AIMS Mathematics, 10(4): 8364-8381.
DOI: 10.3934/math.2025385
ATMS Mathematics Received: 04 March 2025

Revised: 29 March 2025

Accepted: 02 April 2025
http://www.aimspress.com/journal/Math Published: 11 April 2025

Research article

Novel theorems on constant angle ruled surfaces with Sasai’s interpretation

Kemal Eren!, Soley Ersoy’> and Mohammad Nazrul Islam Khan?*

! Picode Software, Education Training Consultancy Research and Development and Trade Ltd. Co.,
Sakarya-54050, Turkey

2 Department of Mathematics, Faculty of Sciences, Sakarya University, Sakarya-54050, Turkey
3 Department of Computer Engineering, College of Computer, Qassim University, Saudi Arabia

* Correspondence: Email: m.nazrul@qu.edu.sa.

Abstract: In the present study, we investigate constant-angle ruled surfaces constructed by the motion
of the elements of each of the modified orthogonal frames along a base curve in three-dimensional
Euclidean 3-space. These surfaces are studied and classified based on the constant-angle property. In
these regards, we obtain the characterizations of the minimal and developable ruled surfaces by using
partial differential equations. Also, we give the conditions for these surfaces to be Weingarten surfaces.

Keywords: constant-angle ruled surfaces; differential equations; modified orthogonal frame;
Weingarten surfaces; partial differential equations
Mathematics Subject Classification: 53A04, 53A05

1. Introduction

The constant-angle ruled surfaces represent an essential concept within mathematical surfaces.
These surfaces possess a specific mathematical rule at each point: the tangent lines at every point
maintain a constant angle with the normal vector. This property is the primary trait that distinguishes
constant-angle ruled surfaces from others. Numerous disciplines, including physics, engineering, and
architecture, benefit from a comprehension of constant-angle ruled surfaces. The properties of these
surfaces are particularly crucial in determining the geometric features of designs and structures. By
bridging the gap between mathematics and real-world applications, the understanding of constant-
angle ruled surfaces facilitates the resolution of challenging issues. The potential applications of
these special surfaces in both mathematics and physics have been the subject of extensive research
by a number of authors in recent years. For example, Paolo and Scala used the Hamilton-Jacobi
equation to examine the characteristics of surfaces with constant angles in [1]. Their research is to
comprehend the behavior of surfaces with constant-angles when the direction vector becomes singular
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along a particular line or point. A necessary contribution to this field was given by Munteanu and
Nistor by classifying surfaces where the unit normal vector maintains a constant angle with a fixed
direction vector in Euclidean 3-space [2]. Subsequent research has been conducted on developable
and constant-angle surfaces, shedding light on their properties and characteristics [3,4]. Additionally,
A. T. Ali explored constant-angle ruled surfaces formed by Frenet frame vectors in [5]. Latterly, the
theory of constant-angle surfaces has been extended to encompass other ambient spaces. For instance,
in [6, 7], researchers examined these surfaces in the context of Minkowski space E? Furthermore,
in [8-12], various alternative approaches and perspectives to the concept of constant-angle surfaces
were presented within the Lorentzian frame. The Frenet frame is the most popular tool for studying
curves and surfaces. However, it is insufficient for any curve in analytic space whose curvatures have
distinct zero points because the principal normal and binormal vectors may be discontinuous at the
curvature’s zero points. Sasai [13] introduced the modified orthogonal frame (MOF) to address this
issue and derived a derivative formula that is analogous to the Frenet-Serret equation. Currently,
the MOF with non-zero curvature (MOFC) and with non-zero torsion (MOFT) of a space curve
were presented in Minkowski 3-space by Biikcii and Karacan [14]. After this development, the
modified orthogonal frames attracted a lot of attention, and various studies were devoted to searching
for novelties brought by these frames. For instance, some special curves, the evolution of curves,
ruled surfaces, Hasimoto surfaces, and tubular surfaces were investigated by means of the modified
orthogonal frames in recent studies [15-26].

In light of recent developments encapsulated above, the constant-angle ruled surfaces have been
investigated with MOFs in Euclidean 3-space. These surfaces have been classified based on the
constant-angle property. In these regards, the characterizations for the developable and minimal
constant-angle ruled surfaces have been presented. Also, the conditions for these surfaces to be
Weingarten surfaces have been given.

