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Abstract: We present new results on the well-posedness and time regularity of solutions to stochastic
fractional delay differential equations (SFDDEs) using the Caputo-Erdélyi-Kober fractional derivative.
Additionally, we prove the averaging principle. We establish all results in the pth moment, which
generalizes the case p = 2. First, by applying fixed-point theory (FPT), we prove that the solution
exists, is unique, and continuously depends on the initial values as well as the fractional derivative.
Second, we establish a smoothness theorem for the solution and demonstrate that the solution of the
original system converges to the averaged system in the pth moment. Finally, to support our theoretical
findings, we present illustrative examples.
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1. Introduction

There are many different kinds of fractional derivatives; examples include the Riemann-Liouville
(RL), Caputo fractional derivative, Griinwald-Letnikov, Caputo-Fabrizio, conformable, Katugampola,
Hadamard, and Erdélyi-Kober fractional derivatives [1,2].
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Various authors have utilized the Caputo-Erdélyi-Kober fractional derivative (CEKFD) in their
research on fractional differential equations (FDEs). For example, Arioua and Titraoui [3] studied
the existence and uniqueness (Ex-Un) of solutions to FDEs using FPT with CEKFD. Bouteraa et
al. [4] presented theoretical results for FDEs with CEKFD. Another study [5] explored solutions
to FDEs using the Galerkin-Hermite method in the context of CEKFD. Zhang [6] investigated the
well-posedness of FDEs with CEKFD. Fan and Zhang [7] examined the existence, uniqueness, and
stability of FDEs with CEKFD. In Luchko and Trujillo [8], various properties of CEKFD were defined.
Boumaaza and Benchohra [9] contributed new findings on the Ex-Un of solutions to FDEs using FPT
with CEKFD.

The CEKFD of ordern — 1 < ¢ < n,n € N for a continuous function (Con-F) u(¢) : [, o) — R s
defined as follows [10]:

A S n
¢ _ S o-1, 9 owmeif | HA+0)
D36 = D fa W (e —u?) (Wﬂ) W)y, (1.1)

where ¢ > a > 0,9 > 0,and A € R.
The Erdélyi-Kober fractional integral of order ¢ > 0 for the Con-F u(g) : [@, o) — R is as
follows [10]:
—HA+¢) S
') Ja
The relationship between the Erdélyi-Kober fractional integral and the CEKFD, for 0 < ¢ < 1, 1s
given as follows [10]:

c WD (6 g du, (1.2)

I(Cz;ﬁ,ﬂ(g) =9

T8 51D 0.236) = X(s) — "M VX (@)g™ ", (1.3)

In recent years, numerous scholars have explored diverse aspects of fractional stochastic differential
equations (FSDEs). Batiha et al. [11] introduced a novel method for solving FSDEs, deriving
approximate solutions and comparing them with those obtained through other techniques. Chen et
al. [12] examined the stability and Ex-Un of solutions to FSDEs, employing the Euler-Maruyama
method for their computations. Moualkia and Xu [13] conducted a theoretical study on variable-order
FSDEs, deriving approximate solutions and evaluating their precision against other approaches. Ali
et al. [14] analyzed a coupled system of FSDEs, focusing on solution Ex-Un and stability. Li et
al. [15] investigated the stability of FSDE systems, exploring the interplay between fractional calculus,
stochastic processes, and time delays. Their work enhances the understanding of system stability and
evaluates numerical solution methods and different stability types for FSDEs. In [16], researchers
performed Ex-Un and stability analyses for FSDEs involving conformable derivatives. The authors
of [17] demonstrated the convergence of the Euler-Maruyama method for FSDEs, applied it to obtain
solutions, and presented stability findings. Meanwhile, [18] discussed solution Ex-Un for FSDEs with
Lévy noise using the Picard scheme. Li et al. [19] studied Hilfer FSDEs with delay, establishing Ex-
Un via the Picard method and analyzing finite-time stability using various inequalities. For additional
insights into FSDEs, refer to [20-22].

The averaging principle (A-P) serves as a powerful tool for analyzing complex systems. By
replacing intricate time-dependent equations with their averaged counterparts, this approach simplifies
analysis and reduces computational complexity. The validity of the A-P hinges on identifying
conditions under which the averaged system accurately represents the original dynamics. Several
researchers have contributed to the development of the A-P from different perspectives. For instance,
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Zou et al. [23] derived the A-P for FSDEs with impulses, while Zou and Luo [24] extended these
findings to SFDDEs involving the Caputo operator. Additionally, the authors of [25] investigated the
A-P for neutral FSDEs with Caputo derivatives. Further studies have explored and validated the A-P
across various contexts, as seen in [26-28].

SFDDEs are FDEs that incorporate fractional derivatives to describe memory effects, time delays
to capture time-lagged interactions, and stochastic processes to model randomness or noise. These
equations are particularly suitable for systems where past conditions, delay effects, and random
variations have a significant impact on dynamics. This research study uses the FPT to determine the Ex-
Un results of the solution to SFDDEs. Next, we present the continuous dependence results by assuming
that the coeflicients correspond to the global Lipschitz condition. Additionally, various inequalities are
employed to establish regularity and A-P results. Finally, examples are included to support the results
derived from this study. The primary tools used in our proofs include the Burkholder-Davis-Gundy
inequality (Bu-Da-Gu-Ineq) [29], Jensen’s inequality (Jen-Ineq) [30], and Holder’s inequality (HOI-
Ineq) [31].

Remark 1.1. SFDDEs with CEKFD operators present fundamentally greater challenges than classical
fractional models due to the complex interplay of memory effects, stochasticity, and time delays,
which complicates theoretical analyses of well-posedness, solution regularity, and A-P. The intrinsic
connection between CEKFD operators and probabilistic properties further necessitates careful
consideration of functional spaces, noise structures, and solution methodologies, making these systems
distinctly more difficult to analyze than their traditional counterparts.

Listed below are the main contributions of our study:

1) To the best of our knowledge, no research has been conducted on the well-posedness, regularity,
and A-P of SFDDE:s in the sense of the CEKFD. This study is the first to establish significant
results regarding SFDDEs in the sense of CEKFD.

2) While existing results for FSDEs predominantly focus on mean-square convergence, our work
establishes these findings in the more general pth moment framework. This approach naturally
extends the established theory on well-posedness, regularity, and A-P for SFDDEs, with the
mean-square case p = 2 emerging as a special instance of our broader analysis.

3) In this work, we establish theoretical results for FSDEs incorporating delay terms, extending the
existing framework to account for time-lagged system dynamics.

We examined the following SFDDE:s in this research driven by Brownian motions [32].

D, 5.36) = (5, 36), Js = 1)) + 85, <), U — ) F2,
¢)=0(), t<¢<a, (1.4)
o) = o,

where o is a constant, t € R is the delay time, o(¢) is the history function for all ¢ € [-r, @], and
Z)(‘H;M represent CEKFD with ¢ € (%, 1,9>0,¢>a>0,and 1 € R. Thef: [@,0] X R° X RF — RF
and g : [, 0] X R? x R* — R”® are measurable Con-Fs. The stochastic process (We) cef0.00)
standard Brownian trajectory within the b-dimensional complete probability space (Q2, F, P).

