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Abstract: Linear block and convolutional codes are designed using unit schemes and families of these
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units, units in group rings, Fourier/Vandermonde units and related units are used to construct and
analyse linear block and convolutional codes and to construct these to predefined length, rate, distance
and type. Series of self-dual, dual containing, quantum error-correcting and linear complementary dual
codes are constructed for both linear block and convolutional codes. Low density parity check linear
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1. Introduction

Unit-derived methods for coding theory were initiated in [21,22] and further developed in [13, 14,
25]; an introduction in chapter form is available in [23,24]. All linear block codes over fields are
equivalent to unit-derived codes (see, for example Proposition 2.1 below) and using units of different
types enables the construction and analysis of linear block codes to required length, rate, distance and
type.

The method extends to the design of convolutional codes and to build these to type, length and
rate as required. The lack of any algebraic methods for constructing convolutional codes has long
been a problem — for example McEliece [33] remarks: “A most striking fact is the lack of algebraic
constructions of families of convolutional codes”, Blahut ( [3], p.312), writes: “No general method
is yet known for constructing a family of high performance multiple-error-correcting (convolutional)
codes. .. The codes now in common use have been found by computer search”. The computer search
is not practical except for small length.
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Infinite families of codes with rates approaching a given rational R, (0 < R < 1), and relative
distances approaching (1 — R) can be designed by the methods. Some codes derived have applications
in solving underdetermined systems of equations (see [19]).

The (free) distance of a convolutional code designed from a unit is much better than that of the
distance of the linear block code of the same rate designed. An illuminating example of this is given
in Example 3.9 below in which a unit-derived form for the Hamming [7, 4, 3] binary code is obtained
and from this a memory 1 convolutional (binary) code of the same length and rate but with twice the
distance is derived.” The process is general and a unit-derived form for a linear block code can be
used to derive convolutional codes of the same length and rate as the block code but with much better
distance.

New families of linear block and convolutional codes are now available and such codes to required
length, rate and type required are mined by the unit-derived method. Codes are formed from within
a unit structure and properties of the codes flow from the properties of the substructures of the unit
used. In mathematics we often think of breaking a structure into more manageable parts or building
a structure from already known structures but here we think of looking at the bigger (unit) structure
already formed with which embedded substructures are mined to create codes and codes to specific
requirements.

Using special types of units such as orthogonal units, Vandermonde/Fourier units or units in group
rings allows the construction of codes such as self-dual codes, dual containing codes, complementary
dual codes and quantum code as well as these to specified lengths, rates, and distances. Codes over
particular required fields, such as over fields of characteristic 2 or codes over prime fields (for which
modular arithmetic is available) and families of such are constructible by the methods. Special linear
block and convolutional codes may also be induced from Hadamard matrices; an Example 4.4 is given,
but the general Hadamard case is dealt with separately in [16]. These can have large rates, as opposed
to Walsh-Hadamard matrices, but note that now convolutional codes related to Hadamard matrices are
constructed.

Using units in group rings allows the construction of low density parity check (LDPC) linear block
and LDPC convolutional codes and families of such. These are constructed with no short cycles in the
control matrix, a huge advantage in decoding LDPC codes.

Dual-containing (DC) codes have their own intrinsic interest but are also used for designing
quantum error-correcting codes by the Calderbank-Shor-Steane (CSS) method, [5, 6,40]. Here then
families of convolutional quantum error correcting codes of different lengths and rates are explicitly
constructed. Linear complementary dual (LCD) codes have been studied extensively in the literature.
For background, history and general theory on LCD codes, consult the articles [7-9, 34] by Carlet,
Mesnager, Tang, Qi and Pelikaan. LCD codes were originally introduced by Massey in [30,31]. These
codes have been studied amongst other things for improving the security of information on sensitive
devices against side-channel attacks (SCA) and fault non-invasive attacks (see [10]) and have found
use in data storage and communications’ systems.

The relationships between DC linear block codes and LCD convolutional codes and between LCD
linear block codes and convolutional DC codes when formed from the same unit scheme are quite
remarkable.

Hermitian codes over fields of the form GF(¢*) may be formed by looking at unitary matrices over

“The convolutional code obtained has parameters (7, 4,4; 1, 6); see Section 1.1 for explanation of convolutional code parameters.
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these fields; this was initiated in [14], and further development is left to later work.

Requiring one of {U, V}in UV = I to be of low density enables the construction of LDPC linear
block and convolutional LDPC codes by the unit-derived method. These are constructed so that there
are no short cycles in the control matrix using units in group rings. The linear block case for such
LDPC codes has been dealt with in [26] and the convolutional case follows from the unit-derived
method. Iterative decoders for low density parity check codes are impacted by short cycles. Here for
a given unit scheme, described in a precise way, multiple such codes, all with no short cycles, are
constructed and with prescribed rate and dimension. These LDPC codes have many applications and
can further be stored using an algebraic ‘short’ formula which, for example, is important in applications
requiring low storage and low power.

Some of this work is additional to and complementary to that in [15,20]. As pointed out in [15],
convolutional codes which appeared previously in the literature are very special cases of constructions
using unit-derived methods and now whole families and required types are available.

The unit-derived method allows the construction of multiple linear block codes and multiple
convolutional codes from the same unit. Methods are introduced for constructing families of self-
dual codes from units by adding if necessary a square root of (—1) to the field over which the unit is
defined.

A number of examples are given here which of necessity are of relatively small length; these can be
looked upon as prototype examples for large length constructions which are attainable. The codes are
easily implementable once the units from which they are derived are formed. The brilliant computer
algebra system GAP [42] proves extremely useful in constructing examples and verifying properties.

Coding theory background is contained in Subsection 1.1 of this introduction. The contents of other
sections are given in Subsection 1.4.

1.1. Background on coding theory

Basics on linear block coding theory may be found in any of [3,27,29,33] and many others. The
notation [n, r, d] is used here for a linear block code of length n, dimension r, and (minimum) distance
d. The rate is then ¥ rn. A maximum distance separable (MDS) linear block code is one of the form
[n,r,n — r + 1], where the maximum distance possible for the length and rate is achieved.

Different equivalent definitions for convolutional codes are given in the literature. The notation and
definitions used here follow that given in [38,39,41]. A rate f convolutional code with parameters
(n,k,0) over a field ¥ is a submodule of #[z]" generated by a reduced basic matrix G[z] = (g;;) €
F 1z]™" of rank r where n is the length, § = 3}/, ¢; is the degree with §; = max, ;.. degg;;. Alsou =
max<;<, 0; is known as the memory of the code and then the code may then be given with parameters
(n, k,0; 1). The parameters (n, r, 6; i, dy) are used for such a code with free (minimum) distance d.

Suppose C is a convolutional code in F[z]" of rank k. A generating matrix G[z] € F[z]ixn Of
C having rank k is called a generator or encoder matrix of C. A matrix H € F [z]xu-) satisfying
C=kerH ={v e Fz]" : vH = 0} is said to be a control matrix or check matrix of the code C.

Convolutional codes can be catastrophic or non-catastrophic; see, for example [33], for the basic
definitions. A catastrophic convolutional code is prone to catastrophic error propagation and is not
much use. A convolutional code described by a generator matrix with right polynomial inverse is a
non-catastrophic code; this is sufficient for our purposes. The designs given here for the generator
matrices allow for specifying directly the control matrices and the right polynomial inverses where
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appropriate. There exist very few algebraic constructions for designing convolutional codes and search
methods limit their size and availability, see McEliece [33] for discussion and also [1,2,11,37].

