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Abstract: This paper introduces the two-parameter log-Lindley distribution. It can be presented as
a new flexible distribution supported on the interval (0, 1), which includes the famous log-Lindley
distribution as a sub-distribution. Its important probabilistic properties are discussed. On the applied
side, a statistical focus was placed on the corresponding model. Three methods were used for the
parameter estimation and the effectiveness of these methods was evaluated by a simulation study.
The superiority of the proposed distribution over other distributions was demonstrated with three
applications on real data sets. A significant aspect of the study is the development of an associated
web tool. The LTPL web tool was designed to enable users to utilize the newly developed probability
distribution without requiring any programming expertise.
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1. Introduction

The distributions supported on the unit interval, i.e., (0, 1), are used in a variety of fields, including
engineering, economics, and biology. Their importance has increased in recent literature, which
explores innovative modeling approaches through techniques such as random variable transformation,
function composition, and the development of new families of distributions. The most popular
transformation remains the exponential transformation, which deals with random variables of the form
Y = exp(—X), where X denotes a random variable with a certain lifetime distribution, i.e., supported
on (0, +00). Using this transformation, the log-WE distribution by [2], the log-xgamma distribution
by [4], the log-ISDL distribution by [3], and the unit Weibull distribution by [35] were proposed. More
recently, [24] introduced the log-cosine power distribution and compared its performance with several
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competing distributions also defined on (0, 1). [8] developed a new unit power distribution using the
Gamma/Gompertz distribution as the baseline distribution. [15] contributed to the topic by proposing
a version of the log-log distribution supported on (0, 1), called the unit log-log distribution. [27]
defined a new unit distribution using ¥ = X,/ (X; + X;), where X; and X, are two independent random
variables with Weibull distributions having the same shape parameter and scale parameter equal to
1. [6] proposed another useful distribution based on Y = X/ (X + 1), where X is a random variable with
the Zeghdoudi distribution. [12] used the truncation approach on the Chris-Jerry distribution to obtain
a distribution supported on the unit interval. [26] applied Y = exp (—X), where X is a random variable
with the half-logistic-geometric distribution, proposed by [21].

In terms of statistical applications, the beta regression model is the first option that comes to mind to
model a dependent variable defined in the range (0, 1). However, newly defined distributions supported
on (0, 1) have allowed the definition of different regression models that prove to be quite competitive.
More specifically, new regression models have been proposed using mean-parameterized versions of
distributions that are more flexible than the beta distribution. Thus, different modeling methods have
been developed with successful applications. Among them, [23] defined the unit-Lindley distribution
based on Y = X/ (X + 1), where X is a random variable with the Lindley distribution, and introduced
the unit-Lindley regression model. This model attracted considerable interest from researchers. Using
the same idea, many regression models have been proposed, such as the unit Burr-XII regression model
by [17], the unit Chen regression model by [18], the log-Bilal regression model by [5], and the log-
exponential power regression model by [19].

Among the developments in lifetime distributions, [29] proposed a new generalization of the
Lindley distribution by adding a scale parameter. This distribution is called the two-parameter Lindley
(TPL) distribution. It is defined with the probability density function (pdf) given by

2

f(xa,0) =

9+a(l + ax)exp (—6x), (1.1)

where x > 0 and @,60 > 0 are both scale parameters. One of the important properties of the TPL
distribution is that, when @ = 1, it becomes the Lindley distribution. The TPL distribution is also
equivalent to the exponential distribution for @ = 0. With these remarkable properties in mind, and the
idea of innovating in the field of statistical modeling with data in the range (0, 1), we come up with
the idea described below. Using the exponential transformation ¥ = exp (—X), where X is a random
variable with the TPL distribution, Y follows a new distribution support on (0, 1), which we call the log-
TPL (LTPL) distribution. To the best of our knowledge, it offers a new statistical perspective. Among
its notable properties, the LTPL distribution includes the log-Lindley and log-exponential distributions
as its sub-distributions. Although numerous distributions have been proposed by researchers, there is
still a lack of software support to facilitate the practical application of the corresponding model. In
response to this gap, we are developing the LTPL cloud-based web-tool to improve the accessibility
and usability of the LTPL model.

