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Abstract: We present new results on the well-posedness and time regularity of solutions to stochastic
fractional delay differential equations (SFDDEs) using the Caputo-Erdélyi-Kober fractional derivative.
Additionally, we prove the averaging principle. We establish all results in the pth moment, which
generalizes the case p = 2. First, by applying fixed-point theory (FPT), we prove that the solution
exists, is unique, and continuously depends on the initial values as well as the fractional derivative.
Second, we establish a smoothness theorem for the solution and demonstrate that the solution of the
original system converges to the averaged system in the pth moment. Finally, to support our theoretical
findings, we present illustrative examples.
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1. Introduction

There are many different kinds of fractional derivatives; examples include the Riemann-Liouville
(RL), Caputo fractional derivative, Grünwald-Letnikov, Caputo-Fabrizio, conformable, Katugampola,
Hadamard, and Erdélyi-Kober fractional derivatives [1, 2].
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Various authors have utilized the Caputo-Erdélyi-Kober fractional derivative (CEKFD) in their
research on fractional differential equations (FDEs). For example, Arioua and Titraoui [3] studied
the existence and uniqueness (Ex-Un) of solutions to FDEs using FPT with CEKFD. Bouteraa et
al. [4] presented theoretical results for FDEs with CEKFD. Another study [5] explored solutions
to FDEs using the Galerkin-Hermite method in the context of CEKFD. Zhang [6] investigated the
well-posedness of FDEs with CEKFD. Fan and Zhang [7] examined the existence, uniqueness, and
stability of FDEs with CEKFD. In Luchko and Trujillo [8], various properties of CEKFD were defined.
Boumaaza and Benchohra [9] contributed new findings on the Ex-Un of solutions to FDEs using FPT
with CEKFD.

The CEKFD of order n − 1 < c ≤ n, n ∈ N for a continuous function (Con-F) u(ς) : [α, ∞) → R is
defined as follows [10]:

Dcα+;ϑ,λג(ς) = ϑ
ς−ϑλ

Γ(n − c)

∫ ς

α

uϑ−1(ςϑ − uϑ)n−c−1
( 1
ϑuϑ−1D

)n
uϑ(λ+c)ג(u)du, (1.1)

where ς > α ≥ 0, ϑ > 0, and λ ∈ R.
The Erdélyi-Kober fractional integral of order c > 0 for the Con-F u(ς) : [α, ∞) → R is as

follows [10]:

Icα;ϑ,λג(ς) = ϑ
ς−ϑ(λ+c)

Γ(c)

∫ ς

α

uϑ(λ+1)−1(ςϑ − uϑ)c−1
.du(u)ג (1.2)

The relationship between the Erdélyi-Kober fractional integral and the CEKFD, for 0 < c ≤ 1, is
given as follows [10]:

Icα;ϑ,λD
c
α+;ϑ,λג(ς) = (ς)ג − αϑ(λ+λ)ג(α)ς−ϑ(c+λ). (1.3)

In recent years, numerous scholars have explored diverse aspects of fractional stochastic differential
equations (FSDEs). Batiha et al. [11] introduced a novel method for solving FSDEs, deriving
approximate solutions and comparing them with those obtained through other techniques. Chen et
al. [12] examined the stability and Ex-Un of solutions to FSDEs, employing the Euler-Maruyama
method for their computations. Moualkia and Xu [13] conducted a theoretical study on variable-order
FSDEs, deriving approximate solutions and evaluating their precision against other approaches. Ali
et al. [14] analyzed a coupled system of FSDEs, focusing on solution Ex-Un and stability. Li et
al. [15] investigated the stability of FSDE systems, exploring the interplay between fractional calculus,
stochastic processes, and time delays. Their work enhances the understanding of system stability and
evaluates numerical solution methods and different stability types for FSDEs. In [16], researchers
performed Ex-Un and stability analyses for FSDEs involving conformable derivatives. The authors
of [17] demonstrated the convergence of the Euler-Maruyama method for FSDEs, applied it to obtain
solutions, and presented stability findings. Meanwhile, [18] discussed solution Ex-Un for FSDEs with
Lévy noise using the Picard scheme. Li et al. [19] studied Hilfer FSDEs with delay, establishing Ex-
Un via the Picard method and analyzing finite-time stability using various inequalities. For additional
insights into FSDEs, refer to [20–22].

The averaging principle (A-P) serves as a powerful tool for analyzing complex systems. By
replacing intricate time-dependent equations with their averaged counterparts, this approach simplifies
analysis and reduces computational complexity. The validity of the A-P hinges on identifying
conditions under which the averaged system accurately represents the original dynamics. Several
researchers have contributed to the development of the A-P from different perspectives. For instance,
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Zou et al. [23] derived the A-P for FSDEs with impulses, while Zou and Luo [24] extended these
findings to SFDDEs involving the Caputo operator. Additionally, the authors of [25] investigated the
A-P for neutral FSDEs with Caputo derivatives. Further studies have explored and validated the A-P
across various contexts, as seen in [26–28].

SFDDEs are FDEs that incorporate fractional derivatives to describe memory effects, time delays
to capture time-lagged interactions, and stochastic processes to model randomness or noise. These
equations are particularly suitable for systems where past conditions, delay effects, and random
variations have a significant impact on dynamics. This research study uses the FPT to determine the Ex-
Un results of the solution to SFDDEs. Next, we present the continuous dependence results by assuming
that the coefficients correspond to the global Lipschitz condition. Additionally, various inequalities are
employed to establish regularity and A-P results. Finally, examples are included to support the results
derived from this study. The primary tools used in our proofs include the Burkholder-Davis-Gundy
inequality (Bu-Da-Gu-Ineq) [29], Jensen’s inequality (Jen-Ineq) [30], and Hölder’s inequality (Höl-
Ineq) [31].

Remark 1.1. SFDDEs with CEKFD operators present fundamentally greater challenges than classical
fractional models due to the complex interplay of memory effects, stochasticity, and time delays,
which complicates theoretical analyses of well-posedness, solution regularity, and A-P. The intrinsic
connection between CEKFD operators and probabilistic properties further necessitates careful
consideration of functional spaces, noise structures, and solution methodologies, making these systems
distinctly more difficult to analyze than their traditional counterparts.

Listed below are the main contributions of our study:

1) To the best of our knowledge, no research has been conducted on the well-posedness, regularity,
and A-P of SFDDEs in the sense of the CEKFD. This study is the first to establish significant
results regarding SFDDEs in the sense of CEKFD.

2) While existing results for FSDEs predominantly focus on mean-square convergence, our work
establishes these findings in the more general pth moment framework. This approach naturally
extends the established theory on well-posedness, regularity, and A-P for SFDDEs, with the
mean-square case p = 2 emerging as a special instance of our broader analysis.

3) In this work, we establish theoretical results for FSDEs incorporating delay terms, extending the
existing framework to account for time-lagged system dynamics.

We examined the following SFDDEs in this research driven by Brownian motions [32].
Dcα+;ϑ,λג(ς) = f(ς, ,(ς)ג ς)ג − r)) + g(ς, ,(ς)ג ς)ג − r)) dw(ς)

dς ,

(ς)ג = σ(ς), −r ≤ ς ≤ α,
(α)ג = σ,

(1.4)

where σ is a constant, r ∈ R is the delay time, σ(ς) is the history function for all ς ∈ [−r, α], and
Dcα+;ϑ,λ represent CEKFD with c ∈ ( 1

2 , 1], ϑ > 0, ς > α ≥ 0, and λ ∈ R. The f : [α, θ] × Rρ × Rρ → Rρ

and g : [α, θ] × Rρ × Rρ → Rρ×b are measurable Con-Fs. The stochastic process
(
wς

)
ς∈[0,∞) follows a

standard Brownian trajectory within the b-dimensional complete probability space
(
Ω,F,P

)
.

The remainder of this paper is organized as follows: Section 2 presents a preliminary definition
and key assumptions. In Section 3, we establish our main results regarding the well-posedness and
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regularity of SFDDEs with CEKFD operators. Section 4 develops the A-P for these systems. Section 5
provides illustrative examples that demonstrate our theoretical results. Finally, Section 6 concludes the
paper with a summary of our findings and their implications.

2. Preliminaries

We now introduce a definition and assumptions that support the findings of this study.

Definition 2.1. For p ≥ 2 and ς ∈ [α,∞), assume Apς = Lp(Ω,F,P) consists of all Fς-measurable with
pth-integrable ג = ,1ג) ,2ג · · · , ρ)Tג : Ω→ Rρ as

p∥ג∥ =
( ρ∑
ȷ=1

E(|ג ȷ|p)
) 1
p
.

The (ς)ג : [α, θ] → Lp(Ω,F,P) is a F−adapted process when (ς)ג ∈ Apς and ς ≥ 0. Now, we obtain
the equivalent integral form of Eq (1.4). First, apply the Erdélyi-Kober fractional integral Icα;ϑ,λ to both
sides of Eq (1.4). So, we have

Icα;ϑ,λD
c
α+;ϑ,λג(ς) = Icα;ϑ,λf(ς, ,(ς)ג ς)ג − r)) + Icα;ϑ,λg(ς, ,(ς)ג ς)ג − r))

dw(ς)
dς

. (2.1)

Now, by utilizing Eq. (1.3), we obtain

(ς)ג = αϑ(c+λ)σς−ϑ(c+λ) +
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1uϑλ+ϑ−1f
(
u, ,(u)ג u)ג − r)

)
du

+
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1uϑλ+ϑ−1g
(
u, ,(u)ג u)ג − r)

)
dw(u). (2.2)

For f and g, assume the following:

1) (H1) When ∀ℓ1, ℓ2, ζ1, ζ2 ∈ R
ρ there are L1 and L2 such as

∥f(ς, ℓ1, ℓ2) − f(ς, ζ1, ζ2)∥p ≤ L1
(
∥ℓ1 − ζ1∥p + ∥ℓ2 − ζ2∥p

)
.

∥g(ς, ℓ1, ℓ2) − g(ς, ζ1, ζ2)∥p ≤ L2
(
∥ℓ1 − ζ1∥p + ∥ℓ2 − ζ2∥p

)
.

2) (H2) For f(ς, α, α) and the g(ς, α, α), we have

esssup
ς∈[α,θ]

∥f(ς, α, α)∥p < ψ, esssup
ς∈[α,θ]

∥g(ς, α, α)∥p < ψ.

