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1. Introduction

Various fields of science depend on the use of fractional calculus, such as economics, biology,
electrical circuits, engineering, physics, traffic models, viscoelasticity, earthquakes, electrochemistry,
and fluid dynamics [1–5].

The study of fractional integration in Orlicz spaces was started by O’Neil in 1965 (see [6]), but
there are a few results considering the Erdélyi-Kober (EK) operators in Orlicz spaces [7].
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The Orlicz spaces weight on conditions that enable us to discuss (EK) fractional integral operators
with singular kernels or operators with strong nonlinearities (for example, exponential growth), and
then discontinuous solutions are expected [8, 9]. This requires us to examine the solutions to the
considered problem not in Lebesgue spaces but in specific Orlicz spaces. Moreover, these issues have
important implications for the study of equivalent differential equations in Orlicz spaces or Sobolev-
Orlicz spaces, which are closely related to these issues [10, 11]. This may be inspired by statistical
physics and physics models [12, 13]. For example, the thermodynamics problem

ψ(ν) +
∫

I
k(ν, s) · eψ(s) ds = 0

has exponential nonlinearity [14].
The product of two or more than two integral equations through (EK) fractional operators can be

applied effectively in neutron transport [15], the kinetic theory of gases [16], radiative transfer, and
the traffic theory [17]. Consequently, it is worthwhile to investigate the product of more than two
operators, so we propose to develop a mathematical basis for this theory, especially for fractional
operators (see [18, 19]).

The purpose of this paper is to analyze and demonstrate the solutions to the integral equation

ψ(ν) = g(ν) +
n∏

i=1

fi

(
ν,
βih1i(ν, ψ(ν))
Γ(αi)

·

∫ ν

0

sβi−1h2i(s, ψ(s))
(νβi − sβi)1−αi

ds
)
, 0 < αi < 1, βi > 0, (1.1)

for ν ∈ [0, ρ] in the Orlicz spaces Lφ.
It is generally impossible to determine the solutions to all nonlinear integral equations analytically,

except using numerical methods. Consequently, indirect procedures should be used to obtain
information about the qualitative behavior of integral equation solutions when there is no analytical
expression for the solutions.

Therefore, we establish and present assumptions that allow us to solve and study the integral
Eq (1.1) under general growth conditions in Lφ. As a result, we examine some qualitative properties
of the solutions for the problem (1.1), such as existence, monotonicity, and uniqueness, as well as
continuous dependence on the data in the spaces Lφ.

Our method covers and generalizes different types of fractional integrals that have been examined
separately and encourages us to recall some of them.

In particular, the existence and the uniqueness theorems of continuous solutions of the SI models

ψ(ν) = k
(
p1(ν) +

∫ ν

0
w1(ν − s)ψ(s) ds

)(
p2(ν) +

∫ ν

0
w2(ν − s)ψ(s) ds

)
, ν > 0 (1.2)

were presented in [20]. As the model (1.2) shows the spread of diseases without permanent immunity
and with discontinuous data functions, it is appropriate to examine it in Orlicz spaces “Lφ".

The authors in [19] generalized the model (1.2) and examined the existence and uniqueness
theorems of the continuous solutions to the equation

ψ(ν) =
n∏

i=1

(
gi(ν) +

∫ ν

a
ui(ν, s, ψ(s)) ds

)
, ν ∈ [a, b].
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The author in [21] demonstrated and presented some basic properties of the Riemann-Liouville type
fractional integral operator and explored equation solutions

ψ(v) = f (v) +G(ψ)(v)
∫ v

0

(v − s)α−1

Γ(α)
f (s, ψ(s)) ds, 0 < α < 1, v ∈ [0, d]

in Orlicz spaces Lφ.
The author in [22] demonstrated and studied fundamental features of the Hadamard-type fractional

operator within Lφ-spaces and utilized them to solve the equation:

ψ(v) = G2(ψ)(v) +
G1(ψ)(v)
Γ(α)

∫ v

1

(
log

v
s

)α−1 G2(ψ)(s)
s

ds, v ∈ [1, e], 0 < α < 1.

The authors in [7] showed the basic characteristics of the Erdélyi-Kober fractional operators in
Lebesgue and Orlicz spaces and used them to analyze the problem:

ψ(v) = f (v) + f1(v, ψ(v)) + f2

(
v,
βh1(v, ψ(v))
Γ(α)

·

∫ v

0

tβ−1h2(s, ψ(s))
(vβ − sβ)1−α ds

)
, v ∈ [0, d],

where 0 < α < 1 & β > 0 in the indicated spaces.
In [23], the author demonstrated some fixed-point theorems and applied them in solving the equation

ψ(v) =
n∏

i=1

(
gi(v) +

∫ ν

0
Ui(ν, s, ψ(s)) ds

)
, ν ∈ [a, b]

in some ideal spaces ( Lp, p > 1 and Orlicz spaces Lφ).
In [24], the existence of solutions for the product of n-integral equations acting on distinct Orlicz

spaces

ψ(v) =
n∏

i=1

(
gi(v) + λihi(ν, ψ(ν))