By Rosenthal and Smarandache [38] the maximum free distance attainable by an (n,r,0)
convolutional code is (n — r)(L%J + 1)+ 6 + 1. The case 6 = 0, which is the case of zero memory,
corresponds to the linear Singleton bound (n — r + 1). The bound (n — r)(L%J + 1)+ 06 + 1 1is then called
the generalised Singleton bound [38] (GSB), and a convolutional code attaining this bound is known
as an MDS convolutional code. The papers [38] and [41] are major beautiful contributions to this area.

The criteria for a convolutional code to be an MDS code are given in terms of the parameters for a
convolutional code and the criteria for a linear block code to be an MDS code are given in terms of the
parameters for a linear block code.

Let G(z) be the generator matrix for a convolutional code C with memory m. Suppose G(z)H'(z) =
0, so that H™(z) is a control matrix, and then H(z"')z" generates the convolutional dual code of C,
see [4] and [12]. This is also known as the module-theoretic dual code.” The code is then dual-
containing provided the code generated by H(z!)z" is contained in the code generated by G(z). The
code is self-dual provided the code generated by H(z ')z is equal to the code generated by G(z).

Let G(z) be the generator matrix for a convolutional (n,r) code C. Code words will consist of
P(2)G(z) where P(z) is a polynomial in z with coefficients which are 1 X r vectors. The polynomial
P(z) is said to be an information vector for the code C. The support of P(z) is the number of non-zero
coeflicient vectors appearing in its expression as a polynomial.

1.2. Self-dual, dual-containing and linear complementary dual codes

The dual of a code C is denoted by C*. Note the definition of the dual code of a convolutional code
is as given in Subsection 1.1 above. A self-dual code is a code equal to its dual. A code C is said to
be dual containing, written DC, if it contains its dual C*. Say a code is a linear complementary dual,
written LCD, code provided it has trivial intersection with its dual.

A self-dual code is a particular type of dual-containing code. Thus

C is a dual containing (DC) code &= CNC* = C*;

C is a linear complementary dual (LCD) code <= C N C* = 0;

C is a self-dual code provided C = C*.

Constructions of DC, including self-dual, convolutional codes and LCD convolutional codes were
initiated in [14]. DC codes are theoretically interesting in themselves but in addition a DC code enables
the construction of a quantum error-correcting code by the CSS method.

LCD codes and DC codes are ‘supplemental’ to one another: C is DC if and only if CN C* = C*
and C is LCD if and only if C N C* = 0. As noted in [14], MDS DC block linear codes lead to
the construction of MDS LCD convolutional codes and LCD MDS block linear codes leads to the
construction of MDS DC convolutional codes.

Main abbreviations used:

DC: dual-containing;

MDS: maximum distance separable; ¥
LCD: linear complementary dual;

"In convolutional coding theory, the idea of dual code has two meanings. The other dual convolutional code defined is called the
sequence space dual; the generator matrices for these two types are related by a specific formula.
#To be MDS has different parameter requirements for block codes, convolutional codes and quantum codes.
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QECC: quantum error-correcting code;
LDPC: low density parity check.

1.3. Decoding

Many decoding schemes exist for linear block codes such as syndrome decoding [3]. Efficient
decoding techniques for unit-derived linear block codes from Fourier/Vandermonde type matrices are
established in [25], Algorithms 6.1-6.3. The constructions quickly lead to the establishment of error-
correcting pairs for the codes; error-correcting pairs are due to Pellikan [36]. The algorithms are
especially useful for solving underdetermined systems using error-correcting codes, see [19]. Several
efficient algorithms exist for decoding convolutional codes, the most common ones being the Viterbi
algorithm and the sequential decoding algorithm. Algebraic decoding schemes for convolutional codes
are being developed.

1.4. Technical sections’ contents

Section 2: The unit-derived method in general is described.

Section 2.1: Orthogonal unit schemes are used to design codes and families of codes, including
general methods for designing LCD and self-dual codes.

Section 2.2: Fourier type units are used to construct families of MDS, LCD, DC and QECC codes.
Section 3: Methods for designing families of convolutional codes are devised. In particular
families of DC, self-dual, and QECC convolutional codes are designed.

e Section 4: Series of higher memory convolutional codes are constructed.

e Section 5: General algorithms using units are described for constructing LDPC linear block and
convolutional codes and to design these with no short cycles in the control matrix.

The designs are general in nature and series with large lengths and distances are achievable. Each
technical section contains explicit examples and prototype examples of the general constructions.

2. Unit-derived

The unit-derived method for constructing and analysing linear block codes was initiated in [21-24]
and continued in [13, 25] and elsewhere. Any linear block code over a field (see, for example,
Proposition 2.1) can be constructed by the unit-derived method although this may not have been
the original line of thought in the construction of the code. The unit-derived method gives further
information on the code in addition to describing the generator and control matrices. Codes over a
field formed by other methods may be given in a unit derived form from which further development
can be performed.

A linear block code with generator matrix G and check matrix H is described by GHT = 0. The
matrix H generates the dual of the code and the term ‘control matrix’ is also used for the ‘check matrix’
HT. The basic unit-derived method is as follows: U is an invertible n X n matrix and is broken up as
U = (4). The inverse of U has a compatible form (¢ p) so that (4) (¢ p) = I,.

Now A has size r X n for some r and then B has size (n — r) X n, C has size n X r and D has size
n X (n —r). Then precisely AC = I,,AD = 0,44, BC = Og—pxr» BD = I(—y). S0 AD = 0 defines an
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[n, r] code C where A is the generator matrix, D is a control matrix and DT generates the dual code of
C.

A more general form of the unit-derived method (see [21-24]) is as follows: Given a unit matrix
system UV = I,, taking any r rows of U gives an [n,r] code and a control matrix is obtained by
eliminating the corresponding columns of V. Thus many codes may be derived, and codes of a
particular type, from a single unit scheme.

The properties of the units are used to obtain properties of the codes, and units are formed with
a particular type, length, rate, distance or field type in mind. Infinite families of required codes are
also constructed and analysed; see for example the paper [17]. The number of choices of r rows from
n is (’;) , thus deriving many codes from a single unit scheme. Having a big choice is also useful in
producing cryptographic schemes from large unit schemes.

In the basic unit scheme above A is the generator matrix of an [n, r] code C and then D, which is
a (n — r) X r matrix, is a check matrix for C. But note that B, C have been ignored! They can also be
used to describe a ‘complementary code’ but even better can be used to form a convolutional code with
A, D. Distances of the convolutional codes formed from a unit can often be determined in terms of a
sum of the distances of linear codes formed from that unit. Convolutional codes have in addition their
own efficient decoding algorithms, such as Viterbi algorithm and sequential decoding algorithm.

The matrices {A, B, C, D} have full ranks as they are parts of invertible matrices.

That every linear block code over a field arises as a unit-derived code is shown in the following
propositions.

Proposition 2.1. Let C be a linear code over a field. Then C is equivalent to a unit-derived code.

Proof. Assume C is an [n, r] code with generator matrix A and check matrix H. Then AHT = 0 for
an r X n matrix A, and an (n — r) X n matrix H; here 0 = 0,4-». Let {e},e2,...,e,} be the rows
of A which are linearly independent. Extend these to a basis {ey,es,...,€,,€,41,...,e,} for the whole

€r+l

space n-dimensional space. Let B = ( :

€n

) and G = (2) Then G is invertible with inverse given by

K=G'= (C D) where C is an n X r matrix and D is an n X (n — r) matrix. Thus (‘2) (CD) =1,. Then

AD = 0. Now D" has rank (n — r) and H" has rank (n — r) and hence the code generated by A with
check matrix H is equivalent to the code generated by A with check matrix DT. (D and H' generate
the null space of Ax = 0 and have the same rank.) m|

A code may not be originally constructed as a unit-derived code but it is useful to look at a code
in this manner which leads to further and better constructions and in particular to constructions of
convolutional codes. A code is a structures which is part of a bigger structure on which more is
already known. Using the bigger structure to construct and analyse the embedded structures has many
advantages. Multiple codes of a particular type may be deduced from just one unit.