2. Preliminaries

Let @ be a unit speed moving space curve with the arc-length parameter s in Euclidean 3-space
E3. If t, n, and b denote the tangent, principal normal, and binormal unit vectors at any point a(s)
of a, respectively. Then a moving frame occurs satisfying the Frenet derivative equations ¢ = «n,
n’ = —kt + tb, b’ = —tn where k and 7 are the curvature and the torsion of «, respectively.

In the cases that the principal normal and binormal vectors in the Frenet frame of any space curve
are discontinuous at the points where the curvature is zero, Sasai’s interpretation can be put into use,
i.e., his modified orthogonal frame comes onto the stage [13]. Even though the Frenet frame can
display a change at the points s € (5o — &, 5o + &) for any € > 0 provided that k (s9) = 0, two types
of orthogonal frames can be proposed. The first one is called modified orthogonal frame with non-
vanishing curvature (MOFC) for « (s) # 0O at such points, and the second one is modified orthogonal
frame with non-vanishing torsion (MOFT) for 7 (s) # 0.

Let the curvature « of a general analytic curve @ be non-zero everywhere; then the elements of

MOEFC of a curve are defined as
da dT
T=—, N=—, B=TXN,
ds ds

where “X” represents the vector product. At non-zero points of «, there are the relations between the
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MOFC and the Frenet frame as
T=t, N=kn, B=«b.

Therefore, the derivative formulas for the elements of the MOFC are

T'=N, N =T +~N+1B, B =—tN+5B, @.1)
K K

where the prime denotes differentiation with respect to the affine arc-length parameter s and 7 =
det(a’,a”,a’”)

3 is the torsion of the space curve a [13]. Also, the MOFC provides
(T,Ty=1, (N,N)=(B,B)=«*, (T,N) =(T,B)y=(N,B) = 0.

Secondly, assume that the torsion 7 of a general analytic curve a is nonzero everywhere. Then the
relations between MOFT and the Frenet frame are

T=t, N=1n, B=r1b.

In this case, the derivative formulas for MOFT hold:
T'=5N, N =—«tT+ =N +1B, B =—tN + =B, (2.2)
T T T

where (T, T) = 1, (N,N) = (B,B) = 7°, (T,N) = (T, B) = (N, B) = 0, [14].
The following basic definitions for any surface @ (s, v) in Euclidean 3-space are well-known.

Definition 2.1. Let @ (s,v) be a surface in Euclidean 3-space.

i. The unit normal vector of ® (s,v) is defined by U (s,v) = ||$i§$:|v
D (s,v) are g = ‘Z%) and ©, = %.
ii. The coefficients of the first fundamental form 1(s,v) = Eds* + 2Fdsdv + Gdv* of ® (s,v) are

defined by

where the tangent vectors of

E(S, V) = <(Ds’q)s>’ F(S, V) = <q)s’(I)v>’ G(S, V) = <q)vaq)v> .

iti. The coefficients of the second fundamental form 1L (s,v) = eds® + 2fdsdv + gdv* of ® (s,v) are
defined by

€(S, V) = <U, (Dss>’ f(S, V) = <U, (st>’ g(s, V) = (U, (va>-

iv. The Gaussian and the mean curvatures of @ (s, v) are defined by

eg — f* Eg—2Ef + Ge
—~ d H ) = )
EG_p 4 HOW == e Ty

K(s,v) =

respectively.
v. A smooth surface @ (s, v) satisfying a functional relationship between the Gaussian curvature K
and the mean curvature H is called a Weingarten surface [27].

Proposition 2.1. Let ® (s,v) be a surface in Euclidean 3-space.

i. If ®(s,v) has zero Gaussian curvature everywhere, it is developable.
ii. If ® (s, Vv) has zero mean curvature everywhere, it is minimal.
iii. If K;H, — K,H; =0, then © (s,v) is a Weingarten surface [27].
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3. Constant-angle ruled surface with Sasai’s interpretation

Let a ruled surface be generated by a family of straight lines along an analytical curve o (s), called
the base curve. Its parametric equation is presented by

D(s,v) =0 (s)+vY(s). (3.1

Here, f, g, and h are smooth functions of s. Let the director curve Y (s) be a linear combination of
the modified Frenet vectors introduced by Sasai as Y (s) = fT + gN + hB in the case of the Frenet
frame failing where « (s9) = O at any point. In that regard, we refer to the frames MOFC and MOFT
of the base curve for x (s) # 0 and 7 (s) # 0 at each point s € (59 — &, 5o + €) \ {50}, respectively. In the
following two subsections, we examine each case separately.

