AIMS Mathematics, 10(4): 8818-8826.
DOI: 10.3934/math.2025404
ATMS Mathematics Received: 23 November 2024

Revised: 02 April 2025

Accepted: 02 April 2025
http://www.aimspress.com/journal/Math Published: 17 April 2025

Research article

The second main theorem with moving hypersurfaces in subgeneral position

Qili Cai'* and Chin-Jui Yang>*

' School of Mathematics and Systems Science, Guangdong Polytechnic Normal University,
Guangzhou, 510665, China

2 Department of Mathematics, University of Houston, Houston, TX 77204, USA

* Correspondence: Email: qcai3 @cougarnet.uh.edu, cyang36 @cougarnet.uh.edu; Tel:
+18322137631.

Abstract: In this paper, we prove a second main theorem for a holomorphic curve f into PV(C) with a
family of slowly moving hypersurfaces D;, ..., D, with respect to f in m-subgeneral position, proving
an inequality with factor % The motivation comes from the recent result of Heier and Levin.
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1. Introduction

In 1929, relating to the study of value distribution theory for meromorphic functions, R.
Nevanlinna [3] conjectured that the second main theorem for meromorphic functions is still valid if
one replaces the fixed points by meromorphic functions of slow growth. This conjecture was solved by
Osgood [4], Steinmetz [8], and Yamanoi [10] with truncation one. In 1991, Ru and Stoll [5] established
the second main theorem for linearly nondegenerate holomorphic curves and moving hyperplanes
in subgeneral position. We recall Ru and Stoll’s result (for notations, see the following review of
background materials).

Theorem 1.1 (Ru and Stoll [5]). Let f : C — PY(C) be a holomorphic map, and let H 1 <j<gq,
be the moving hyperplanes in P¥(C) which are given by H; = {X = [Xo : -+ : X,] | ajoXo + - +
ay,X, = 0}, where aj,...,qa; in are entire functions without common zeros. Let K be the smallest
field that contains C and all 2t with aj, # 0. Suppose that H := {H, ..., H,} is a family of slowly
moving hyperplanes with respect to f located in m-subgeneral position. Assume that f is linearly
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nondegenerate over K¢,. Then, for any € > 0,

q
D myr Hy) See @m=N + 1+ OT4(r),
=1

where “<,,.” means that the above inequality holds for all r outside a set with finite Lebesgue measure.

Before stating our main result, we recall some basic definitions for moving targets. Let f : C —
PY(C) be a holomorphic map. Denote by f = (f;, ..., fv). f is called a reduced representation of f if
P(f) = f and fy, ..., fy are entire functions without common zeros. Let ||[f(z)|| = max {|f5(2), ..., | fv (2}
The characteristic function of f is defined by

27 ) do
_ i0
TH(r) _fo log||f(re) 5

We say a meromorphic function g on C is of slow growth with respect to f if T,(r) = o(T ¢(r)). Let Ky
be the field of all meromorphic functions on C of slow growth with respect to f, which is a subfield of
meromorphic functions on C. For a positive integer d, we set

Lo =1 = Gos i) € Z" i+~ + ix = d
and

nd:#fd: ( d;\-/,N )
A moving hypersurface D in PV(C) of degree d is defined by a homogeneous polynomial Q =
Diery a;x!, where a;,1 € I, are holomorphic functions on C without common zeros, and x! =
xo™ - xy™. Note that D can be regarded as a holomorphic map a : C — P% !(C) with a
reduced representation (..., a,(2), ...)er,- We call D a slowly moving hypersurface with respect to f
if T,(r) = o(T¢(r)). The proximity function of f with respect to the moving hypersurface D with

defining homogeneous polynomial Q is defined by

21
o dl
, D) = Apgreny(E(re™))—,
my(r, D) j; peeyE(re™)) =

where Ap,)(f(z)) = log Mﬁgﬁ% is the Weil function associated to D composites with f and ||Q(z)|| =

max {la;(2)|}. If D is a slowly moving hypersurface with respect to f of degree d, we have
€la

mg(r,D) < dT(r) + o(T¢(r))

by the first main theorem for moving targets.

Definition 1.2. Under the above notations, we say that f is linearly nondegenerate over K if there is no
nonzero linear form L € K [xo, ..., xy] such that L(fy, ..., fy) = 0, and f is algebraically nondegenerate
over K if there is no nonzero homogeneous polynomial Q € Ky[xo, ..., xy] such that Q(fo, ..., fv) = 0.
If f is not algebraically nondegenerate over K, we say that f is degenerate over K.

