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Abstract: Tuberculosis (TB) remains a major global health concern due to its infectious nature
and complex treatment process. In this study, we developed a mathematical model incorporating TB
progression, vaccination, latency delays, and disability outcomes. The compartmental model includes
seven stages: Susceptible, vaccinated, latent, infectious, quarantined, recovered, and disabled, with
time-delay terms capturing disease progression dynamics. The stability analysis of the equilibria
was performed, and the sensitivity analysis was conducted using the direct differentiation method.
The basic reproduction number R, was derived to assess TB spread under different interventions.
Model parameters were estimated using Ordinary Least Squares (OLS) based on Saudi Arabia’s
TB data (2000-2023). Numerical simulations, solved via the Adams-Bashforth-Moulton method,
highlight the impact of delayed latency and quarantine on TB control, emphasizing the need for timely
interventions.
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1. Introduction

Tuberculosis is a chronic infectious disease that is a major cause of ill health and one of the leading
causes of mortality worldwide. The causative agent of TB is the bacterium Mycobacterium tuberculosis
(M.tb), which typically attacks the lungs but can also affect other parts of the body, such as the kidneys,
spine, and brain. TB is spread through the air when actively infected people cough, sneeze, or spit.
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According to the Global Tuberculosis Report 2022 [1], about a quarter of the global population is
estimated to have been infected with TB as latent tuberculosis infection (LTBI) asymptomatic and
non-infectious but only about 5-10% of infected individuals eventually develop active TB disease,
which is symptomatic and infectious. Some individuals may also naturally clear the infection. Without
treatment, the death rate from active TB disease is high (about 50%), although 59-95% of patients can
be cured with recommended treatments, which usually involve a standard 6-24 month course of four
antibiotics, including rifampicin and isoniazid [2]. The only licensed vaccine for TB prevention is the
Bacille Calmette-Guérin (BCG) vaccine. However, BCG’s effectiveness is not lifelong, as immunity
weakens over time. Moreover, not all vaccinated individuals are fully protected, and the probability
of developing active TB is higher among people with weakened immune systems, particularly those
living with HIV [3].

Mathematical modeling of infectious disease transmission is widely used to provide valuable
insights for public health policies aimed at preventing or reducing disease spread [4-9]. Researchers
have further advanced epidemic modeling by incorporating artificial neural networks and nonlinear
incidence structures to simulate spatial diffusion and real-data-driven disease dynamics [10, 11].
Algahtani et al. [12] investigated the impact of mobile teams on TB treatment outcomes in the Riyadh
Region of Saudi Arabia from 2013 to 2015. Their study demonstrated that mobile teams improved
treatment success rates by ensuring better patient adherence and access to healthcare services. Nave
et al. [13] explored mathematical modeling in the context of cancer treatment, specifically evaluating
the effectiveness of a combination therapy for breast cancer. While they focus on a different disease,
the modeling techniques employed could provide useful insights for optimizing TB treatment
strategies. Zhang et al. [14] examined stability in complex networks using stochastic delayed models,
contributing to the broader mathematical modeling field. Similarly, Zhang et al. [15] explored
synchronization in stochastic systems with time-delay effects, while Zhang et al. [16] investigated
control mechanisms in semi-Markov jump systems with distributed delay. = However, TB’s
transmission is complex, and many aspects of its natural history and dynamics remain unclear [17].
Extensive research has been conducted on mathematical modeling and analysis of TB. Waaler
et al. [18] introduced the first mathematical model to investigate TB epidemiological trends. Li
et al. [19] later developed a TB dynamical model, fitted it to data to estimate parameters, and
discussed optimal control strategies. Das et al. [20] constructed a model incorporating media impact
on TB transmission rates. Numerous factors have since been incorporated into TB models, including
vaccination [21,22], treatment and incomplete treatment [23,24], fast and slow progression [24, 25],
relapse [25], reinfection [26], co-infection with HIV [21], and drug-resistant strains [24,26].