The remainder of this paper is organized as follows: Section 2 presents a preliminary definition
and key assumptions. In Section 3, we establish our main results regarding the well-posedness and

follows a
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regularity of SFDDEs with CEKFD operators. Section 4 develops the A-P for these systems. Section 5
provides illustrative examples that demonstrate our theoretical results. Finally, Section 6 concludes the
paper with a summary of our findings and their implications.

2. Preliminaries

We now introduce a definition and assumptions that support the findings of this study.

Definition 2.1. Forp > 2 and ¢ € [a, ), assume Ap LP(Q, F, P) consists of all F.-measurable with
p"-integrable 1= (31,1, -, p)T :Q > RPas

P

s = () qu:,w))‘l’_

J=1

The Xs) : [@,0] — L¥*(Q,F,P) is a F-adapted process when J(g) € A‘; and ¢ > 0. Now, we obtain
the equivalent integral form of Eq (1.4). First, apply the Erdélyi-Kober fractional integral 77, , to both
sides of Eq (1.4). So, we have

C C C (g)
1 .9.0D54:0.25) = 1,5 ,f(6,3(6), Mg — 1) + I, 5 ,8(5, 1($), As — 1)) 2.1)
Now, by utilizing Eq. (1.3), we obtain
—19(/l+c)
Xs) = "o 4 = @ f (6" = u") "™ i, Ju), Ju = 1)) du
LU o e ytaeo-1
8 (g W1 i, ), 30 = 1) dw (). (2.2)

For f and g, assume the following:
1) (H,) When V¢, 65,1, ¢, € R there are £ and %, such as
If(s, €1, €2) = £(s, &1, My < L1161 = illy + 1162 = Lally)-

lg(s, €1, €2) — 8(s, &1, Oy < L1610 = il + 1162 = Slly).
2) (H,) For (s, @, @) and the g(s, @, @), we have

esssup|lf(s, a, @)lly < ¥, esssupllp(s, a, @)y < .
s€la.b] sela,b]

Now assume

1) (Hz) : When V¢y,6,,01,0,6, € RP, ¢ € [a, 8] there is .£5 > 0 such as:

lIf(s, €1, £2)=F(5, {1, DN V M18(S, 1, £2) = 8(, 41, L)
< L6 - all + 116 - &lD).
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2) (Hy) : When V¢, 6,,01,05,6,L € RP, ¢ € [a, 0] there is .Z; > 0 such as satisfy the following:
If(s, €, DIV lI8(s, &, DIl < Za(1 + |11l + 11Z11).

3) (Hs) : Functions?andgexist and for 0, € [, 0], ¢ € [a, 0], and p > 2, we have as follows:
01

1
a Jo If(s. £.2) = (&, OIFdg < 8@ + 114 + 1Z1P),

01

1
o Jo (s, £,¢) = 6L, OIFds < Ra(0)(1 + 1I1€11P + 1I1P),

where limy, . 81(6;) = 0, limy, o, N2(61) = 0 and N,(6;), R,(6,) are positively bound functions.
3. Well-posedness

First, we present the important results regarding well-posedness for SFDDE:s.
We have 7, : H*(a, 0) - HP(a, 0) with h,()(@)) = o. Then, we get

—19(/l+c)
lie (X)) = " Vorg™D 4 T f (s” = u”) T, Jw), 3w — 1))du
ﬂg—ﬁ(/lﬁ)
6 f (7 —u")y TP gy, J(u), J(u — r))dw(u). (3.1)

The following lemma is very important to prove various results.

31+ 215 < 28 (0 + (1), Y3113 € R, (3.2)
Lemma 3.1. Suppose (H,) and (H,) are valid. Then h, is well-defined.
Proof. For )(g) € HP[a, 6] and ¢ € [a, 6], the following results are derived using Eqs (3.1) and (3.2).

22p—2(ﬁg—19(/1+c))p
()

p
9 uﬁ)cflf(u’ J(U), J(u _ r))uﬁ/lH?fldu
p

||h(r(3(§'))||§ Szpfl||a19(c+/l)0_g719(c+/l)||§ +

22p—2 (ﬂg‘ﬁ(’lH))p

0 (3.3)

p
H f g(S‘ P —uhy g (u, Jw), I — o) dw(u)
a p

By Hol-Ineq, we have

S p p S p
| [ o6 =it s - ot < 3 ([ 6 =200 - o))
a p J=1 @
L < (1P ) -1 s P
< Z E((f (" - uﬂ)m(uMW—l)qu) f |fj(u, ), J(u— r))| du)
=1 @ a
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M‘b

-1 S 1 -1 s
‘3(( sup (um)%)p (f (" —u )Tp(u’9 l)Pidu f If,(u, J(u),](u—r))|pdu)

=1 a<U<g
E e\ -1y g B 9-1 p
< Zm(( sup (U )»—1) ( sup (uf f (6 —uh) T du f I, 3w), 3w = 1)) du)
=1 a<u<g a<us<¢g
@0 p—
< CP—lvp—l((gﬁ _ aﬁ) -1 )p I(W f ||f(u J(U) J(u _ r))”Ddu (34)

R e
where C = sup ()7 and V = sup (u?~1)F1.
a<U<¢g a<U<¢
From (H), we obtain

I, 260, 30 = ey <27 ([fw, 300, 30 = 0) = e, ) + [, 0}
<2(2 2([p ) + o = o) + s . ) (3.5)

Consequently, we get

S p P
f it 309,300 = 1) < 22225 (esssuplilly )+ (esssups -0, ) )
a P uela,0] uela,b] P
S S
f 1du + 28! f Ifcw, @, @) Sdu
< 2220.27(|pw]l}s + [ = )
4+ 2! f g”f(u, a, a)||§du. (3.6)

Based on Egs (3.4) and (3.6), we establish

S p B(cP-1)
Hf (67 — u”y 7 (u, Ju), Ju — £))u? 7 du scp‘lvp‘l(gﬂ P!

p—1 !
(—ﬁ(cp — 1)) 9= 1(2p lgpe(HJ(u)H o+ | — r)||ﬂp f [f(u, @, @) du) (3.7)

By applying (H,) to Eq (3.7), we derive

HP-1)
=), ), I - r))u”“"“du <CHIVEi(g P

_p-1 ’ 1{op-1 Py
(L o ol ool )
According to the Bu-Da-Gu-Ineq and Hol-Ineq, we derive

AIMS Mathematics Volume 10, Issue 4, 8277-8305.



8283

y p
H f (gﬁ _ uﬁ)c—lg(u’ J(Ll), J(u _ r))uﬁ/lﬂ’?—ldw(u)

P

:Zf.] f (6" (. 30, Y - |

0] u19)2c 2

f(g 19)2: 2
=

f 9y Pari-1) du)
Cpkt f (¢ —u"y*?

sup (W f(g P22y l)zdu)

a<usg

< Zcpmf (gﬂ _ uﬂ)Zc—Z
=1 @

S
( sup (Y sup u’! f (&7 =y 2y du)

a<uU<g a<U<g

(u19/l+19 1) du

g, (u, J(w), (u - 1))

; Mb

J

g, (1, J(w), J(u — 1)) (uﬂ“ﬁ 2du

Mu

,_.

p-2
2

(u19/1+ﬂ 1) du

8,(u, W), J(u 1))

LM’O

p-2
2

P -1y
W71y du

8,(u, W), J(u - 1))

p-2
2

19 (2c-1)
<GTUY cp((gﬁ(z—) f " - 2‘_2||g(u,3(u,1(u—r))”z(uﬂ“ﬂ_l)zdu, (3.9)