AIMS Mathematics Volume 10, Issue 4, 8818—-8826.



8820

Remark 1.3. In this paper, we only consider those moving hypersurfaces D with defining function Q
such that Q(fo, ..., fv) # 0.

We say that the moving hypersurfaces Dy, ..., D, are in m-subgeneral position if there exists z € C
such that Di(z),...,D,(z) are in m-subgeneral position (as fixed hypersurfaces), i.e., any m + 1 of
D (2), ..., Dy(z) do not meet at one point. Actually, if the condition is satisfied for one point z € C, it is
also satisfied for all z € C except for a discrete set.

In 2021, Heier and Levin generalized Schmidt’s subspace theorem to closed subschemes in general
position by using the concept of Seshadri constant, as shown in [1]. Recently, they extended this result
to arbitrary closed subschemes without any assumption by using the notion of distributive constants
and weights assigned to subvarieties [2]. As a corollary, they obtained a second main theorem for
hypersurfaces in m-subgeneral position in P*(C), establishing an inequality with factor %

Main Theorem (Heier and Levin [2]). Let f : C — PY(C) be a holomorphic map, and let Dy, ..., D,
be hypersurfaces in PY(C) of degree dj,...,d,, respectively. Assume that Dy, ..., D, are located in
m-subgeneral position. Then, for any € > 0,
<! 3
D= my(r, D)) Zexe (—(Zm ~N+1)+ e) T (r).
—i d; 2

J=

Here “<,,.” means that the above inequality holds for all r outside a set with finite Lebesgue measure.

A key point of their proof is the use of the last line segment of the Nochka diagram, where they
proved that the slope of this line segment has a lower bound depending solely on m and N.

In this paper, motivated by Heier and Levin’s work, we consider the moving hypersurfaces in m-
subgeneral position and prove the following theorem.

Theorem 1.4 (Main Theorem). Let f : C — PY(C) be a holomorphic map, and let D, ... ,D, be a
family of slowly moving hypersurfaces with respect to f of degree dj,...,d,, respectively. Assume
that f is algebraically nondegenerate over Ky and D;, ..., D, are located in m-subgeneral position.
Then, for any € > 0,

q
1 3
> —my(r.D)) Sexe 52m =N+ 1+ T,

1

Here “<,,.” means that the above inequality holds for all r outside a set with finite Lebesgue measure.

Indeed, we prove a more general case when f is degenerate over K. To do so, we introduce the
notion of “universal fields”. Let k be a field. A universal field Q; of & is a field extension of & that is
algebraically closed and has infinite transcendence degree over k. A useful fact of € is that any field
extension obtained by adjoining finitely many field elements to k can be isomorphically imbedded in
Q, which fixes the base field k.

In this paper, we take k = Ky and fix a universal field Q over k = K. Let f = [fo : fi : -+ ¢ fw]
be a reduced representation of f. We can regard each f;, 0 < i < N, as an element in Q. Hence f can
be seen as a set of homogeneous coordinates of some point P in PY(Q). Equip PV(Q) with the natural
Zariski topology.
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Definition 1.5. Under the above assumptions, we define the closure of P in PY(Q) over K, denoted
by Vy, by

V= M {Xo:: Xn] € PYQ) [ hXo, -, Xy) = 0} S PY(Q). (1.1)
heKylxo,....xn1.h(f)=0
Note that f is algebraically nondegenerate over K, which is equivalent to V; = PV(Q). We also
note that every moving hypersurface D with defining function Q € Kj[x,...,xy] can be seen as a
hypersurface determined by Q in PY(Q).
Let V c PM(Q) be an algebraic subvariety defined by homogeneous polynomials 4y,...,h, €

Klxo,...,xn]. Let z be a point in C such that all coefficients of Ay, ..., h, are holomorphic at z.
We denote by V(z) ¢ P¥(C) the algebraic subvariety of P¥(C) defined by h(2),...,hs(z). Here if
hj = Yz, aix', we denote hj(z) by hj(2)(xo,...,xn) = Yjer, ai(2)x" € Clxo,...,xy]. We recall

Lemma 3.3 in [11].

Lemma 1.6 (Lemma 3.3, [11]). dim V(z) = dim V and deg V(z) = deg V for all z € C except a discrete
subset.