The remaining sections of the study are organized as follows: Section 2 focuses on the properties
of the LTPL distribution. Section 3 demonstrates three applications of the corresponding LTPL model
using real data sets. Section 4 introduces the LTPL web-tool. Section 5 concludes the study.
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2. LTPL distribution

This section discusses the mathematical and statistical foundations of the LTPL distribution
described above.

2.1. Important properties

First, let X be a random variable with TPL distribution and ¥ = exp (—X). Then the pdf of Y is
given by
¢y (1 — alog(y))
a+0

fa,0) =

where 0 <y < 1, 8 > 0 is the shape, and @ > 0 is the scale parameter. In the remaining sections of the
study, the resulting distribution is denoted as LTPL(«, #). Given the above framework, the cumulative
distribution function (cdf) of the LTPL distribution is

9

Y (a + 6 — aflog (y))
a+6

b

F(O;a,0) =

and its survival function (sf) is

_ (@+60)(1 —") + a6y’ log (v)

S (y;a,0) o

In addition, the hazard rate function (hrf) is

6* (1 — alog(y))
y(ablog(y) — (@ +0)y ¥y —1))

These functions are central to the LTPL distribution and will be discussed later under a special
configuration of the parameters depending on the mean of Y. In this context, for any positive integer
r the raw moments of order r of the LTPL distribution can be obtained by the following integral
development:

h(y;a,0) =

! bLen (1 - alog (y)
E(Y’):fy’f(y;aﬁ)dy=fy’ " g(y)dy
0 0 Q’+Q

92 1 - 920’ 1 -
— f yr+6 ]dy f yr+0 1 log (y) dy
0 0

a+6 _a+0
6* 1 0*a 1
= X - X |-
a+0 r+60 a+0 (r + )2
Fa+0+r)

(@+0)@+r)?

For r = 1, we have the mean of the LTPL distribution, given by

2
p= E(Y) = cla+6+1)

= . 2.1
(@+0) 0+ 1) @1
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Using Eq (2.1), the mean-parametrized LTPL distribution can be obtained. Using the following
transformation:

_0@+D[0u-1 +py]
P - -20u—p

we get

9@*%}—9w+1n9m—1yud@%1—m—2&v144bg@%

M, 0) =
SO0 0O+ D[@w—1D+ul[>0 - —26u—ul™" +6

; (2.2)

where 0 < y < 1 and 6 > 0 is the scale parameter. We mention that 0 < g < 1, which is an
essential condition. In the following, the distribution defined by the pdf in Eq (2.2) is referred to as
LTPL (u, @). The pdf shapes for different parameter values are shown in Figure 1. Accordingly, the
proposed distribution can take right-skewed and left-skewed shapes. It is expected to give successful
results in modeling extremely right-skewed or left-skewed data.

The pdf shapes based on the different parameter value regions are displayed in Figure 2. The nature
of these regions confirm the shapes of the LTPL distribution displayed in Figure 1, i.e., the LTPL
distribution has three different shapes: increasing, decreasing, and increasing-decreasing.

The mean and variance values of the LTPL distribution are shown in Figure 3. When the results
of this figure are analyzed in detail, the following conclusions can be drawn. The mean of the LTPL
distribution is an increasing function of 6 and a decreasing function of @. However, when the variance
values are examined, it is an increasing-decreasing function of 6 and a decreasing function of a.

The shapes of the hrf of the LTPL distribution are studied according to different parameter values
and the results are shown in Figure 4. As can be seen, the LTPL distribution has two different hazard
shapes as increasing and bathtub. Distributions with such different hazard shapes are very important in
reliability and lifetime modeling.
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Figure 1. Pdf plots.
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To verify the results in Figure 4, we also plot the possible shapes of the hrf using different parameter
values in Figure 5. It can clearly be seen that the results obtained in Figures 4 and 5 confirm each other.
The LTPL distribution has some limitations. In particular, it cannot be used for analyzing bimodal
data sets. It is also evident that it is not sufficiently successful in analyzing data with a decreasing hrf
structure.
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Figure 5. Hrf plots.