_ SN2 TT — 9-1 _ (P )
where G = sup (u’*)*, U = supu ,ande—(W) .
a<Uu<¢g a<U<g
By utilizing (H,) and (H,), we obtain the following result:

o360, 3 = )} <2223, + [ = ) + 22 ]a, 0, 0
<2223y + [ - o} + 2w, (3.10)

Thus, we obtain

uela,0]

f (6" — u' Y J(an, Ju), 3 — )L < 22 f (o - uﬂ)z‘_z((esssup”J(u)” )

t)
(esssuP“J(u - If)” ) )(um’j_l)zdu + 20 1yP f (67 = w22 WY dy

uefa,0]
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<2%2. 2% sup (u”)? f (" —u"y 2( esssup”J(u)” )

a<U<¢ uefa,b]

(esssup”l(u —r)” ) )(uﬂ—l)zdu+2p—1wp sup (u’h)> f (" —u")2 2 Y2du

uela,b] a<U<g

<2%72.2) sup (W) sup v’ f (6" —u')* 2( esssup”J(u)” )

a<U<¢ a<uU<¢g uefa,f]

S
(esssup”l(u - r)” ) ) gy + 2P 1y? sup (W?)? sup uﬂ_lf (" —u")> 2’ 1du

uela,b] a<uU<¢g a<u<g
2p l(g _ ﬂ)(lc 1) » . " "
—GU—— (2*’ & (IIJ(u)II(Hp 3 - r)||%) ; W’)- @.11)

So, from above, we have

2P-1(g? — @)D
92c—-1)

f §(§l9 —u”)? 2|3, Jw), Ju - r))||§(u“+ﬂ‘l)2du < GU

(2’°-‘osf;’(|u<u>||i;{p +[13u - r>||?;,p) + wp). (3.12)
By applying Eq (3.12) to Eq (3.9), we obtain the following result:

p-2
1 g _ a,z?)(Zc—]))2

,Jw), Ju — o) dw(u)

P P (s
< 22 .
p‘GUC"( 92c—1)

2P-1 2D ot o . . p
TSI (2 .;S!;(IIJ(u)H% + ||J(u—p)||%)+¢ ) (3.13)

By putting Eqs (3.8) and (3.13) into Eq (3.3), we find that [|7-(3(¢))|l#y < oo. So, the 7, is well-
defined. Now, we establish the following result, which we use to prove the Ex-Un.

Lemma 3.2. [fc e (%, 11,9 > 0, and A € R, then V¢ € [a, 0], the following inequality holds:

¢+ oy ¢+ .
f (s7 —u")exp(pu” i’ du < — exp(6”).
F(c) n

Proof. From Eq (1.2), we obtain the following:

A g Vg0 = I, DAHO—1
I exp(ng )— o (g exp(nu”)u du
g0 1 Iy, 9—1
< sup u” ) exp(nuHu’ " du
F(C) oz<u[<)g f(g p(n )
19 —(A+¢)

f (gﬁ 19)( leXp(nuﬁ)uﬁ ldu
Accordingly, we get
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—ﬂ(/l+c)

I explng”) < 25— o f(g u”) " exp(u”)u’" du.

By applying the variable substitution z = ¢” — u”, we obtain

9 g—ﬁum 'S S.—19(/l+c)
O f (6" —u") " exppu” )’ du = exp(ns”)]

I'(c)
gz?
f 2" exp(-nz)dz.
0

By now applying the substitution Y = nz in Eq (3.14), we obtain

—9(A+¢) —9(A+0) 0

S
- - S
Jf (¢7 —u”) T exp(pu’ i’ du =
@ P (o)

—(A+0)

<
nr(o)

—9(A+0)

Texp(n”).

Thus, we have
19(/1+ )

F(c)

—H(A+c¢)

f (" = u")" exp(pu”yu’~'du < < exp(ns?).

ULy
exp(ns?)J f Y exp(-Y)dY
0

exp(ng™)] f Y exp(-Y)dY
0

(3.14)

(3.15)

Theorem 3.1. If (H,) and (H,) are satisfied, then the Eq (1.4) with X(«) = o has a unique solution.

Proof. Taking > 0, we have

I > 26T (2c - 1),

where

- —1 C p c—2¢ —
5= 2p 1(195‘ A+ ))p (2P—IGUQp—1Fp—1°Z (gﬂ _ a,ﬂ)(p 2 +1)(p _ 1)p 1

*() ((pc — 2¢ + 1))

F2c—1) D 2
22 (67 =)
Gt (o g )
" 9Q2c—1) 2Cp

The weighted norm || - ||, is

13l = esssup
s€la.0]

[l )
(W) , VX(s) € H([a, 0).

For 1(¢) and?(g), we get

(3.16)

(3.17)

(3.18)
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11-((6)) = e G <

p-1 —J(A+0)\P )
2 (?g(c) ) f (& —u) 1 f(u Juw), Ju —r1)) — f(u, j(u) J(u r)))uﬂ/lﬂ?—l aull +
p
2p—1 9 —J(A+0)\p L )
(ri(c) ) f (" —ul’)c‘l(g(u, J(u), J(u — 1)) — u(u, J(u),J(u—r)))u“+’9—1dw(u) ; (3.19)

Using the Hol-Ineq and (H ), we obtain

_ - p
f g(d9 - uﬁ)“‘l(f(u, Jw), J(u = 1)) — f(u, Ju), Ju - r)))u““"ldu
| -
L (=HP-2 p-1
Z ( f (6 =) T @ )
f uﬁ)Zc—Z
P 2 —1)( -2 -1
<) ( sup (u')F1 f ) T F )
=1 a<U<g
( f (6" — u")2e2
L p-2 L& < (=D(P-2) 1
SZE(( sup (WHPT sup (u?TF ZE((I (" —u?y Py 1du)
J=1 J=1 @

a<U<g a<U<g

P
f (7 —uh)~ 1 f(u J(w), Ju = 1)) = f,(u, (), J(u — r)))uﬂﬂﬂ?—ldu

f (1, 3, 2 = ) — (1, J(uw), Ju = r))|p(u1“+’9‘1)2dU))

f,(u, 3, J(u = ) — f,(u, Jw), Ju - r>>|"(u“+ﬂ-1>2du))
p-

( f (6 — Y, ), 3 — ) — f, o, ), - r))l"(u“*’91>2du))
L(s" = a")P b — !

(B = 2¢ + 1)
sup (u")? f (6" () S+ [~ T = o Jou e

a<U<g

<P IR-IQH!

csﬂlp(gﬁ _ al?)(pt—2c+l)(p _ l)p—l
(Opc — 2¢ + D)

GU f (" —u’y>2 |J(u) J(u))||p + 3w = 1) = Ju = 1)) ) 71 du. (3.20)

<P IRl

where F = sup (u’”)ﬁ, Q= sup (Uﬁ_l}ri
a<usg a<uUsg
Hence, we have

f " - ”f(u 3w, 3w — 1)) — i(u, J(w), Ju - r)))u“*ﬂ‘ldu p
p
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cglp(gﬂ _ aﬂ)(pc—2c+1)(p _ 1)p—l
(F(pc — 2¢ + 1)

f (5" =23 = Sap[} + 30 = 1) = = )} . (3.21)

<2 IGUQPIF!