Now assume

1) (H3) : When ∀ℓ1, ℓ2, ζ1, ζ2, ℓ, ζ ∈ R
ρ, ς ∈ [α, θ] there is L3 > 0 such as:

∥f(ς, ℓ1, ℓ2)−f(ς, ζ1, ζ2)∥ ∨ ∥g(ς, ℓ1, ℓ2) − g(ς, ζ1, ζ2)∥
≤ L3

(
∥ℓ1 − ζ1∥ + ∥ℓ2 − ζ2∥

)
.
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2) (H4) : When ∀ℓ1, ℓ2,ζ1,ζ2,ℓ,ζ ∈ Rρ, ς ∈ [α, θ] there is L4 > 0 such as satisfy the following:

∥f(ς, ℓ, ζ)∥ ∨ ∥g(ς, ℓ, ζ)∥ ≤ L4
(
1 + ∥ℓ∥ + ∥ζ∥

)
.

3) (H5) : Functions f̃ and g̃ exist and for θ1 ∈ [α, θ], ς ∈ [α, θ], and p ≥ 2, we have as follows:

1
θ1

∫ θ1

0
∥f(ς, ℓ, ζ) − f̃(ℓ, ζ)∥pdς ≤ ℵ1(θ1)

(
1 + ∥ℓ∥p + ∥ζ∥p

)
,

1
θ1

∫ θ1

0
∥g(ς, ℓ, ζ) − g̃(ℓ, ζ)∥pdς ≤ ℵ2(θ1)

(
1 + ∥ℓ∥p + ∥ζ∥p

)
,

where limθ1→∞ ℵ1(θ1) = 0, limθ1→∞ ℵ2(θ1) = 0 and ℵ1(θ1), ℵ2(θ1) are positively bound functions.

3. Well-posedness

First, we present the important results regarding well-posedness for SFDDEs.
We have ℏσ : Hp(α, θ)→ Hp(α, θ) with ℏσ(ג(α)) = σ. Then, we get

ℏσ(ג(ς)) = αϑ(c+λ)σς−ϑ(c+λ) +
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1uϑλ+ϑ−1f
(
u, ,(u)ג u)ג − r)

)
du

+
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1uϑλ+ϑ−1g
(
u, ,(u)ג u)ג − r)

)
dw(u). (3.1)

The following lemma is very important to prove various results.∥∥∥1ג + pp∥2ג ≤ 2p−1(∥1ג∥pp + (
∥2ג∥
p
p

)
, ,1ג∀ 2ג ∈ R

ρ. (3.2)

Lemma 3.1. Suppose (H1) and (H2) are valid. Then ℏσ is well-defined.

Proof. For (ς)ג ∈ Hp[α, θ] and ς ∈ [α, θ], the following results are derived using Eqs (3.1) and (3.2).

∥∥∥ℏσ(ג(ς))
∥∥∥p
p
≤2p−1

∥∥∥αϑ(c+λ)σς−ϑ(c+λ)
∥∥∥p
p
+

22p−2(ϑς−ϑ(λ+c))p

Γp(c)

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1f
(
u, ,(u)ג u)ג − r)

)
uϑλ+ϑ−1du

∥∥∥∥∥p
p

+
22p−2(ϑς−ϑ(λ+c))p

Γp(c)

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1g
(
u, ,(u)ג u)ג − r)

)
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

. (3.3)

By Höl-Ineq, we have

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1f
(
u, ,(u)ג u)ג − r)

)
uϑλ+ϑ−1du

∥∥∥∥∥p
p

≤

ρ∑
ȷ=1

E
( ∫ ς

α

(ςϑ − uϑ)c−1
∣∣∣f ȷ(u, ,(u)ג u)ג − r))∣∣∣uϑλ+ϑ−1du

)p
≤

ρ∑
ȷ=1

E

(( ∫ ς

α

(ςϑ − uϑ)
(c−1)p
(p−1) (uϑλ+ϑ−1)

p
p−1 du

)p−1 ∫ ς

α

∣∣∣f ȷ(u, ,(u)ג u)ג − r))∣∣∣pdu)
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≤

ρ∑
ȷ=1

E

((
sup
α<u≤ς

(uϑλ)
p
p−1

)p−1( ∫ ς

α

(ςϑ − uϑ)
(c−1)p
(p−1) (uϑ−1)

p
p−1 du

)p−1 ∫ ς

α

∣∣∣f ȷ(u, ,(u)ג u)ג − r))∣∣∣pdu)

≤

ρ∑
ȷ=1

E

((
sup
α<u≤ς

(uϑλ)
p
p−1

)p−1(
sup
α<u≤ς

(uϑ−1)
1
p−1

)p−1( ∫ ς

α

(ςϑ − uϑ)
(c−1)p
(p−1) uϑ−1du

)p−1 ∫ ς

α

∣∣∣f ȷ(u, ,(u)ג u)ג − r))∣∣∣pdu)
≤ Cp−1Vp−1((ςϑ − αϑ)

(cp−1)
p−1

)p−1
(
p − 1

ϑ(cp − 1)

)p−1 ∫ ς

α

∥∥∥f(u, ,(u)ג u)ג − r))∥∥∥p
p
du, (3.4)

where C = sup
α<u≤ς

(
uϑλ

) p
p−1 and V = sup

α<u≤ς

(
uϑ−1) 1

p−1 .

From (H1), we obtain

∥∥∥f(u, ,(u)ג u)ג − r))∥∥∥p
p
≤2p−1

(∥∥∥f(u, ,(u)ג u)ג − r)) − f(u, α, α)
∥∥∥p
p
+

∥∥∥f(u, α, α)
∥∥∥p
p

)
≤2p−1

(
2p−1L p1

p∥∥∥(u)ג∥∥∥)
p
+

u)ג∥∥∥ − r)∥∥∥p
p

)
+

∥∥∥f(u, α, α)
∥∥∥p
p

)
. (3.5)

Consequently, we get

∫ ς

α

∥∥∥f(u, ,(u)ג u)ג − r))∥∥∥p
p
du ≤ 22p−2L p1

((
esssup
u∈[α,θ]

p∥(u)ג∥
)p
+

(
esssup
u∈[α,θ]

u)ג∥∥∥ − r)∥∥∥
p

)p)
∫ ς

α

1du + 2p−1
∫ ς

α

∥∥∥f(u, α, α)
∥∥∥p
p
du

≤ 22p−2θL p1

p∥∥∥(u)ג∥∥∥)
Hp
+

u)ג∥∥∥ − r)∥∥∥p
Hp

)
+ 2p−1

∫ ς

α

∥∥∥f(u, α, α)
∥∥∥p
p
du. (3.6)

Based on Eqs (3.4) and (3.6), we establish

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1f
(
u, ,(u)ג u)ג − r)

)
uϑλ+ϑ−1du

∥∥∥∥∥p
p

≤ Cp−1Vp−1(ς ϑ(cp−1)
p−1

)p−1

(
p − 1

ϑ(cp − 1)

)p−1

2p−1
(
2p−1L p1 θ

p∥∥∥(u)ג∥∥∥)
Hp
+

u)ג∥∥∥ − r)∥∥∥p
Hp

)
+

∫ ς

α

∥∥∥f(u, α, α)
∥∥∥p
p
du

)
. (3.7)

By applying (H2) to Eq (3.7), we derive

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1f
(
u, ,(u)ג u)ג − r)

)
uϑλ+ϑ−1du

∥∥∥∥∥p
p

≤ Cp−1Vp−1(ς ϑ(cp−1)
p−1

)p−1

(
p − 1

ϑ(cp − 1)

)p−1

2p−1
(
2p−1L p1 θ

p∥∥∥(u)ג∥∥∥)
Hp
+

u)ג∥∥∥ − r)∥∥∥p
Hp

)
+ θψp

)
. (3.8)

According to the Bu-Da-Gu-Ineq and Höl-Ineq, we derive
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∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1g
(
u, ,(u)ג u)ג − r)

)
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

=

ρ∑
ȷ=1

E

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)c−1(g ȷ(u, ,(u)ג u)ג − r))uϑλ+ϑ−1dw(u)
∣∣∣∣∣p

≤

ρ∑
ȷ=1

CpE

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣∣∣g ȷ(u, ,(u)ג u)ג − r))∣∣∣∣∣2(uϑλ+ϑ−1)2du

∣∣∣∣∣ p2
≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣∣∣g ȷ(u, ,(u)ג u)ג − r))∣∣∣∣∣p(uϑλ+ϑ−1)2du

( ∫ ς

α

(ςϑ − uϑ)2c−2(uϑλ+ϑ−1)2du
) p−2

2

≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣∣∣g ȷ(u, ,(u)ג u)ג − r))∣∣∣∣∣p(uϑλ+ϑ−1)2du

(
sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2(uϑ−1)2du
) p−2

2

≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣∣∣g ȷ(u, ,(u)ג u)ג − r))∣∣∣∣∣p(uϑλ+ϑ−1)2du

(
sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)2c−2uϑ−1du
) p−2

2

≤ G
p−2

2 U
p−2

2 Cp

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

∫ ς

α

(ςϑ − uϑ)2c−2
∥∥∥g(u, ,u)ג u)ג − r))∥∥∥p

p

(
uϑλ+ϑ−1)2du, (3.9)

where G = sup
α<u≤ς

(uϑλ)2, U = sup
α<u≤ς
uϑ−1, and Cp =

(
pp+1

2(p−1)p−1

) p
2

.