∫ b

a
Ki(ν, s) fi(s, ψ(s)) ds

)
, ν ∈ I = [a, b]

were discussed in Lφ(I), when the studied generating N-function verifies ∆′,∆2, and ∆3 conditions.
The existence and the uniqueness results for the abstract product of n-quadratic Hadamard-type

integral equations

ψ(v) =
n∏

i=1

(
hi(v) +G2i(ψ)(ν) +

G1i(ψ)(ν)
Γ(αi)

∫ ν

0
log

(ν
s

)α−1 G3i(ψ)(ν)
s

ds
)
, ν ∈ [1, e], αi ∈ (0, 1)

were discussed in arbitrary Orlicz spaces Lφ [25], where G ji , j = 1, 2, 3 are known operators.
Furthermore, the noncompactness measure (MNC) and fixed-point hypothesis (FPT ) were used

to study different types of quadratic integral equations in Orlicz spaces Lφ under various sets of
assumptions [26, 27].

The current manuscript is motivated and induced by the extension and generalization of the results
introduced in the previous literature to prove some qualitative properties of the solutions for a product
of quadratic (EK)-fractional integral Eq (1.1), including existence, monotonicity, uniqueness, as well
as continuous dependence on the data in Lφ-spaces. We use the technique of (MNC) concerning the
fixed-point hypothesis (FPT ) and the theory of fractional calculus to obtain our findings. We present
a few constructed examples that support and illustrate our findings.
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2. Preliminaries

Let R = (−∞,∞) and I = [0, ρ] ⊂ R+ = [0,∞). Denote the Young function (YF) by φ : R+ → R+,
where

φ(ν) =
∫ ν

0
q(s)ds, for ν ≥ 0

and q : R+ → R+ is neither identically zero nor infinite and an increasing and left-continuous function
on R+. The pair (P,Q) is said to be a complementary pair of YF if Q(ψ) = supz≥0(ψz − P(ψ)).

The function φ is known as the N function when it is finitely valued and verifies limν→∞
φ(ν)
ν
= ∞,

limν→0
φ(ν)
ν
= 0, and

(
φ(ν) > 0 if ν > 0, φ(ν) = 0 ⇐⇒ ν = 0

)
.

The Orlicz space Lφ = Lφ(I) is the space of all measurable functions ψ : I→ R with the norm

∥ψ∥φ = inf
λ>0

{∫
I

φ

(
ψ(s)
λ

)
ds ≤ 1

}
< ∞.

It is important to recall that for any YF φ, we have φ(ν + s) ≤ φ(ν) + φ(s) and φ(kν) ≤ kφ(ν), where
ν, s ∈ R, and k ∈ [0, 1].

Assume that Eφ(I) is the set of all bounded functions in Lφ(I) that contain absolutely continuous
norms.

Moreover, we obtain Lφ = Eφ, if φ satisfies the ∆2-condition, i.e.,

(∆2) ∃ ω, ν0 ≥ 0 such that φ(2ν) ≤ ωφ(ν), ν ≥ ν0.

It should be noted that the classical Lebesgue spaces Lφ(I) shall be considered as a particular case
of Orlicz spaces Lφp(I) with the corresponding N-function φp = sp, p > 1, satisfying the above ∆2-
condition.

Proposition 2.1. [28] Let φ be a Young function; then for any α ∈ (0, 1) and s ∈ R+, the set

P(s) =

ϵ > 0 :
1

∥βsβ−1∥φ

∫ sβσ
1

1−α

0
φ(uα−1) du ≤ σ

1
1−α

 , ∅, σ > 0, β > 0

is an increasing and continuous function with P(0) = 0.

Lemma 2.2. [12] Assume that the function h(ν, ψ) : I×R → R verifies Carathéodory conditions i.e.,

(1) It is measurable in ν for any ψ ∈ R.
(2) It is continuous in ψ for almost all ν ∈ J.

The superposition operator Fh = h(ν, ψ) : Eφ1 → Lφ = Eφ is bounded and continuous if

|h(ν, ψ)| ≤ a(ν) + bφ−1(φ1(ψ)
)
, ψ ∈ R, ν ∈ I,

where b ≥ 0, a ∈ Lφ and the N-function φ(ψ) verifies the ∆2-condition.

Lemma 2.3. [29] Assume that φ, φ1, and φ2 are arbitrary different N-functions. The following given
conditions are equivalent:
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(1) For every function ψ1 ∈ Lφ1 and ψ2 ∈ Lφ2 , ψ1 · ψ2 ∈ Lφ.
(2) ∃ k > 0 s.t. for all measurable ψ1, ψ2 on I, we have ∥ψ1ψ2∥φ ≤ k∥ψ1∥φ1∥ψ1∥φ2 .
(3) ∃ C > 0, s0 ≥ 0 s.t. for all v, s ≥ s0, φ

(
sv
C

)
≤ φ1(s) + φ2(v).

(4) lim supv→∞
φ−1

1 (v)φ−1
2 (v)

φ(v) < ∞.

The set S = S (I) is the set of Lebesgue measurable functions “meas." on (I) connected with the
metric

d(ψ, z) = inf
ρ>0

[ϵ + meas{s : |ψ(s) − z(s)| ≥ ρ}]

is a complete space. Additionally, the convergence in measure on I is equivalent to the convergence
regarding d [30]. The compactness in S is known as “compactness in measure".