According to the WHO, preventive treatment can be provided for people with LTBI to stop the
progression to active infection [1]. At the UN high-level meeting on TB, a goal was set to provide
preventive treatment to 30 million people worldwide between 2018 and 2022 [1]. This preventive
treatment uses the same drugs as active TB treatment but for a shorter duration, with options now
lasting only 3 to 6 months instead of the 6-month minimum required for active TB. Compared to
treating active infections, preventive treatment for LTBI is more economical and poses less risk of
further development into active disease. The Centers for Disease Control and Prevention (CDC) in the
United States also supports preventive treatment for LTBI, highlighting its importance in controlling
TB by substantially reducing the risk of progression to active disease [3]. This growing emphasis on
preventive treatment has sparked interest in further modeling its impact on TB dynamics. Few models
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consider preventive treatment for people with LTBI. Castillo-Chavez and Feng [23], Bhunu et al. [21],
and Zhang et al. have incorporated a treatment term rE to represent the movement from exposed
(E) to recovered (R) individuals. However, neither preventive treatment for LTBI patients nor routine
treatment for active TB is a short-term process, as both require several months. For more realistic
modeling, it is therefore appropriate to place patients undergoing treatment in a separate compartment.
Additionally, some individuals receiving preventive treatment may progress to active TB due to factors
like reduced immunity [1]. Developing mathematical models that account for preventive treatment is
thus essential for understanding TB control.

We develop a novel TB transmission model incorporating both TB’s progression and key potential
intervention strategies given the TB’s complex dynamics especially because of its chronic nature and
potential for grave outcome. This model describes important stages of TB infection (the latent period
and risk of disabilities through severe or untreated TB). However, by enabling time delays and a
disability compartment, the resulting framework encompasses a multi-dimensional set of TB
prevention and control effort effects including vaccination and on time treat, traversing the range of
impacts of TB and how interventions reduce infection rates and long term complications. Our model
divides the population into seven compartments: The susceptible (S), vaccinated (V), latent (L),
infectious (/), quarantined or under treatment (Q), recovered (R), and disabled (D), which are several
stages of progressive TB or intervention. When exposed to infectious persons, susceptible persons
become infected, enter a latent period, and then potentially become infectious. People in the
vaccinated compartment have partial immunity, especially against severe forms of TB, but may
gradually lose this immunity and relocate to the susceptible compartment. Our model includes time
delay terms to represent the time the latent compartment takes to incubate, and the time between
symptom onset and severe complications in the disabled compartment.

The primary focus of this model is to explore how preventive measures, such as vaccination and
timely quarantine or treatment, impact TB transmission dynamics, while accounting for severe cases
that may lead to long-term disabilities. We analyze the flow of individuals between compartments and
use sensitivity analysis to assess how intervention rates, immunity waning, and time delays influence
disease outcomes. Our findings provide new insights into effective TB control strategies, underscoring
the importance of vaccination, rapid treatment initiation, and disability prevention as components of
comprehensive TB management. This model offers a realistic framework for evaluating TB dynamics
and intervention impacts, supporting policymakers and health officials in designing targeted TB control
policies.

2. Model formulation

Tuberculosis can lead to long-term complications and disabilities, particularly in cases where the
disease is not diagnosed or treated in a timely manner. Severe TB infections, especially drug-resistant
or extrapulmonary TB, can result in permanent lung damage, musculoskeletal deformities (e.g., spinal
TB leading to kyphosis), and neurological impairments (e.g., tuberculous meningitis causing
cognitive and motor function loss). These long-term consequences can significantly impact the
quality of life of affected individuals and impose a substantial burden on healthcare systems. In Saudi
Arabia, TB remains a public health concern, and although incidence rates have declined, certain
populations such as migrant workers and individuals with comorbidities like diabetes are at higher
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risk of developing severe TB-related complications. Studies have highlighted that delayed treatment
initiation and inadequate adherence to TB therapy increase the likelihood of disease progression,
leading to disability outcomes. By incorporating a disability compartment in our model, we aim to
capture these long-term health effects and provide a more realistic framework for evaluating the
burden of TB, beyond just infection and recovery dynamics.