If we require particular types of codes, as for example DC (including self-dual) codes or LCD codes,
then look for particular types of units which give such codes in the unit-derived way.

The convolutional codes derived in [14] use unit-derived methods from Vandermonde/Fourier and
other related matrices.

Unit-derived codes may also be obtained from a scheme where UV = al,,a # 0. The process is
similar: Choose any r rows of U for a generator matrix and a check matrix is obtained by eliminating
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the corresponding columns of V. This is useful when considering Vandermonde/Fourier matrices,
Propositions 2.11 and 2.12.

2.1. Using orthogonal units

Proposition 2.2. Let U be an orthogonal matrix. Then any unit-derived block linear code from U is
an LCD (linear complementary dual) code.

Proof. Now UUT = I,. Thus the unit scheme is UUT = (4)(¢ p) = I, for matrices A, B, C, D where A
isof size r X n, Bisos size (n —r) X n, C is of size n X r and D is of size n X (n — r). Denote the code
generated by A by C. This code has control matrix D, which means AD = 0. Now U" = (¢ p) and so
U= (g) giving that CT = A, DT = B. Thus AD = 0 is the same as ABT = 0.

Hence B generates the dual code of C. Now no non-trivial sum of rows of A can be a sum of rows
of Bas U = (%) is non-singular. Hence C N C* = 0 as required. m]

The following proposition is shown in a similar manner to Proposition 2.2.

Proposition 2.3. Let X be an n X n matrix such that XX' = al,, for a # 0. Suppose X is broken as
follow: X = (4). From this it follows that () (a7 87) = al, where A has size r X n. Then A generates
an [n,r] LCD code and B generates the dual of this code.

Orthogonal matrices are thus a rich source for LCD codes. Given an orthogonal n X n matrix U any
r rows of U may be chosen as the generator matrix for a [n, r] code and this code is then an LCD linear
block code.

An orthogonal matrix may also be used to form a self-dual code by combining it with an identity
as described in the following Propositions 2.4 and 2.10. The extended Hamming [8,4,4] and
Golay [24, 12, 8] codes are constructed in this way, see Examples 2.5 and 2.6 below. Other self-dual
codes may be constructed in a similar manner from orthogonal matrices.

The following proposition is known but is given here in a form suitable for the constructions.

Proposition 2.4. Let X be an orthogonal n X n matrix in a field of characteristic 2. Then the matrix
A = (I,, X) generates a self-dual [2n, n] matrix. Conversely if A = (I,, X) is a self-dual code where X
is an n X n matrix in a field of characteristic 2, then X is orthogonal.

Proof. Suppose X is orthogonal. Then (7., x) ( ;T) =1, +XX"'=1,+ 1, = O,,. Thus (;T ), of rank n,

is a control matrix for the code C generated by ( 7. x). Thus (( )I("T ))T = (I, x) generates the dual code
of C. Hence C is self-dual.
On the other hand if the code generated by (1,,, X) is self-dual then (1, X)T = ( )?’T ) is a control matrix

for this code and so (Z,,, X) (;;T) = 0,,. Hence I, + XX' = 0,x, and so XX" = I,. O

0111
Example 2.5. The Hamming [8,4,4] self-dual binary code H is formed this way. Let U = ({ b (1’),
1011

then U* = I,,U = UT and A = (I4, U) is a generator matrix for the Hamming [8,4, 4] self-dual code
H. In addition the control matrix for the code has the form (%) in which each row is unique and can
be used to correct any one error in the one-error correcting code H.
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Example 2.6. The Golay [24,12, 8] is formed in this way, [32]. Let U be the reverse circulant matrix
formed using (0,1,1,0,1,1,1,1,0,1,0,0) as the first row. Then U> = I,,U = UT and (I,,,U) is a
generator matrix for the self-dual Golay [24,12,8] code G. See [32] for details. The control matrix
for the code has the form (ILI,2 ). The sum of any 1, 2 or 3 rows is unique and thus a lookup table can be
formed to correct up to three errors in this 3-error correcting Golay [24, 12, 8] self-dual code.

A generator matrix for a linear block code may be given in systematic form, G = (,,, P) where P is
an n X t matrix, see [3]. The distance of the code generated by (/,, P) is a function of the ‘unit-derived’
type codes from P.

Proposition 2.7. Consider the code C generated by G = (I, P). Suppose the code generated by any s
rows of P has distance > (d — s) and for some choice of r rows the code generated by these r rows has
distance exactly (d — r); then the distance of C is d.

The proposition makes sense even if the number of columns of P is less than n. The following
Lemma is easy from results on fields.

Lemma 2.8. Let F be a field. Then F has an square root of (—1) or else a quadratic extension of F
has a square root of (—1).

Proof. If F does not have a square root of (—1) then x* + 1 is irreducible over F. O

Lemma 2.9. Let F be a field with contains a square root of (—1), denoted by i, and X an n X n matrix
over F. Then XX' = I, if and only if (iX)(iX)" = —1I,.

Proposition 2.4 is implicit in the following more general proposition which enables the construction
of self-dual codes over fields.

Proposition 2.10. Let X be an n X n matrix over a field F .

(i) If X is an orthogonal matrix then (1,,iX) generates a self-dual code where i is a square root of
(—1) in ¥ or in a quadratic extension of F.

(ii) If (1,,, X) is self-dual then iX is orthogonal where i is a square root of (—1) in F or in a quadratic
extension of F.

Proof. (i) (I,,iX) ( (iQ)T) = I,-XX" = 0 and so (I,, iX) generates a self-dual code as (( I ))T = (1,,iX).

@xT
(ii) Suppose (I,,X) is self-dual. Then a control matrix of the code is (I,,X)T = ( ;;T) and so
(I, X)( 1+ ) = 0. Hence I, + XX" = 0 and so XX" = —I,. Hence iX(iX)" = I,. O

In a field of characteristic 2, (—1) = 1 and so Proposition 2.4 follows from Proposition 2.10.
This gives a general method for constructing and analysing self-dual codes from unit orthogonal
and orthogonal like matrices.

2.2. Codes from Fourier type units

Using Fourier (or more generally Vandermonde) unit matrices to construct various types of MDS
codes was initiated in [13,25] and further developed in [17] and others. Here we present propositions
in a very general form from which these constructions may be derived. Families of required types,
lengths and rates are achievable.

AIMS Mathematics Volume 10, Issue 4, 8398-8421.
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Let F, be a Fourier matrix over a finite field . Over which finite fields this F, can be constructed
is discussed in [17,25] and elsewhere. Let F; be the inverse of F, giving the unit scheme F,F, = I,.
Let F, have rows {eg, ey, ...,e,_1} in order and F, have columns {fy, fi, ..., f,-1} in order. Now e; =
(l,w,?,...,0" Y and ¢; = (1,0, %, ..., w" V") where w is a primitive n” root of unity in the field
F.

Then (see [13,17,25]) it is noted that f; = 1e, ;" and e; = nf,,".

Proposition 2.11. Let F, be a Fourier matrix over a finite field . Let F;, be the inverse of F,, giving the
unit scheme F,F: = I,. Let F, have rows {eg, ey, ...,e, 1} in order where e¢; = (1,0, w?, ..., 0" D)
and w is a primitive n'™ root of unity in the field F.