Lemma 2.4. [26] Assume that Ψ ⊂ Lφ(I) is a bounded set, and ∃ a family (ωr)0≤r≤d ⊂ I s.t. meas
ωr = r for every r ∈ [0, d], and for every ψ ∈ Ψ,

ψ(s1) ≥ ψ(s2), (s1 ∈ ωr, s2 < ωr).

Then, Ψ is compact in measure in Lφ(I).

Definition 2.5. [31] The Hausdorff measure of noncompactness (MNC) µH(Ψ) for a bounded set
∅ , Ψ ⊂ Lφ is known as

µH(Ψ) = inf{r > 0 : ∃ Z ⊂ Lφ s.t. Ψ ⊂ Z + Ωr },

where Ωr = {Ψ ∈ Lφ(I) : ∥ψ∥φ ≤ r} is the ball centered at the origin with radius r.

Remark 2.6. The above Hausdorff (MNC) µH(Ψ) is suited for studying our problem because it is
related to the ball Ωr and is equivalent to the following measure of equi-integrability in Lφ(I). These
are useful in employing Darbo’s FPT to get our results.

Denote a measure of equi-integrability c of Ψ ∈ Lφ(I) by :

c(Ψ) = lim
ϵ→0

sup
measD≤ϵ

sup
ψ∈Ψ

∥ψ · χD∥φ,

where ϵ > 0 and χA points to the characteristic function A ⊂ I (see [30, 32]).

Lemma 2.7. [26, 32] Assume that ∅ , Ψ ⊂ Lφ is a bounded set and compact in measure. Then, we
get:

µH(Ψ) = c(Ψ).

Theorem 2.8. [31] (Darbo’s FPT ) Assume that ∅ , Ω ⊂ Lφ is a convex, bounded, and closed set
and T : Ω → Ω is a continuous operator and satisfies the contraction condition, i.e.;

µH(T (Ψ)) ≤ kµH(Ψ), 0 ≤ k < 1

for any ∅ , Ψ ⊂ Ω. Then, the map T has at least one fixed point in Ω.

We give and present some concepts of the Erdélyi-Kober (EK) fractional operator in Lφ-spaces.
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Definition 2.9. [1, 4, 33] The Erdélyi-Kober fractional (EK) integral operator Jαβ , α > 0, β > 0, of a
function ψ(ν) is known as

Jαβψ(ν) =
βν−βα

Γ(α)

∫ ν

0

sβ−1ψ(s)
(νβ − sβ)1−α ds =

1
Γ(α)

∫ 1

0
(1 − s)α−1ψ(νs

1
β ) ds. (2.1)

Remark 2.10. There are several special cases covered by Definition 2.9, which include the following:

• Put β = 1, then the (EK) operator (2.1) reduces to (RL) fractional operators that were discussed
in [1, 2]:

ναJα1ψ(ν) =
1
Γ(α)

∫ ν

0

ψ(s)
(ν − s)1−α ds.

• If β = 0, the (EK) operator (2.1) reduces to the Hadamared operator

lim
β→0

Jαβψ(ν) =
1
Γ(α)

∫ ν

0

(
log

ν

s

)α−1ψ(s)
s

ds

that was discussed in [4, 22].
• If and β = 1, and α = 1, then the (EK) operator (2.1) reduces to the Hardy-Littlewood (Cesaro)

operator

J1
1ψ(ν) =

1
ν

∫ ν

0
ψ(s) ds,

that was discussed in [34].
• Put β = 2, then (EK) operator (2.1) reduces to the EK) fractional integral operator

Jα2 (Sneddon [35]):

Jα2ψ(ν) =
2ν−2α

Γ(α)

∫ ν

0

ψ(s)
(ν2 − s2)1−α s ds.

Proposition 2.11. [7] For α > 0, β > 0, we have:

(1) The operator Jαβ maps nonnegative and therefore a.e. nondecreasing functions to functions with
the same properties.

(2) If φ is an N-function and (P,Q) represents a complementary pair of N-functions, where P verifies∫ νβ

0
P(tα−1) dt < ∞, α ∈ (0, 1), β > 0. Then, Jαβ : LQ(I)→ Lφ(I) is continuous, satisfying

∥νβαJαβψ∥φ ≤
2
Γ(α)
∥k∥φ∥ψ∥Q,

where

k(ν) =
σ

1
α−1

∥βsβ−1∥φ

∫ νβσ
1

1−α

0
φ(tα−1) dt ∈ Eφ(I), σ =

ϵ

∥βsβ−1∥φ
.

3. Main results

Equation (1.1) can take the form:

ψ = B(ψ) = g +
n∏

i=1

F fiUi(ψ),

AIMS Mathematics Volume 10, Issue 4, 8382–8397.
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where
Ui(ψ) = Fh1i

(ψ) · Ai(ψ), and Ai(ψ)(ν) = νβiαi Jαi
βi

Fh2i
(ψ)(ν),

such that νβαJαβ is defined in Definition 2.9 and F fi , Fh ji
, ( j = 1, 2) are known as the superposition

operators.
Next, we will demonstrate and study the existence theorems in Lφ.