By utilizing (H1) and (H2), we obtain the following result:

∥∥∥g(u, ,(u)ג u)ג − r))∥∥∥p
p
≤22p−2L p2

p∥∥∥(u)ג∥∥∥)
p
+

u)ג∥∥∥ − r)∥∥∥p
p

)
+ 2p−1

∥∥∥g(u, 0, 0)
∥∥∥p
p

≤22p−2L p2

p∥∥∥(u)ג∥∥∥)
p
+

u)ג∥∥∥ − r)∥∥∥p
p

)
+ 2p−1ψp. (3.10)

Thus, we obtain

∫ ς

α

(ςϑ − uϑ)2c−2
∥∥∥g(u, ,(u)ג u)ג − r))∥∥∥p

p

(
uϑλ+ϑ−1)2du ≤ 22p−2L p2

∫ ς

α

(ςϑ − uϑ)2c−2
((

esssup
u∈[α,θ]

∥∥∥(u)ג∥∥∥
p

)p
+

(
esssup
u∈[α,θ]

u)ג∥∥∥ − r)∥∥∥
p

)p)(
uϑλ+ϑ−1)2du + 2p−1ψp

∫ ς

α

(ςϑ − uϑ)2c−2(uϑλ+ϑ−1)2du
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≤22p−2L p2 sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2
((

esssup
u∈[α,θ]

∥∥∥(u)ג∥∥∥
p

)p
+

(
esssup
u∈[α,θ]

u)ג∥∥∥ − r)∥∥∥
p

)p)
(uϑ−1)2du + 2p−1ψp sup

α<u≤ς
(uϑλ)2

∫ ς

α

(ςϑ − uϑ)2c−2(uϑ−1)2du

≤22p−2L p2 sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)2c−2
((

esssup
u∈[α,θ]

∥∥∥(u)ג∥∥∥
p

)p
+

(
esssup
u∈[α,θ]

u)ג∥∥∥ − r)∥∥∥
p

)p)
uϑ−1du + 2p−1ψp sup

α<u≤ς
(uϑλ)2 sup

α<u≤ς
uϑ−1

∫ ς

α

(ςϑ − uϑ)2c−2uϑ−1du

=GU
2p−1(ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

(
2p−1L p2

(
p∥(u)ג∥

Hp
+ u)ג∥ − r)∥p

Hp

)
+ ψp

)
. (3.11)

So, from above, we have

∫ ς

α

(ςϑ − uϑ)2c−2
∥∥∥g(u, ,(u)ג u)ג − r))∥∥∥p

p

(
uϑλ+ϑ−1)2du ≤

2p−1(ςϑ − αϑ)(2c−1)

ϑ(2c − 1)
GU(

2p−1L p2

(
p∥(u)ג∥

Hp
+ u)ג∥ − r)∥p

Hp

)
+ ψp

)
. (3.12)

By applying Eq (3.12) to Eq (3.9), we obtain the following result:∥∥∥∥∥ ∫ ς

α

(λ(ς)−λ(u))c−1g
(
u, ,(u)ג u)ג − r)

)
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

≤ G
p
2 U
p
2Cp

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

2p−1ςϑ(2c−1)

ϑ(2c − 1)

(
2p−1L p2

(
p∥(u)ג∥

Hp
+ u)ג∥ − r)∥p

Hp

)
+ ψp

)
. (3.13)

By putting Eqs (3.8) and (3.13) into Eq (3.3), we find that ∥ℏσ(ג(ς))∥Hp < ∞. So, the ℏσ is well-
defined. Now, we establish the following result, which we use to prove the Ex-Un.

Lemma 3.2. If c ∈ ( 1
2 , 1], ϑ > 0, and λ ∈ R, then ∀ς ∈ [α, θ], the following inequality holds:

ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑ−1du ≤
ς−ϑ(λ+c)

ηc
exp(ηςϑ).

Proof. From Eq (1.2), we obtain the following:

Iλ,cς exp(ηςϑ) =
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑλ+ϑ−1du

≤
ϑς−ϑ(λ+c)

Γ(c)
sup
α<u≤ς
uϑλ

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑ−1du

=
ϑς−ϑ(λ+c)

Γ(c)
J

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑ−1du.

Accordingly, we get
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Iλ,cς exp(ηςϑ) ≤
ϑς−ϑ(λ+c)

Γ(c)
J

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑ−1du.

By applying the variable substitution z = ςϑ − uϑ, we obtain

ϑς−ϑ(λ+c)

Γ(c)
J

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑ−1du =
ς−ϑ(λ+c)

Γ(c)
exp(ηςϑ)J∫ ςϑ

0
zc−1 exp(−ηz)dz. (3.14)

By now applying the substitution Y = ηz in Eq (3.14), we obtain

ϑς−ϑ(λ+c)

Γ(c)
J

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑ−1du =
ς−ϑ(λ+c)

ηcΓ(c)
exp(ηςϑ)J

∫ ηςϑ

0
Yc−1 exp(−Y)dY

≤
ς−ϑ(λ+c)

ηcΓ(c)
exp(ηςϑ)J

∫ ∞

0
Yc−1 exp(−Y)dY

=
ς−ϑ(λ+c)

ηc
J exp(ηςϑ).

Thus, we have

ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1 exp(ηuϑ)uϑ−1du ≤
ς−ϑ(λ+c)

ηc
exp(ηςϑ). (3.15)

Theorem 3.1. If (H1) and (H2) are satisfied, then the Eq (1.4) with (α)ג = σ has a unique solution.

Proof. Taking η > 0, we have

ϑη2c−1 > 2δΓ(2c − 1), (3.16)

where

δ =
2p−1(ϑς−ϑ(λ+c))p

Γp(c)

(
2p−1GUQp−1𭟋p−1 L p1 (ςϑ − αϑ)(pc−2c+1)(p − 1)p−1(

ϑ(pc − 2c + 1)
)p−1

+ 2p−1G
p
2 U
p
2

( (ςϑ − αϑ)ϑ(2c−1)

ϑ(2c − 1)

) p−2
2

L p2 Cp

)
. (3.17)

The weighted norm ∥ · ∥η is

η∥(ς)ג∥ = esssup
ς∈[α,θ]

( pp∥(ς)ג∥
exp(ηςϑ)

) 1
p
, (ς)ג∀ ∈ Hp([α, θ]). (3.18)

For (ς)ג and ,(ς)ג̃ we get
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∥ℏσ
(
((ς)ג − ℏσ

(̃
pp∥((ς)ג ≤

2p−1(ϑς−ϑ(λ+c))p

Γp(c)

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,(u)ג u)ג − r)

)
− f

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p
p

+

2p−1(ϑς−ϑ(λ+c))p

Γp(c)

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ,(u)ג u)ג − r)

)
− g

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

. (3.19)

Using the Höl-Ineq and (H1), we obtain

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,(u)ג u)ג − r)

)
− f

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p
p

=

ρ∑
ȷ=1

E

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)c−1
(
f ȷ
(
u, ,(u)ג u)ג − r)

)
− f ȷ

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1du

∣∣∣∣∣p
≤

ρ∑
ȷ=1

E

(( ∫ ς

α

(ςϑ − uϑ)
(c−1)(p−2)
p−1 (uϑλ+ϑ−1)

p−2
p−1 du

)p−1

( ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣f ȷ(u, ,(u)ג u)ג − r)) − f ȷ(u, ,(u)ג̃ u)ג̃ − r))∣∣∣p(uϑλ+ϑ−1)2du

))
≤

ρ∑
ȷ=1

E

((
sup
α<u≤ς

(uϑλ)
p−2
p−1

∫ ς

α

(ςϑ − uϑ)
(c−1)(p−2)
p−1 (uϑ−1)

p−2
p−1 du

)p−1

( ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣f ȷ(u, ,(u)ג u)ג − r)) − f ȷ(u, ,(u)ג̃ u)ג̃ − r))∣∣∣p(uϑλ+ϑ−1)2du

))
≤

ρ∑
ȷ=1

E

((
sup
α<u≤ς

(uϑλ)
p−2
p−1 sup

α<u≤ς
(uϑ−1)

1
1−p

ρ∑
ȷ=1

E

(( ∫ ς

α

(ςϑ − uϑ)
(c−1)(p−2)
p−1 uϑ−1du

)p−1

( ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣f ȷ(u, ,(u)ג u)ג − r)) − f ȷ(u, ,(u)ג̃ u)ג̃ − r))∣∣∣p(uϑλ+ϑ−1)2du

))
≤2p−1𭟋p−1Qp−1 L p1 (ςϑ − αϑ)(pc−2c+1)(p − 1)p−1(

ϑ(pc − 2c + 1)
)p−1

sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2
(u)ג∥∥∥) − p∥∥∥((u)ג̃

p
+

u)ג∥∥∥ − r) − u)ג̃ − r))∥∥∥p
p

)
(uϑ−1)2du.

≤2p−1𭟋p−1Qp−1 L p1 (ςϑ − αϑ)(pc−2c+1)(p − 1)p−1(
ϑ(pc − 2c + 1)

)p−1

GU
∫ ς

α

(ςϑ − uϑ)2c−2
(u)ג∥∥∥) − p∥∥∥((u)ג̃

p
+

u)ג∥∥∥ − r) − u)ג̃ − r))∥∥∥p
p

)
uϑ−1du. (3.20)

where 𭟋 = sup
α<u≤ς

(uϑλ)
p−2
p−1 , Q = sup

α<u≤ς
(uϑ−1)

1
1−p .

Hence, we have∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,(u)ג u)ג − r)

)
− f

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p
p
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≤2p−1GUQp−1𭟋p−1 L p1 (ςϑ − αϑ)(pc−2c+1)(p − 1)p−1(
ϑ(pc − 2c + 1)

)p−1∫ ς

α

(ςϑ − uϑ)2c−2
(u)ג∥∥∥) − p∥∥∥((u)ג̃

p
+

u)ג∥∥∥ − r) − u)ג̃ − r))∥∥∥p
p

)
uϑ−1du. (3.21)

Thus, by utilizing (H1) and the Bu-Da-Gu-Ineq, we obtain:

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ,(u)ג u)ג − r)

)
− g

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

=

ρ∑
ȷ=1

E

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)c−1
(
g ȷ

(
u, ,(u)ג u)ג − r)

)
− g ȷ

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1dw(u)

∣∣∣∣∣p
≤

ρ∑
ȷ=1

CpE

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ,(u)ג u)ג − r)) − g ȷ(u, ,(u)ג̃ u)ג̃ − r))∣∣∣2(uϑλ+ϑ−1)2du

∣∣∣∣∣ p2
≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ,(u)ג u)ג − r)) − g ȷ(u, ,(u)ג̃ u)ג̃ − r))∣∣∣p(uϑλ+ϑ−1)2du

( ∫ ς

α

(ςϑ − uϑ)2c−2(uϑλ+ϑ−1)2du
) p−2

2

≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ,(u)ג u)ג − r)) − g ȷ(u, ,(u)ג̃ u)ג̃ − r))∣∣∣p(uϑλ+ϑ−1)2du

(
sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2(uϑ−1)2du
) p−2

2

≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ,(u)ג u)ג − r)) − g ȷ(u, ,(u)ג̃ u)ג̃ − r))∣∣∣p(uϑλ+ϑ−1)2du