Definition 1.7. Let V be an algebraic subvariety of P¥(Q). We say that V is defined over K if V is an
algebraic subvariety defined by some homogeneous polynomials in K¢[x, . .., xy].

Let V c PY(Q) be an algebraic subvariety defined over K and Dy, ..., D, be g hypersurfaces in
PY(Q) defined over K +. We say that D, ..., D, are in m-subgeneral position on V if for any J C
{1,--- ,q} with#J <m + 1,

dimNje;,D;NV <m—#J.
When m = n, we say Dy,---,D, are in general position on V. Note that dimN;e;D;(z) N V(z) =
dimNje;D; NV for all z € C excluding a discrete subset.

Remark 1.8. By Lemma 1.6, the definition of m-subgeneral position above implies the definition of
m-subgeneral position below Remark 1.3.

We prove the following general result.

Theorem 1.9. Let f be a holomorphic map of C into PY(C). Let D = {Dy, ..., D,} be a family of slowly
moving hypersurfaces in PV(C) with respect to f with degD; = d;(1 < j < q). Let V; c PN(Q) be
given as in (1.1). Assume that Dy, ..., D, are in m-subgeneral position on V; and dim V; = n. Assume
that the following Bezout property holds on V for intersections among the divisors: If I, J C {1, ..., g},
then

codimy,D;y; = codimy,(D; N Dy) < codimy,D; + codimy, Dy,
where for every subvariety Z of PV(Q), codimy,Z is given by codimy,Z := dimV; — dimV, N Z. Then

q
1 3

D —my(r, D)) See S@m—n+ 1+ TP,
dj 2 ’

=1
Remark 1.10. Recall that we only consider those moving hypersurfaces D with defining function
Q € K¢[xo, ..., xy] such that Q(f) £ 0. So we have V; ¢ D; forevery 1 < j <gq.

It is known that the Bezout property holds on projective spaces. Therefore, Theorem 1.4 is the
special case of Theorem 1.9 when V, = P¥(Q). Therefore, the rest of the paper is devoted to proving
Theorem 1.9.
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2. Distributive constants

In 2022, Quang [6] introduced the notion of distributive constant A as follows:

Definition 2.1. Let f : C — PY(C) be a holomorphic curve. Let Dy,---, D, be g hypersurfaces in
PV(Q). Let V¢ be given as in (1.1). We define the distributive constant for Dy, ..., D, with respect to f
by

#I
A := max . -
re(l,...qt codimy, () jer D;)

We remark that Quang’s original definition (see Definition 3.3 in [6]) is different from Definition 2.1.
But by Lemma 3.3 in [11], we can see that Definition 2.1 is equivalent to Definition 3.3 in [6]. We
rephrase the definition, according to Heier—Levin [2], as follows:

Definition 2.2. With the assumptions and notations in Definition 2.1, for a closed subset W of V, (with
respect to the Zariski topology on PV (Q)), let

a(W) =#{j| W C SuppD,}.

We define
a(W)
A:= max ————.
ocwev, codimy, W

We show that the above two definitions are equivalent. Suppose that W is a subvariety of Vy such

that % attains the maximum at W = W. Reordering if necessary, we assume that W c D, for
vy

j=1,...,a(W). Let W = ﬂ?i‘iv)D j- Then, clearly, W ¢ W’ and hence codimy, W > codimy, W’. On
the other hand, W ¢ D ; for all j > (W) implies that W ¢ D; for all j > a(W). So a(W) = a(W").
Thus we have _

aW) __a(W)

codimy, W’ codimy W

By our assumption for W, we obtain

aW)  aW)

codimy, W’ codimy, W

This means that, in Definition 2.2, we only need to consider those W that are the intersections of some
D;’s, and our claim follows from this observation. In the following, when we deal with W, we always
assume that W is the intersection of some D;’s.

S. D. Quang obtained the following result.

Theorem 2.3 (S. D. Quang [6], Lei Shi, Qiming Yan, and Guangsheng Yu [7]). Let f be a holomorphic
map of C into PY(C). Let {D j}jl.:l be a family of slowly moving hypersurfaces in PY(C) with deg D; =
di(1 < j<q).LetV, cPV(Q) be given as in (1.1). Assume that dim V; = n. Then, for any € > 0,

a(W)

g
1
(D) <ore |+ 1 Y o).
]Zz;djmf(r 2 ((n )03}/21;)‘(0 codimy, W 6) ()
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We derive the following corollary of Theorem 2.3.

