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1. Introduction

Various fields of science depend on the use of fractional calculus, such as economics, biology,
electrical circuits, engineering, physics, traffic models, viscoelasticity, earthquakes, electrochemistry,
and fluid dynamics [1-5].

The study of fractional integration in Orlicz spaces was started by O’Neil in 1965 (see [6]), but
there are a few results considering the Erdélyi-Kober (6%K) operators in Orlicz spaces [7].
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The Orlicz spaces weight on conditions that enable us to discuss (6K) fractional integral operators
with singular kernels or operators with strong nonlinearities (for example, exponential growth), and
then discontinuous solutions are expected [8,9]. This requires us to examine the solutions to the
considered problem not in Lebesgue spaces but in specific Orlicz spaces. Moreover, these issues have
important implications for the study of equivalent differential equations in Orlicz spaces or Sobolev-
Orlicz spaces, which are closely related to these issues [10, 11]. This may be inspired by statistical
physics and physics models [12, 13]. For example, the thermodynamics problem

w(v) + f k(v,s)- e’ ds =0
I

has exponential nonlinearity [14].

The product of two or more than two integral equations through (EK) fractional operators can be
applied effectively in neutron transport [15], the kinetic theory of gases [16], radiative transfer, and
the traffic theory [17]. Consequently, it is worthwhile to investigate the product of more than two
operators, so we propose to develop a mathematical basis for this theory, especially for fractional
operators (see [18,19]).

The purpose of this paper is to analyze and demonstrate the solutions to the integral equation

Biln (0 y0)) (7 8 s (s, 0(s))
T T Jy oAy

YO) = g+ ﬂf( ds) O<ai<1, >0, (1D

for v € [0, p] in the Orlicz spaces L.

It is generally impossible to determine the solutions to all nonlinear integral equations analytically,
except using numerical methods. Consequently, indirect procedures should be used to obtain
information about the qualitative behavior of integral equation solutions when there is no analytical
expression for the solutions.

Therefore, we establish and present assumptions that allow us to solve and study the integral
Eq (1.1) under general growth conditions in L,. As a result, we examine some qualitative properties
of the solutions for the problem (1.1), such as existence, monotonicity, and uniqueness, as well as
continuous dependence on the data in the spaces L.

Our method covers and generalizes different types of fractional integrals that have been examined
separately and encourages us to recall some of them.

In particular, the existence and the uniqueness theorems of continuous solutions of the SI models

w<v):k(p1(v)+ f Wiy — U(s) dS)(Pz(V)+ f Wa(y — SU(s) ds), y>0 (1.2)
0 0

were presented in [20]. As the model (1.2) shows the spread of diseases without permanent immunity
and with discontinuous data functions, it is appropriate to examine it in Orlicz spaces “L,".

The authors in [19] generalized the model (1.2) and examined the existence and uniqueness
theorems of the continuous solutions to the equation

n

w) = [ [ (sin)+ f v, 5,0(9) ds). v € [a. bl

i=1 a
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The author in [21] demonstrated and presented some basic properties of the Riemann-Liouville type

fractional integral operator and explored equation solutions
( _ )(z 1
Yy() = fV)+GY)W) @) ——f(s,¥(s) ds, 0<a<1,vel0,d]
0

in Orlicz spaces L.

The author in [22] demonstrated and studied fundamental features of the Hadamard-type fractional
operator within L,-spaces and utilized them to solve the equation:

Gi()(v) v(lo K)a—le('J’)(S)
I'() & K s

The authors in [7] showed the basic characteristics of the Erdélyi-Kober fractional operators in
Lebesgue and Orlicz spaces and used them to analyze the problem:

Y(v) = G(y)(v) +

ds, vell,e], 0<a< 1.

B [V ) g,

= + +
bW = F0)+ fitnpo) + v, SR |
where 0 < @ < 1 & 8 > 0 in the indicated spaces.