The LTPL distribution contains two notable distributions as its sub-distributions.

v' When a = 1, the LTPL distribution reduces to the log-Lindley distribution.
v When « = 0, the LTPL distribution reduces to the log-exponential distribution.

We conclude this subsection with some interesting theoretical material on the LTPL distribution,
omitting the details for the sake of brevity.

The Lorenz curve of the LTPL distribution is given by

" (@ + 6 — alog(t) — abflog (t) + 1)

L a.0)= a+0+1

where 0 <t < 1.

Using similar arguments that those in Eq (2.1), the incomplete moment of the LTPL distribution is
obtained as
19710% (a + 6 — arlog () — aBlog (1) + 1)

. 6 —
m (8 . 6) @+0) @+ 1)

2

where 0 <7 < 1.

The inverse-transform method can be used to generate random observations from the LTPL
distribution. However, this method requires the expression of the corresponding quantile function to
be obtained. Since the solution of the equation F (y; @, 8) = u for y cannot be obtained in closed form
(or with the use of the Lambert function, which remains a special function), the quantile function is
not easily manipulable. In this case, random observations from the LTPL distribution can be generated
using the non-linear equation solver.
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2.2. Estimation

Let us now discuss the parameter estimation of the LTPL model derived from the LTPL distribution.
Let Y be a random variable with the LTPL distribution, n be a positive integer, and yy,...,y, be
independent observations of Y, representing the data. In this framework, the log-likelihood function of
the LTPL distribution is

£(e,0) = 2nlog (0) + (0~ 1) ) log () + Y log (1 - a’log (y)) — nlog (@ +6). (2.3)

i=1 i=1

If we differentiate the function in Eq (2.3) according to the parameters, we obtain

ot (a, 0) _ log (y;) . 1 2.4)
o — I —alog(y) a+6
and
ol(a,0) 1 - 1
o =g+ ;log () = n——. (2.5)

The simultaneous solution of d¢ (a, 6)/(0a) = 0 and d¢ («, 8)/(06) = 0 according to @ and 6 based on
Egs (2.4) and (2.5) gives the maximum likelihood (ML) estimates of @ and . However, as is obvious,
there are no explicit solutions for these equations. Therefore, the log-likelihood function in Eq (2.3)
has to be maximized using optimization algorithms. For this purpose, we use the optim function of the
R software with the Nelder-Mead algorithm. The observed information matrix (OIM) is used to obtain
the asymptotic standard errors of the estimated parameters. The components of the OIM are

: log (0)* n
loo = 5 2.6
; (1-alog() (@ 6y 20
Lo = m, 2.7)
and . )
Igg = n(m - ?) . (28)

The OIM, evaluated at & and 6, is automatically calculated in the optim function. In addition to the
MLE, the parameters of the LTPL distribution can be estimated with different methods, namely least
squares (LS) and weighted LS (WLS) estimation methods. They consist in minimizing the difference
between the empirical and theoretical distribution functions. For a more detailed description, let
Yims - - - s Yun D€ the ordered observations of Y. The objective function of the LS method for the LTPL
distribution is

2

n 9 _ . .
Z [)’,-;n (a + 6 — aflog (yin)) o (2.9)

— a+6 n+1|°
The WLS method is used when the observations have varying variance. The associated objective
function is
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n 2

§:m+1fm+2)

im—i+1)

¥i, (@ + 60— aflog (yin)) i
a+6 Cn+1|

(2.10)

i=1

The objective functions in Egs (2.9) and (2.10) are minimized using the optim function that is
located in the R software.