Then the basic unit scheme from the Fourier matrix, F,,F, = 1, is given as follows:

€9

€1
T T T Ty _
(eO > €n-15 €p2, ..., €] ) - nln

€n—1

Having nl, rather than I, is no problem in describing codes from the scheme as n # 0 in a field in
which the Fourier n X n matrix exists; H is a control, respectively generator, matrix if and only if aH
is a control, respectively generator, matrix for o # 0.

This gives the following, see for example [25]:

Proposition 2.12. Let F,, be Fourier n X n matrix over a finite field and has rows {ey,e1,...,e,_1}.

ey
el
Suppose F, = (4) where A = [ : ]
(i) The code generated by A iglan [n,r,n—r+ 1] MDS block code.
(ii) When r > % the code generated by A is an [n,r,n —r + 11 DC MDS code.
(iii) In the case when r > 3 the CSS construction from the DC [n,r,n —r + 1] code gives a quantum
error-correcting [[n, 2r — n,n — r + 1]] which is an MDS quantum code®.

If r rows of F, are chosen in arithmetic order, starting at any row, with arithmetic difference k where
gcd(k,n) = 1 then an MDS [n, r,n — r + 1] is still obtained; the differences are taken mod n. This may
be used to construct LCD codes. It will be shown later that DC convolutional codes may in many
circumstances be produced from the unit scheme that produced the LCD codes. Examples are given as
follows before the general result is described.

Example 2.13. Let F; denote a Fourier 7 X T matrix over a finite field. Such a matrix exists over a field
whose characteristic does not divide 7 and which has an element of order 1. Thus such a matrix exists
for example over GF(2*) or over GF(13?%). Look at a unit scheme formed by rearranging the rows of
F; as follows:

e (elT eol es” esT eyl e3” ezr) = 7[7

SMDS in the quantum code sense
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Then the first three rows (g?) generates an [8,3,6] MDS code. A control code is (es” e 37 ") and
€s

thus the dual code is generated by the transpose of this, (2 ) Thus a [8,3,6] LCD code is obtained;
e2
the e; are independent as rows of an invertible matrix.

Looking at the unit scheme as given, it will be shown later how a convolutional code which is DC
can be constructed.

Example 2.14. Let Fg be a Fourier 8 X 8 matrix over a finite field. Such a matrix exists in a field of
characteristic not dividing 8 and having an element of order 8, for example over GF(3?) or over the
prime field GF(17).

The rows of Fg in order are denoted by {e, e, ...,e7}. Look at the unit-scheme in the form

e
e; (ezT e|T eoT e7T €6T €5T €4T e3T) = 8[8
€3
€q
es

€6
7

Then (g?) generates an [8,5,4] MDS code. A control matrix is (es” es” 3" ) and thus the transpose

€2
of this, (gzt ), generates the dual of the code. Hence the code is an LCD code - the e; are independent

as rows of an invertible matrix.

The idea is to keep a row e; and its ‘conjugate’ e,_; together in the generating matrix and thus get
an LCD code. When using the same unit scheme to obtain convolutional codes, then DC convolutional
codes are obtainable. The following is the general result which is best understood by looking at
Examples 2.13 and 2.14.

Proposition 2.15. Let F,, be a Fourier matrix over a finite field. Let the rows in order of F, be denoted
by {eg, e1,...,e,_1}. Rearrange the Fourier matrix unit scheme as follows:

er

T T T T T T T
(en—r 30005 €l €0 5€p 1 5. s €r €] 5., € py] ):nln'

er

Then the code generated by 65 is an LCD MDS code.

€n—r
An advantage of this is that looking at the full unit scheme allows the construction of convolutional
DC codes and from the convolutional DC code quantum error-correcting codes are defined by the CSS
construction.
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From full unit schemes:
. . unit—derived . .
DC linear block codes from unit =———= convolutional LCD codes from the unit.
unit—derived unit—derived

LCD linear block codes from unit ———= convolutional DC codes from the unit ——
convolutional quantum codes from the unit scheme.

3. Convolutional unit-derived codes

The basic unit-derived scheme is given by: (4)(c p) = I,.

As noted, using AD = 0 defines a block linear code where A generates the code and D' generates
the dual of this code. The total power of the unit is not used as {B, C} are ignored. This can be rectified
by going on to describe convolutional codes from the unit scheme. The general idea is to use A, B to
describe convolutional codes G(z) = A + Rz where R is formed from B. DC and LCD convolutional
codes are obtained. Constructing DC convolutional codes lead to the construction of quantum error
correcting convolutional (QECC) codes, by CSS construction.

A free distance can be prescribed as a linear functional of the distances of the (block linear) codes
generated by A and B.

Convolutional MDS codes are constructed in [14, 17] by the method.

3.1. Same block sizes

Suppose that A, B both have the same size, r X n, in the unit-derived formula; now r = 7 and n
is even. Let the code generated by A have distance d; and the code generated by B have distance d,.
Consider G[z] = A + Bz. This generates a convolutional code of memory 1. As G(z) * C = AC = I, the
generator matrix has a right inverse and so the code is non-catastrophic.

Now also (A + Bz)(D — Cz) = AD — ACz+ BDz— BCz = 1,7+ I,z = 0,. Thus D — Cz is a control
matrix for the (n, r, r; 1) convolutional code.

The free distance for the code is (d; +d,). This minimum distance is obtained when the information
vector has support 1. If the information vector P(z) has support k then P(z)G(z) has distance > (d; +
d, +k—1).

The dual code generator matrix is obtained from the control matrix H'(z); as noted the dual
generator matrix is H(z !)z” where m is the memory and H'(z) is the control matrix. In this case
the control matrix is H'(z) = D — Cz and so a generator matrix for the dual code is (DT — CTz 1)z =
—-CT+ D"z

If C' = —A and D' = B then a self-dual convolutional code is obtained. Such a situation arises
when (4 ) is orthogonal and the characteristic is 2.

As noted in Section 2.1, Lemma 2.8, a finite field F has a square root of (—1) or else a quadratic
extension of F has a square root. Thus define G(z) = A + iB where i denotes a square root of (—1).
Then (A +iB)(iD + Cz) = 0 and so H'(z) = iD + Cz is a control matrix giving that H(z"")z = CT +iD"
is a dual matrix. In case U is an orthogonal matrix, C* = A, DT = B and a dual matrix is A + iB giving
that G(z) is a self-dual convolutional code of distance equal to the sum of the distances of the codes
generated by A and by B.

Proposition 3.1. Let U be a 2n X 2n invertible matrix. Suppose U = (4) and (4)(c ) = L, where A
and B have size n X 2n and C, D have size 2n X n.
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1) A generates a [2n,n] code C and D' generates the dual code of C. B generates a [2n,n] code D
and CT generates the dual code of D.

2) G(z) = A + Bz generates a (non-catastrophic) convolutional (2n,n,n; 1) code C. Then G(z)(D —
Cz) =0, D — Cz is a control matrix of C and —C" + D'z generates the dual code of C.

3) If the code generated by A has distance d, and the code generated by B has distance d,, then the
(free) distance of C is d = dy + d, and C is a (2n,n,n; 1,d) convolutional code. Further if the
information vector P(z) has support k then P(z)G(z) has distance > (d + k — 1).

Proposition 3.2. Ler U be a 2n X 2n orthogonal matrix. Suppose U = (4) and (3)(c p) = I, where
A and B have size n X 2n and C, D have size 2n X n.

(1) A generates a [2n,n] code C and B generates the dual of C; hence C is an LCD code. B generates
a [2n,n] code D and A generates the dual of D; hence D is an LCD code.

(2) G(z) = A+ Bz generates a (non-catastrophic) convolutional (2n, n, n; 1) code C. Then —CT+D"z =
—A + Bz generates the dual code of C.