Thus, by utilizing (H,) and the Bu-Da-Gu-Ineq, we obtain:

S - - p
667 o 300,30 = 1) = 050 T = ) ) p

P
= ] [ - 300,300 ) - 00, S ) |
J=1 ¢

p i
<> Cp‘ﬁ‘ f (" — "2y, (u, 3w), 3u = 1)) - 5,(u, 3w), 3 — )| (W1 du
=1 ¢

o S
< Z Cp!gf (gﬂ _ uﬂ)Zc—Z
J=1 @
S
( f (6" — )21y du)

o
< Z Cple f g(gﬂ —u") 2y (u, 3w), 3 - 1)) — 5, (1, 3w), Ju — )| ) du
J=1 @

g, (1, 3(u), Ju — 1)) — 8, (u, Ju), = )] @) 2du

p-2
2

p-2
2

(sup ™y’ f (6" = V2]

a<u<§

< Z G f " - 2(—2|g1(u, Jw),Ju-r)) - BJ(U,F(U),E(u _ r))|p(u1”“9_1)2du
( sup (1179/1)2 sup uﬂ—lf (Sﬁ _ uﬂ)Zc—Zuﬁ—ldu)

a<U<g a<U<Lg

PRAYCISS) P2
oGR8

P2c—-1)
e, f (o - w72 [ = 001 + i = 1) = 3w - ol Joa"
2e-1) P2 -
SQP_IGVU}DZZ((S‘;(_;—)Z) )) ey i‘f&(um)zf (s
(I =301} + o = ) = T = )l Ju" et
<P~ icEu 2(( o) 1)) LPCy sup W sup 1! fg(gﬂ_uﬂ)h—z
9(2c— 1) 27 ase | auss Ja

(s = S + [ = ) = 3 = 031§ . (3.22)
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So, from above

S - - p
| 66" = ot 200,30 1) = o500 T = )
a p

g\ I(2c—1) ?

<ghut ((g o) e

92— 1)
f (¢7 — u?)2- 2 ||J(u) J(u)||p + ||J(u —1) = u- r)llp) =1 du, (3.23)

Thus, Y¢ € [a, §], we have

—_ S _ —
s (X)) ~ e[, < 6 f (||J(u)—3(u)||§+||J(u—f)—3(u—r)||g)(§ﬁ—uﬁ)z“zuﬁ‘ldu, (3.24)

It follows that we derive

1763(s) = B X(S)I 1 f s
< o) v ¢
apsh) e J, &
[13(w) —T(u)ll‘D 13 —t) = Ju - )|}
9 _ P
[exp )y et e
1 S s ) 13w) = 3l
e GG XUt ey
1= 1) =3 =Dl |,
< o)

+exp (n(u —1)")esssup

Uefa,0]
_ p
_||:$>p ( ;g;;ll o [ =7 exp ) + exp o =)
_ p
—2”1(:;(773;(5))” f (5" = u")* exp (" u""'du. 6:25)

Now, replace ¢ by 2¢—11in Eq (3.15).

g—ﬂ(/1+2c—1)

¢
S |6 - expn < exp(rs”).
The above inequality can be written as
0 1 = - F(zc B 1) !

f (6" = w2 expln” ™ du < =7 expng”).

We get the required result from Eq (3.25).
~ 26T(2¢ - 1)\# <
1,(3(6)) = i Gy < (W) 1300) = 300l (3.26)

20I'2c—1)

AT < 1.

From Egs (3.16), we get
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Theorem 3.2. &.(s, 0) is a solution that is Con-D on ¢, then

lim esssupllg(s, o) — &(s, olly = 0. (3.27)

0 selafl]

Proof. Assume ¢, © € (%, 1]. Then
PP+
I'(0)

'S g—ﬂ(/m) v¢™ H(A+7) _
uz9/l+1?—1du + f ( (gﬁ _ uﬁ)c—l _ _ (gz? _ uﬁ)c—l)f(u’ f}(u, O'), é‘:f(u —1, 0_))u19/l+19—1du
« v () I'(©)

S
f (s - ul’)“l(g(u, £, 0), Eu—1,0)) — g(u, &, 0), & —r, 0)))ul"+ﬁ“dW(u)

£, 0) — g, 07) = f (" — ) 1(f(u £, o), Eu — 1, 0) — (U, &(u, o), Eu — 1, (r)))

PO
I'(c)

N fg( g—19(/l+f) (gﬂ B uﬂ)c—] _ ﬁg—ﬂ(/l‘”) (gﬁ _ uﬁ)f—l)g(u §~(u O_) é~_-(u —r O_))uﬁ/l+’l9—1dw(u) (3 28)
. T 0G R -

We extract the subsequent outcome from Eq (3.28) by employing Eq (3.2).

le.s. o - s,y < 276 lets. ) - s, ] + [lets = .00 - s~ )}

S
f (gﬂ _ uﬂ)ZC—Zuﬂ—ldu + 22})—2
a

ST BT e saso1 4 | L ~2n2
' (W(S‘ —u’)" = W(S‘ —u’) )f(ll, &, o), &(u—r1,0))u duf| +2
« p
¢ (P 9 9ve-l g0 9 I\i-1 IA+0—1 k
' f (r—@’ —u)T = ——— (" —u")" )9(11, &, 0), & —r, o) u’ 7 dw(u) (3.29)
p (©) ['(®) P
Suppose the following:
. 9 g.—ﬂ(/Ht) o 9 g—ﬂ(/H—E) . ~
D(g,u,¢, ¢, A) = ‘Tc)(gﬂ —uhy - W(S‘19 —u?)T P (3.30)

By applying Hol-Ineq, (H;), (H,), and Eq (3.30), we obtain

0} ‘W“) G+ ) .
H f gr( ) uﬂ)c—l _ S}‘T(gﬂ — uﬂ)c—l)f(u’ &G, o), &(u—r, O.))uﬂ/Hﬁ—ldu p
p
SZLZI m( fa s, u, ¢, & D|f (1, &, 0), & -, 0'))|du)

m s pR-l s
<D ‘5(( f (@(s.u, c,f,ﬂ))*’*) f |fj(u,fz(u,0'),§f(u—r,O'))|pdu)

: 2 g 3 ? S N
S(f (D(s,u, c,E,/l))) (f 1du) f||f(u,§;(u,o-),.§f(u_r,o-))”pdu

S g -2 S
= f (@0, D)) @- )T f 2127 2P (e, o + st = v, o) + I, O
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; 2
S(f (D(s,u, T, /l))2) 0 - a)gzv—l

(21 Z¥esssuplietu I} + esssuplieu = 5, ) + 7). (3.31)

s€l,0] sela,b]

Now, by Bu-Da-Gu-Ineq, Eq (3.30), (H,), and (H,), we have

—19(/l+c) —(A+7) p
| f (Pt =0 = B (s = o ).t = v ) ) p

p
> e f s, u, ¢, &, Vg, (1, &1, 0), £ — 1, 0))AW(W)

m S P
sZLzlcpﬂ f O(g, u, ¢, T, A7), (1, &1, 0), & — 1, )| dw(w)|?