3.1. Constant-angle ruled surfaces with MOFC

Let the curvature of the base curve o be non-zero everywhere. By using differential equations
formulas (2.1) for MOFC, the partial differential equations of the surface @ (s, v) represented by (3.1)
are obtained as

/

K8
K

(D“':(1_V(gkz_f’))TJrV(f—hTJrg'wL )N+v(gT+h’+hK’)B
K

and
®, = fT + gN + hB.

The cross-product of the above tangent vector fields is found as

O, XD, =v(h(f—ht+g)—g(gr+h)T

_(h_v(f(g7+h')+h(gK2+f/+%)))N (3.2)
+(g+v(g(f’ —gKZ)_f(f—hT+g' + gK,)))B
K

By a straightforward computation, the normal vector of @ (s, v) is
U= UlT + U2N+ U3B,

where
U1 = U“ +VU12, U2 = U21 + VU22, U3 = U31 +VU32. (33)

If Egs (3.2) and (3.3) are compared, the following Eq (3.4) is obtained:
Up1=0, Up=h(f-hr+g)—g(gr+hn),

U21:_h, U22:f(gT+h’)+h(gK2_f’+fK;)’ (34)

/! /7 K’
Us =g, U32=g(f —ng)—f(f—hT"‘g +gK )
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8368

3.1.1. Constant-angle ruled surface parallel to tangent vector

If we assume that the normal vector U of the surface is parallel to the tangent vector T of the base
curve o (s) according to the MOFC, then we have the following conditions:

U #0, U,=U;=0. (3.5)

Considering Eq (3.4), f = g = h = 0 is obtained by the common solution of Eq (3.5). This is a
contradiction because of I’ (s) # 0 and U; # 0. So, we can give the following theorem.

Theorem 3.1. There is no constant-angle ruled surface parallel to the tangent vector direction
satisfying the conditions of Eq (3.5).

3.1.2. Constant-angle ruled surface parallel to modified principal normal vector

Suppose that the normal vector U of the surface ® (s, v) is parallel to the direction of the modified
principal normal vector N of the base curve o () according to the MOFC; then there are the conditions:

U,#0, U =U;=0. (3.6)
Since Us; = 0, g vanishes. In that case, from Eq (3.4), we get the equations:
Ui =0, Up= h(f-h1),
Uy = =h, Uy = fI —h(f’ —f%,),
Ui =0, Upn=—f(f—-h1).

Then there are two cases as follows:
Case (1): f = hr, g = 0, and h # 0. From this case, it is easy to see that the conditions given
by (3.6) and then the constant-angle ruled surface is rewritten in the form

@ (s,v) =0 (s)+vh(rT + B),

such that f = hr. By using the equations given in (2.1), the partial derivatives of the equation of the
surface @¢ (s, v) are

h /
(@), = (1 +v(ht)) T + v(h' + X )B
‘ K
and
(®}),=h(GT +B).
By a straightforward computation, the normal vector of the surface ®¢, (s, v) is calculated as

o @) x(@n),
(@), x (@3,) ]

nl
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Theorem 3.2. Let @, (s,v) be a constant-angle ruled surface with MOFC; then the Gaussian and

mean curvatures are
K(l + 72)
K, =0and H

nl = 2(k = vh(tK’ — k7))’

respectively.