(3) If U is a matrix over a field of characteristic 2 then G(z) = A + Bz generates a self-dual
convolutional code.

(4) If the code generated by A has distance d, and the code generated by B has distance d,, then the
(free) distance of the code generated by G(z) is d = dy + d, and is a (2n,n,n; 1,d) convolutional
code. Further if the information vector P(z) has support k then P(z2)G(z) has distance > (d+k—1).

(5) In case of characteristic 2, the code generated by G(z) is used to generate a quantum
convolutional code of memory 1 which has type [[2n, 0, d]] where d = d| + d, is given in item 3.2.

(6) Define G(z) = A + iB where i denotes a square root of (—1). Then (A + iB)(iD + Cz) = 0 and so
H'(z) = iD + Cz is a control matrix giving that H(z"")z = CT + iD"z is a dual matrix. The free
distance of G(2) is equal to the sum, d, of the distances of the codes generated by A and by B.

(7) Suppose now U = (4) is an orthogonal matrix, then in item (6), C" = A, D" = B. A dual matrix
is then A + iBz giving that G(2) is a self-dual convolutional (2n,n,n; 1,d) code. This can be used
to define a [[2n, 0, d]] quantum convolutional code.

These propositions are very general and can be used to construct infinite series of such codes with
increasing distances.

3.2. Different block sizes

Consider cases where A has size greater than B in the unit-derived formula (%) (¢ p) = I, with
U=(3)
Let A have size r X n, then B has size (n — r) X n. Now r > (n — r) is equivalent to 2r > n. Let

B
thus has the form C = (X, C,) where C; has size n X (n — r) and X has size n X 2r —n). As AC = I,
then AC, = (O(ZV_")X("_” )
I(n—r)x(n—r)
Define G(z) = A + Byz. This defines a generator matrix for a convolutional (n,r,n — r; 1) code.

BC =0 1mphes BC1 = O(n—r)x(n—r)-
Then (A + 31Z)(D - Clz) =AD - AClz + BlDZ - B]C1Z2 = 0r><(n—r) - (OZr—an—r) zZ+ (OZr—nxn—r )Z =

In—r><n—r I(n—r)x(n—r)

0\ . . . .
t=r—m-r)=2r—nand0, = 0,,. Thus B, :( ’) is an r X n matrix. Now C 1s an n X r matrix and
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0,x(u-r- Thus the control matrix is (D — C;z) and a dual matrix is —CT" + Dz As (A + B;2)C = I,, the
code is non-catastrophic.

Define G(z) = A + iB,z where i is a square root of (—1) in the field or in a quadratic extension of
the field. Then (A + iB;)(iD + Cyz) = 0 and C,T + iD"z is a dual matrix. In case U is orthogonal
C=A",D=B"and A = ( gITT ) ,B; = ( l;’T ) Hence the code generated by G(z) contains its dual.

Proposition 3.3. Ler U be a matrix unit over a field with U = () where A has size r X n and B has
size(n—r)Xnwithr >n—r. Lett = 2r —n and By = (%"). Then

(1) G(z) = A + Byz generates a convolutional (n,r,n —r; 1) code C.

(2) Let A\ be the matrix of the first (2r—n) rows of A. The distance d of C is min{d(A,), d(A)+d(( ”g ))}
where d(X) denotes the distance of the code generated by X.

Proposition 3.4. Let U be an orthogonal matrix in a field ¥ and U = ( ) where A has size r X n and
By has size (n—r)Xnwithr >n—r. Lett = 2r —n and By = (). Let i be a square root of -1 in F
or in a quadratic extension of & Then

(1) G(z) = A + iB,z generates a convolutional dual-containing (n,r,n —r; 1) code C.

(2) Let A\ be the matrix of the first (2r—n) rows of A. The distance d of C is min{d(A,), d(A)+d(( *}3‘ ))}
where d(X) denotes the distance of the code generated by X.

(3) A quantum convolutional code of the form [[n,2r — n,d]] is constructed from C where d is the
distance of C.

The process is developed similarly by considering (4) (¢ p) = al, witil U = (4) where a # 0.

0

It is best illustrated by looking at a block decomposition of the form ( ﬁ; ) (Bo Bi B, B3) = I,, where
Az

A
each A; has size n X 4n. Take G(z) = (/2? ) + (§ )z.
2 3

A
In case U is orthogonal, let G(z) = (i‘x? ) + i(Ag )z and then a (4n, 3n,n; 1, d) DC convolutional code
2 3

is obtained from which a quantum convolutional code of form [[4n,2n,d]] is obtained. The d may be
calculated algebraically and depends on the distances of codes formed from the blocks.

3.2.1. Prototype examples

The following prototype examples exemplify some of the general constructions. The examples
given tend to be linear block and convolutional of types DC and LCD, but many types and infinite
families of such codes may be built up by the techniques. From DC codes, quantum error correcting
codes (QECC) may be formed and families of DC codes lead to the formation of families of quantum
codes 1.

Example 3.5. Let F; be a Fourier 7 X 7 matrix over some field ¥ . The field ¥ is any field over which
the Fourier 7 X 7 matrix exists. Thus F could be GF(2%), a characteristic 2 field, but also over fields
with characteristic not dividing 7.

Denote the rows of F7 in order by {ey, €1, e>, €3, €4, €5, €6} and the columns of the inverse of F; in
order by {fo, fi, f2, f3, fa, f5. fo}. Note that e;f; = 0,i # j,e;f; = 1 but also as F7 is a Fourier matrix that
it = %e7_,-. The fraction part is no problem for check or control matrices: H is a check matrix if and
only if @H is a check matrix for any a # 0.

1If the DC code has the form [n, r, d] then the QECC formed has length #, distance d and dimension (2r — n) — see [5,6,40].
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e e A
Let A = (2),31 = (gg)where Fr; = (B1

a[7,4,4] MDS (block) DC code.
0
Let B = (5 ). Define G(z) = A+ Bz = A+ (% )z. Now G(z2) * (fi, fo, f3, f+) = L and so G(2)

) is the Fourier 7 X 7 matrix. Now from [14] A generates

has a right inverse and thus the code generated by G()(z) is non-catastrophic. G(z) defines a [7,4, 3; 1]
convolutional code C. The GSB for such a code is (7 — 4)([%] +1)+3+1=3+3+1=7. Itiseasy
to check that this 7 is the free distance of the code and so the code is an MDS convolutional code.
Note that (@, a2, @3, @4) * B has distance > 5 as an element in a [7, 3, 5] code where (a1, a2, a3, ay)
is a non-zero 1 X 4 vector, except when (a1, @z, @3, @4) = (a1, 0,0, 0); but then (@1,0,0,0) * A = a;ey
which has distance 7.
G(z)* ((f4,f5,f6) (fz,fg,f4)z) 0 and so H'(2) = (fs, fs» fs) — (fo, f3, f4)z is a control matrix. Then

H(z Yz = fsT — fz generates the dual matrix. Now since f;" = 1e;_; this means 7 » H(z™")z =
foT ;T

- (gi ) + (2 )z generates the dual matrix. Thus C is a convolutional (7,4, 3; 1,7) code which is an LCD
code.