3.1. Existence of solutions.

The presented case permits us to utilize some general conditions for the studied operators.

Theorem 3.1. For i = 1, · · · , n, assume that φi, φ1i , φ2i , and φ are N-functions and (Pi,Qi) is a

complementary pair of N-functions, in which Qi, φi, φ1i verify the ∆2 condition and
∫ νβ

0
Pi(tα−1) dt <

∞, αi ∈ (0, 1), βi > 0, and that:

(G1) ∀ ψi ∈ Lφi , ∃K ≥ 0, s.t.
∥∥∥∥∏n

i=1 ψi

∥∥∥∥
φ
≤ K

∏n
i=1 ∥ψi∥φi .

(G2) ∃ k1i > 0 s.t. for ψ1 ∈ Lφ1i
(I) and ψ2 ∈ Lφ2i

(I) we obtain ∥ψ1ψ2∥φi ≤ k1i∥ψ1∥φ1i
∥ψ2∥φ2i

.
(C1) g ∈ Eφ(I) is a.e. nondecreasing on I.
(C2) h1i , h2i , fi : I × R → R satisfy Carathéodory conditions, and (s, ψ) → fi(s, ψ), (s, ψ) →

h1i(s, ψ), (s, ψ)→ h2i(s, ψ) are nondecreasing.
(C3) ∃ ei, d1i , d2i and functions b1i ∈ Eφ1i

(I), b2i ∈ EQi(I), and ai ∈ Eφi(I) s.t.

| fi(s, ψ)| ≤ ai(s) + ei∥ψ∥φi , and

|h1i(s, ψ)| ≤ b1i(s) + d1iφ
−1
1i

(
φ
(
ψ
))
, |h2i(s, ψ)| ≤ b2i(s) + d2i Q

−1
i

(
φ
(
ψ
))
.

(C4) Assume that for a.e. ν ∈ I, ∃ ϵ > 0, s.t.

ki(ν) =
σ

1
αi−1

i

∥βisβi−1∥φi

∫ νβσ

1
1−αi
i

0
Pi(uαi−1) du ∈ Eφ2i

(I), σi =
ϵ

∥βisβi−1∥φi

.

(C5) Assume that, ∃ r > 0 on I0 = [0, ρ0] ⊂ I verifying

n∏
i=1

(
∥ai∥φi +

2eik1i

Γ(αi)
∥ki∥φ2i

(
∥b1i∥φ1i

+ d1ir
)(
∥b2∥Qi + d2ir

))
≤

r − ∥g∥φ
K

.

and

Krn
n∏

i=1

(
2eik1id1i

Γ(αi)
∥ki∥φ2i

(
∥b2i∥Qi + d2i · r

))
< 1.

Then, there exists a.e. nondecreasing solution ψ ∈ Eφ(I0) of (1.1) on I0 ⊂ I.

Proof. Step I. We will show that the operator B is well defined on Eφ i.e., B : Eφ(I) → Eφ(I) is
continuous.

For i = 1, · · · , n, Lemma 2.2 and assumptions (C2), (C3) imply that Fh1i
: Eφ(I)) → Lφ1i

(I), Fh2i
:

Eφ(I)) → LQi(I) and F fi : Eφ(I)) → Eφ(I)) are continuous. Proposition 2.112 gives us that Ai =

AIMS Mathematics Volume 10, Issue 4, 8382–8397.
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νβiαi Jαi
βi

Fh2i
: Eφ(I) → Eφ2i

(I) and are continuous. Assumption (G2) implies that Ui : Eφ(I) → Eφi(I)
and by assumptions (C1), and (G1) B : Eφ(I)→ Eφ(I) and are continuous.

Step II. We should construct the ball Ωr(Eφ) = {ψ ∈ Lφ : ∥ψ∥φ ≤ r}, where r is given in
assumption (C5) for the operator B acts on.

For arbitrary ψ ∈ Ωr(Eφ) and by using Proposition 2.112 and our assumptions, we get

∥F fiUi(ψ)∥φi ≤ ∥ai∥φi + ei∥Ui(ψ)∥φi

≤ ∥ai∥φi + eik1i∥Fh1i
(ψ)∥φ1i

∥Ai(ψ)∥φ2i

≤ ∥ai∥φi + eik1i

∥∥∥∥b1i + d1iφ
−1
1i

(
φ(|ψ|)

)∥∥∥∥
φ1i

· ∥νβiαi Jαi
βi

Fh2i
(ψ)∥φ2i

≤ ∥ai∥φi + eik1i

(
∥b1i∥φ1i

+ d1i

∥∥∥∥φ−1
1i

(
φ(|ψ|)

)∥∥∥∥
φ1i

)
×

2
Γ(αi)

∥ki∥φ2i

(
∥b2i∥Qi + d2i

∥∥∥∥Q−1
i

(
φ(|ψ|)