Proof. Let @ (s,v) be a constant-angle ruled surface. The coefficients of the first and second
fundamental forms of ®¢ (s, v) are

L= (@), (@5),) = ( %)2+(1+wh'+vm’)2,

L= (@), (@5),) = (( +hl’:')+r(1+wh'+vhr')),

=<<<I> D (@50),) = 2 (14 7).
and 2
<((D s U> (h' + %) + (1 +vth’ + vht')%,
B <((D Do U> = h(V(h' + h:/) +7(1+vth + th’)),
go = {(@%),,.U) = 1* (1+7?),

respectively, since

/

£ )B, (@), = htT + hB,

(@), =0 +vrh/+th)T+v(h’

h’ 2K hi”
(@ l)ss—v(2h'T'+Th"+hT")T+(1—V = +th')N+v( Koy, I )B,
K K K

I

(D)), = (Th’+h‘r)T+(h’ )B (@;,),, =0.

If the above relations are substituted in the formulas

2
e en8u—Ju 0 and HE. = lEnlgnl —2F fu + G e
”1_ECGC_Fc2_ "1_2 ECGC_FC2 ’
nl ™~ nl nl nl " nl nl
then the Gaussian and mean curvatures are found as in the hypothesis. O

Corollary 3.1. Let @7, (s,v) be a constant-angle ruled surface with MOFC; then the constant-angle
surface is

i. developable surface,
ii. not minimal surface,
iii. Weingarten surface.
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Case (2): f=0,g=0,h # 0, and 7 = 0. In this case, the conditions given by (3.6) are satisfied,
and then we have obtained a constant-angle ruled surface which takes the form

D7, (s,v) = o (s) + vhB,

where the base curve o (s) is planar. The partial derivatives of the surfaces ®¢, (s,v) using (2.1) are
found as

h /
(d)flz)Y:T+v(h’+ K)B
: K
and
(D7), = hB.

By a straightforward computation, the normal vector of the surface @, (s,v) is
U =-N.

Theorem 3.3. Let @, (s,v) be a constant-angle ruled surface; then the Gaussian curvature and mean

curvature are
c  _ (S
K,=0and H,, =0,

respectively.
Proof. This theorem is proved in a manner akin to that of Theorem 3.2. m|
Corollary 3.2. Let @¢, (s,v) be a constant-angle ruled surface with MOFC; then @, (s, V) is

i. developable surface,
ii. minimal surface,
iii. Weingarten surface.

3.1.3. Constant-angle ruled surface parallel to modified binormal vector

Let the normal vector U of the surface @ (s, v) be parallel to the modified binormal vector B of the
base curve o () according to the MOFC; then we have the following conditions:

Us;#0, U =U,=0. 3.7
Since U,; = 0, h vanishes. In that case, from Eq (3.4), we get the following equations:
Un=0, Up= —ng,

Uy =0, Up = ng,

Us = g, U32:g(f’—g/<2)—f(f+g’+g_l<,).

K

Then, there are the cases below that satisfy the conditions in (3.7).
Case (1): f #0, g =0, and & = 0. From this case, we have

Ui1=Up=Uy =Up=0,
Uz =0, Uz = —f>

AIMS Mathematics Volume 10, Issue 4, 8364—8381.
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These mean that the constant-angle ruled surface takes the form
D, (s,v) =0 (s)+vfT.

Also, this case is achieved whenever the base curve o (s) is planar. The normal vector of the surface
@7, (s,v) is obtained as
U = -B,

since
((Dlil)s = (1 + Vf,) T + va and ((DZI)V = fT

Theorem 3.4. Let @}, (s, v) be a constant-angle ruled surface; then the Gaussian and mean curvatures
are

.
K. =0and H,, = ———,
bl bl 2Vf
respectively.
Proof. This theorem is proved in a similar manner to the proof of Theorem 3.2. O

Corollary 3.3. Let @}, (s,v) be a constant-angle ruled surface; then the constant-angle surface is

i. developable surface,
ii. minimal surface if and only if the base curve is planar,
iii. Weingarten surface.

Case(2): f=0,g#0,h=0,and 7 = 0. In this case,

Un=Up=Uy = Uyp=0,
Usi = g, U = —g°,

and then it is found that the constant-angle ruled surface is presented in the form
D, (s,v) = o (s) + vgN,
where the base curve o (s) is planar. The normal vector of the surface @7, (s, v) is obtained as
U = B,

where

/

h
. )N and (®},), = gN.
K

(D},), = (1 - Vng) T+v (h' +

Theorem 3.5. Let @, (s, v) be a constant-angle ruled surface; then the Gaussian and mean curvatures

are
Ky, =0 and Hy, =0,

respectively.