In [23], the author demonstrated some fixed-point theorems and applied them in solving the equation

n

wo) = [](sm+ f Ui, s,w(s»ds),ve[a,b]
0

i=1

in some ideal spaces ( L, p > 1 and Orlicz spaces L,).
In [24], the existence of solutions for the product of n-integral equations acting on distinct Orlicz

spaces
n

b
yv) = l—[(gi(V) + Aihi(v, Y(v)) f Ki(v, $)fi(s, ¢ (5)) dS),v €l =[a,b]
i=1 a
were discussed in L,(I), when the studied generating N-function verifies A’, A,, and Az conditions.
The existence and the uniqueness results for the abstract product of n-quadratic Hadamard-type
integral equations

() = n(h(v)+G2(w)()+ GL0) (7 (g)a—lexfxw

o ds), ve[le], a;€(0,1)
g Fa) Jo s

were discussed in arbitrary Orlicz spaces L, [25], where G, j = 1,2, 3 are known operators.

Furthermore, the noncompactness measure (MNC) and fixed-point hypothesis (FP7") were used
to study different types of quadratic integral equations in Orlicz spaces L, under various sets of
assumptions [26,27].

The current manuscript is motivated and induced by the extension and generalization of the results
introduced in the previous literature to prove some qualitative properties of the solutions for a product
of quadratic (6K)-fractional integral Eq (1.1), including existence, monotonicity, uniqueness, as well
as continuous dependence on the data in L,-spaces. We use the technique of (MNC) concerning the
fixed-point hypothesis (¥#7 ) and the theory of fractional calculus to obtain our findings. We present
a few constructed examples that support and illustrate our findings.
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2. Preliminaries

Let R = (—oo0,00) and I = [0, p] € R* = [0, c0). Denote the Young function (YF) by ¢ : R* — R*,
where

e(v) :f q(s)ds, for v>0
0

and ¢ : R* — R* is neither identically zero nor infinite and an increasing and left-continuous function

on R™. The pair (P, Q) is said to be a complementary pair of YF if Q()) = sup_,,(¥z — P(y)).

The function ¢ is known as the N function when it is finitely valued and verifies lim,_, @ = oo,

lim, o £2 = 0, and (¢(v) > 0if v > 0, o(») = 0 < v =0).
The Orllcz space L, = L,(I) is the space of all measurable functions ¢ : I — R with the norm

Il = mf{fﬂ (w;)) do 1}

It is important to recall that for any YF ¢, we have (v + 5) < ¢(v) + ¢(s) and @(kv) < ke(v), where
v,s € R,and k € [0, 1].

Assume that E,(I) is the set of all bounded functions in L (I) that contain absolutely continuous
norms.

Moreover, we obtain L, = E,, if ¢ satisfies the A,-condition, i.e.,

(A2) dw, vo =0 such that (2v) < we(v), v > vy.

It should be noted that the classical Lebesgue spaces L,(I) shall be considered as a particular case
of Orlicz spaces L, (I) with the corresponding N-function ¢, = s”, p > 1, satisfying the above A,-
condition.

Proposition 2.1. [28] Let ¢ be a Young function; then for any a € (0, 1) and s € R”, the set

PoTa
1
P(s) ={e>0: —1f o N dusomit £0, o>0,8>0
B, Jo

is an increasing and continuous function with P(0) = 0
Lemma 2.2. [12] Assume that the function h(v,¥) : IXR — R verifies Carathéodory conditions i.e.,

(1) It is measurable in v for any ¢ € R.
(2) It is continuous in ¥ for almost all v € J.

The superposition operator F, = h(v,y) : E,, — L, = E, is bounded and continuous if
h(v, )| < a(v) + bg™ (p1(¥)), Y ER, veL
where b > 0, a € L, and the N-function ¢({) verifies the A,-condition.

Lemma 2.3. [29] Assume that ¢, ¢\, and ¢, are arbitrary different N-functions. The following given
conditions are equivalent:
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(1) For every function yry € Ly, and > € Ly, Y1 - Yp € Ly,
(2) Ak > 0 s.1. for all measurable yy, Y, onl, we have |y 1y|l, < kil ille, lilly,-
(3) AC>0, 502 05t forallv,s 2 so. (%) < @i1(s) + @2(v).