2 B2 p
szzlcpm[( f D(s,u, ¢, T, )2g, (U, &, o), Exu — 1, o'))|pdu)p( f (@ 0% /l))zdu) ’ ]2
p-2

=Cy f ’ D(g,u, ., ) ||m(u, &, 0), &(u -, 0))||pdu f ) (D(s,u, ¢, T, A))zdu) ’

scp( f Dlc, . L, /l)zdu) b 1(2’o L L (esssupliéu, I} + esssuplléu — v, o)) + w) (3.32)

1% sela,0] s€ela,b]

Hence, we derive the following:

(s, ) - &5, ) i ;
p-1 9 L 9N\2e-2, 91
S <t ], 6
Eu—r,0) = &u—r, o)

g, ) — &, )} , 2,
( exp(u”) explne) + exp(n(u — r)?) SXpOI =) )) !
p
s 2
403 3(210 1gp(esssul7||§c(u 0')||p + esssuplléu—r, O')”p) + l/,P f (@(c, 1, 6, /l))zdu) R
sela.0] sela.6] N

P
+2%F- 3(2‘o ]Zp(esssupllfc(u 0')||p + esssupl|&(u —r, 0')||p) + v,bp)Cp( fg (P(s,u, ¢, T, /l))zdu)2

s€la.b] ce[a,6]
p _
2T 1)
- 19772c—1

£(e,0) — &5, 0!

p
. b
12 3(2'o L L esssupliéu, I} + esssuplléu -, o)} + wp f (D61, 6, T, A))Zdu)ze15

S€la,0] cela,0]
2% 3(2'o L LD (esssupliéu, I + esssuplié:u — v, L) + W’ cp f (D1, 6, T, ) du) (3.33)
s€la,0] se[e,6]
We derive the result by using Lemma 3.2.
216 (2¢ — 1)
(1_ 2] )

£(s,0) — &G 0|} <2 3( 2% 1éf’”(esssmm|§f<u N + esssuplléu - v, o))

sela,0 cela,0]

AIMS Mathematics Volume 10, Issue 4, 8277-8305.



8291

¢ 5
* ‘ﬁp)( f (@5, u, 6. T, ﬂ))sz) (6 -)F +2%" 3(2” 'L (esssupllé(u, o)lly+

selab]

esssup||&u —r, O')||p) + wp Cp f (D(s,u,¢,T,10) du) . (3.34)

s€ela,b]

Now, we prove the following:

S
lim sup f (D(g,u, ¢, E, ) °du = 0. (3.35)

c_’(ge[af 0]

We possess the following:

f g(d)(g‘,u 67, /1))2du = (Y POy

(g u’)*- 2 P12 —O(A+D)\2 (" =) e
f Fz(c) ) du + (F¢ ) f —Fz() (u )“du

_29¢ —19(/l+c)ﬂ —(A+D) f (" -
(')

H(A+0N2 ) (¢7 —u")* 9-1
<@ "9 sup (u")? sup u’” f 5 udu

19 2
)C+C (u19/l+19—1 )Zdu

a<U<¢g a<U<¢g (C)
—HA+0)\2 JA\2 9—1 (S' 19)2( g 0—1
+(P¢™7TY)" sup (u”)” sup u' — du
a<U<g a<U<g r (C)

_2ﬁg—ﬁ(ﬂ+c)ﬁg—ﬁ(/l+f) sup (uﬁ/l)Z sup uﬁ lf (Q' 19)c+c i ﬂ—]du
a<U<Lg a<U<g F(C)F(C)
a,ﬁ)(ZE—l)) 1

(9

19)(2(—1)

g _
:(ﬁg_M())ZGU((g 2c-1) )rz(c)

2(5.19 _ aﬁ)(c%—l)
I +T— DIOL®)’

* <199—W+E))2GU((gﬁ(_2z By

_ P9 PAr0,9 9D (3.36)

When we apply lim sup in Eq (3.36), we prove the required result, Eq (3.35). It thereby
t—)(ge[a’by]
demonstrated the necessary outcome.

Theorem 3.3. Foro,¥ € Ag, we have
(s, o) — £ds, )y < Ll — Wlhy, ¥ s € [0, 1. (3.37)
Proof. As we have
£, DS, 0) = £(5, W) = @D _ gDt

1 s
+m f — uﬁ)c—l(f(u, &, o), E(u—1,0)) — f(u, &, P), E(u —r, ‘P)))umw”du

1 S
o f (6" —u) T (B, Eu, 0), Eu = 1,0)) = B, EW, P, £ — 1, PO dw(w).  (3.38)
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By applying Eq (3.2) to Eq (3.38), we obtain the following:

22p—2(ﬁg—19(/1+c))p
I?(c)

|€c(§,’ o) — &s, \I,)”g < 2p—l||a,19(c+/l)o_g—z9(c+/l) _ aﬂ(cwl)lyg—ﬁ(cwl)”;; "

22p—2 (ﬂg—ﬂ(/Hc))p
I*(9)

+

S p
f (" - uﬂ)‘_l(f(u, &, 0), E(u—1,0)) — f(u,&(u, V), E(u — 1, ‘P)))uﬁ“ﬂ’ldu .

(3.39)

p
Py (g(u, £, 0), £ — 1, 0)) — 8w, £(u, o), £ — 1, \P)))ut"“ﬂ“ dw(w)|| .
p

By Hol-Ineq and (H,).

p
f g(gﬂ -y (f(u, £, £ = 1, ) = (1, £, W), 00— 1, D)

p
< Z !E( f (gﬁ _ uﬁ)pfz)(uﬁhﬁ—l)%du)p_l
f (gﬂ 2c 2

p-2 (=1)P-2) p-2 p-1
<Z‘£( SUP <ul”)*“f(g uy ‘)v*du)

a<Uu<g

) 1 f(u &, o), é(u—r1,0)) — f(u E,P), E(u—r, \P))) PA+9— 1du

F (1, £, ), 1 — 1, ) — F (1, £, W), £u — \P))I(u“*ﬂ—‘fdu))

f (67 = w7 (u, Eu, o), Eu — 1, 0) — (u, E(u, W), E(u — W))l(uﬂ“ﬂ‘l)zdu))

p 'S (=1)P-2) p-1
<ZJ£(( sup (u“)T sup (u’~ 1)' ZE(( ) " —u?y P’ 1du)

a<U<¢g a<u<g =

L (" =P dw, 0), £ — 1, 0)) = (0, £, B, £ - lP)>|<u’”+ﬂ—1>2du))
gp pe=2e 1)y — )P

(9pc = 2¢ + 1)
sup " f " —uﬂf“z( £, ) — £, P} +

gp P(Pe— 2c+1)(p_ 1)p 1

(S(pc — 2¢ + 1)
9-1

2p lFm l(lp 1

&u=r,0) - & - W) Jo o

<:2p lFﬁ 1(2p 1

sup (u?)? sup u
a<U<g a<U<¢g

\’ﬂ (g 2(2

Hence, we have

|§c(u o) - &, \11)||*’ Eu—r1,0) - &u—r, ‘P)||§)uﬁ-1du. (3.40)
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p
) 1 (u E(U,0), E(u—1,0)) — f(u, &, P), £ (u 1, \P)))u19/1+19—1 du
p

. QP—IGUQP—IFP—l .,?lp g19(pr—2c+l)(p _ 1)p—1
B (Fpc —2c + 1)

S
f ("~ uﬁfc-z( £, ) = £, D) +
Now, utilizing (H, ), Hol-Ineq, and Bu-Da-Gu-Ineq, we derive

p

‘ f (¢ —u’)~ 1 B(U &, 0), &u—1,0)) — 8w, &(u, ¥), &(u -, ‘I’)))uﬂ“ﬂ_ldW(U)
>
<G

,]:

SZ !Ef(gﬁ uﬂ)Zr 2
=1
S
(f (gﬁ ul?)Zc—z(ul9/l+19—l)2du)
o
Z !gf(gﬁ 2c—2
J=1
( sup (ul‘M)Zf (gﬂ _ uﬂ)Zc—Z(uﬂ—l)Zdu)

p 3
< Z Cp’ﬁf (gﬁ _ uﬁ)Zc—Z
J=1 ¢

S
( sup (Y2 sup u’! f (6" =y 2y du)

a<U<g a<U<¢g

£u=rt,0) - &u =, W)} " (3.41)

f (6" =)o, 0 00,0, €0 = £,07) = 1, 0 0, V), £ — v D) {aw(w|

f (" = "2 (u, £, 0), £u — 1, 0) — B, (1, (1, B), - 1, P))| (P40 Zdu

i

g](u &, 0),E(u—1,0)) - gj(u EuY),E(u—r, \P))|p(uz9/l+ﬁ 1) du

p-2
2

5, (1, £, 0), £u — 1,0) — 1, (1, £, W), £u — 1, W) 71

p-2
2

8, (u, £, 0), £ — 1, 0)) — 1, (1, £, B), £ — 1, W) P72 du

E
2

P p- 2¢— p-2
- (};zl P2 p (gﬁ afﬁ)( D 2
2 2 % ( > ( - )

f (" - 2(lea(u o) — &u, \P)||" |6 —r,0) - &(u- r‘P)Il) )2 dy

(2e=1) PT

PRSI 5 (" - a’)
<ob-! e
DG UT LG5

sup (u”)? f (" - uﬂf(‘z(lla(u, o) = & P + [ectu—r,0) - £u -, T)Ilﬁ)(uﬂ‘l)zdu

a<Uu<g

Q2c=1) P2
B2 P (s7 —a”) 2
< G2U2,2’2Cp 19(2(—1)
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sup (u?)? sup u’~! fg(gﬂ _ uﬂ))Zc—Z( Eu, ) — E(u, ‘P)”z +||§u—1,0) - E(u—r, ‘I’)”z)du

a<U<g a<U<g

p-2
P

i b p (gﬁ _ a[ﬂ)(ZC—l)
S R )

92— 1)
S
f (" - uﬂ)Zc—Z(

£, 0) = £, W) +
By putting Eqs (3.40) and (3.42) in Eq (3.39).

e —r,0) - &u -, ‘I’)”Z)uﬂ‘ldu. (3.42)

£ds, o) — Es, ‘P>||§ < 2p—1| o o g—ﬂ(c+/l) N CYNY g—ﬁ(c+/1)||§

S
+ 201§ f - uﬂ)2‘—2(||§((u, o) — &(u, ‘I’)”E)uﬂ‘ldu. (3.43)
From Eq (3.43), we get
é‘:((g, O_) _ é:c(g’ T)”p S zp—l 5 ||aﬂ(C+/1)O_g—l9(C+/D _ a'ﬂ(("—ﬂ)\}]g—ﬂ(&*—ﬂ)”z
" exp(ns”)
206T(2¢ — 1)
H{= e lee. o - 6wl (3.44)
7] n

From Eq (3.44), we obtain

Zpér(Zc - 1))) < 2p_1 1 ||al9(c+/1)
Py (1)

5. - e (1

o g—ﬂ(c+/l) _ MOy g—ﬁ(c+/l)||§.

Therefore, we conclude

lim &6, 0) = &(s. W)}, = 0.
The proof is so done.
. Averaging principle result

We now establish A-P in the pth moment for SFDDEs within the framework of CEKFD.

Lemma 4.1. Forg, when 6, € [a, 0], we get

I OIP < L (1+ eI + 1211),

where %5 = (2718, (6)) + 6.2,

Proof. By utilizing (Hy) , (Hs), and Eq (3.2), we obtain the following:

5, OIF < 22 ls(s, €,.0) = B OIF + 2 lIacs, £, OIF
< 227y (00) (1 + 1P + I2IP) + 2220 (1 + 11l + 121D

< (2R (0 + 6°7.27) (1 + 1141 + 2IF)
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To prove A-P, we construct the standard form of Eq (1.4).

D;ﬂﬁ4@=sﬂgk@xk@—oy+dﬁmgk@ka D), @
(@) =
Thus, Eq (4.1) can be expressed integrally as
) —B(ert) | IS o yPo-1 9y 1—c
Js(g) =a g¢ te T (g —u ) f(u’ Js(u)’ Js(u - l?))du
¢ (07
| oI+
+&72 o f P01 (67 —u?) g, J(w), Jo(u = 1))dw(w), (4.2)
for £ € (0, &]. The averaged representation of Eq (4.2) is as
S.—ﬁ(/l+c) ~
JZ(g‘) — Cyz9(c+/l)o_g—z?(c+/l) + SCT f FA+0— l(g ﬂ)l—cf(Jz(u)’ J;(u _ r))du
¢ a
L g ro S O R N
+ S%ﬁf T = u”) T B (w), (u = 1)dw(u), (4.3)

where f : R X R® — RF. B :RPXRP — R,

Theorem 4.1. For any given small positive number O, there exists 0 > 0 and &, € (0, o] withk € (0, 1),
then
‘2[ sup

s€l0, oe7*]

Proof. By using Eqgs (4.2) and (4.3), we obtain:

%6 - %©|f] 2 V. e e ©.e). (4.4)

1(¢) = 1:(s)

195' o ) 1 * da+d—1
T fl (2000, 300 = ) = 500, 300 = ) Ju 7

ﬂ(/l+ 0)

+et o jlg “Y%M“M”%@—m B, S0 - )P, @5)

Via Jen-Ineq, we have as
3(s) - )| < 2!
ﬁg—ﬁ(/lﬂ) )
o f (g‘ ) 1 f(u L), l.(u-r)) - f(J*(u) r)))uﬂ/Hﬂ—l du
+ 2!

lﬂg—ﬂ(/lﬂ) . ] .
g2 T f (s" —u")" g(u J(w), J.(u — 1)) = B(3E (W), (u—r)))u 91w (u)

ﬁg HA+c) \ D
= ( (o)

p

) oP-1ghe

p
‘f@ﬁ ) 200, 3 1) = 0, 0= ) 4
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H(A+c¢
(M)pzp (P
I'(o)

(4.6)

(u Je(u), I = 1)) =B (w),) (u—r)))u“*”‘ldww) '

Utilizing Eq (4.6) in Eq (4.4).

() - J:<g>||”]

= (A+0) \ P
< (ﬂg‘—) P-1 e

E[ sup

a<g<gp

I'(o)
P
[ sup f (g ) 1 f(u Je(u), Jo(u — I‘)) f(J*(U) r))) P01 4y ]
a<g<p
19;‘ HA+) \ P p1 (c_ "
+( o ) 2
p
[ sup f (¢" —u")" 1 g(u (W), 1(u — 1)) — B (w), ] (u—r)))u”“"ldw(u) ]
a<e<p
=T+ Ys. 4.7)
From 7', we have
T, s(ﬂg_ﬂuﬂ) )p22p_28¥)f
I'(o)

p
sup f (" -y~ 1 (u Je(u), Je(u = 1)) — fi(u, I (w), Jo(u - r)))u’”*ﬂ‘ldu ]
a<g<p

. (ﬂg—ﬁ(/m)) S22
I(c)
p
sup f (§ c l f(u J*(u) J*(u— L‘)) f(J*(u) J*(u r)))uﬂ/l+ﬁ—ldu ]
a<¢g<gp
(4.8)

= Tll + le.