)∥∥∥∥
Qi

)
≤ ∥ai∥φi + +

2eik1i

Γ(αi)
∥ki∥φ2i

(
∥b1i∥φ1i

+ d1i∥ψ∥φ

)(
∥b2i∥Qi + d2i∥ψ∥φ

)
≤ ∥ai∥φi +

2eik1i

Γ(αi)
∥ki∥φ2i

(
∥b1i∥φ1i

+ d1ir
)(
∥b2∥Qi + d2ir

)
,

where
∥∥∥∥φ−1

1i

(
φ(|ψ|)

)∥∥∥∥
φ1i

≤ ∥ψ∥φ and
∥∥∥∥∥Q−1

i

(
φ(ψ)

)∥∥∥∥∥
Qi

≤ ∥ψ∥φ. Recalling assumptions (G1) and (C1), we

have

∥B(ψ)∥φ ≤ ∥g∥φ +
∥∥∥∥ n∏

i=1

F fiUi(ψ)
∥∥∥∥
φ

≤ ∥g∥φ + K
n∏

i=1

(
∥ai∥φi +

2eik1i

Γ(αi)
∥ki∥φ2i

(
∥b1i∥φ1i

+ d1ir
)(
∥b2∥Qi + d2ir

))
≤ r.

Therefore, assumption (C5) indicates that B : Ωr(Eφ)→ Eφ is continuous.
Step III. We should construct subset ωr ⊂ Ωr, and investigate the properties of ωr.
Assume that ωr ⊂ Ωr contains all a.e. monotonic (nondecreasing) functions on I0. The set ∅ , ωr

is bounded, closed, compact in measure, and convex in Lφ(I0) [27].
Step IV. We shall check the monotonicity and continuity of the operator B on ωr.
Take ψ ∈ ωr, then ψ is a.e. nondecreasing on I0 and, consequently, for i = 1, 2, · · · , n, the operators

F fi , Fh1i
and Fh2i

are also a.e. nondecreasing on I0. By Proposition 2.111, Ai is a.e. nondecreasing
on I0, then Ui = Fh1i

Ai are also, a.e., nondecreasing. Using assumptions (C1) and (G1), we obtain
B : ωr → ωr is continuous.

Step V. Now, we show that B satisfies the contraction condition with respect toMNC µH.
Suppose there is a set D ⊂ I0, with meas D ≤ ε, ε > 0. Therefore, for ψ ∈ Ψ and ∅ , Ψ ⊂ ωr, we

have:

∥F fiUi(ψ) · χD∥φi ≤ ∥ai · χD∥φi + ei∥Fh1i
Ai(ψ) · χD∥φi

≤ ∥ai · χD∥φi + eik1i∥Fh1i
(ψ) · χD∥φ1i

∥Ai(ψ) · χD∥φ2i

≤ ∥ai · χD∥φi + eik1i

∥∥∥∥(b1i + d1iφ
−1
1i

(
φ(|ψ|)

))
· χD

∥∥∥∥
φ1i

·

∥∥∥∥νβiαi Jαi
βi

Fh2i
(ψ)

∥∥∥∥
φ2i

AIMS Mathematics Volume 10, Issue 4, 8382–8397.
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≤ ∥ai · χD∥φi + eik1i

(
∥b1i · χD∥φ1i

+ d1i

∥∥∥∥φ−1
1i

(
φ(|ψ|)

)
· χD

∥∥∥∥
φ1i

)
×

2
Γ(αi)

∥ki∥φ2i

(
∥b2i∥Qi + d2i

∥∥∥∥Q−1
i

(
φ(|ψ|)

)∥∥∥∥
Qi

)
≤ ∥ai · χD∥φi +

2eik1i

Γ(αi)
∥ki∥φ2i

(
∥b1i · χD∥φ1i

+ d1i∥ψ · χD∥φ

)(
∥b2i∥Qi + d2i · r

)
.

Therefore,

∥B · χD∥φ ≤ ∥g · χD∥φ +
∥∥∥∥ n∏

i=1

F fiUi(ψ)
∥∥∥∥
φ

≤ ∥g · χD∥φ + K
n∏

i=1

(
∥ai · χD∥φ +

2eik1i

Γ(αi)
∥ki∥φ2i

(
∥b1i · χD∥φ1i

+ d1i∥ψ · χD∥φ

)(
∥b2i∥Qi + d2i · r

))
.

Since g, ai ∈ Eφ, b1i ∈ Eφ1i
, then we have

lim
ε→0
{ sup
meas D≤ε

[sup
ψ∈Ψ

{∥g · χD∥φ}]} = 0

and
lim
ε→0
{ sup
meas D≤ε

[sup
ψ∈Ψ

{∥ai · χD∥φ +
2eik1i

Γ(αi)
∥ki∥φ2i

∥b1i · χD∥φ1i
}]} = 0.

By using the formula of c(Y), we obtain

c(B(Ψ)) ≤ Krn
n∏

i=1

(
2eik1id1i

Γ(αi)
∥ki∥φ2i

(
∥b2i∥Qi + d2i · r

))
c(Ψ).

Based on the previously established properties, we may apply Lemma 2.7 to obtain

µH(B(Ψ)) ≤ Krn
n∏

i=1

(
2eik1id1i

Γ(αi)
∥ki∥φ2i

(
∥b2i∥Qi + d2i · r

))
µH(Ψ).