7 e )

o) S

(4) limsup,_,

The set S = S(I) is the set of Lebesgue measurable functions “meas." on (I) connected with the
metric

d,z) = li)g’g[e + meas{s : [Y(s) — z(s)| = p}]

is a complete space. Additionally, the convergence in measure on I is equivalent to the convergence
regarding d [30]. The compactness in S is known as “compactness in measure".

Lemma 2.4. [26] Assume that ¥ C L,(I) is a bounded set, and 3 a family (w,)o<r<a C 1 5.t. meas
w, = r for every r € [0,d], and for every y € ¥,

w(sl) Z ¢(S2), (Sl € Wy, $2 ¢ U)r)-
Then, Y is compact in measure in L,(I).

Definition 2.5. [37] The Hausdorff measure of noncompactness (MNC) uy (‘W) for a bounded set
0+ ¥ c L, is known as

ug(W) =inf{r >0: IZCcL,st.¥YC Z + Q,},

where Q, = {¥ € L,(I) : [lyll, < r} is the ball centered at the origin with radius r.

Remark 2.6. The above Hausdorft (MNC) uy(W) is suited for studying our problem because it is
related to the ball , and is equivalent to the following measure of equi-integrability in L,(I). These
are useful in employing Darbo’s %P7 to get our results.

Denote a measure of equi-integrability ¢ of ¥ € L,(I) by :

c(¥) = lim sup suplly - xplly,

€2V measD<e ye¥
where € > 0 and y, points to the characteristic function A C I (see [30,32]).

Lemma 2.7. [26,32] Assume that ) # ¥ C L, is a bounded set and compact in measure. Then, we
get:
uu() = ().

Theorem 2.8. [31] (Darbo’s FPT ) Assume that O # Q C L, is a convex, bounded, and closed set
and T : Q — Qs a continuous operator and satisfies the contraction condition, i.e.;

pua(T(Y)) < kuy(¥), 0<k<1

forany O #¥ C Q. Then, the map T has at least one fixed point in Q.

We give and present some concepts of the Erdélyi-Kober (EK) fractional operator in L,-spaces.

AIMS Mathematics Volume 10, Issue 4, 8382—-8397.
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Definition 2.9. [/, 4, 33] The Erdélyi-Kober fractional (6K) integral operator J, @ > 0,8 > 0, of a
function ¥(v) is known as

B (7 us)
@ Jo 0F =)

Remark 2.10. There are several special cases covered by Definition 2.9, which include the following:

1 ! ;
Jgp(v) = ds:@ fo (1 = )" 'y(vsp) ds. 2.1)

e Put 8 = 1, then the (8K) operator (2.1) reduces to (RL) fractional operators that were discussed
in[1,2]:
ERZON
@) Jo v=9)l
o If 8 =0, the (6K) operator (2.1) reduces to the Hadamared operator

Ve J(lll,//( V) —

: « _ 1 Y Vye-l lp(S)
tim ) = s | (0 3) R s
that was discussed in [4,22].

e Ifand 8 = 1, and @ = 1, then the (%K) operator (2.1) reduces to the Hardy-Littlewood (Cesaro)
operator

1 14
Ty) = - fo W(s)ds,

that was discussed in [34].
e Put B = 2, then (6K) operator (2.1) reduces to the &EK) fractional integral operator
J5 (Sneddon [35]):
2V—2Q v l//(S)
JS =
290(1/) F(Q’) 0 (Vz _ SZ)]—a

Proposition 2.11. [7] For a > 0,5 > 0, we have:

sds.

(1) The operator Jg maps nonnegative and therefore a.e. nondecreasing functions to functions with
the same properties.
(2) If ¢ is an N-function and (P, Q) represents a complementary pair of N-functions, where P verifies

fOVﬂ P(t*YYdt < 00, @ €(0,1), B> 0. Then, Jg : Lo(I) = L,(I) is continuous, satisfying

2
VeIsll, < =——llk
IV Igylly < lﬂ(oz)ll ol o,
where 1
o Vo T2 ! €
k(v) = —f @ Hdte E, (), 0 = ————.
B Jo ¢ B,

3. Main results

Equation (1.1) can take the form:
v=Bw) =g+ | | FiUw),
i=1
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where
Uly) = Fi, () - Ai), and Ap)(v) = V4 IZF,, (1)),

such that V'B”Jg is defined in Definition 2.9 and Fy, F),,(j = 1,2) are known as the superposition
operators.