Proof. The proof of this theorem follows a similar manner to the proof of Theorem 3.2. O

Corollary 3.4. Let @}, (s,v) be a constant-angle ruled surface; then ®;, (s,v) is

AIMS Mathematics Volume 10, Issue 4, 8364—-8381.
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i. developable surface,
ii. minimal surface,
iii. Weingarten surface.

Case (3): f#0,g #0,h =0, and 7 = 0. In this case,
Un=Un=Uy=Un=0,

/ ’ K/
Us =g, Uazzg(f —ng)—f(f+g +gK ),

and then the constant-angle ruled surface is represented by
D (s,v)=0(s)+v(fT +gN),
where the o (s) is planar. The normal vector of the surface ®;, (s, v) is calculated as
U =B,
by the facts that

gK’
K

(D}3), = (1 — Vg + vf’)T + v(f+ g + )N and (®y;), = fT + gN.

Theorem 3.6. Let @y, (s, v) be a constant-angle ruled surface; then the Gaussian and mean curvatures
are
c _ ¢ _
K,; =0and H; =0,

respectively.
Proof. This is proved similar to the proof of Theorem 3.2. O
Corollary 3.5. Let @y, (s, v) be a constant-angle ruled surface; then ®;, (s,v) is

i. developable surface,
ii. minimal surface,
iii. Weingarten surface.

3.2. Constant-angle ruled surfaces with MOFT

Let the torsion of the base curve be non-zero everywhere. The partial derivatives of the surface
® (s,v) are represented by Eq (3.1) using derivative formulas (2.2). In this section, let’s investigate
under what conditions the surfaces are constant-angle ruled surfaces using MOFT. Considering the
derivative formulas (2.2), the partial differential equations of the surfaces @ (s, v) presented by Eq (3.1)

are
gt + fk
T

h/
<Ds:(1+v(—g/<T+f’))T+v(g'—hT+ N+v(g7'+h’+ T)B
T

and
®, = fT + gN + hB,
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where f, g, and & are smooth functions of s. The cross-product of the above vector fields is found as

h
O, x D, = v(% —g27+h(—hr+g’)—gh’)T

+(—h+v(f(g7+h’)+h(g;<r—f’ + f:)))N

2
+(g+v(—ﬁ + g (f" — gk1) +f(hT—g' —gT—)))B.
T T
From here, the normal vector of the surface @ (s, v) can be given in the form

W =Wy +vWi) T + (Wy + W) N + (W31 +vW3y),

such that
h
Wi =0, Wy, = u—gz‘r+h(—hT+g')—gh',
T
’ /! fT,
Wi = —h, Wy = f(gr+H)+h|gkt = "+ B (3.8)
2K , , T’
Wi =g, Wy = —fT+g(f —gKT)"‘f(hT—g —gT ),
where T # 0.

3.2.1. Constant-angle ruled surface parallel to tangent vector
In this subsection, let the normal vector W of the surface @ (s, v) be parallel to the tangent vector 7'
of the base curve o (s) according to the MOFT; then we have the following conditions:

Wy #0, W =W;=0. (3.9)

Case (1): Considering Eq (3.8), f = g = h = 0 is obtained from the solution of Eq (3.9). This
situation contradicts the conditions Y (s) # 0 and W; # 0.

Case (2): Considering Eq (3.8), f # 0 and g = h = k = 0 are obtained from the solution of Eq (3.9).
This situation contradicts the condition W; # 0. So, we can give the following theorem:

Theorem 3.7. Let the normal vector W of a surface ® (s,v) be parallel to the tangent vector of
the MOFT; then there is no constant-angle ruled surface parallel to the tangent vector that satisfies
conditions Eq (3.9).