The above inequality with Krn ∏n
i=1

(
2eik1i d1i
Γ(αi)
∥ki∥φ2i

(
∥b2i∥Qi + d2i · r

))
< 1 allows us to apply Theorem

2.8. That ends the proof. □

3.1.1. Uniqueness of the solution

We may prove and discuss the uniqueness of the solutions of Eq (1.1).

Theorem 3.2. Assume the assumptions of Theorem 3.1 are verified but replace assumption (C3) with:

(C6) There exist positive constants ei, d1i , d2i and functions ai ∈ Eφi(I), b1i ∈ Eφ1i
(I), and b2i ∈ EQi(I),

s.t.
| fi(s, 0)| ≤ ai(s), |h ji(s, 0)| ≤ b ji(s), j = 1, 2,

| fi(s, ψ) − fi(s, z)| ≤ ei∥ψ − z∥φ, |h1i(s, ψ) − h1i(s, z)| ≤ d1iφ
−1
1i

(
φ
(
|ψ − z|

))
,
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and |h2i(s, ψ) − h2i(s, z)| ≤ d2i Q
−1
i

(
φ
(
|ψ − z|

))
, ψ, z ∈ ωr,

where ωr is as in Theorem 3.1 for i = 1, · · · , n, in addition, let

C =
n∑

j=1

[2e jk1 j∥k j∥φ2 j

Γ(α j)

(
d1 j

(
∥b2 j∥Q j + d2 jr

)
+ d2 j

(
∥b1 j∥φ1 j

+ d1 jr
))(

r − ∥g∥φ
)]
< 1, (3.1)

where r is given in assumption (C5). Then (1.1) has a unique solution ψ ∈ Lφ in ωr.

Proof. By applying assumption (C6), we obtain∣∣∣∣∣|h1i(s, ψ)| − |h1i(s, 0)|
∣∣∣∣∣ ≤ |h1(s, ψ) − h1(s, 0)| ≤ d1iφ

−1
1i

(
φ
(
ψ
))

⇒ |h1(s, ψ)| ≤ |h1i(s, 0)| + d1iφ
−1
1i

(
φ
(
ψ
))
≤ b1i(s) + d1iφ

−1
1i

(
φ
(
ψ
))
.

Similarly, |h2i(s, ψ)| ≤ b2i(s) + d2i Q
−1
i

(
φ
(
ψ
))

and | fi(s, ψ)| ≤ ai(s) + ei∥ψ∥φ. Thus, Theorem 3.1 implies

that there exists a.e. nondecreasing solution ψ ∈ Eφ of (1.1) in ωr.
Next, let ψ, z ∈ ωr be two distinct solutions of Eq (1.1); then by using assumption (C6), we obtain

|ψ − z| =
∣∣∣∣∣ n∏

i=1

Bi(ψ) −
n∏

i=1

Bi(z)
∣∣∣∣∣

≤

∣∣∣∣∣ n∏
i=1

Bi(ψ) − B1(z)
n∏

i=2

Bi(ψ)
∣∣∣∣∣ + ∣∣∣∣∣B1(z)

n∏
i=2

Bi(ψ) − B1(z)B2(z)
n∏

i=3

Bi(ψ)
∣∣∣∣∣

+ · · · +

∣∣∣∣∣Bn(ψ)
n−1∏
i=1

Bi(z) −
n∏

i=1

Bi(z)
∣∣∣∣∣

≤ |B1(ψ) − B1(z)| ·
n∏

i=2

|Bi(ψ)| + |B1(z)| · |B2(ψ) − B2(z)| ·
n∏

i=3

Bi(ψ)

+ · · · + |Bn(ψ) − Bn(z)| ·
n−1∏
i=1

|Bi(z)|.

Therefore,

∥ψ − z∥φ ≤ K
∥∥∥B1(ψ) − B1(z)

∥∥∥
φ1

n∏
i=2

∥Bi(ψ)∥φi + K∥B1(z)∥φ1

∥∥∥B2(ψ) − B2(z)
∥∥∥
φ2

n∏
i=3

∥Bi(ψ)∥φi

+... + K
∥∥∥Bn(ψ) − Bn(z)

∥∥∥
φn

n−1∏
i=1

∥Bi(z)∥φi . (3.2)

To estimate inequality (3.2), we use Proposition 2.11, for j = 1, · · · , n, to calculate the following:∥∥∥B j(ψ) − B j(z)
∥∥∥
φ j
=

∥∥∥F fiUi(ψ) − F fiUi(z)
∥∥∥
φ j

≤ ei

∥∥∥Fh1 j
(ψ)A j(ψ) − Fh1 j

(z)A j(z)
∥∥∥
φ j
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≤ ei

∥∥∥∥Fh1 j
(ψ)A j(ψ) − Fh1 j

(z)A j(ψ)
∥∥∥∥
φ j
+ ei

∥∥∥∥Fh1 j
(z)A j(ψ) − Fh1 j

(z)A j(z)
∥∥∥∥
φ j

≤ eik1 j

∥∥∥Fh1 j
(ψ) − Fh1 j

(z)
∥∥∥
φ1 j

∥∥∥A j(ψ)
∥∥∥
φ2 j
+ eik1 j

∥∥∥Fh1 j
(z)