Next, we will demonstrate and study the existence theorems in L.

3.1. Existence of solutions.
The presented case permits us to utilize some general conditions for the studied operators.

Theorem 3.1. For i = 1,---,n, assume that ¢;,¢,, 2, and ¢ are N-functions and (P;, Q;) is a

Y
complementary pair of N-functions, in which Q;, ¢;, ¢, verify the A, condition and fo Pi(t*dt <
oo, ; € (0,1),8; > 0, and that:

(GI) VyieL,, 3K >0, s.1. H I, 1//,-H¢ < KT, Wil

(G2) A ky, > 0 s.t. fory, € Ly, (I) and Y, € Ly, (I) we obtain |y, < k1i||$1||¢1i||t//2||¢2i.

(Cl) g€ E Q) is a.e. nondecreasing on 1.

(C2) hy,hy, f; - I xR — R satisfy Carathéodory conditions, and (s,¥) — fi(s,¥), (s,¢¥) —
h,(s,¥), (s,¢) — hy(s,¥) are nondecreasing.

(C3) de;,d,, d», and functions b,, € E, (D), by, € Ep,(), and a; € E, (1) s.1.

.01 < ai(s) + el and
|/’L1,-(S, w)| < bl,-(S) + dli(p]_il(‘p(lp))’ |h2,-(5’ l//)l < bZ,-(S) + dZ,Ql_l((P(l//))

(C4) Assume that fora.e. vel, de€ >0, s.t.

1

1
-1

@

k() = — f o Py du € E,, (T)
V) = : (u ue O, o;=
11B;s5! ”%_ 0 ®2;

(C5) Assume that, Ar > 0 on Iy = [0, po] C I verifying

€
18:5% Ml

n

2o, r = lglly
[] (1l + e Sl 101, + )0 + o)) <~

and

n " 2€ik1id1i
Kr ﬂ( T ||ki||<p2i(||b2,~||Q,~+d2i'l”))<1-

i=1
Then, there exists a.e. nondecreasing solution Y € E,(Iy) of (1.1) on Iy C L

Proof. Step 1. We will show that the operator B is well defined on E, i.e., B : E,(I) — E/I) is
continuous.

Fori=1,---,n, Lemma 2.2 and assumptions (C2), (C3) imply that Fy, t E,(D) — Ly, (I), Fp, :
E, D) — Lo and Fy : E,I)) — E,(I)) are continuous. Proposition 2.11, gives us that A; =

AIMS Mathematics Volume 10, Issue 4, 8382—-8397.
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vﬁ"“”JZi"F I, E,1I) — szi (I) and are continuous. Assumption (G2) implies that U; : E,(I) — E, (I)
and by assumptions (C1), and (G1) B : E,(I) — E,(I) and are continuous.

Step II. We should construct the ball Q.(E,) = {¢ € L, : |¢¥ll, < r}, where r is given in
assumption (C5) for the operator B acts on.

For arbitrary € Q.(E,) and by using Proposition 2.11, and our assumptions, we get

IF U@, < lladly, + el U@,
< llally, + ek 1, Dl AWl
< llaill, + ey, |[br, + 7 (010D)

| @l
< ||al~||¢,. v ek (Il + i ! (o), )

2, (ub2 lo,+ |07 (e, )

r( )
< ||al~||¢,.++r( )||k||m (||b1 lpy +d, ||¢||<p)(||bz||Q, +d2||¢||¢)
2e;
<l + o )||k||¢z(||b1 oy + b, r)(||bz||Q,.+d2,.r),

where [lo7/(e(D)] < il and

have

'Qi—l(so(l/,))H < |l¥ll,. Recalling assumptions (G1) and (C1), we
Oi

1Bl < gl + | ﬁFﬁUf(*”)Hw

< gl + K ]_[ (1l + F( ) N (1041, + i )12l + o)) < v
Therefore, assumption (C5) indicates that B : Q.(E,) — E, is continuous.