3.2.2. Constant-angle ruled surface parallel to modified principal normal vector

Let the normal vector W of the surface @ (s, v) be parallel to the modified normal vector N of the
base curve o (s) according to the MOFT; then we have the following conditions:

Wy, #0, Wy, =W;=0. (3.10)

AIMS Mathematics Volume 10, Issue 4, 8364—8381.
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Since W3, = 0, g vanishes. In that case, from Eq (3.8), we get the following equations:

WU = O, W12 = I’l(fK —l’lT),

T

4 4 T,
Wy = —h, szth —h(f —fT ),

W31 =0, Wi = —f(f—K —hT),
T
for T # 0. Then, considering the conditions specified in Eq (3.10), there are some situations as follows:
Case (1): g = 0, fx = ht?, and h # 0, From this case, we have
Wi =0, Wip =0,

hi' 72 w2\ htit
Wap = —h, Wy = -h{{—] - ,
K K KT

W3 =0, W3 =0,

where k # 0 in addition to 7 # 0. Hence, the conditions specified in Eq (3.10) are satisfied, and then
we see that the constant-angle ruled surface takes the form

2
@, (s,v) =0 (s)+vh (T?T + B) ,
where fk = ht*. The partial derivatives of the surface @ (s, v) using (2.2) are
((I)izl)s = (
The normal vector of the surface @ (s, v) is found as
(@), > (@),

W = = —N.
(@), % (@),

Theorem 3.8. Let @' | (s,Vv) be a constant-angle ruled surface; then the Gaussian and mean curvatures
of @ (s,v) are

2

2 _ 2,/ ’ 20t ’
K VT ¥ vier (o' 4 hT))T+v(h'+hT )B and (@;I)V:h(T—T+B).
K

K2

T

K <K2 + 74)

K. =0and H', = ,
nl and fu 27 (vht*k’ — Kk (K + VhTT))

respectively, where T # Q.
Proof. Let @', (s,v) be a constant-angle ruled surface. The coefficients of the first and second
fundamental forms, respectively, are determined

2 (KZ — VhT*K + vkT (TH + 2h7”))2

, ht
E, = <((I)f’ll)s’ ((Dill)s> = vz(h + T) + Pz ’

b

,) 72 (KZ — VAT’ K + vkt (Th + 2hT’))
+

T IS

Fr = (@), (@},),) = h[v (h’ o
4
Gy = (@), (@},),) = 12 (1 . _)
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and )
€ = <((Dfil)ss’ U) =< VhZK — vht',
= <((D;1)W, U> =0,
8n1 = <((D;t11)w’ U> =0,

by the aid of the equations

K VTR 4 veT (Tl + 2}”’)) T + v(h’ + hT,)B, ((Dfﬂ)v = h—TZT + hB,
K

@, =

K2 T
@) 2hti’? 2TWK + ht*k + dhti' T . ATh' T + 2ht’* + 720" + 2htt” T
=y —
nl/ss K3 K2 K
© vkl WY ke
+|-- +vht'|N +v +h" + B,
T T T
—hte’ + h + 2ht’ ht'
(@;])W:(T( ™ K(ZT T)))T+(h'+i)3, (@), = 0.
K T

If the coeflicients of the first and second fundamental forms are substituted in the formulas of Gaussian
and mean curvatures, the proof is completed. O

Corollary 3.6. Let ®!, (s,v) be a constant-angle ruled surface with MOFT; then @', (s, V) is

i. developable surface,
ii. minimal surface if and only if the base curve is a line,
iii. Weingarten surface.

Case (2): f =0, g =0, and h # 0. This situation contradicts the fact that W; = 0. So, the ruled
surface cannot be a constant-angle surface.

Case 3): f # 0, g =0, and h = 0. This situation contradicts the fact that W, # 0 and W5 = 0. So,
the ruled surface cannot be a constant-angle surface.

3.2.3. Constant-angle ruled surface parallel to modified binormal vector

Let the normal vector W of the surface © (s, v) be parallel to the modified binormal vector B of the
base curve o (s) according to the MOFT; then we have the following conditions:

Ws;#0, W, =W, =0. (3.11)
Since W, = 0, h vanishes. In that case, from Eq (3.8), we get the following equations:

Wi =0, W, = —g°1,
Wa =0, Wy = ng,

2K , , T
Wi =g, W32:—fT+g(f —gK‘r)—f(g +g7' ),
for 7 # 0. Then, considering the conditions in Eq (3.9), there exist the following cases.
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Case (1): f # 0, g, h, and k # 0. From this case, we have

Wit = Wi =Wy =Wy = O,

2
-k
Wi =0, Wi = ];_ )

and we obtain the constant-angle ruled surface, which takes the form
@}, (s,v) =0 (s)+vfT.
By a straightforward computation, the normal vector of the surface @, (s, v) is obtained as
W = -B,

by the partial derivatives

(@},), = (1 + v + LN and @},), = /7.