(
sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)2c−2uϑ−1du
) p−2

2

≤2p−1G
p−2

2 U
p−2

2

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

L p2 Cp

∫ ς

α

(ςϑ − uϑ)2c−2
(u)ג∥∥∥) − pp∥(u)ג̃ + u)ג∥∥∥ − r) − u)ג̃ − r)∥pp)(uϑλ+ϑ−1)2du

≤2p−1G
p−2

2 U
p−2

2

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

L p2 Cp sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2

(u)ג∥∥∥) − pp∥(u)ג̃ + u)ג∥∥∥ − r) − u)ג̃ − r)∥pp)(uϑ−1)2du

≤2p−1G
p−2

2 U
p−2

2

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

L p2 Cp sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)2c−2

(u)ג∥∥∥) − pp∥(u)ג̃ + u)ג∥∥∥ − r) − u)ג̃ − r)∥pp)uϑ−1du. (3.22)
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So, from above

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ,(u)ג u)ג − r)

)
− g

(
u, ,(u)ג̃ u)ג̃ − r)

))
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

≤2p−1G
p
2 U
p
2

( (ςϑ − αϑ)ϑ(2c−1)

ϑ(2c − 1)

) p−2
2

L p2 Cp∫ ς

α

(ςϑ − uϑ)2c−2
(u)ג∥∥∥) − pp∥(u)ג̃ + u)ג∥∥∥ − r) − u)ג̃ − r)∥pp)uϑ−1du. (3.23)

Thus, ∀ς ∈ [α, θ], we have

∥ℏσ
(
(ς)ג

)
− ℏσ

(̃
(ς)ג

)∥∥∥p
p
≤ δ

∫ ς

α

(u)ג∥∥∥) − pp∥(u)ג̃ + u)ג∥∥∥ − r) − u)ג̃ − r)∥pp)(ςϑ − uϑ)2c−2uϑ−1du, (3.24)

It follows that we derive

∥ℏσג(ς) − ℏσ̃ג(ς)∥pp
exp

(
ηςϑ

) ≤
1

exp
(
ηςϑ

)δ∫ ς

α

(ςϑ − uϑ)2c−2

(
exp

(
ηuϑ

(u)ג∥( − pp∥(u)ג̃
exp

(
ηuϑ

) + exp
(
η(u − r)ϑ

u)ג∥( − r) − u)ג̃ − r)∥pp
exp

(
η(u − r)ϑ

) )
uϑ−1du

≤
1

exp
(
ηςϑ

)δ∫ ς

α

(ςϑ − uϑ)2c−2
(

exp
(
ηuϑ

)
esssup
u∈[α,θ]

(u)ג∥) − pp∥(u)ג̃
exp

(
ηuϑ

) )
+ exp

(
η(u − r)ϑ

)
esssup
u∈[α,θ]

u)ג∥) − r) − u)ג̃ − r)∥pp
exp

(
η(u − r)ϑ

) ))
uϑ−1du

≤
(u)ג∥ − pη∥(u)ג̃

exp
(
ηςϑ

) δ

∫ ς

α

(ςϑ − uϑ)2c−2
(

exp
(
ηuϑ

)
+ exp

(
η(u − r)ϑ

))
uϑ−1du

≤
(u)ג∥2 − pη∥(u)ג̃

exp
(
ηςϑ

) δ

∫ ς

α

(ςϑ − uϑ)2c−2 exp
(
ηuϑ

)
uϑ−1du. (3.25)

Now, replace c by 2c − 1 in Eq (3.15).

ϑς−ϑ(λ+2c−1)

Γ(2c − 1)

∫ ς

α

(ςϑ − uϑ)2c−2 exp(ηuϑ)uϑ−1du ≤
ς−ϑ(λ+2c−1)

η2c−1 exp(ηςϑ).

The above inequality can be written as∫ ς

α

(ςϑ − uϑ)2c−2 exp(ηuϑ)uϑ−1du ≤
Γ(2c − 1)
ϑη2c−1 exp(ηςϑ).

We get the required result from Eq (3.25).

∥ℏσ
(
(ς)ג

)
− ℏσ

(̃
(ς)ג

)
∥η ≤

(2δΓ(2c − 1)
ϑη2c−1

) 1
p
(u)ג∥ − .η∥(u)ג̃ (3.26)

From Eqs (3.16), we get 2δΓ(2c−1)
ϑη2c−1 < 1.
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Theorem 3.2. ξc(ς, σ) is a solution that is Con-D on c, then

lim
c→c̃

esssup
ς∈[α,θ]

∥ξc(ς, σ) − ξc̃(ς, σ)∥p = 0. (3.27)

Proof. Assume c, c̃ ∈ ( 1
2 , 1]. Then

ξc(ς, σ) − ξc̃(ς, σ) =
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1
(
f(u, ξc(u, σ), ξc(u − r, σ)) − f(u, ξc̃(u, σ), ξc̃(u − r, σ))

)
uϑλ+ϑ−1du +

∫ ς

α

(
ϑς−ϑ(λ+c)

Γ(c)
(ςϑ − uϑ)c−1 −

ϑς−ϑ(λ+c̃)

Γ(c̃)
(ςϑ − uϑ)c̃−1

)
f(u, ξc̃(u, σ), ξc̃(u − r, σ))uϑλ+ϑ−1du

+
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1
(
g(u, ξc(u, σ), ξc(u − r, σ)) − g(u, ξc̃(u, σ), ξc̃(u − r, σ))

)
uϑλ+ϑ−1dw(u)

+

∫ ς

α

(
ϑς−ϑ(λ+c)

Γ(c)
(ςϑ − uϑ)c−1 −

ϑς−ϑ(λ+c̃)

Γ(c̃)
(ςϑ − uϑ)c̃−1

)
g(u, ξc̃(u, σ), ξc̃(u − r, σ))uϑλ+ϑ−1dw(u). (3.28)

We extract the subsequent outcome from Eq (3.28) by employing Eq (3.2).∥∥∥ξc(ς, σ) − ξc̃(ς, σ)
∥∥∥p
p
≤ 2p−1δ

(∥∥∥ξc(ς, σ) − ξc̃(ς, σ)
∥∥∥p
p
+

∥∥∥ξc(ς − r, σ) − ξc̃(ς − r, σ)
∥∥∥p
p

)
∫ ς

α

(ςϑ − uϑ)2c−2uϑ−1du + 22p−2∥∥∥∥∥ ∫ ς

α

(
ϑς−ϑ(λ+c)

Γ(c)
(ςϑ − uϑ)c−1 −

ϑς−ϑ(λ+c̃)

Γ(c̃)
(ςϑ − uϑ)c̃−1

)
f(u, ξc̃(u, σ), ξc̃(u − r, σ))uϑλ+ϑ−1du

∥∥∥∥∥p
p

+ 22p−2

∥∥∥∥∥ ∫ ς

α

(
ϑς−ϑ(λ+c)

Γ(c)
(ςϑ − uϑ)c−1 −

ϑς−ϑ(λ+c̃)

Γ(c̃)
(ςϑ − uϑ)c̃−1

)
g(u, ξc̃(u, σ), ξc̃(u − r, σ))uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

. (3.29)

Suppose the following:

Φ(ς, u, c, c̃, λ) =
∣∣∣∣∣ϑς−ϑ(λ+c)

Γ(c)
(ςϑ − uϑ)c−1 −

ϑς−ϑ(λ+c̃)

Γ(c̃)
(ςϑ − uϑ)c̃−1

∣∣∣∣∣uϑλ+ϑ−1. (3.30)

By applying Höl-Ineq, (H1), (H2), and Eq (3.30), we obtain∥∥∥∥∥ ∫ ς

α

(
ϑς−ϑ(λ+c)

Γ(c)
(ςϑ − uϑ)c−1 −

ϑς−ϑ(λ+c̃)

Γ(c̃)
(ςϑ − uϑ)c̃−1

)
f(u, ξc̃(u, σ), ξc̃(u − r, σ))uϑλ+ϑ−1du

∥∥∥∥∥p
p

≤
∑m

ι=1
E
( ∫ ς

α

Φ(ς, u, c, c̃, λ)
∣∣∣f ȷ(u, ξc̃(u, σ), ξc̃(u − r, σ))

∣∣∣du)p
≤

∑m

ι=1
E

(( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

) p
p−1

)p−1 ∫ ς

α

∣∣∣f ȷ(u, ξc̃(u, σ), ξc̃(u − r, σ))
∣∣∣pdu)

≤

( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2
) p

2
( ∫ ς

α

1du
) p−2

2
∫ ς

α

∥∥∥f(u, ξc̃(u, σ), ξc̃(u − r, σ))
∥∥∥p
p
du

≤

( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2
) p

2

(θ − α)
p−2

2

∫ ς

α

2p−1
(
2p−1L p1

(
∥ξc̃(u, σ)∥pp + ∥ξc̃(u − r, σ)∥pp

)
+ ∥f(u, 0)∥pp

)
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≤

( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2
) p

2

(θ − α)
p
2 2p−1(

2p−1L p1
(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp + esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
+ ψp

)
. (3.31)

Now, by Bu-Da-Gu-Ineq, Eq (3.30), (H1), and (H2), we have

∥∥∥∥∥ ∫ ς

α

(
ϑς−ϑ(λ+c)

Γ(c)
(ςϑ − uϑ)c−1 −

ϑς−ϑ(λ+c̃)

Γ(c̃)
(ςϑ − uϑ)c̃−1

)
g(u, ξc̃(u, σ), ξc̃(u − r, σ))uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

=
∑m

ι=1
E

∣∣∣∣∣ ∫ ς

α

Φ(ς, u, c, c̃, λ)g ȷ(u, ξc̃(u, σ), ξc̃(u − r, σ))dw(u)
∣∣∣∣∣p

≤
∑m

ι=1
CpE

∣∣∣ ∫ ς

α

Φ(ς, u, c, c̃, λ)2
∣∣∣g ȷ(u, ξc̃(u, σ), ξc̃(u − r, σ))

∣∣∣2dw(u)
∣∣∣ p2

≤
∑m

ι=1
CpE

[( ∫ ς

α

Φ(ς, u, c, c̃, λ)2
∣∣∣g ȷ(u, ξc̃(u, σ), ξc̃(u − r, σ))