Step III. We should construct subset w, C €2,, and investigate the properties of w,.

Assume that w, C Q, contains all a.e. monotonic (nondecreasing) functions on /. The set 0 # w,
is bounded, closed, compact in measure, and convex in L, (ly) [27].

Step IV. We shall check the monotonicity and continuity of the operator B on w,.

Take ¥ € w,, then ¢ is a.e. nondecreasing on [y and, consequently, fori = 1,2, --- , n, the operators
Fg, F , and F I, Are also a.e. nondecreasing on I,. By Proposition 2.11;, A; is a.e. nondecreasing
on Iy, then U; = F hl,-Ai are also, a.e., nondecreasing. Using assumptions (C1) and (G1), we obtain
B : w, — w, is continuous.

Step V. Now, we show that B satisfies the contraction condition with respect to MNC uy.

Suppose there is a set D C [y, with meas D < g, &€ > 0. Therefore, foryy € Y and 0 # ¥ C w,, we
have:

WEU) - xplly: < llai - xplly, + eillFn, AiW) - xplly,
< la; ')(D||¢[ + eikh”Fh]l.('/’) ')(D||¢1i||Ai(l//) ')(D||¢2I.

< llai -xoll,, + eikliH(bli +dy g7 (so(lwl))) : XDH% ApPesgF, (w>|1%

AIMS Mathematics Volume 10, Issue 4, 8382—-8397.
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<lay ol + etk (10, - xoll, + e i (06D) x| )
1

X l)||k||¢2(||b2||Q,+d2HQ ewh)]|, )

< lla; - xolly, + ||k||m(||b1 ol + il - XD||¢)(||bz||Q,+d2 )

1“( i)

Therefore,

18- xols < llg - xolly + || [ ] £5Ui),
i=1

<lig-xoll, + K| | (nai xolly +
i=1

el (161, X0l + ol 02+ - ))

Since g,a; € E,, by, € E,, , then we have

@1,

lim { sup [sup{llg - xplle}]} =

€2V meas D<e ye¥

and

lim { sup [sup{lla: - xpll, + =—Ikill,, Ib1, - xllg, 11} = 0.

20 neas D<s ye¥ r( l)

By using the formula of ¢(Y), we obtain

(2
c(B(lP))sKrn]‘[( er oy il (1210, + - ))c(\m.
i=1

Based on the previously established properties, we may apply Lemma 2.7 to obtain

n(Deiki dy
ur(BCP)) < Kr" 1_[( er( ;'.)1’

i=1

Il (2l + s, r))uH(%.

The above inequality with Kr" [, (2}]((;;1' |k; ||(,32 (||b2 o, + da, - r)) < 1 allows us to apply Theorem

2.8. That ends the proof. O

3.1.1. Uniqueness of the solution

We may prove and discuss the uniqueness of the solutions of Eq (1.1).
Theorem 3.2. Assume the assumptions of Theorem 3.1 are verified but replace assumption (C3) with:

(C6) There exist positive constants e;, d,,, d», and functions a; € E,(I), b, € E%(]I), and b,, € Eg, (D),
s.1.

1fi(s, 0) < ai(s), |h;(s,0) <b;(s), j=1,2,

5.0 = (5,21 < el = 2l Vi (5,00 = I (5,2)] < dig 00 =)

AIMS Mathematics Volume 10, Issue 4, 8382—-8397.
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and I (5,0) = o (5,2 < 07 (¢ = ), iz € o,
where w, is as in Theorem 3.1 for i = 1,--- ,n, in addition, let
2e ki |Ikjll,,,
—}][ T Qmmmm@+dy)+@(M”mU+m/»0—nw»]<L (3.1)
]
where r is given in assumption (C5). Then (1.1) has a unique solution y € L, in w,.