Corollary 2.4. We adopt the assumptions in Theorem 2.3. Let W, be a closed subset of V; C PY(Q).
Then, for any € > 0, we have

q

1 a(W) —a(W U W)
E — y D) <exe Wo)+(n+1 - +e|T(r).
= djmf (. D)) (a/( o)+ (n )¢2‘14/a§)§/f codimy, W 6) 1)

Proof. Without loss of generality, we suppose that Wy C SuppD; for j = g — a(Wy) +1,...,q9. Let
q =q—aW). Let

(W) =#i<q |WcC SuppD,}.
Note that @’ (W) = (W) — a(W U Wy). Then by the first main theorem for moving targets and a(W,) =
q9-q,

ol
2, (D) < (@(Wo) + )T ().

i=q'+1

Thus, Theorem 2.3 implies that

q

> %mf(r, D;)

i=q’+1

a’(W)
<exe ((n + l)mér‘lyag)i/f W + 6) Tf(l") + (Q(WO) + E)Tf(r),

which is we desired. O
3. Proof of Theorem 1.9

Proof of Theorem 1.9. We divide the proof into two cases. The first case is that for every algebraic
subvariety W c V, c PV(Q) with W # 0, we have codimy, W > 722—a(W). Then, by Definition 2.2,
we have A < 2”’,1‘7"1“ So the result follows easily from Theorem 2.3.

Otherwise, we take a subvariety W, C V such that the quantity

n+1—codimy, W
2m—n+1—a(W)

is maximized at W = W,,. We assume that W, is an intersection D, for some I C {1,--- ,g}. Let

n+ 1 - codimy, Wy
T+ l—aWy)

Note that o is the slope of the straight line passing through (2m—n+ 1,n+ 1) and (&(Wy), codimy, Wy).
Take arbitrary 0 ¢ W C V. By Corollary 2.4, it suffices to show that

(W) — a(W U W)
codimy, W

a(Wo) + (n+ D& < %(2m—n+ 1.
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Assume that W = D, for some nonempty J C {1, ..., g} (the case (W) = 0, J = 0, follows from m-
subgeneral position). From the claim on page 19 of Heier—Levin [2] (apply the same argument in [2]),
we have

a(Wo) — a(W U W) < 1
codimy, W T o
Hence
aWo) + (n+ NI =W I W)y nt L 3.1)
codimy, W o

Finally, consider Vojta’s Nochka-weight-diagram [9] (see Figure 1).
codimL

m+1l,n+1) QCm-n+1l,n+1)

p, P

a(W)

(m = n,0)
Figure 1. Nochka-weight-diagram.

We note that from our assumption that codimy, Wy < tl_o(Wo), P = (a(Wy), codimy, W) lies

2m-n+1
below the line y = 2’1:’_*”1“)6. From the m-subgeneral position, it also lies to the left of the line y =

x + n —m. Therefore, P must lie below and to the left of the intersection point Q = (2’"‘2—”“, %) of the
above two straight lines. Thus, we have

2m — 1
a(Wo) < % (3.2)

n+1
2
”+n1+1 (see Figure 1), by using (3.2), we obtain

2m—

codimy, W, <

Since o >

+1
aWo) + 252 < a(Wo)+2m—n+1
g

2m—n+ 1
< %+2m—n+l

3
= E(Zm —n+1).
Combing above with (3.1), we obtain

(W) —a(W U W)
codimeW

3
(W) + (n -+ 1)= <Z@m-n+ 1)
The theorem thus follows from Corollary 2.4. O
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4. Conclusions

It is a longstanding problem in Nevanlinna theory: we expect the second main theorem, under the
setting of hypersurfaces in PV(C) located in m-subgeneral position, has the upper bound of 2m—N+1+
€)T ¢(r). This problem can also be considered in the context of moving hypersurfaces in m-subgeneral
position. Heier and Levin used an estimate on the slope of the last line segment of the Nochka diagram,
along with the concept of distributive constants, to obtain a good coefficient %(Zm — N+ 1+¢€)in the
case of fixed hypersurfaces. In this paper, building upon the work of Heier and Levin and utilizing the
concept of universal fields, we establish a general inequality with the same coefficient %(Zm —-N+1+¢)
in the case of moving hypersurfaces. From these theorems, it is seen that a more precise estimation
of the slopes of the latter line segments in the Nochaka diagram could lead to a more precise upper
bound.
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