Theorem 3.9. Let (I)Zl (s,v) be a constant-angle ruled surface; then the Gaussian curvature and mean

curvature of ®,, (s,v) are
2

T
Kél =0 and HIIJI = —m,

respectively.

Proof. The proof of this theorem is similar to the proof of Theorem 3.2. O

Corollary 3.7. Let @}, (s,v) be a constant-angle ruled surface with MOFT; then @}, (s, V) is

i. developable surface,
ii. not minimal surface,
iii. Weingarten surface.

Case (2): f#0,2=0,h =0, and « = 0. This is a contradiction because of W5 # 0, which means
that in this case, the ruled surface cannot be a constant-angle surface.

Case (3): f =0,g2g =0,h =0, and k # 0. This situation contradicts the fact that Y (s) # 0 and
W3 # 0. Thus, we say that the ruled surface cannot be a constant-angle surface in this case.

Example 3.1. Let us consider a curve given by the parametric equation
1 ( nt? 1 ( nt? s
o(s)=|— fcos (—)dt, — fsin (—)dt,— ,
i)\t e
which is known as the Cornu spiral or Euler spiral [16]. Also, the components f cos (’%2) dt and
0

f sin (”7’2) dt of the curve are called Fresnel integrals. The elements of the Frenet trihedron of the curve
0
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o (s) are found as

(g ) o) ()]

Here, we refer to the modified Frenet vectors presented by Sasai because the principal normal and
binormal vectors are discontinuous at the neighborhood of the point s, = 0. In that regard, we find the
modified Frenet vectors of o as follows:

e o[ 2) ) )
ooyl (2]

B 7S o ns?\ ns in ns?\ ms
=|-—= — |, ——=sin|—|,—=].
2 2) 2 2)7 2

If we assume that f = &;(5) g = 0, and h = sin(s), the equation of the constant-angle ruled surface
parallel to the modified normal vector of o for Case I with the MOFC is represented as

1 S nt? 1 S nt? K
D7 (s,v) = —fcos(—)dt,—fsin(—)dt,—+vzrssin(s) ,
! [\5 )\ e ) M)

see Figure 1.

Figure 1. The graph of ®¢, (s,v) parallel to the modified principal normal vector for s €
(-2,2)andv e (-1,1).

Let us take that f = sin(s) and h = g = 0. Then the equation of the constant-angle ruled surface

AIMS Mathematics Volume 10, Issue 4, 8364—8381.
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parallel to the modified binormal vector of o for Case 1 with MOFC is

p 2 2
fcos (%) dt + vcos (%) sin (),
0

1
D, (s,v) = — ,

V2| ¢ nt? ns?
fsin (7) dt + v sin (7) sin(s), s + vsin(s)
0

see Figure 2.

Figure 2. The graph of @], (s,v) parallel to modified binormal vector for s € (-2,2) and
ve(-1,1).

For f = cos(s) % and h = cos (), the equation of the constant-angle ruled surface parallel to the
modified principal normal vector of o for Case 1 with the MOFT is represented by

N 5 s 5
@ (s,v) = % [fcos (%)dt,fsin(%)dt,s(\/zﬂvcos (s) + 1)},
0 0

see Figure 3.

Figure 3. The graph of @ (s, v) parallel to modified principal normal vector for s € (-2,2)
andve(-1,1).
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4. Conclusions

In this study, the modified orthogonal frames in Euclidean 3-space have been employed to
investigate the constant-angle ruled surfaces. The investigation involves determining the necessary
and sufficient conditions for any ruled surface to stand the angles between each modified Frenet vector
of the base curve and the unit normal vector of the surface to be constant. Within this context, the
conditions for such surfaces to be minimal, developable, and Weingarten surfaces have been derived.
Notably, this study presents novel insights, as constant-angle ruled surfaces have not been previously
examined in the context of MOFs. Finally, the study provides examples of some constant-angle
surfaces, accompanied by their graphics, and offers a new perspective for future research in the field of
surface theory.
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