Proof. By applying assumption (C6), we obtain

IA

71, (s, )l = 1, (s, 0)I‘ |h1(s, ) = hi(s,0)| < d, 7, (<P(lﬁ))

S sl < G0l + diger!(¢W) < buls) + dugr! (o)

IA

Similarly, |hy,(s, ¥)| < by, () + da, Qi‘l(<p(;l/)) and |f;(s, )| < a;(s) + eillyll,. Thus, Theorem 3.1 implies

that there exists a.e. nondecreasing solution ¢ € E, of (1.1) in w,.
Next, let ¥, z € w, be two distinct solutions of Eq (1.1); then by using assumption (C6), we obtain

ly—zl = ]j Bi(2)
< ﬁ&@—&@@&@hh@iﬁ@%&@&@ﬁ&w‘
+mmfﬁm—ﬁ&d
sWM)&@ﬂjwwum@H&w &w]lmw
-Hmw—mw[]me
Therefore,

ly = 2ll, < K||Biw) = B@|,, | [ 1B, + KIBi @I [B20) - B )|, | [ 1Bl
i=2 i=3

n—1
-8, | [1B:@l- (3.2)
i=1

To estimate inequality (3.2), we use Proposition 2.11, for j = 1,--- ,n, to calculate the following:

1B,w) - B;@)||,, = [FrUiw) - FrUi2),,
< eil|Fa, A - Fiy (24|,

AIMS Mathematics Volume 10, Issue 4, 8382—-8397.
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< el Fu, @, - Fi, el Fu, @aw) - Fi, 4,
< ek ||Fi, @) = Fu, @, [, + ek, [Fn, @, 400 -4,
< ejkl_,'dlj _jl (‘,0('1// - Zl))”w‘||V8jaj.]gijh2j(w)||¢2j
ceo o, il (o), 12518, 00~ o,
20k
< ehydy, F(J “”) (162,llg, + da, lWplly )l = 2ll,
kil
ek (101, + k)5, 07 = D),
20k
< ehydy, r(;“"; (152l + da, Il )l — 2ll,
24 Ikl
+ejk (b1l + dljnznga)ﬁnw —2ll,
2e o Ik
< #(dl (1210, + o) + o (101, + )1 = 2l (3.3)
]

From assumption (C5), we have []_, IB:)ll, < r_lllfllw, and by substituting from (3.3) into (3.2), we
obtain

2e1ky, kil r—ligll,
Iy~ 2ll, < K[W(m.(nbzl o + o) + oy (1L, + 7)) ()
2esk1, ksl r—ligll,
+W(d12(nbzzngz + do,r) + do,(IIb, Iy, + dlzr))( =)
2€nk1,1||kn||<p2n r— ”g”Lp
" W(dl,,(nbznugn ) (1, + i, r) () W = 2
=C-lly - ll,.
The above estimate with inequality (3.1) concludes the proof. m|

3.2. Continuous dependence on the function g.

Here, we study how solutions of Eq (1.1) depend continuously on g.

Definition 3.3. A solution ¢ € L,(I) of (1.1) is continuously dependent on the function g if ¥ € >
0, 36 > o such that ||g — gll, < § implies that [l — ¥l|, < €, where

Bih, (v g() (7 5 ho (s, 9(s))
C T(a) (VB — sPiyl-ai

J0) =300+ ]—[ A ds), vel=10pl. (4
i=1

Theorem 3.4. Suppose that the assumptions of Theorem 3.2 are held. Then solutions € Ly(I) of
Eq (1.1) depend continuously on the function g.

AIMS Mathematics Volume 10, Issue 4, 8382—-8397.
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Proof. Let ¢, be any two solutions of (1.1); then, similarly as done in Theorem 3.2, we have

7 ha, (v, Y Py (s,
Iy - ll, < lig - 2ll, + { Pin vy () Lm¢u»dﬁ

M) Jo 0F=s)e

,BJH (V l/’(V)) A X CR6)))
ﬁqd T T J M_ﬁ%aw)

<llg - gll, + Clly — ¥ll,,

[

where C is given by (3.1). Then, we obtain

_ -1 _
by = gll, < (1-C) llg - 2ll,.
Therefore, if |g — gll, < 6(e), then ||y — ¥ll, < €, where

oe)=€-(1-0).

