := {zi : |zi| = Ri},

consider the solution of system (5.2) starting with z̃0i ∈ Γ+
i . From (4.1), we have
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ni < Rot f̃i(z̃0) < ni + 1, for z̃0i ∈ Γ+
i . (5.10)

Step 3. Consider the annulus A = int(Γ+
i ) \ int(Γ−i ). For every i ∈ {1, 2, · · · ,m}, take li = mi + 1,

mi + 2, · · · , ni if ni > mi (take li = ni + 1, · · · ,mi if mi > ni), then for each li, by (5.8), (5.10), and
Corollary 5.2 [13], system (5.2) has at least m + 1 distinct 2π-periodic solutions such that

Rot f̃i(z̃0) = li. (5.11)

So that system (5.2) has at least (m + 1)
∏m

i=1 |ni − mi| distinct 2π-periodic solutions.
And recalling the zero solution of system (4.15) that corresponds to the solution of u(s, t) of (5.1).

Therefore, we get (m + 1)
∏m

i=1 |ni − mi| + 1 distinct 2π-periodic solutions of system (5.1). Therefore,
system (1.1) has at least (m + 1)

∏m
i=1 |ni − mi| + 1 distinct 2π-periodic solutions. �

Remark 5.1. In order to illustrate the application of the main result, we present an example. Consider
the coupled system  x′′1 + f1(t, x1) + e1(t, x1, x2) = sp1(t),

x′′2 + M2(t)x2 + e2(t, x1, x2) = sp2(t),
(5.12)

where ei, i = 1, 2 are bounded functions, M2(t) is defined as that in (Hi
5), and f1(t, x1) is defined as

f1(t, x1) =

{
ν1

1(t)x1, x1 ≤ 0,
q1(t)x1, x1 > 0,

where ν1
1(t) and q1(t) are the functions defined in Remark 1.1. This means that we let m = 1 and N = 2

in Theorem 1.1. Then we can deduce that

ν1
1(t) ≤ lim inf

x1→−∞

f1(t, x1) + e1(t, x1, x2)
x1

≤ lim sup
x1→−∞

f1(t, x1) + e1(t, x1, x2)
x1

≤ ν1
2(t), (5.13)

and
lim

x1→+∞

f1(t, x1) + e1(t, x1, x2)
x1

= q1(t) (5.14)

hold uniformly for a.e. t ∈ [0, 2π]. Therefore, (H1
1) and (H1

2) hold. By Remark 1.1, we can verify the
validity of (H1

3) and (H1
4) holding. Then for the system (5.12), there is a s0 ≥ 0 such that, for every

s ≥ s0, it has at least 2|n1 − m1| + 1 distinct 2π-periodic solutions by Theorem 1.1.

In order to facilitate the proof of (1.11), we prepare the following lemma. This lemma can be seen
as a slight generalization of Proposition 1 in [14].

Lemma 5.3. For the piecewise linear system (2.3), the following two statements hold:
(i) If a+

i (t) ≥ η2, a−i (t) ≥ τ2, t ∈ [t0, t0 + 2π]. Then

ρ(ai) ≥
2ητ
η + τ

.

(ii) If a+
i (t) ≥ η2, a−i (t) ≥ τ2, t ∈ [t0, t0 +χ]; and a+

i (t), a−i (t) take other values for t ∈ (t0 +χ, t0 +2π].
Then

ρ(ai) ≥
[ ητχ

(η + τ)π
]
.
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Proof of (1.11). (i) We show that ρ(qi) > mi. By Lemma 4.4 in [16], it holds ρ(qi) ≥ mi. If ρ(qi) = mi,
from Lemma 2.1, there is at least one nontrivial 2π-periodic solution θi(t) of the torus differential
equation

θ′i = qi(t) cos2 θi + sin2 θi, (5.15)

with θi(2π) − θi(0) = 2miπ. Using a simple computation, it holds

θi

( 2miπ

2mi + 1

)
− θi(0) = 2miπ.

Then θi(2π) − θi

( 2miπ

2mi + 1

)
= 0. Using Lemma 4.5 in [16], we have θi(2π) − θi(π) > −2 arctan |λi|, then

it follows that
θi(π) − θi

( 2miπ

2mi + 1

)
< 2 arctan |λi|.

Since
θ′i = sin2 θi + (2mi + 1)2 cos2 θi > 1, for t ∈

( 2miπ

2mi + 1
, π

)
,

then
θi(π) − θi

( 2miπ

2mi + 1

)
> π/(2mi + 1).

Thus arctan |λi| > π/(2(2mi + 1)). This contradicts to the definitions of λi in Remark 1.1. Therefore,
ρ(qi) > mi.

(ii) We prove ρ(qi) < mi + 1. Let θ̄i(t) be a solution of (5.15) with θ̄i(0) = 0. Since qi(t) = (2mi + 1)2

for t ∈ [0, π], it follows that θ̄i(π) = (2mi + 1)π. Furthermore, we can observe that y′i = −µ2
i x for

t ∈ [π, 2π], and it implies that nonzero solutions of (5.15) can never perform counterclockwise rotations
at xi-axis when t ∈ [π, 2π]. Therefore, we have

θ̄i(t) < (2mi + 1)π, for t ∈ [π, 2π].