∣∣∣pdu) 2
p
( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p−2
p
] p

2

=Cp

∫ ς

α

Φ(ς, u, c, c̃, λ)2
∥∥∥g(u, ξc̃(u, σ), ξc̃(u − r, σ))

∥∥∥p
p
du

( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p−2
p

≤Cp

( ∫ ς

α

Φ(ς, u, c, c̃, λ)2du
) p

2

2p−1
(
2p−1L p2

(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp + esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
+ ψp

)
. (3.32)

Hence, we derive the following:

∥∥∥ξc(ς, σ) − ξc̃(ς, σ)
∥∥∥p
p

exp(ηςϑ)
≤

1
exp(ηςϑ)

2p−1δ

∫ ς

α

(ςϑ − uϑ)2c−2uϑ−1

(∥∥∥ξc(u, σ) − ξc̃(u, σ)
∥∥∥p
p

exp(ηuϑ)
exp(ηuϑ) +

∥∥∥ξc(u − r, σ) − ξc̃(u − r, σ)
∥∥∥p
p

exp(η(u − r)ϑ)
exp(η(u − r)ϑ)

)
du

+23p−3
(
2p−1L p1

(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp + esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
+ ψp

)( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p

2

θ
p
2

+23p−3
(
2p−1L p2

(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp + esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
+ ψp

)
Cp

( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p

2

≤
2pδΓ(2c − 1)

ϑη2c−1

∥∥∥ξc(ς, σ) − ξc̃(ς, σ)
∥∥∥p
η

+23p−3
(
2p−1L p1

(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp + esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
+ ψp

)( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p

2

θ
p
2

+23p−3
(
2p−1L p2

(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp + esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
+ ψp

)
Cp

( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p

2

. (3.33)

We derive the result by using Lemma 3.2.(
1−

2p−1δΓ(2c − 1)
η2c−1

)∥∥∥ξc(ς, σ) − ξc̃(ς, σ)
∥∥∥p
η
≤ 23p−3

(
2p−1L p1

(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp + esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
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+ ψp
)( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p

2

(θ − α)
p
2 + 23p−3

(
2p−1L p2

(
esssup
ς∈[α,θ]

∥ξc̃(u, σ)∥pp+

esssup
ς∈[α,θ]

∥ξc̃(u − r, σ)∥pp
)
+ ψp

)
Cp

( ∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du
) p

2

. (3.34)

Now, we prove the following:

lim
c̃→c

sup
ς∈[α,θ]

∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du = 0. (3.35)

We possess the following:

∫ ς

α

(
Φ(ς, u, c, c̃, λ)

)2du = (ϑς−ϑ(λ+c))2∫ ς

α

(ςϑ − uϑ)2c−2

Γ2(c)
(uϑλ+ϑ−1)2du + (ϑς−ϑ(λ+c̃))2

∫ ς

α

(ςϑ − uϑ)2c̃−2

Γ2(c̃)
(uϑλ+ϑ−1)2du

−2ϑς−ϑ(λ+c)ϑς−ϑ(λ+c̃)
∫ ς

α

(ςϑ − uϑ)c+c̃−2

Γ(c)Γ(c̃)
(uϑλ+ϑ−1)2du

≤(ϑς−ϑ(λ+c))2 sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)2c−2

Γ2(c)
uϑ−1du

+(ϑς−ϑ(λ+c̃))2 sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)2c̃−2

Γ2(c̃)
uϑ−1du

−2ϑς−ϑ(λ+c)ϑς−ϑ(λ+c̃) sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)c+c̃−2

Γ(c)Γ(c̃)
uϑ−1du

=(ϑς−ϑ(λ+c))2GU
( (ςϑ − αϑ)(2c−1)

(2c − 1)

) 1
Γ2(c)

+ (ϑς−ϑ(λ+c̃))2GU
( (ςϑ − αϑ)(2c̃−1)

ϑ(2c̃ − 1)

) 1
Γ2(c̃)

−ϑς−ϑ(λ+c)ϑς−ϑ(λ+c̃)GU
2(ςϑ − αϑ)(c+c̃−1)

ϑ(c + c̃ − 1)Γ(c)Γ(c̃)
. (3.36)

When we apply lim
c̃→c

sup
ς∈[α,θ]

in Eq (3.36), we prove the required result, Eq (3.35). It thereby

demonstrated the necessary outcome.

Theorem 3.3. For σ,Ψ ∈ Ap0, we have

∥ξc(ς, σ) − ξc(ς,Ψ)|p ≤ L ∥σ − Ψ∥p, ∀ ς ∈ [0, θ]. (3.37)

Proof. As we have

ξc(u, σ)ξc(ς, σ) − ξc(ς,Ψ) = αϑ(c+λ)σς−ϑ(c+λ) − αϑ(c+λ)Ψς−ϑ(c+λ)

+
1
Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1
(
f(u, ξc(u, σ), ξc(u − r, σ)) − f(u, ξc(u,Ψ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1du

+
1
Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1(g(u, ξc(u, σ), ξc(u − r, σ)) − g(u, ξc(u,Ψ), ξc(u − r,Ψ))
)
uϑλ+ϑ−1dw(u). (3.38)
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By applying Eq (3.2) to Eq (3.38), we obtain the following:

∥∥∥ξc(ς, σ) − ξc(ς,Ψ)
∥∥∥p
p
≤ 2p−1

∥∥∥αϑ(c+λ)σς−ϑ(c+λ) − αϑ(c+λ)Ψς−ϑ(c+λ)
∥∥∥p
p
+

22p−2(ϑς−ϑ(λ+c))p

Γp(c)∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ξc(u, σ), ξc(u − r, σ)) − f

(
u, ξc(u,Ψ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1du

∥∥∥∥∥p
p

+
22p−2(ϑς−ϑ(λ+c))p

Γp(c)∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ξc(u, σ), ξc(u − r, σ))

)
− g

(
u, ξc(u, σ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

. (3.39)

By Höl-Ineq and (H1).∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f(u, ξc(u, σ), ξc(u − r, σ)) − f(u, ξc(u,Ψ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1du

∥∥∥∥∥p
p

=

ρ∑
ȷ=1

E

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)c−1
(
f ȷ(u, ξc(u, σ), ξc(u − r, σ)) − f ȷ(u, ξc(u,Ψ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1du

∣∣∣∣∣p
≤

ρ∑
ȷ=1

E

(( ∫ ς

α

(ςϑ − uϑ)
(c−1)(p−2)
p−1 (uϑλ+ϑ−1)

p−2
p−1 du

)p−1

( ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣f ȷ(u, ξc(u, σ), ξc(u − r, σ)) − f ȷ(u, ξc(u,Ψ), ξc(u − r,Ψ))

∣∣∣(uϑλ+ϑ−1)2du
))

≤

ρ∑
ȷ=1

E

((
sup
α<u≤ς

(uϑλ)
p−2
p−1

∫ ς

α

(ςϑ − uϑ)
(c−1)(p−2)
p−1 (uϑ−1)

p−2
p−1 du

)p−1

( ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣f ȷ(u, ξc(u, σ), ξc(u − r, σ)) − f ȷ(u, ξc(u,Ψ), ξc(u − r,Ψ))

∣∣∣(uϑλ+ϑ−1)2du
))

≤

ρ∑
ȷ=1

E

((
sup
α<u≤ς

(uϑλ)
p−2
p−1 sup

α<u≤ς
(uϑ−1)

1
1−p

ρ∑
ȷ=1

E

(( ∫ ς

α

(ςϑ − uϑ)
(c−1)(p−2)
p−1 uϑ−1du

)p−1

( ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣f ȷ(u, ξc(u, σ), ξc(u − r, σ)) − f ȷ(u, ξc(u,Ψ), ξc(u − r,Ψ))

∣∣∣(uϑλ+ϑ−1)2du
))

≤2p−1𭟋p−1Qp−1 L p1 ς
ϑ(pc−2c+1)(p − 1)p−1(

ϑ(pc − 2c + 1)
)p−1

sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p
+

∥∥∥ξc(u − r, σ) − ξc(u − r,Ψ)
∥∥∥p
p

)
(uϑ−1)2du.

≤2p−1𭟋p−1Qp−1 L p1 ς
ϑ(pc−2c+1)(p − 1)p−1(

ϑ(pc − 2c + 1)
)p−1

sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1∫ ς

α

(ςϑ − uϑ)2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p
+

∥∥∥ξc(u − r, σ) − ξc(u − r,Ψ)
∥∥∥p
p

)
uϑ−1du. (3.40)

Hence, we have
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∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f(u, ξc(u, σ), ξc(u − r, σ)) − f(u, ξc(u,Ψ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1du

∥∥∥∥∥p
p

≤ 2p−1GUQp−1𭟋p−1 L p1 ς
ϑ(pc−2c+1)(p − 1)p−1(

ϑ(pc − 2c + 1)
)p−1∫ ς

α

(ςϑ − uϑ)2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p
+

∥∥∥ξc(u − r, σ) − ξc(u − r,Ψ)
∥∥∥p
p

)
uϑ−1du. (3.41)

Now, utilizing (H1), Höl-Ineq, and Bu-Da-Gu-Ineq, we derive∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ξc(u, σ), ξc(u − r, σ)) − g

(
u, ξc(u,Ψ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
p

=

ρ∑
ȷ=1

E

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)c−1
(
g ȷ

(
u, ξc(u, σ), ξc(u − r, σ)) − g ȷ

(
u, ξc(u,Ψ), ξc(u − r,Ψ))

)
uϑλ+ϑ−1dw(u)

∣∣∣∣∣p
≤

ρ∑
ȷ=1

CpE

∣∣∣∣∣ ∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ξc(u, σ), ξc(u − r, σ)) − g ȷ

(
u, ξc(u,Ψ), ξc(u − r,Ψ))

∣∣∣2(uϑλ+ϑ−1)2du
∣∣∣∣∣ p2

≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ξc(u, σ), ξc(u − r, σ)) − g ȷ

(
u, ξc(u,Ψ), ξc(u − r,Ψ))

∣∣∣p(uϑλ+ϑ−1)2du

( ∫ ς

α

(ςϑ − uϑ)2c−2(uϑλ+ϑ−1)2du
) p−2

2

≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ξc(u, σ), ξc(u − r, σ)) − g ȷ

(
u, ξc(u,Ψ), ξc(u − r,Ψ))