4. Remarks and examples

Remark 4.1. It is important to note that our solutions are not necessarily continuous, as in many of
the cases that have been examined and investigated previously [1,36] or in L,-spaces [8,37]. So we do
not assume that the operators studied map the spaces C(/) or L, into themselves. Our results belong to
the space L, for more examples and assumptions related to the operators studied in L, see [9,29].

Finally, we demonstrate and clarify some examples that support our outcomes.

Example 4.2. Considering the N-functions P;(v) = Q;(v) = v* and ¢,(v) = explv| = [v|] = 1. We
can examine that Proposition 2.11, is verified and the fractional operator Jgi" D Lo — Ly, (D) 1s
continuous, where I = [0, p].

Therefore: Fori =1,2,--- ,n, and any «;,3; > 0 and v € I, we obtain
Vi Vi JBi2ai=1)
ki(v) = f 0i(u Y du = f Wi du = )
0 0 20,-1
Moreover,

0 P el Biai=1)
f @2, (k(v))dv = f (e T — - l)dv < oo,

Then, Proposition 2.11, is verified. Therefore, for ¢y € Lg,(I), we obtain J“‘ Lo(I) — Ly, (D) is
continuous.

Remark 4.3. In the literature, many applications and significant results exist for N-functions that do
not satisfy the global A,-condition. Such functions often appear in models of nonlinear elasticity,
statistical physics, and image processing, where exponential or logarithmic growth is relevant.
Regarding the examples in the manuscript:
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(1) The functions P;(v) = Q;(v) = v* satisfy the A,-condition globally, as it is a simple power function
with polynomial growth.

(2) The functions ¢,,(v) = expl|v|] — [v| — 1 do not satisfy the A,-condition globally due to the
exponential growth. However, for small values of v, they behave like the quadratic functions:

V2

> for v — 0,

02, (v) =

and satisfy the A,-condition locally in this regime.

Remark 4.4. For further particular cases verifying Example 4.2, see [7, 21, 22], and for more
information and numerous examples of the functions ¢, and (P;, Q;) verifying Proposition 2.11,,
see [12].

Example 4.5. For; = 3,8 = 1,i=1,2,--- ,n,and v € I = [0, 1], we have

4.1)

(61,0) + H567 (e () f by, (s) + %Qi‘l(sow(s)))d )
S].
0

) =g0)+ D(“"(VH 10y 2V5(VY - V)

This may be considered a particular case of Eq (1.1), where

il < () + 5 ||w||¢, |, ()| < by, (v) + —sol 1 (W), and |y, (v, )l < ba(s) + ;l(sow))
with
Wfilly < il + Wl Vi, < Bl + [0l and s llg, < [ o, + <l
g =1%o 7 es 1Ll = 1Py, 10 ®> 2:110; = 1¥2;110; 10 @

Thus, assumptions (C2) and (C3) are satisfied with constants ¢; = d,, = d», = % and for suitable forms
of the functions by, € E, (I), by, € Eg,(I), and a; € E,, (D).
For assumption (C4), see Example 4.2.

Now for a suitable nondecreasing function g satisfying assumption (C1), we can find » > 0 on [,
verifying

- 2k 1 1 r = ligll,
ﬂ(uain% m (nkn@z(nbln% Or)(||b2||Q,.+Er))sT.

i=1

and
. 2k, 1
Kr" k; ( b + —- ) < 1.
r n(loox/‘” i (1020 + 75 r)
Therefore, we obtain our verifications and get that Eq
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5. Conclusions

The presented paper established existence, monotonicity, and uniqueness, as well as continuous
dependence on the data of a product of n-quadratic Erdélyi-Kober (E%K) fractional integral equation.
The analysis used to obtain the results is the (MNC) measure of noncompactness, the (FP7") fixed-
point theorem, as well as fractional calculus in the Orlicz spaces L,. Some examples are given to
illustrate the hypothesis.

Open discussion and future possibilities:

(1) The authors could discuss potential extensions of their work to other fractional operators.

(2) The authors could apply their results to specific fields such as physics, engineering, or biology.

(3) The authors can focus on the corresponding problems of equivalent differential equations in Orlicz
spaces or Sobolev-Orlicz spaces.

(4) The authors could check some numerical results for the considered problems.
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