N ooy —

€0
Example 3.6. Use the same setup as in Example 3.5 where F is a Fourier 7 X7 matrix. Take A = (g )

}

eq 0
Define G(z) = A+ Bz = (%) + ( 0 ]z. Then (A + Bz) = (fo, f1, f6, >, f5) = Is and so G(z) has a right
e ey

es e3

inverse and hence code, C, generated by G(z) is non-catastrophic. Now G(z) = {(f1, f3) — (>, fs)z} = 0
and so (fy, 3) — (f>, fs)z = HT(z) is a control matrix.
Now H(z Yz = (fr)z - ( ) {(—(&)+(&)z). Thus — (&) + (&) z generates the dual code of

€s

Then it follows from [14] that the code generated by A is an LCD [7,5, 3] code. Let B = [

SPococo

If the field ¥ has characteristic 2 the code C is dual containing. Thus when F; is a Fourier matrix
over GF(2%), the code C is dual containing. It is easy to check directly that the free distance of C
is 5 and is thus an MDS convolutional (7,5,2;1,5) code; this is dual-containing when F; is a Fourier
matrix over GF(2%).

If the field does not have characteristic 2 then define G(z) = A + iBz where i is a square root of (—1)
in the field or in a quadratic extension of the field. Then again a MDS convolutional dual-containing
code is obtained. A quantum convolutional code is constructed from a dual-containing code.

The next example is a prototype example which although small demonstrates the power of the
methods. In larger examples each row is replaced by a block of rows and lengths, distances are
increased substantially.

0111
Example 3.7. Let X = ({ ! ?) over GF(2). Then X* = I4,X = X'. Thus DC codes are obtained by
1011

—_ = —

taking rows of X as a generating matrix and deleting corresponding columns of X' = X to obtain a
control matrix.

Let A=0110),B= (119 and (4)(c p) = I is our unit scheme. Now here D = B',C = AT,
Thus A generates a [4,2,2] code C with control matrix D = BT and so B generates the dual code of C.
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The code C is an [4,2,2] LCD code.

Extend this to a convolutional code C using G(z) = A + Bz. Now (A + Bz)(D + Cz) = 0 so
that H'(z) = D + Cz is a control matrix. Also G(z) * C = I, and so the code is non-catastrophic.
The dual code of C is generated by H(z ")z = CT + D'z = A + Bz and hence the code is self-dual.
Thus a convolutional self-dual (4,2,2;1,4) is obtained. From this a quantum error-correcting code of
form [[4,0,4]] is obtained.

P(2)G(z) has distance > 4 + (s — 1) for an information vector P(z) of support s.

Any rows of U may be chosen to generate a code and the resulting code is automatically an LCD
code. For example choose the first and third row of U and get A = (Y141),B = (1019). Then
D = BT,C = AT similar to above. A then generates an LCD [4,2,2] and G(z) = A + Bz generates a
non-catastrophic self-dual (4,2,2;1,4) convolutional code.

This idea of choosing arbitrary rows, when used on large size matrices, lends itself to forming

MckEliece type of cryptographic systems.

0

Larger rates are obtained as follows. Choose three rows of U and get A = (% i ({) (1)), B=(1o011).

Then in general form C = AT,D = BT. A generates a [4,3,1] LCD code. Give U in its row form:

1

Ey
U = (g; ) (In larger length constructions the E; are blocks of matrices of size n X 4n.) Then A =
E3

(g‘.’),B:(@).

2
E 0
Define G(z) = (g? ) + (2: )z = A + B,z say; 04 indicates here a row of zeros of length 4. This gives
2 3
a (4,3, 1; 1) convolutional code which is dual-containing. The distance is 2. Note that (a1, a,, @3)*B| =

ases has distance 3 except when az = 0 in which case (a1, @z, @3)A = ey + ase; has distance 2 or 3.
If P(z) is an information vector of support s then P(z)G(z) has distance > 2 + (s — 1).

Example 3.8. In another way construct rate % and % convolutional codes as follows:

E E E E
Define G(z) = (g?) + (g:) )z + (g§ )z2 + (g; )Z3 and H'(7) = ExT + E,7z+ E\ "2 + E)T7.
2 3 0 2
Then G(z)H'(z) = 0. Let the code generated by G(z) be denoted by C. The dual of C is generated by
H(z Y = Eg + Ejz+ Ex2? + E3Z’. Thus C is a dual containing (4,3,9;3) convolutional code. Its free
distance is 4 giving a (4,3, 9; 3,4) convolutional dual-containing code. From this a quantum [[4,2,4]]
convolutional code is obtained.

P(2) * G(2) has distance > 4 + (s — 1) when P(2) is an information vector of support s.

Example 3.9. Hamming convolutional code: Here the Hamming [7,4,3] code is extended to
a (7,4,3;1,6) convolutional code. The distance is 6 which is twice that of the Hamming [7,4,3]
but it’s also a convolutional code which has its own decoding techniques. The method is to look at the
Hamming code as a unit-derived code and proceed from there by a general technique of constructing
convolutional codes by the unit-derived method.

1
1
0

11
code. For reasons that will appear later use L = (8 5
00

0
0
1
0

i =l=l=

1000110
The Hamming [7,4,3] is given with generator matrix G = (8(1) oY }) and check matrix H =
0001111

—_—

01100 . . . . . . .
110l (1)) Now (%) is not invertible so this cannot be used for extending G to be a unit-derived

I
! ) as the generator matrix'.
I

IThis is obtained by adding the other three rows to the first row to
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1111111
0100101
, 0010011 L ,
Now complete L to a unit U = [oo0o1111| = (E), say. It is easy to check that K generates
1011100 K
0100111
0001110

a 7,3, 3] code.

00 00
0111011

U has inverse V = Il 0l =(cD), where CisTx4and Dis7Tx3. FormG(z) =L+ (2)z=
01 10
00 01

e G(z) generates a convolutional (7,4, 3; 1) non-catastrophic code C.

e The free distance of C is 6 so G(z2) generates a (7,4, 3; 1, 6) convolutional code.

e [f P(2) is an information vector then the distance of P(z) * G(z) is > (6 + d — 1) where d is the
support of P(2).

The free distance may be shown from the following observations. Let (a1, @z, a3, @4) be a non-zero
vector. Then (a1, ay, a3, y) * (%) has distance 3 except when ay = 0 = a3 = ay; but in this case
(a1, a2, a3,a4) * L =ay(1,1,1,1,1,1, 1) which has distance 7.

Term the code generated by G(z) to be the Hamming convolutional code.
4. Higher memory convolutional codes from units

The basic unit-derived scheme from UV = [ breaks U = (4) to derive (4)(c p) and linear
convolutional codes of memory 1 from the scheme have been described and analysed.

Here the unit is broken into more than two blocks and linear convolutional codes of higher memory
are derived and analysed.

A
Consider the case UV = [ with U = (g) ,V = (£ F G n) appropriately, giving another type of unit
D

|

First assume that A, B, C, D are of the same size. Thus U is a 4n X 4n matrix. Three-quarter rate

scheme:

TAm>

)(EFGH):I.

block linear codes are described by taking (%) as a generator matrix and then ( #) is a control matrix.
More generally by choosing three of A, B, C, D to form the generator matrix for a code gives a [4n, 3n]
three quarter rate code. The control matrix is immediately clear as one of E, F,G,H. When U is
orthogonal, LCD block codes are obtained from which the convolutional codes described are DC when
the characteristic is 2.

Memory 3 codes are described: G(z) = A + Bz + Cz> + Dz’ is the generator of a (4n, n, 3n;3) code.
This is non-catastrophic as G(z)E = I,. The distance is d where d is a linear functional of the distances
of the codes generated by A, B, C, D. Moreover P(z)G(z) has distance > (d + ¢t — 1) where P(z) is an
information vector and ¢ is the support of P(z).