2.3. Simulation

The simulation study is used to compare the effectiveness of the three different parameter estimation
methods presented in the previous section. The number of simulation replications is set to 1000. The
parameters of the LTPL distribution are chosen as @ = 0.5 and 6 = 0.5. The results obtained are
summarized in Table 1. They are evaluated according to the bias, mean square error (MSE), and mean
relative error (MRE) results. The findings are briefly presented as follows.

v It can clearly be seen that the bias and MSE values approach 0 as the sample size increases.
However, the MLE method was the fastest method to approach O.

v Similarly, the MRE values for all three parameter estimation methods were found to approach the
value of 1 for sufficiently large samples.

v The results show that all three methods provide asymptotically unbiased estimates. However, as
the MLE method was found to give better results for small samples, it is more appropriate to use
it for statistical purposes based on the LTPL distribution.

Table 1. Simulation results.

. . LSE WLSE MLE
Sample sizes Metrics
a 0 a 0 a 0
100 Bias  0.4543 0.0420 0.2790 0.0330 0.1807 -0.0108

MSE 0.7958 0.0054 0.5797 0.0048 0.5628 0.0080
MRE 19086 1.0839 1.5580 1.0829 1.3613 0.9784
300 Bias  0.2547 0.0361 0.2127 0.0282 0.0546 -0.0049
MSE 0.1659 0.0025 0.1506 0.0020 0.1294 0.0030
MRE 1.5093 1.0723 1.4254 1.0664 1.1092 0.9903
500 Bias  0.2300 0.0345 0.2069 0.0150 0.0342 -0.0027
MSE 0.1105 0.0019 0.1074 0.0017 0.0589 0.0015
MRE 1.4600 1.0689 1.3538 1.0557 1.0683 0.9946
1000 Bias  0.2181 0.0348 0.2630 0.0401 0.0264 -0.0004
MSE 0.0721 0.0015 0.0966 0.0019 0.0275 0.0007
MRE 1.4363 1.0696 1.3261 1.0402 1.0529 0.9992

AIMS Mathematics Volume 10, Issue 4, 8306-8321.
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3. Applications

3.1. Failure time

[24] introduced the log-cosine-power (LCP) distribution and tested its performance on the data set
about the failure times of Kevlar 49/epoxy strands tested at a 90% stress level. The data set can be found
in [24] and [30]. Furthermore, [24] compared the LCP distribution with the following distributions:
the unit Teissier distribution by [20], the transmuted unit Rayleigh distribution by [16], the Topp-Leone
distribution by [32], the unit exponential distribution by [7], and the unit Burr XII distribution by [28].

We use the same data set and standard criteria, i.e., AIC, AICc, BIC, KS, and the p-value of the
KS test, to demonstrate the flexibility of the LTPL distribution across these competitive models. The
results obtained are shown in Table 2. As the results of these competing models are given in [24], they
are omitted. The LTPL distribution has the lowest goodness-of-fit statistics and the highest p-value for
the KS test. Thus, it has a better modeling ability than the other six distributions.

Table 2. Results of the LTPL distribution for failure times data.

Parameters Estimates Std. Errors —¢ AIC AICc BIC KS p-value

0 0.899 0.193 5988 7.976 7.758 3.855 0.098 0.634
a 0.498 0.648

The total time of test (TTT) plot [1] in Figure 6 shows that the data set has a bathtub hazard
shape. Therefore, it can be efficiently analyzed by the LTPL distribution. The corresponding fitted
functions, namely the fitted pdf, hrf, and sf, supplemented by a probability-probability (PP) plot, are
also displayed in Figure 6. These plots show that the LTPL distribution is a good choice for the data.
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Figure 6. Graphical results of the LTPL distribution for failure time data and the TTT plot.
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3.2. French speakers

The data set is about the geographical distribution of French speakers for 88 countries. It was
collected in 2014 and can be found in [13]. [13] analyzed the data using the beta distribution, the
Kumaraswamy distribution, the log-Lindley distribution introduced by [11], the transformed Leipnik
distribution by [14], and the two-sided power distribution by [33].

Table 3 contains the estimated parameters of the LTPL distribution for these data. We compare it
with the distributions used in [13]. The LTPL distribution has the lowest values of the model selection
criteria. Therefore, it gives better results than other competing distributions.

Table 3. Results of the LTPL distribution for French speakers data.