The following outcome is obtained by applying Hol-Ineq, Jen-Ineq, and (Hj) on Ty;:

Li‘?fw f ||f<u:<u> Jou =) = f (u, Jy(w), ) (u—r))ll’”du]
S R EC S K T
Li‘ii f IF (., 3ow), Jou = 1) = F (u, W), J*(u—r))ll’”du]
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9 HA+0) \ P P 0 0 (“np p-1
S(g—) 229—2896 sup (uﬁ/l)p_l sup (uﬁ—l)p_] f (‘pﬁ _ uﬁ) P uﬂ—ldu

F( C) a<¢<e O<u<gp

[S“p [ 200200 ) = 200,200 r))”pdu]

a@<¢<yp
9 HA+0) \ P
(=

-1 —1 P
0 J e 22 - B )

Hep— 1)
t)
sup f
a<¢c<p Ja

s
20 = 3,00 du + 2] sup f
¢
:T118p(¢ﬂ((p_l)(f ‘E[ sup
a 0<q=<u

a/<g<()0 0%
f !E
a

~ pro— L Lo LR
where C = sup (u?)P1,V = sup (uﬂ‘l)"ll, and Yy = (ﬁg . )) 23P- 3$p( Pl ) cr-tyr-l,

O<u<gp 0<U<p I'(9) I(cp-1)
The following outcome is obtained by applying Hol-Ineq, Jen-Ineq, and (Hs) on T'y5:

@’—liip—l(lz Lu—r1) = Tu- r)||‘° du])

2@ = S@) fau

Sup 1%e(q — 1) — J:(a — r)llp]dU), (4.9)

g I ArINP 22 pe PR N = P IR
T”S( I(c) )2 € (f:("” —u") TP du)
. p
m[ sup f flu, ), o (u = 1)) = F(w), T (u = 1) dU]
as<¢<p Ja
9 —(A+0) \P p 2 (c=DP
g(—g ) 22"‘28""( sup (u”)PT sup (Uﬁ_l)ﬁf (¢" —u") P’ ldu)
F(C) a<U<g a<U<¢g

— p
‘ﬁ[ sup fg flu, 3 (u), I2(u — 1)) — f(32(u), J(u — 1)) du]
a<¢<p Ja
— ﬁ§—19(/l+c) p B (P-1 1 p _ 1 p—]
p-157p-1 2p-2 _pesy, 0 19 T \P—

<C 'y (—F(c) ) 272 (" —a”) ¥ ) (—ﬂ((p_ 1)) Ni(e)

(¢ - ) (1 + €[z + €|ra -
=T, (¢” — )P V(g - a), (4.10)

—D(A+c —_ p-1
where 1z = %5 )) 2% Z(MI])) Ri@)(1+ 5| + &
From 7’,, by applying Jen-Ineq, we obtain:

9 g—ﬁ(/H 0)

Eu—p|He- v

p
T, S( ) 92-2 (=3P

0)
p
( [sup f " - (uJ(u) L —1) - 8y, W), ] (u—r))]u“*ﬁ‘ldww) ])
a<¢<p
+(L’M+O) 2202 by
I'(c)

f (S. c l g(u J*(U) J*(U—If)) g(J*(U) J*(u r))]uﬁ/lﬂ?—ldw(u)

SE3 )
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=T + Tao. (4.1D)

We achieve the subsequent findings on Y;; using (Hj), Hol-Ineq, and Bu-Da-Gu-Ineq:
9 g—ﬁ(/Hc)
I'(c

[Nk o3

p
Ty, S( ) 22P—28(f—%)10 (Z(p _ 1)1—Ppp+1)

)
P
5% [ (" =" o (a1, 2 0), 2o = 1) — 1w, 220), T = D) <u“+ﬂ-‘>2du]

96" N 2 (e 1ppe1\?
< (P 27 o0
g
= * * 2 —
‘E[SUP (u”h)? f (@ = ") 7 |l (u, o), Jo(u = 1) — 5 (u, T2 (w), T u - 0)||” @ 1>2c1u]
a<¢g<yp a
=1 (Pg IO -2 (~Lyp Pi (et 1—p §
<G Zpg—) 2 e - (7120 - ')
% [ (" = u)P [l (u, 3o w), 2o — 1) — 5 (u, T ), Bou — )| (uﬂ*)pdu]
— —(A+c) \ P
< Gg(ﬁg‘r(c; ) 23p—38(c—%)p(¢ _ a)g—la%p(ppﬂz(l _ p)p_1)§ f(sﬂﬂ _uﬂ)(c—l)p

%

sup [Ja.o) = 5@ + o =0 - 30 -] " dul
<q<u

Gh w ’ 39-3 (=10, _ Nl P b inc] _ -1y 9-1yp-1 9 O(=Dp
< G* 2P T o )T (T 2(1 = )P )2 sup (uT) (" —u")
F(C) O<u<ep a
] sup (2@ = Z@[" + 2 -0 = S - o |
0<q<u

| P
= 1516 (p - a)‘z’-l( f (" - u%“‘“*’fz[ sup [ - (@) ]w“du

O<qg<u

+ fp (¢ — uﬂ)“—“pm[ sup ||3s(q —1) = (g - r)||"]uﬂ-1du), (4.12)
a a<qu

p
G - P+1 2 —9(A+0) p~p
where G = sup (U2, B = sup (u’')*"', and 15, = 23P—3Dg3p( p pl) (ﬂc ) oig.
O<u<p 0<ti<y 2(-1) T©

By Hol-Ineq and Bu-Da-Gu-Ineq.
9 g—ﬂ(/l+c)
')

’ b
T S( ) 22P72(2(p — 1)1—9pv+1)78(c—%)p

p

p [fw ||f(u, J:(u), J:(u _ r)) —E(U, J:(u), JZ(LI B r))||2 (5019 _ uﬁ)zc—z(uﬁ/uﬁ—l)zdu] 2

—(A+c¢)
5(1’9_
I'(c)

(Il 300, 0 = )| + [z, 32— ) ) (uﬂ“ﬂ—l)*’du]

P @
)22 - e - e e [ -y
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9 —H(A+c¢)
S

F p
I ) 2220 - )20 = D19 T sup (W sup (u O

O<u<p O<u<e

f (6" =) (o 2200, % = )| + [5G, G = o) )

a

ﬁg—ﬂ(/nc) p23p—33p—18(f—%)¥>(()019 — a,ﬁ)((f—l)PH)((P _ a)g‘l.,iﬂf (a%p + %)P
S( 0 ) @(c— Dp+ 1)
p
BOQ® — D'y (1 + 2|1+ ]z - |1

=Te D" — ") — )P, (4.13)

where ® = sup (u’~')*~! and
O<u<ep

1
(O(c— Dp + 1)B®

-

TZZ — 23})—33})—19%‘3 (D?i‘.p + D%)p

@0 - D)2 (1 + ]| |1+ £

9 g—ﬂ(/Hc) )p
I'(¢)

By applying Eqs (4.8) to (4.13) in (4.7).