So it follows that θ̄i(2π) < (2mi + 1)π. Furthermore, by the uniqueness of the solution for Cauchy
problem associated with Eq (5.15), we have

θ̄i(2kiπ) < θ̄i(2(ki − 1)π) + (2mi + 1)π < (2mi + 1)kiπ, for ki ∈ N.

Therefore, by the definition of rotation number in Section 2, we have

ρ(qi) = lim
ki→+∞

θ̄i(2kiπ) − θ̄i(0)
2kiπ

≤ mi +
1
2
< mi + 1.

(iii) We prove ρ(νi
1) > ni. By (ii) of Lemma 5.3 and (1.10), we have ρ(νi

1) ≥ ni. If ρ(νi
1) = ni, from

Lemma 2.1, we can conclude that there is at least one nontrivial 2π-periodic solution θi(t) of the torus
differential equation

θ′i = qi(t)((cos θi)+)2 + ν(t)((cos θi)−)2 + sin2 θi,

with θi(2π) − θi(0) = 2niπ. Using a simple computation, it holds

θi

( niπ

2mi + 1
+

niπ

2αi
1 + 1

)
− θi(0) = 2niπ.
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Then θi(2π) − θi

( niπ

2mi + 1
+

niπ

2αi
1 + 1

)
= 0. Similar to Lemma 4.5 in [16], it follows that

−max{2 arctan |λi|, 2 arctan |µi
1|} < θi(2π) − θi(π) < π − arctan |λi| − arctan |µi

1|,

which implies

θi(π) − θi

( niπ

2mi + 1
+

niπ

2αi
1 + 1

)
< 2 max{arctan |λi|, arctan |µi

1|}.

Since
θ′i = sin2 θi + (2mi + 1)2 cos2 θi > 1, for t ∈

( niπ

2mi + 1
+

niπ

2αi
1 + 1

, π
)
,

then
θi(π) − θi

( niπ

2mi + 1
+

niπ

2αi
1 + 1

)
> π −

niπ

2mi + 1
−

niπ

2αi
1 + 1

.

Thus we have 2 max{arctan |λi|, arctan |µi|} > π− niπ/(2mi + 1)− niπ/(2αi
1 + 1). This contradicts to the

definitions of λi and µi in Remark 1.1. Therefore, ρ(νi
1) > ni.

(iv) We prove ρ(νi
2) < ni + 1. Consider the first-order linear system

x′i = −yi, y′ = qi(t)x+
i − ν

i
2(t)x−i , (5.16)

associated with Eq (1.8). Denote by θ̄i(t) a nontrivial 2π-periodic solution of the torus differential
equation

θ′i = qi(t)((cos θi)+)2 + νi
2(t)((cos θi)−)2 + sin2 θi

associated to system (5.16), with θ̄i(0) = π/2. Let t1 denote the instant at which the solution component
zi(t; 0, π/2) first intersects the negative y-axis in a counterclockwise manner, and t2 denote the instant
at which the solution component zi(t; 0, π/2) first intersects the positive y-axis in a counterclockwise
manner. Then, by two simple calculations, we have

t1 =

∫ π

0

dθi

(2αi
2 + 1)2 cos2 θi + sin2 θi

=
π

2αi
2 + 1

,

and
t2 − t1 =

∫ π

0

dθi

(2mi + 1)2 cos2 θi + sin2 θi
=

π

2mi + 1
.

Therefore, we can calculate the time ∆tni used by the solution component to perform ni turns around
the origin, meanwhile, by (1.10), we can conclude that

∆tni =
niπ

2αi
2 + 1

+
niπ

2mi + 1
< π.

For the time ∆tni+1 used by the solution component to perform ni + 1 turns around the origin, by (1.10),
it follows that

∆tni+1 =
(ni + 1)π
2αi

2 + 1
+

(ni + 1)π
2mi + 1

> π.

On the other hand, we can observe that y′i = −λ2
i xi or y′i = −µ2

i xi for t ∈ [π, 2π], and it implies that
nonzero solutions of (5.16) can never perform counterclockwise rotations at xi-axis when t ∈ [π, 2π].
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Therefore, we can deduce that the solution component has completed fewer than ni +1 full turns around
the origin, namely

Rotνi
2
(ω0) < ni + 1, ω0 ∈ S

1.

Using Lemma 2.1 again, it follows that ρ(νi
2) < ni + 1. �

6. Conclusions

In this paper, we studied the multiplicity of periodic solutions for parameterized systems coupling
asymmetric components and linear components, and obtained the multiplicity of periodic solutions. It
is formulated in an original way, relying on sufficiently general assumptions.

Variable transformation is a key step in this paper, which requires the existence of periodic solutions
of system (3.1), so we present a new existence theorem in Section 3. Moreover, we address the
challenges arising from the sign-changing nature of the nonlinearity.
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