Parameters Estimates Std. Errors —¢ AIC AlCc BIC KS p-value
0 6.280 5.981 -56.894 -109.788 -109.646 -104.833 0.073 0.734
a 0.775 0.069

As displayed in Figure 7, the data set has a bathtub hazard shape which can be easily modeled by
the LTPL distribution. In addition, the fitted pdf and PP plot of the LTPL distribution confirm its good
modeling performance.
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Figure 7. Graphical results of the LTPL distribution for French speakers data and the TTT
plot.

3.3. Antimicrobial resistance

This data set was concerned with the antimicrobial resistance of 24 individuals and was used by [25]
and fitted to the unit Omega distribution. We also use the same data set for the LTPL distribution and
the results are given in Table 4. The LTPL distribution has lower goodness-of-fit statistics than the
beta and Kumaraswamy distributions. The results of the competition models are available in the study
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by [25]. Figure 8 shows the accuracy of the LTPL distribution in representing the data of interest.

Table 4. Results of the LTPL distribution for antimicrobial resistance data.

Parameters Estimates Std. Errors —{ AIC AlCc BIC KS p-value

0 15.866 38.010 -7.871 -11.743 -11.171 -9.387 0.104 0.956
a 1.092 0.176
PDF HRF
© Q% B L e s °
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§ <
SF PP plot S 7]
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Figure 8. Graphical results of the LTPL distribution for antimicrobial resistance data and the
TTT plot.

4. LTPL: Shiny web-tool

As highlighted in the previous sections, a variety of unit distributions have been proposed
by researchers. However, their practical use is often limited for practitioners who do not have
programming expertise in R or Python. To overcome this limitation in our study, we have developed
a web-based tool that aims to make the LTPL distribution more accessible and practical. The LTPL
web-tool includes three primary panels: one for data upload, another for parameter estimation, and a
third for visualization. In addition, the real data sets referred to in Section 3 have been incorporated
into the tool. Users can also upload their own data sets for analysis purposes. The LTPL web-tool can
be accessed via the following link: https://smartstat.shinyapps.io/LTPL. Figure 9 gives an
overview of the user interface of the LTPL web-tool.

The Nelder-Mead algorithm is employed to optimize the log-likelihood function associated with
the LTPL distribution. This algorithm requires initial values for the unknown parameters, which can
be conveniently specified within the LTPL web-tool. The default settings for these parameters are
established at a value of 1. In Figure 10, the panel displaying parameter estimates is illustrated, while
Figure 11 presents the corresponding plots panel of the LTPL web-tool.

AIMS Mathematics Volume 10, Issue 4, 8306-8321.
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LTPL Distribution =

X upload Data S5
Upload or Select Data Set Initial Parameters

Upload File Initial Value for Theta:
Browse... 1
Initial Value for Alpha:
Or select a default dataset 1

Set Parameters

Figure 9. User interface of the LTPL web-tool.

LTPL Distribution =

Parameter Estimates

Estimated Parameters:
alpha: ©8.8992884
theta: ©.4981343

|# Parameter Estimates

S
[1] 0.05167453

$A
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[1] -7.758054

Figure 10. Parameter estimates panel of the LTPL web-tool.
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Figure 11. Plots panel of the LTPL web-tool.

The LTPL web-tool is developed using the Shiny package of the R software. In the development
process of the LTPL web-tool, we considered various R packages to make the web-tool user friendly
and easy to manipulate. During the deployment process, the free server provided by R Shiny is used.
An application developed in R Shiny can be easily deployed via www. shinyapps.io/ without paying
any fee. The R packages used are AdequacyModel by [22], ggplot2 by [34], readxl by [36], survival
by [31], shinydashboard by [9], and shinythemes by [10].

5. Conclusions

The LTPL distribution is introduced as a novel generalization of the one-parameter log-Lindley
distribution, with an in-depth analysis of its mathematical properties. The associated parameters are
estimated using the ML method. To demonstrate the significance of the LTPL distribution, three
applications using real data sets are presented. In addition, a web-based tool for the LTPL distribution
has been created to improve accessibility and usability for both researchers and practitioners. Future
research will focus on the development of a regression model for the LTPL distribution, supported by
appropriate software.
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