∣∣∣p(uϑλ+ϑ−1)2du

(
sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2(uϑ−1)2du
) p−2

2

≤

ρ∑
ȷ=1

CpE

∫ ς

α

(ςϑ − uϑ)2c−2
∣∣∣g ȷ(u, ξc(u, σ), ξc(u − r, σ)) − g ȷ

(
u, ξc(u,Ψ), ξc(u − r,Ψ))

∣∣∣p(uϑλ+ϑ−1)2du

(
sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς

uϑ−1
∫ ς

α

(ςϑ − uϑ)2c−2uϑ−1du
) p−2

2

≤2p−1G
p−2

2 U
p−2

2 L p2 Cp

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

∫ ς

α

(ςϑ − uϑ)2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p
+

∥∥∥ξc(u − r, σ) − ξc(u − r,Ψ)
∥∥∥p
p

)
(uϑλ+ϑ−1)2du

≤2p−1G
p−2

2 U
p−2

2 L p2 Cp

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

sup
α<u≤ς

(uϑλ)2
∫ ς

α

(ςϑ − uϑ)2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p
+

∥∥∥ξc(u − r, σ) − ξc(u − r,Ψ)
∥∥∥p
p

)
(uϑ−1)2du

≤2p−1G
p−2

2 U
p−2

2 L p2 Cp

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2
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sup
α<u≤ς

(uϑλ)2 sup
α<u≤ς
uϑ−1

∫ ς

α

(ςϑ − uϑ))2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p
+

∥∥∥ξc(u − r, σ) − ξc(u − r,Ψ)
∥∥∥p
p

)
du

=2p−1G
p
2 U
p
2 L p2 Cp

( (ςϑ − αϑ)(2c−1)

ϑ(2c − 1)

) p−2
2

∫ ς

α

(ςϑ − uϑ)2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p
+

∥∥∥ξc(u − r, σ) − ξc(u − r,Ψ)
∥∥∥p
p

)
uϑ−1du. (3.42)

By putting Eqs (3.40) and (3.42) in Eq (3.39).∥∥∥ξc(ς, σ) − ξc(ς,Ψ)
∥∥∥p
p
≤ 2p−1

∥∥∥αϑ(c+λ)σς−ϑ(c+λ) − αϑ(c+λ)Ψς−ϑ(c+λ)
∥∥∥p
p

+ 2p−1δ

∫ ς

α

(ςϑ − uϑ)2c−2
(∥∥∥ξc(u, σ) − ξc(u,Ψ)

∥∥∥p
p

)
uϑ−1du. (3.43)

From Eq (3.43), we get∥∥∥ξc(ς, σ) − ξc(ς,Ψ)
∥∥∥p
η
≤ 2p−1 1

exp(ηςϑ)

∥∥∥αϑ(c+λ)σς−ϑ(c+λ) − αϑ(c+λ)Ψς−ϑ(c+λ)
∥∥∥p
p

+

(2pδΓ(2c − 1)
ϑη2c−1

)∥∥∥ξc(ς, σ) − ξc(ς,Ψ)
∥∥∥p
η

(3.44)

From Eq (3.44), we obtain∥∥∥ξc(ς, σ) − ξc(ς,Ψ)
∥∥∥p
p

(
1 −

(2pδΓ(2c − 1)
ϑη2c−1

))
≤ 2p−1 1

exp(ηςϑ)

∥∥∥αϑ(c+λ)σς−ϑ(c+λ) − αϑ(c+λ)Ψς−ϑ(c+λ)
∥∥∥p
p
.

Therefore, we conclude

lim
σ→Ψ

∥∥∥ξc(ς, σ) − ξc(ς,Ψ)
∥∥∥
p
= 0.

The proof is so done.

4. Averaging principle result

We now establish A-P in the pth moment for SFDDEs within the framework of CEKFD.

Lemma 4.1. For g̃, when θ1 ∈ [α, θ], we get

∥̃g(ℓ, ζ)∥p ≤ L6

(
1 + ∥ℓ∥p + ∥ζ∥p

)
,

where L6 =
(
2p−1ℵ2 (θ1) + 6p−1L p4

)
.

Proof. By utilizing (H4) , (H5), and Eq (3.2), we obtain the following:

∥̃g(ℓ, ζ)∥p ≤ 2p−1∥g(ς, ℓ, ζ) − g̃(ℓ, ζ)∥p + 2p−1∥g(ς, ℓ, ζ)∥p

≤ 2p−1ℵ2 (θ1)
(
1 + ∥ℓ∥p + ∥ζ∥p

)
+ 2p−1L p4 (1 + ∥ℓ∥ + ∥ζ∥)p

≤
(
2p−1ℵ2 (θ1) + 6p−1L p4

) (
1 + ∥ℓ∥p + ∥ζ∥p

)
.
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To prove A-P, we construct the standard form of Eq (1.4). Dcα+;ϑ,λגε(ς) = εcf
(
ς, ,ε(ς)ג ε(ςג − r)

)
+ εc−

1
2g

(
ς, ,ε(ς)ג ε(ςג − r)

)dw(ς)
dς ,

ε(α)ג = σ.
(4.1)

Thus, Eq (4.1) can be expressed integrally as

ε(ς)ג = αϑ(c+λ)σς−ϑ(c+λ) + εc
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

uϑλ+ϑ−1(ςϑ − uϑ)1−cf
(
u, ,ε(u)ג ε(uג − r)

)
du

+ εc−
1
2
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

uϑλ+ϑ−1(ςϑ − uϑ)1−cg
(
u, ,ε(u)ג ε(uג − r)

)
dw(u), (4.2)

for ε ∈ (0, ε0]. The averaged representation of Eq (4.2) is as

ε(ς)∗ג = αϑ(c+λ)σς−ϑ(c+λ) + εc
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

uϑλ+ϑ−1(ςϑ − uϑ)1−c̃f
(
,ε(u)∗ג ג

∗
ε(u − r)

)
du

+ εc−
1
2
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

uϑλ+ϑ−1(ςϑ − uϑ)1−cg̃
(
,ε(u)∗ג ג

∗
ε(u − r)

)
dw(u), (4.3)

where f̃ : Rρ × Rρ → Rρ, g̃ : Rρ × Rρ → Rκ×b.

Theorem 4.1. For any given small positive number℧, there exists ϱ > 0 and ε1 ∈ (0, ε0] with κ ∈ (0, 1),
then

E
[

sup
ς∈[0, ϱε−κ]

ε(ς)ג∥∥∥ − ε(ς)∗ג
∥∥∥p] ≤ ℧, ε ∈ (0, ε1]. (4.4)

Proof. By using Eqs (4.2) and (4.3), we obtain:

ε(ς)ג − ε(ς)∗ג

= εc
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,ε(u)ג ε(uג − r)

)
− f̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1du

+ εc−
1
2
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ,ε(u)ג ε(uג − r)

)
− g̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1dw(u). (4.5)

Via Jen-Ineq, we have as∥∥∥גε(ς) − ε(ς)∗ג
∥∥∥p ≤ 2p−1∥∥∥∥∥εcϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,ε(u)ג ε(uג − r)

)
− f̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p
+ 2p−1∥∥∥∥∥εc− 1

2
ϑς−ϑ(λ+c)

Γ(c)

∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ,ε(u)ג ε(uג − r)

)
− g̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p
≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
2p−1εpc∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,ε(u)ג ε(uג − r)

)
− f̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p
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+

(
ϑς−ϑ(λ+c)

Γ(c)

)p
2p−1ε(c− 1

2 )p∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ,ε(u)ג ε(uג − r)

)
− g̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p. (4.6)

Utilizing Eq (4.6) in Eq (4.4).

E
[

sup
α≤ς≤φ

ε(ς)ג∥∥∥ − ε(ς)∗ג
∥∥∥p]

≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
2p−1εpc

E

[
sup
α≤ς≤φ

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,ε(u)ג ε(uג − r)

)
− f̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p]
+

(
ϑς−ϑ(λ+c)

Γ(c)

)p
2p−1ε(c− 1

2 )p

E

[
sup
α≤ς≤φ

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
g
(
u, ,ε(u)ג ε(uג − r)

)
− g̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p]
= Υ1 + Υ2. (4.7)

From Υ1, we have

Υ1 ≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

E

[
sup
α≤ς≤φ

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,ε(u)ג ε(uג − r)

)
− f

(
u, ,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p]
+

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

E

[
sup
α≤ς≤φ

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
(
f
(
u, ,ε(u)∗ג ג

∗
ε(u − r)

)
− f̃

(
,ε(u)∗ג ג

∗
ε(u − r)

))
uϑλ+ϑ−1du

∥∥∥∥∥p]
= Υ11 + Υ12. (4.8)

The following outcome is obtained by applying Höl-Ineq, Jen-Ineq, and (H3) on Υ11:

Υ11 ≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

(∫ φ

α

(φϑ − uϑ)
(c−1)p
p−1 (uϑλ+ϑ−1)

p
p−1 du

)p−1

E

[
sup
α≤ς≤φ

∫ ς

α

∥∥∥f (u, ,ε(u)ג ε(uג − r)) − f (u, ,ε(u)∗ג ε(u∗ג − r))∥∥∥p du
]

≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

(
sup
α≤ς≤φ

(uϑλ)
p
p−1

∫ φ

α

(φϑ − uϑ)
(c−1)p
p−1 (uϑλ+ϑ−1)

p
p−1 du

)p−1

E

[
sup
α≤ς≤φ

∫ ς

α

∥∥∥f (u, ,ε(u)ג ε(uג − r)) − f (u, ,ε(u)∗ג ε(u∗ג − r))∥∥∥p du
]
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≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

(
sup
α≤ς≤φ

(uϑλ)
p
p−1 sup

0<u≤φ
(uϑ−1)

1
p−1

∫ φ

α

(φϑ − uϑ)
(c−1)p
p−1 uϑ−1du

)p−1

E

[
sup
α≤ς≤φ

∫ ς

α

∥∥∥f (u, ,ε(u)ג ε(uג − r)) − f (u, ,ε(u)∗ג ε(u∗ג − r))∥∥∥p du
]

≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
23p−3εpcL p3

(
(φϑ − αϑ)

(cp−1)
p−1

)p−1
(
p − 1

ϑ(cp − 1)

)p−1

C̃p−1Ṽp−1
(
E
[

sup
α≤ς≤φ

∫ ς

α

ε(u)ג∥∥∥ − ε(u)∥∥∥p∗ג du
]
+ E

[
sup
α≤ς≤φ

∫ ς

α

ε(uג∥∥∥ − r) − ε(u∗ג − r)∥∥∥p du
])

=Υ11ε
pcφϑ(cp−1)

( ∫ φ

α

E
[

sup
0≤q≤u

ε(q)ג∥∥∥ − ε(q)∥∥∥p∗ג ]du
+

∫ φ

α

E
[

sup
0≤q≤u

ε(qג∥ − r) − ε(q∗ג − r)∥
p
]
du

)
, (4.9)

where C̃ = sup
0<u≤φ

(
uϑλ

) p
p−1 , Ṽ = sup

0<u≤φ

(
uϑ−1) 1

p−1 , and Υ11 =

(
ϑς−ϑ(λ+c)

Γ(c)

)p
23p−3L p3

(
p−1

ϑ(cp−1)

)p−1

C̃p−1Ṽp−1.