Then (A + Bz + Cz*> + D) (F,G,H) — (E,H,G)z — (H,E,F)z*> + (G, F,E)?> = 0 and so K'(z) =
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(F,G,H)-(E,H,G)z— (H,E,F)?? + (G, F, E)7’ is a control matrix. The matrix of the dual is given by

T T T T
Kz H = (%)— (gT )z - (fﬂ)zz + (ZT )z3.
ET FT GT HT
This dual code is a (4n, 3n,9n; 3) code. When U is orthogonal, A = ET,B= F',C =G',D = H".

A
Proposition 4.1. Let (2) (EFGH) = Iy, be a unit scheme in which {A, B, C, D} are of the same size.
D

Then
(i) G(z) = A + Bz + CZ* + D2’ is a generator matrix of a (4n,n,3n;3) convolutional code. The
distance is a linear functional of the distances of the codes generated by {A, B, C, D}.
(ii) P(2)G(2) has distance > (d + t — 1) where t is the support of the information vector P(z).
(iii) The control matrix of C is (F,G,H) — (E,H,G)z — (H, E, F)?? + (G, F, E)z* and the dual code
T T T T
of C is generated by ((F;T) - (gT)z - (Z;)ZZ + (ZT)Z3.
ET FT G HT
(iv) When the full matrix is orthogonal the dual code of C is generated by

c D A\ 2  (B\ 3
(1)-(3)z=(2)2+(5)="
(v) When the full matrix is orthogonal and the characteristic is 2 the dual code is generated by

(E) + (g)z + (%)Zz + (fcz)f. In this case the dual code C* of C is a dual containing (4n,3n,9n;3)

convolutional code. From this dual containing code of rate %, using the CSS construction, a quantum
error correcting code of length 4n and rate % is obtained.

The Example 4.2 below is a very small prototype example with which to illustrate the general
method.

0111
Example 4.2. Consider X = ({ b ?) over GF(2). The matrix is orthogonal, XX = I, and also
1011

A
X = X" Then XXT = I is broken up to give (g)(E FGH) = Iy where {A, B,C, D} are row 1 x 4
D

vectors and ET = A,FT = B,G" = C,H” = D as X is orthogonal. Define G(z) = A + Bz + Cz> + DZ’.
Then G(z) generates a (4,1, 1;3,12) convolutional (non-catastrophic) code C. The distance is 12 as
the code generated by each of A, B, C, D has distance 3.

By Proposition 4.1 part (iv), the dual of C is generated by (%) + (%)z + (Ifé)z2 + (g)f.
Thus C* is a dual-containing convolutional rate % code of the form (4,3,9; 3). From this a quantum

. 1 -
error-correcting code of rate 5 is formed.

Example 4.3. Golay binary code to convolutional rates % and % codes with memory 3.

Consider the matrix X used in forming the self-dual Golay binary [24, 12, 8] code in the form (11, X)
as in [32]. This X is the reverse circulant matrix with first row L = [0,1,1,0,1,1,1,1,0,1,0,0]. The
X is symmetric and XXT = X? = I,,. Here break X into four blocks, X, X», X3, X4 of equal size 3 x 12.
The code generated by each X; has distance 5. Then define G(z) = X + X2z + X322 + X42° and G(2)
generates a binary (12,3,9; 3,20) code C. Also P(2)G(z) has distance > (20 + s — 1) where P(z) is an

(14, X) is a generator matrix for the extended Hamming [8, 4, 4] code.
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information vector and s is the support of P(z). Note that since the rows of X are independent so any
non-zero combination of the rows of X, U X, U X3 U X4 has distance > 1.
X X X X
As X is orthogonal the dual, C*, of C is generated by (é ) + (g )z + (%; )z2 + (§§ )z3 by
1 2 3 4
Proposition 4.1. Thus C* is a convolutional (12,9,9;3) code. It is seen that C* is a dual containing
convolutional code of rate % and is used to form a convolutional quantum error correcting code of
rate %
Example 4.4. Let H be a Hadamard 12 X 12 matrix. Here the computer algebra system GAP [42] is
used to generate H and the subsystem GUAVA is used to construct the codes and verify their distances
in the linear block cases. The distances for the convolutional codes can be determined algebraically
from the distances of the associated linear block codes.

Thus H has the unit form (4) (a7 57) = 12I15. In any field not of characteristic 2 or 3, A and B
generate LCD codes.

e Three rows of H generate a [12,3,6] LCD code.

e Six rows generate a [12,6,6] LCD code.

e Nine rows generate a [12,9,2] LCD code.

o Let A be the first six rows of H and B be the last six rows of H. Define G(z) = A + Bz. Then G(2)
generates a (12,6, 6; 1, 12) convolutional code.

e Define G(z) = A + iBz where i is a square root of (—1) in the field or in a quadratic extension of
the field. Then G(z) generates a self-dual convolutional (12,6, 6; 1, 12). From this a convolutional
quantum code of type [[12,0, 12]] is formed.

GF(5) has 2 as a square root of (—1) so over GF(5), i can be taken to be 2. Arithmetic in GF(5)
is modular arithmetic. GF(7) does not contain a square root of (—1) so it needs to be extended to
GF(7%) in which to obtain a self-dual convolutional code.

e Dual-containing convolutional codes of form (12,9, 3; 1,d) are obtained by letting A be the first
nine rows of H and B the last three rows of H and defining G(z) = A + iB,z where B, has
first six rows consisting of zeros and last three rows consist of B. This gives rise to a quantum
convolutional code of the form [[12, 6, d]]. The distance d = 4 but note that P(z)G(z) has distance
> 5+ (s — 2) where s is the support of the information vector P(z).

e Form (I, H). This is a [24,12,8] code. Form (I1,,iH), where i is a square of (—1) in the field or
in a quadratic extension of the field. This is a self-dual [24,12, 8] code.

In GF(5) the element 2 is a square root of (—1) and thus (I1,,2X) gives a self-dual [24, 12, 8] code
in GF(5). The field GF(7) needs to be extended to GF(7%) and then a self-dual code is obtained.

4.1. Further block decomposition

A
1) Cases where the unit system is of the form A unit system (g)(E FG H) = | where A, B, C have

O

the same size r X n but D has size s X n with s < n can be dealt in a similar but more complicated
manner. The details are omitted.
2) Cases where the unit system is of size 3n X 3n is dealt with by the following proposition:

Proposition 4.5. Let (%) (D E F) = I3, be a unit scheme in which A, B, C are of the same size. Let

G(z) = A + Bz + CZ%. Then and then verifying that (A + Bz + C3)((E, F) — (D, F)z + (D, E)z* +
(0,E-D)z)) =0
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This allows the construction of rate % and rate % convolutional codes which are dual to one another
similar to the method and results in Proposition 4.1.

3) A unit scheme which can be broken into blocks of 8 in an 8n X 8n enables for example
convolutional codes with memory 7 and rate % and % to be established. In special cases the % rate
code is dual containing establishing a rate % quantum convolutional code of memory 8 similar to
Proposition 4.1.

4) These types of constructions may be continued. For instance matrices with blocks of size n and
matrix size 2'n X 2'n are more amenable; when the matrix is orthogonal then dual-containing
convolutional codes are obtainable from which quantum error correcting convolutional codes are

formed with rate 2;1__1 . Details are omitted.

5. Low density parity check codes

A low density parity check, LDPC, code is one where the check/control matrix of the code has a
small number of non-zero entries compared to its length, see for example [28].

The methods devised in previous sections for constructing linear block and convolutional codes are
now used to construct LDPC linear and convolutional codes. What is required is the scheme produces
a check/control matrix with low density compared to its length. It is known that for best performance
of LDPC codes, there should be be no short cycles in the control matrix and this can be achieved by
the methods.

Given a unit scheme UV = I unit-derived codes are formed by taking any r rows of U as generator
matrix and a check matrix is obtained by eliminating the corresponding columns of V. Thus if V itself
is of low density then any such code formed is an LDPC code; if in addition V itself has no short cycles
then any such code formed is an LDPC code with no short cycles.