∥∥∥
φ1 j

∥∥∥A j(ψ) − A j(z)
∥∥∥
φ2 j

≤ e jk1 jd1 j

∥∥∥∥φ−1
1 j

(
φ
(
|ψ − z|

))∥∥∥∥
φ1 j

∥∥∥νβ jα j Jα j

β j
Fh2 j

(ψ)
∥∥∥
φ2 j

+e jk1 j

∥∥∥b1 j + d1 jφ
−1
1 j

(
φ
(
z
))∥∥∥

φ1 j

∥∥∥νβ jα j Jα j

β j

∣∣∣Fh2 j
(ψ) − Fh2 j

∣∣∣(z)
∥∥∥
φ2 j

≤ e jk1 jd1 j

2∥k j∥φ2 j

Γ(α j)

(
∥b2 j∥Q j + d2 j∥ψ∥φ

)
∥ψ − z∥φ

+e jk1 j

(
∥b1 j∥φ1 j

+ d1 j∥z∥φ
)2∥k j∥φ2 j

Γ(α j)

∥∥∥∥d2 j Q
−1
j

(
φ
(
|ψ − z|

))∥∥∥∥
Q j

≤ e jk1 jd1 j

2∥k j∥φ2 j

Γ(α j)

(
∥b2 j∥Q j + d2 j∥ψ∥φ

)
∥ψ − z∥φ

+e jk1 j

(
∥b1 j∥φ1 j

+ d1 j∥z∥φ
)2d2 j∥k j∥φ2 j

Γ(α j)
∥ψ − z∥φ

≤
2e jk1 j∥k j∥φ2 j

Γ(α j)

(
d1 j

(
∥b2 j∥Q j + d2 jr

)
+ d2 j

(
∥b1 j∥φ1 j

+ d1 jr
))
∥ψ − z∥φ. (3.3)

From assumption (C5), we have
∏n

i=1 ∥Bi(ψ)∥φ ≤
r−∥g∥φ

K , and by substituting from (3.3) into (3.2), we
obtain

∥ψ − z∥φ ≤ K
[2e1k11∥k1∥φ21

Γ(α1)

(
d11

(
∥b21∥Q1 + d21r

)
+ d21

(
∥b11∥φ11

+ d11r
))(r − ∥g∥φ

K

)
+

2e2k12∥k2∥φ22

Γ(α2)

(
d12

(
∥b22∥Q2 + d22r

)
+ d22

(
∥b12∥φ12

+ d12r
))(r − ∥g∥φ

K

)
+... +

2enk1n∥kn∥φ2n

Γ(αn)

(
d1n

(
∥b2n∥Qn + d2nr

)
+ d2n

(
∥b1n∥φ1n

+ d1nr
))(r − ∥g∥φ

K

)]
∥ψ − z∥φ

= C · ∥ψ − z∥φ.

The above estimate with inequality (3.1) concludes the proof. □

3.2. Continuous dependence on the function g.

Here, we study how solutions of Eq (1.1) depend continuously on g.

Definition 3.3. A solution ψ ∈ Lφ(I) of (1.1) is continuously dependent on the function g if ∀ ϵ >
0, ∃δ > o such that ∥g − ḡ∥φ ≤ δ implies that ∥ψ − ψ̄∥φ ≤ ϵ, where

ψ̄(ν) = ḡ(ν) +
n∏

i=1

fi

(
ν,
βih1i(ν, ψ̄(ν))
Γ(αi)

·

∫ ν

0

sβi−1h2i(s, ψ̄(s))
(νβi − sβi)1−αi

ds
)
, ν ∈ I = [0, ρ]. (3.4)

Theorem 3.4. Suppose that the assumptions of Theorem 3.2 are held. Then solutions ψ ∈ Lφ(I) of
Eq (1.1) depend continuously on the function g.
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Proof. Let ψ, ψ̄ be any two solutions of (1.1); then, similarly as done in Theorem 3.2, we have

∥ψ − ψ̄∥φ ≤ ∥g − ḡ∥φ +
∥∥∥∥∥ n∏

i=1

fi

(
ν,
βh1i(ν, ψ(ν))
Γ(αi)

·

∫ ν

0

sβi−1h2i(s, ψ(s))
(νβi − sβi)1−α ds

)
−

n∏
i=1

fi

(
ν,
βih1i(ν, ψ̄(ν))
Γ(αi)

·

∫ ν

0

sβi−1h2i(s, ψ̄(s))
(νβi − sβi)1−α ds

)∥∥∥∥∥
φ

≤ ∥g − ḡ∥φ +C∥ψ − ψ̄∥φ,

where C is given by (3.1). Then, we obtain

∥ψ − ψ̄∥φ ≤
(
1 −C

)−1
∥g − ḡ∥φ.

Therefore, if ∥g − ḡ∥φ ≤ δ(ϵ), then ∥ψ − ψ̄∥φ ≤ ϵ, where

δ(ϵ) = ϵ · (1 −C).