The following outcome is obtained by applying Höl-Ineq, Jen-Ineq, and (H5) on Υ12:

Υ12 ≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

( ∫ φ

α

(φϑ − uϑ)
(c−1)p
p−1 (uϑλ+ϑ−1)

p
p−1 du

)p−1

E
[

sup
α≤ς≤φ

∫ ς

α

∥∥∥∥∥f(u, ,ε(u)∗ג ε(u∗ג − r)) − f̃(ג∗ε(u), ε(u∗ג − r))∥∥∥∥∥pdu]
≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

(
sup
α<u≤ς

(uϑλ)
p
p−1 sup

α<u≤ς
(uϑ−1)

1
p−1

∫ φ

α

(φϑ − uϑ)
(c−1)p
p−1 uϑ−1du

)p−1

E
[

sup
α≤ς≤φ

∫ ς

α

∥∥∥∥∥f(u, ,ε(u)∗ג ε(u∗ג − r)) − f̃(ג∗ε(u), ε(u∗ג − r))∥∥∥∥∥pdu]
≤C̃p−1Ṽp−1

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2εpc

(
(φϑ − αϑ)

(cp−1)
p−1

)p−1
(
p − 1

ϑ(cp − 1)

)p−1

ℵ1(φ)

(φ − α)
(
1 + E

ε(u)∥∥∥p∗ג∥∥∥ + E∥∥∥ג∗ε(u − r)∥∥∥p)
=Υ12ε

pc(φϑ − αϑ)(cp−1)(φ − α), (4.10)

where Υ12 =

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2

(
p−1

ϑ(cp−1)

)p−1

ℵ1(φ)
(
1 + E

ε(u)∥∥∥p∗ג∥∥∥ + E∥∥∥ג∗ε(u − r)∥∥∥p)C̃p−1Ṽp−1.

From Υ2, by applying Jen-Ineq, we obtain:

Υ2 ≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2ε(c− 1

2 )p(
E

[
sup
α≤ς≤φ

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
[
g
(
u, ,ε(u)ג ε(uג − r)

)
− g

(
u, ,ε(u)∗ג ג

∗
ε(u − r)

)]
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p])
+

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2ε(c− 1

2 )p(
E

[
sup
α≤ς≤φ

∥∥∥∥∥ ∫ ς

α

(ςϑ − uϑ)c−1
[
g
(
u, ,ε(u)∗ג ג

∗
ε(u − r)

)
− g̃

(
,ε(u)∗ג ג

∗
ε(u − r)

)]
uϑλ+ϑ−1dw(u)

∥∥∥∥∥p])
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=Υ21 + Υ22. (4.11)

We achieve the subsequent findings on Υ21 using (H3), Höl-Ineq, and Bu-Da-Gu-Ineq:

Υ21 ≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2ε(c− 1

2 )p
(
2(p − 1)1−p

p
p+1

) p
2

E

[∫ φ

α

(φϑ − uϑ)2c−2
∥∥∥g (u, ,ε(u)ג ε(uג − r)) − g

(
u, ,ε(u)∗ג ג

∗
ε(u − r)

)∥∥∥2
(uϑλ+ϑ−1)2du

] p
2

≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2ε(c− 1

2 )p
(
2(p − 1)1−p

p
p+1

) p
2

E

[
sup
α≤ς≤φ

(uϑλ)2
∫ φ

α

(
φϑ − uϑ

)2c−2 ∥∥∥g (u, ,ε(u)ג ε(uג − r)) − g
(
u, ,ε(u)∗ג ג

∗
ε(u − r)

)∥∥∥2
(uϑ−1)2du

] p
2

≤ G̃
p
2

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2ε(c− 1

2 )p(φ − α)
p
2 −1

(
p
p+12(p − 1)1−p

) p
2

E

[∫ φ

α

(φϑ − uϑ)(c−1)p
∥∥∥g (u, ,ε(u)ג ε(uג − r)) − g

(
u, ,ε(u)∗ג ג

∗
ε(u − r)

)∥∥∥p (uϑ−1)pdu
]

≤ G̃
p
2

(
ϑς−ϑ(λ+c)

Γ(c)

)p
23p−3ε(c− 1

2 )p(φ − α)
p
2 −1L p3

(
p
p+12(1 − p)p−1) p2 ∫ φ

α

(φϑ − uϑ)(c−1)p

E
[

sup
0≤q≤u

ε(q)ג∥∥∥] − ε(q)∥∥∥p∗ג + ε(qג∥∥∥ − r) − ε(q∗ג − r)∥∥∥p] (uϑ−1)pdu
]

≤ G̃
p
2

(
ϑς−ϑ(λ+c)

Γ(c)

)p
23p−3ε(c− 1

2 )p(φ − α)
p
2 −1L p3

(
p
p+12(1 − p)p−1) p2 sup

0<u≤φ
(uϑ−1)p−1

∫ φ

α

(φϑ − uϑ)(c−1)p

E
[

sup
0≤q≤u

ε(q)ג∥∥∥] − ε(q)∥∥∥p∗ג + ε(qג∥∥∥ − r) − ε(q∗ג − r)∥∥∥p] uϑ−1du
]

= Υ21ε
(c− 1

2 )p(φ − α)
p
2 −1

( ∫ φ

α

(φϑ − uϑ)(c−1)pE
[

sup
0≤q≤u

ε(q)ג∥∥∥ − ε(q)∥∥∥p∗ג ]uϑ−1du

+

∫ φ

α

(φϑ − uϑ)(c−1)pE
[

sup
α≤q≤u

ε(qג∥∥∥ − r) − ε(q∗ג − r)∥∥∥p ]uϑ−1du
)
, (4.12)

where G̃ = sup
0<u≤φ

(uϑλ)2, B = sup
0<u≤φ

(
uϑ−1)p−1, and Υ21 = 23p−3L p3

(
pp+1

2(p−1)p−1

) p
2
(
ϑς−ϑ(λ+c)

Γ(c)

)p
G̃
p
2B.

By Höl-Ineq and Bu-Da-Gu-Ineq.

Υ22 ≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2(2(p − 1)1−p

p
p+1) p2 ε(c− 1

2 )p

E

[∫ φ

α

∥∥∥f (u, ,ε(u)∗ג ε(u∗ג − r)) − g̃ (u, ,ε(u)∗ג ε(u∗ג − r))∥∥∥2
(φϑ − uϑ)2c−2(uϑλ+ϑ−1)2du

] p
2

≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2ε(c− 1

2 )p(φ − α)
p
2 −1(2(p − 1)p−1

p
p+1) p2E[ ∫ φ

α

(φϑ − uϑ)(c−1)p

(∥∥∥g (u, ,ε(u)∗ג ε(u∗ג − r))∥∥∥p + ∥∥∥̃g ,ε(u)∗ג) ε(u∗ג − r)) ∥∥∥p) (uϑλ+ϑ−1)pdu
]
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≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p
22p−2ε(c− 1

2 )p(φ − α)
p
2 −1(2(p − 1)p−1

p
p+1) p2E[ sup

0<u≤φ
(uϑλ)p sup

0<u≤φ
(uϑ−1)(p−1)∫ φ

α

(φϑ − uϑ)(c−1)p
(∥∥∥g (u, ,ε(u)∗ג ε(u∗ג − r))∥∥∥p + ∥∥∥̃g ,ε(u)∗ג) ε(u∗ג − r)) ∥∥∥p) uϑ−1du

]
≤

(
ϑς−ϑ(λ+c)

Γ(c)

)p23p−33p−1ε(c− 1
2 )p(φϑ − αϑ)((c−1)p+1)(φ − α)

p
2 −1L p4

(
L p4 +L6

)p
(ϑ(c − 1)p + 1)

BΘ
(
2(p − 1)1−p

p
p+1) p2 (1 + E[

[ε(u)∥∥∥p∗ג∥∥∥ + E[
ε(u∗ג∥∥∥ − r)∥∥∥p])

=Υ22ε
(c− 1

2 )p(φϑ − αϑ)((c−1)p+1)(φ − α)
p
2 −1, (4.13)

where Θ = sup
0<u≤φ

(uϑ−1)p−1 and

Υ22 = 23p−33p−1L p4
(
L p4 +L6

)p 1
(ϑ(c − 1)p + 1)

BΘ

(
2(p − 1)1−p

p
p+1) p2 (1 + E[

[ε(u)∥∥∥p∗ג∥∥∥ + E[
ε(u∗ג∥∥∥ − r)∥∥∥p])(ϑς−ϑ(λ+c)

Γ(c)

)p
.

By applying Eqs (4.8) to (4.13) in (4.7).

E
[

sup
α≤ς≤φ

ε(ς)ג∥∥∥ − ε(ς)∗ג
∥∥∥p] ≤ Υ12ε

pc(φϑ − αϑ)(cp−1)(φ − α) + Υ22ε
(c− 1

2 )p(φϑ − αϑ)((c−1)p+1)(φ − α)
p
2 −1

+

∫ φ

α

(
Υ11ε

pc(φϑ − αϑ)(cp−1) + Υ21ε
(c− 1

2 )p(φ − α)
p
2 −1(φϑ − uϑ)(c−1)puϑ−1du

)
E
[

sup
0≤q≤u

ε(q)ג∥∥∥ − ε(q)∥∥∥p∗ג ]du + ∫ φ

α

(
Υ11ε

pc(φϑ − αϑ)(cp−1) + Υ21ε
(c− 1

2 )p(φ − α)
p
2 −1

(φϑ − uϑ)(c−1)puϑ−1
)
E
[

sup
α≤q≤u

ε(qג∥∥∥ − r) − ε(q∗ג − r)∥∥∥p ]du. (4.14)

From Eq (4.14).