Thus given a unit scheme UV = I, where V is of low density and has no short cycles, choose any
r rows of U to form the generator matrix of an [n, r] code C and deleting the corresponding r columns
in V gives a check matrix for the code and the code C formed is an LDPC code with no short cycles in
the check or control matrix. The code can also be specified by choosing the columns of the low density
matrix V to form the control matrix and going to U to choose the rows which form a generator matrix.

This is done in [26] for linear block codes. Therein methods are derived using units in group rings
to produce linear LDPC codes and to produce such LDPC codes with no short cycles in the the check
matrices. Thus a unit system, uv = 1, is constructed in a group ring where one of the elements u, v, say
v, has small support as a group ring element. The uv = 1 is then mapped to the corresponding matrix
equation, UV = [, by a process given in [18], in which V has low density. Then using unit-derived
codes leads to the construction of LDPC codes as required and when V has no short cycles it leads
to the construction of LDPC codes with no short cycles in the check matrix. It can be ensured that V
has no short cycles by a condition (see [26]) on the group elements with non-zero coeflicient used in
forming the group ring element v short cycles.

In that paper [26] simulations are made and the examples given are shown to outperform
substantially previously constructed ones of the same size and rate. Randomly selected LDPC codes
with no short cycles are produced from the same unit. The codes produced are of particular use in
applications and industry where low storage and low power may be a requirement or necessary for
better functioning.
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Note that U, from which the generator matrix is derived, does not, necessarily, have low density
which is good from the point of the minimum distance of the code; however as stated in Mackay [28],
“Distance isn’t everything”.

Thus using group rings, systems are constructed UV = I, in which V has low density with no short
cycles anywhere. This gives an enormous freedom in which to construct LDPC codes with no short
cycles. Indeed eliminating any (n — r) columns of V gives a control matrix, and the generator matrix is
formed by using the rows from U corresponding to the eliminated columns of V; the result is an [n, r]
LDPC code. Thus given UV = I,, where V has low density and no short cycles allows the construction
of many LDPC codes with no short cycles.

In previous sections, methods are given for constructing convolutional codes from the unit-derived
formula (4)(c p) = I, from UV = I, using all the components A, B, C, D. Convolutional codes of
higher memory are obtained by further breaking up the unit system in blocks. These techniques may
also be applied for constructing convolutional LDPC codes with no short cycles in the control matrix.

Considering the basic formula and when A, B have the same size, and n is even, then G(z) = A + Bz
generates a non-catastrophic convolutional code. The control matrix is D — Cz and the dual code is
generated by CT — DTz, If V is of low density and has no short cycles then CT — D'z is of low density
and has no short cycles. Thus the codes derived is a convolutional LDPC code with no short cycles.

It is difficult to describe explicitly the LDPC codes derived as for applications large lengths are
required. Note that the method is very general and length and rate achieved can be decided in advance.
We will concentrate on extending two of the examples in [26] to construct LDC convolutional codes
with no short cycles.

Only basic information on group rings is required. A good nice book on group rings is [35] and also
the basic information may be found online by a simple search.

Low density convolution codes and with no short in the control matrix are constructed by applying
the methods in the previous sections together with the methods described in [26] for constructing LDPC
linear codes with no short cycles. The following algorithm describes the constructions in general:

Algorithm 1. (1) In a group ring with group size n find a unit and its inverse uv = 1 where v has
small support and no short cycles. The size n of the group should be large and the support of v
relatively small compared to n.

(2) Fromuv = 1 go over to the matrix embedding of the group ring in a ring of matrices of size n X n,
as in [18], to get a unit scheme UV = I, of matrices where V is of low density and has no short
cycles.

(3) Choose r columns of V to eliminate to form an n X (n — r) matrix which will be a control matrix
for a [n,r] code. A generator matrix for this code is the r X n matrix formed by selecting the r
rows from U corresponding in order to the r columns eliminated from V.

(4) The unit scheme from item I may be presented as () (¢ D) where A has size r X n, B has size
(n —r) X n, C has size n X r and D has size n X (n — r). Now here both C, D are of low density
and have no short cycles. An LDPC code with no short cycles in the control matrix is given by
AD = 0as in [26]. But also notice BC = 0 gives a LDPC code in addition.

(5) The unit scheme in item (4) as in previous sections is extended to G(z) = A + Bz when A, B have
the same size (in which case the rate is 1/2) or, when A has size heater than the size of B, to
G(2) = A + Bz where Bj is obtained by extending B with zero rows to be the size of A. Then G(z)
generates a convolutional memory 1 code which is non-catastrophic and has low density control
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matrix with no short cycles. The control matrix is D — Cyz where C, is C or a submatrix of C as
explained above.

(6) Obtaining memory greater than 1 from the unit matrix scheme UV derived from the group ring
unit uv also follows in a similar manner as described earlier. Examples of such are given below.

Examples must be of large length in order to satisfy the low density criterion. In general the
examples in [26] are taken from unit-derived codes within Z,(C, X C,), where Z, = GF(2) is the
field of two elements.

The matrices derived are then submatrices of circulant-by-circulant matrices and are easy to
program. They are not circulant and thus are not cyclic codes. Having circulant-by-circulant rather
than circulant allows a natural spreading of the non-zero coefficients and gives better distance and
better performance.

Assume that C, is generated by g and Cy is generated by 4. Every element in the group ring is then
of the form:

n—1
Z(Oﬁgi +hBig + hyig' + 6.8,
i=0

with a;, B;, i, 6; € Zo.

Example 5.1. Examples of [96,48] LDPC codes are given in Sections 3.2, 3.4 of [26]. These examples
are derived from the group ring Z,(Caq X Cy).

The check element v = g2+ + g2~15 1 g2-19 4 o243 4 pg24-20 4 22422 | 3 o24-22 4 13 24-12
used to define an LDPC linear code.

Then v has no short cycles in its matrix V and just 8 or less non-zero elements in each row and
column. Any choice of columns of V will give an LDPC block linear code. A pattern to delete half the
columns from the matrix V of v is chosen to produce a rate 1/2 code and is simulated and compared to
other LDPC codes, outperforming these even when random columns are chosen.

This selection is then presented as () (¢ D) where A has size 48 X 96, B has size 48 X 96, C has
size 96 X 48 and D has size 96 X 48. Then define G(z) = A + Bz to obtain a convolutional [96,48,48; 1]

low density parity check code. The control matrix is D — Cz which is D + Cz as the characteristic is 2.
A

In this case the matrix U has the form g and V has the form (E F G H) where A, B,C, D have
D
size 24 X 96 and E, F,G, H have size 96 X 24 and each of E, F,G, H have low density. Then as in

Proposition 4.1, G(z) = A+ Bz + Cz* + D7 defines a convolutional (96, 24,24 = 3; 1) convolutional
code which has low density check matrix.

6. Conclusions

Using units to design and analyse both linear block and convolutional codes is a unique method in
the important area of Coding Theory. The method is used to define codes to required length, rate and
type by using appropriate units which give the required codes. Families of LCD (linear complementary
dual) codes, families of self-dual codes, families of DC (dual-containing) codes, families of quantum
codes and LDPC codes are designed from the method using appropriate units. The general method
allow further new families of codes to be designed. New families of linear block codes, and with
particular properties, can be designed from unit schemes; any linear block code over a field has such

AIMS Mathematics Volume 10, Issue 4, 8398-8421.



8419

a designation. New families of convolutional codes of various memories can be mined from unit
schemes; the question of which convolutional codes are unit-derived is left open.
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