E[ sup

a<g<g

p
3(¢) — J:(g)”p] < T (0" — @) P V(g — @) + Tars ™ PP(? — @) EDPD(p — )27

+ f\w (T“gpt(‘pﬂ _ a,ﬂ)(cp—l) + Tﬂg(c—%)p((p _ a)§—1(¢9 _ uﬂ)(c_l)pug_ldu)

p
'2[ sup [J3.( - ()| ]du N f (Tns"%«p” — @) FD 4y, DR (o - )

O<qg<u

sup
a<q<u

(" — uﬁ)(c—l)puﬁ—l)m

(@ —1) = 3@ - ]du. (4.14)

From Eq (4.14).

* ¢ p— o1 «— p_
E[ sup ||Jg(s‘)—38(g‘)||p] < (legp (9019 _ a/ﬂ)( P 1)(90 —a)+ T228( Z)D((pﬂ _ a,ﬂ)(( 1)D+1)(()0 —a)? 1)

a<g<gp

27 | p
27 70 — NP D — ) + 21 (2P0 — @Y EDP+D ) — )21
exp( e (@" —a")" e - ) G-+’ (¢" —a’) (p-a)

This suggests that there exist 0 > 0 and « € (0, 1) for every ¢ € [0,067*] C [, 0].

‘f[ sup |l(s) - Lo)|[ | < Z&' (4.15)

0<¢<pe™*

where

p
Z — 8K_1 Tugpr((gg—l()ﬁ _ (pﬁ)(cp—l)+l + T228(r—%)p((98—1<)ﬁ _ a19)((c—1)p+1)((98—/<)19 _ a,)j—l
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exp (2T118pc((98_'()ﬁ - )P V(0™ - @)+
27y
P c—1Dyp+1)

So, proved the required result.

o1 —K - —K b
£ (057 - )P0 — @)

5. Examples

Now, to understand the theoretical results that we established in this research work, we provide
numerical examples.
Example 1. Consider the following:

DY) 36(8) = 662 sin*()1o(s = 3) + £ 1(s — 3) cos*(¢)+

a+;9,4
3699723,(6 — 1) cos*(6) sin(()) 52, ¢ € [0, 7], (5.1)
J0) =0,
where ¢ = 0.95,@ = 0,t = 1, and

1 1
f(s,3(s), 3 — 1)) = 65in*(¢)]o(s — 5) +1(s — 5) cos*(¢),
1
8(5, 1), s = 1) = 3%(s - 3) cos*(s) sin(3.()).

The criteria of Ex-Un are fulfilled by f(g, J(¢), J(¢ — 1)) and 8(s, I(5), I(¢ —1)).
The averages of f and g are as

1

— d 1 7 1
f3(s), As —1)) = - fo (6 sin*(§)1(s) + Jo(s) cos (Eg))dg N 532@ - 5),

— 1 [ ) 3., | R
8((¢), As — 1) = - f 33:(s) cos*(s) sin(Je())dg = 538@ - 5) sin(J;(<))-
0
The corresponding average is

DI, Ti(6) = 10016 — 1) + 360916 — D sin(i(6) B,
70) = o

Example 2. Take the following:

DY, 3e() = 382 sin (Ou(s — 1) sin*()%(s) + 899071 5in (3,(¢)) cos (3(s))
¢ e [0,n], (5.2)

d¢ ?

J0) = o,

where ¢ = 0.90, @ = 0,t = 1, and

1
f(s, 3(6), Xs = 1) = 3sin (%l = 3)) sin®(§)3(s),
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18(s,2(s), J(s — 1)) = sin (J:(s)) cos (3:())s™.

The criteria of Ex-Un are fulfilled by f(s, J(¢), (¢ —t)) and 5(s, I(5), I(¢ —1)).
The averages of f and g are as

— 1 (" 1 3 , 1
f3(s), s — 1) = p fo 3sin (Jo(s — 3)) sin®()Je(s)ds = 5 sin (3;(s — g))JZ(g),
2

— (7. .
50(6) As — 1) = — fo sin (J:(5)) cos (3:(6))s?dg = sin (3;(s)) cos (JZ(C))%
The corresponding average is

{ DO, 35(6) = 3™ sin (36 = L) + 7072 sin (3(6)) cos (1)) 5 B,
150) = o

Example 3. Examine the following:

DO, 34(s) = 1&°%3,(s — 1) cos (3:(6)) sin (34(s)) + %977 sin’ ¢ cos (3(6)) sin (())1(5)

d
42, s €[0,xl,

J0) = o,
(5.3)

where ¢ =0.95, 0 =0,r = %, and

1 1
f(s, 3$), s —1)) = 538(9 - Z) cos (3:(s)) sin (3«(s)),
3
(s, 6). X5 ~ 1)) = == sin’ g c0s (%(6)2(8) sin (,(6).
f(s,3(s), (¢ — 1)) and #(s, )(s), I(s¢ — t)) satisfies the needs of Ex-Un.

The averages are given below.

~ 1 ™1 1 1 1
fO(s), A —1)) = — f =l(¢ — =) sin (1:(¢)) cos (J:(¢))ds = =J:(¢ — =) sin (13(s)) cos (3:(s)),
mJo 3 4 3 4
— 1 ("3r . X o . .
80(s), As —1) = . fo Zﬂ sin® ¢ cos (3:(6))3e(s) sin (J(s))ds = sin (3:(s)) cos (3:())I(s).
Thus,

{ DO i) = 16"91:(¢ — D sin (3:()) cos (3(s)) + 29571 cos (15(¢)) (<) sin (Jf;(g))dvg—if),
70) =0

Example 4. Take the following:

DN, 3(6) = 36°%° sin (3,(6)) cos (3(s)) exp™ +&"°2 sin (3(s)

a+;9,4
Jels = 3) c0s ()2, ¢ € [0,7, (54)
J0) = o,

AIMS Mathematics Volume 10, Issue 4, 8277-8305.



8302

where ¢ = 0.95,¢ = 0,r = 3, and

9
f(s,3(s), As —1)) = 5 sin (15(5)) cos (3:(s)) exp™*,
2
8(5,3(5), s — 1)) = sin (())I:(s — 5) cos (3:(¢)).

The % sin (Jo(s)) cos (J:(s)) exp~ and sin (3,(¢)):(s — %) cos (J.(¢)) satisfies the needs of Ex-Un.
So we have
1

_ 79
6. s 1) =+ fo (5 sin Guts)) cos Gt exp™ Jas

9
= 5 sin (32(s)) cos (3())(1 —exp™),
JT

— 1 (™ 2 ) 2
506, s~ 1) = + fo Sin C(6))2(s ~ 2) c0s (u())ds = sin ()35 — 2) o5 (6)).

So,
D2 3:(6) = &% sin (3(6)) cos ((eN)(1 — exp™)+
£"77 sin (33(6))i(s — 3) cos (33(6)) S,
1(0) = 0.

6. Conclusions

This research establishes the Ex-Un results through FPT, continuous dependence, and time
regularity when the coeflicients satisfy the global Lipschitz criteria for the solution of SFDDEs. It
also demonstrates the A-P using inequality and interval translation methods. Additionally, examples
are provided to clarify and validate the theoretical results.

We make three significant contributions to the establishment of the Ex-Un: continuous dependence,
time regularity, and A-P results. First, by proving results in the pth moment, we expand the outcomes
for p = 2. Secondly, for the first time in the literature, we establish well-posedness, time regularity,
and A-P results in the context of CEKFD for SFDDEs. Third, we consider SFDDEs, which represent
a more generalized class of FSDEs.
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