E
[

sup
α≤ς≤φ

ε(ς)∗ג−ε(ς)ג∥∥∥
∥∥∥p] ≤ (

Υ12ε
pc(φϑ − αϑ)(cp−1)(φ − α) + Υ22ε

(c− 1
2 )p(φϑ − αϑ)((c−1)p+1)(φ − α)

p
2 −1

)
exp

(
2Υ11ε

pc(φϑ − αϑ)(cp−1)(φ − α) +
2Υ21

(ϑ(c − 1)p + 1)
ε(c− 1

2 )p(φϑ − αϑ)((c−1)p+1)(φ − α)
p
2 −1

)
.

This suggests that there exist ϱ > 0 and κ ∈ (0, 1) for every ς ∈
[
0, ϱε−κ

]
⊆ [α, θ].

E

[
sup

0≤ς≤ϱε−κ

ε(ς)ג∥∥∥ − ε(ς)∗ג
∥∥∥p] ≤ Zε1−κ, (4.15)

where

Z = εκ−1
(
Υ12ε

pc((ϱε−κ)ϑ − φϑ)(cp−1)+1 + Υ22ε
(c− 1

2 )p((ϱε−κ)ϑ − αϑ)((c−1)p+1)((ϱε−κ)ϑ − α)
p
2 −1

)
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exp
(
2Υ11ε

pc((ϱε−κ)ϑ − αϑ)(cp−1)((ϱε−κ)ϑ − α)+

2Υ21

(ϑ(c − 1)p + 1)
ε(c− 1

2 )p((ϱε−κ)ϑ − αϑ)((c−1)p+1)((ϱε−κ)ϑ − αϑ)
p
2 −1

)
.

So, proved the required result.

5. Examples

Now, to understand the theoretical results that we established in this research work, we provide
numerical examples.
Example 1. Consider the following:

D0.95
α+;ϑ,λגε(ς) = 6ε0.95 sin2(ς)גε(ς − 1

2 ) + ε0.95גε(ς − 1
2 ) cos2(ς)+

3ε0.95− 1
2 ε(ςג − 1

2 ) cos2(ς) sin(גε(ς))dw(ς)
dς , ς ∈ [0, π],

(0)ג = σ,
(5.1)

where c = 0.95, α = 0, r = 1
2 , and

f(ς, ,(ς)ג ς)ג − r)) = 6 sin2(ς)גε(ς −
1
2

) + ε(ςג −
1
2

) cos2(ς),

g(ς, ,(ς)ג ς)ג − r)) = ε(ςג3 −
1
2

) cos2(ς) sin(גε(ς)).

The criteria of Ex-Un are fulfilled by f(ς, ,(ς)ג ς)ג − r)) and g(ς, ,(ς)ג ς)ג − r)).
The averages of f and g are as

f̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0

(
6 sin2(ς)גε(ς) + ε(ς)ג cos2 (1

2
ς
))

dς =
7
2
ε(ς∗ג −

1
2

),

g̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0
ε(ς)ג3 cos2(ς) sin(גε(ς))dς =

3
2
ε(ς∗ג −

1
2

) sin(ג∗ε(ς)).

The corresponding average is{
D0.95

α+;ϑ,λג
∗
ε(ς) = 7

2ε
ε(ς∗ג0.95 −

1
2 ) + 3

2ε
0.95− 1

2 ε(ς∗ג −
1
2 ) sin(ג∗ε(ς)) dw(ς)

dς ,

ε(0)∗ג = σ.

Example 2. Take the following:
D0.90

α+;ϑ,λגε(ς) = 3ε0.90 sin
(
ε(ςג − 1

3 )
)

sin2(ς)גε(ς) + ε0.90− 1
2 sin

(
ε(ς)ג

)
cos

(
ε(ς)ג

)
ς2 dw(ς)

dς , ς ∈ [0, π],
(0)ג = σ,

(5.2)

where c = 0.90, α = 0, r = 1
3 , and

f(ς, ,(ς)ג ς)ג − r)) = 3 sin
(
ε(ςג −

1
3

)
)

sin2(ς)גε(ς),
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g(ς, ,(ς)ג ς)ג − r)) = sin
(
ε(ς)ג

)
cos

(
ε(ς)ג

)
ς2.

The criteria of Ex-Un are fulfilled by f(ς, ,(ς)ג ς)ג − r)) and g(ς, ,(ς)ג ς)ג − r)).
The averages of f and g are as

f̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0
3 sin

(
ε(ςג −

1
3

)
)

sin2(ς)גε(ς)dς =
3
2

sin
(
ε(ς∗ג −

1
3

)
)
,ε(ς)∗ג

g̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0
sin

(
ε(ς)ג

)
cos

(
ε(ς)ג

)
ς2dς = sin

(
ε(ς)∗ג

)
cos

(
ε(ς)∗ג

)π2

3
.

The corresponding average is{
D0.90

α+;ϑ,λג
∗
ε(ς) = 3

2ε
0.90 sin

(
ε(ς∗ג −

1
3 )

)
ε(ς)∗ג + ε0.90− 1

2 sin
(
ε(ς)∗ג

)
cos

(
ε(ς)∗ג

)π2

3
dw(ς)

dς ,

ε(0)∗ג = σ.

Example 3. Examine the following:
D0.95

α+;ϑ,λגε(ς) = 1
3ε

ε(ςג0.95 − 1
4 ) cos

(
ε(ς)ג

)
sin

(
ε(ς)ג

)
+ 3π

4 ε
0.95− 1

2 sin3 ς cos
(
ε(ς)ג

)
sin

(
ε(ς)ג

)
ε(ς)ג

dw(ς)
dς , ς ∈ [0, π],
(0)ג = σ,

(5.3)

where c = 0.95, α = 0, r = 1
4 , and

f(ς, ,(ς)ג ς)ג − r)) =
1
3
ε(ςג −

1
4

) cos
(
ε(ς)ג

)
sin

(
ε(ς)ג

)
,

g(ς, ,(ς)ג ς)ג − r)) =
3π
4

sin3 ς cos
(
ε(ς)ג

)
ε(ς)ג sin

(
ε(ς)ג

)
.

f(ς, ,(ς)ג ς)ג − r)) and g(ς, ,(ς)ג ς)ג − r)) satisfies the needs of Ex-Un.
The averages are given below.

f̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0

1
3
ε(ςג −

1
4

) sin
(
ε(ς)ג

)
cos

(
ε(ς)ג

)
dς =

1
3
ε(ς∗ג −

1
4

) sin
(
ε(ς)∗ג

)
cos

(
ε(ς)∗ג

)
,

g̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0

3π
4

sin3 ς cos
(
ε(ς)ג

)
ε(ς)ג sin

(
ε(ς)ג

)
dς = sin

(
ε(ς)∗ג

)
cos

(
ε(ς)∗ג

)
.ε(ς)∗ג

Thus,{
D0.95

α+;ϑ,λג
∗
ε(ς) = 1

3ε
ε(ς∗ג0.95 −

1
4 ) sin

(
ε(ς)∗ג

)
cos

(
ε(ς)∗ג

)
+ ε0.95− 1

2 cos
(
ε(ς)∗ג

)
ε(ς)∗ג sin

(
ε(ς)∗ג

) dw(ς)
dς ,

ε(0)∗ג = σ.

Example 4. Take the following:
D0.95

α+;ϑ,λגε(ς) = 9
2ε

0.95 sin
(
ε(ς)ג

)
cos

(
ε(ς)ג

)
exp−ς +ε0.95− 1

2 sin
(
ε(ς)ג

)
ε(ςג − 2

3 ) cos
(
ε(ς)ג

)dw(ς)
dς , ς ∈ [0, π],

(0)ג = σ,
(5.4)
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where c = 0.95, α = 0, r = 2
3 , and

f(ς, ,(ς)ג ς)ג − r)) =
9
2

sin
(
ε(ς)ג

)
cos

(
ε(ς)ג

)
exp−ς,

g(ς, ,(ς)ג ς)ג − r)) = sin
(
ε(ς)ג

)
ε(ςג −

2
3

) cos
(
ε(ς)ג

)
.

The 9
2 sin

(
ε(ς)ג

)
cos

(
ε(ς)ג

)
exp−ς and sin

(
ε(ς)ג

)
ε(ςג − 2

3 ) cos
(
ε(ς)ג

)
satisfies the needs of Ex-Un.

So we have

f̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0

(9
2

sin
(
ε(ς)ג

)
cos

(
ε(ς)ג

)
exp−ς

)
dς

=
9

2π
sin

(
ε(ς)∗ג

)
cos

(
ε(ς)∗ג

)
(1 − exp−π),

g̃(ג(ς), ς)ג − r)) =
1
π

∫ π

0
sin

(
ε(ς)ג

)
ε(ςג −

2
3

) cos
(
ε(ς)ג

)
dς = sin

(
ε(ς)∗ג

)
ε(ς∗ג −

2
3

) cos
(
ε(ς)∗ג

)
.

So, 
D0.95

α+;ϑ,λג
∗
ε(ς) = ε0.95 9

2π sin
(
ε(ς)∗ג

)
cos

(
(ε(ς)∗ג

)
(1 − exp−π)+

ε0.95− 1
2 sin

(
ε(ς)∗ג

)
ε(ς∗ג −

2
3 ) cos

(
ε(ς)∗ג

)dw(ς)
dς ,

ε(0)∗ג = σ.

6. Conclusions

This research establishes the Ex-Un results through FPT, continuous dependence, and time
regularity when the coefficients satisfy the global Lipschitz criteria for the solution of SFDDEs. It
also demonstrates the A-P using inequality and interval translation methods. Additionally, examples
are provided to clarify and validate the theoretical results.

We make three significant contributions to the establishment of the Ex-Un: continuous dependence,
time regularity, and A-P results. First, by proving results in the pth moment, we expand the outcomes
for p = 2. Secondly, for the first time in the literature, we establish well-posedness, time regularity,
and A-P results in the context of CEKFD for SFDDEs. Third, we consider SFDDEs, which represent
a more generalized class of FSDEs.
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