□

4. Remarks and examples

Remark 4.1. It is important to note that our solutions are not necessarily continuous, as in many of
the cases that have been examined and investigated previously [1,36] or in Lp-spaces [8,37]. So we do
not assume that the operators studied map the spaces C(I) or Lp into themselves. Our results belong to
the space Lφ, for more examples and assumptions related to the operators studied in Lφ see [9, 29].

Finally, we demonstrate and clarify some examples that support our outcomes.

Example 4.2. Considering the N-functions Pi(ν) = Qi(ν) = ν2 and φ2i(ν) = exp |ν| − |ν| − 1. We
can examine that Proposition 2.112 is verified and the fractional operator Jαi

βi
: LQi(I) → Lφ2i

(I) is
continuous, where I = [0, ρ].

Therefore: For i = 1, 2, · · · , n, and any αi, βi > 0 and ν ∈ I, we obtain

ki(ν) =
∫ νβi

0
φi

(
uαi−1) du =

∫ νβi

0
u2αi−2 du =

νβi(2αi−1)

2αi − 1
.

Moreover, ∫ ρ

0
φ2i

(
k(ν)

)
dν =

∫ ρ

0

(
e
νβi(2αi−1)

2αi−1 −
νβi(2αi−1)

2αi − 1
− 1

)
dν < ∞.

Then, Proposition 2.112 is verified. Therefore, for ψ ∈ LQi(I), we obtain Jαi
βi

: LQi(I) → Lφ2i
(I) is

continuous.

Remark 4.3. In the literature, many applications and significant results exist for N-functions that do
not satisfy the global ∆2-condition. Such functions often appear in models of nonlinear elasticity,
statistical physics, and image processing, where exponential or logarithmic growth is relevant.
Regarding the examples in the manuscript:
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(1) The functions Pi(ν) = Qi(ν) = ν2 satisfy the ∆2-condition globally, as it is a simple power function
with polynomial growth.

(2) The functions φ2i(ν) = exp |ν| − |ν| − 1 do not satisfy the ∆2-condition globally due to the
exponential growth. However, for small values of ν, they behave like the quadratic functions:

φ2i(ν) ≈
ν2

2
, for ν→ 0,

and satisfy the ∆2-condition locally in this regime.

Remark 4.4. For further particular cases verifying Example 4.2, see [7, 21, 22], and for more
information and numerous examples of the functions φ2i and (Pi,Qi) verifying Proposition 2.112,
see [12].

Example 4.5. For αi =
1
2 , βi =

1
2 , i = 1, 2, · · · , n, and ν ∈ I = [0, 1], we have

ψ(ν) = g(ν) +
n∏

i=1

(
ai(ν) +

(
b1i(ν) +

1
10φ

−1
1i

(
φ
(
ψ(ν)

)))
10
√
π

∫ ν

0

b2i(s) + 1
10 Q−1

i

(
φ
(
ψ(s)

))
2
√

s(
√
ν −
√

s)
1
2

ds
)
. (4.1)

This may be considered a particular case of Eq (1.1), where

| fi(ν, ψ)| ≤ ai(ν) +
1

10
∥ψ∥φ, |h1i(ν, ψ)| ≤ b1i(ν) +

1
10
φ−1

1i

(
φ
(
ψ
))
, and |h2i(ν, ψ)| ≤ b2i(s) +

1
10

Q−1
i

(
φ
(
ψ
))

with

∥ fi∥φi ≤ ∥ai∥φi +
1
10
∥ψ∥φ, |h1i∥φ1i

≤ ∥b1i∥φ1i
+

1
10
∥ψ∥φ, and ∥h2i∥Qi ≤ ∥b2i∥Qi +

1
10
∥ψ∥φ.

Thus, assumptions (C2) and (C3) are satisfied with constants ei = d1i = d2i =
1

10 and for suitable forms
of the functions b1i ∈ Eφ1i

(I), b2i ∈ EQi(I), and ai ∈ Eφi(I).
For assumption (C4), see Example 4.2.

Now for a suitable nondecreasing function g satisfying assumption (C1), we can find r > 0 on I,
verifying

n∏
i=1

(
∥ai∥φi +

2k1i

10
√
π
∥ki∥φ2i

(
∥b1i∥φ1i

+
1

10
r
)(
∥b2∥Qi +

1
10

r
))
≤

r − ∥g∥φ
K

.

and

Krn
n∏

i=1

(
2k1i

100
√
π
∥ki∥φ2i

(
∥b2i∥Qi +

1
10
· r

))
< 1.

Therefore, we obtain our verifications and get that Eq
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5. Conclusions

The presented paper established existence, monotonicity, and uniqueness, as well as continuous
dependence on the data of a product of n-quadratic Erdélyi-Kober (EK) fractional integral equation.
The analysis used to obtain the results is the (MNC) measure of noncompactness, the (FPT ) fixed-
point theorem, as well as fractional calculus in the Orlicz spaces Lφ. Some examples are given to
illustrate the hypothesis.

Open discussion and future possibilities:

(1) The authors could discuss potential extensions of their work to other fractional operators.
(2) The authors could apply their results to specific fields such as physics, engineering, or biology.
(3) The authors can focus on the corresponding problems of equivalent differential equations in Orlicz

spaces or Sobolev-Orlicz spaces.
(4) The authors could check some numerical results for the considered problems.
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