In this study, we present a compartmental model to simulate TB transmission dynamics,
incorporating key stages of the disease and the effects of interventions, such as vaccination and the
potential for disability from severe TB cases. Given the chronic nature of TB, which includes both a
latent period and potential delays in treatment initiation, the model integrates time delay terms to
capture these critical aspects. The population is divided into seven compartments: Susceptible,
vaccinated, latent, infectious, quarantined, recovered, and disabled individuals, as shown in Figure 1.

(u+7y)
Figure 1. Flow diagram of SVLIQRD model.

Susceptible individuals S (¢) are those at risk of infection, and new susceptible individuals enter
the population at a recruitment rate A. Susceptible individuals may become infected through contact
with infectious individuals at rate S (¢)I(¢), where S represents the transmission rate. Additionally,
susceptible individuals may be vaccinated at rate p, which moves them to the vaccinated compartment
(V(2#)), and they may lose immunity over time and return to the susceptible pool at rate €. Vaccinated
individuals experience partial immunity, especially against severe TB forms, but this immunity wanes
over time. They may re-enter the susceptible class or die naturally at rate u. Susceptible individuals also
have the possibility of reinfection from recovered individuals as immunity wanes, which is represented
by the rate ¢. When a susceptible individual is infected, they enter the latent compartment L(¢), where
they carry the TB bacterium but are not yet infectious. This latent stage is crucial for TB dynamics,
as individuals can remain in this state for months or years before progressing to active disease. A time
delay term 7 is applied to the progression rate 6, reflecting this incubation period where the individual
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is non-infectious but is a carrier of the bacterium. Some latent individuals may naturally clear the
infection at rate ¢, while others progress to the infectious compartment /(z) after the delay 7. Infectious
individuals represent those with active TB who can transmit the disease to others. Infectious individuals
may enter quarantine or treatment at rate a, recover at rate 1;, or experience progression to the disabled
compartment D(¢) due to complications from untreated or prolonged TB, at rate w. Disease-induced
deaths occur among the infectious at rate d,, along with the natural death rate pu.

The quarantine or treatment compartment Q(f) represents individuals who are diagnosed and
isolated for treatment. These individuals have reduced infectiousness due to their isolation and may
recover with treatment, entering the recovered compartment R(f) at rate 17,. However, some
quarantined individuals may still experience severe complications that result in disability, represented
by rate k, with a delay term o capturing the time from symptom onset to the development of these
complications. Both infectious and quarantined compartments experience disease-induced deaths at
rate d, and natural deaths at rate u. Recovered individuals R(#) represent those who have cleared the
infection and developed partial immunity to TB. However, immunity from TB is not always lifelong,
so a fraction of recovered individuals may lose immunity over time and re-enter the susceptible
compartment at rate ¢. The recovered compartment also experiences natural deaths at rate y. Finally,
the disabled compartment (D(¢)) captures individuals who have developed long-term disabilities due
to TB complications. These disabilities can result from either direct progression from the infectious
class or from complications arising during quarantine. Disabled individuals may recover over time at
rate vy, returning to the susceptible class, or face natural mortality at rate 4. The equations governing
this model are as follows:

dsS (1)

o A BSOIW) — (u+p)S (1) + eR() + £V(D)

dv(r)
dt
L
dt

ey _
— =OL =) = (u+ da -+ )I(0) - wI(1) 2.1)

=pS (1) = (u+&)V(1)

=BS (O)I1(t) — (u + 6)L(t) — OL(t — 7)

d

% =al(1) = (i + dy + 1) Q1) — kQ(1t — )
dR

% — () + 1.0(1) — (4 + @R(D)

% =wl(t) + kQ(t = ) = (u + y)D(1)

S0), V@©), L©O), I10), @0O), R©O), DO =O0.

Here, the time delay 7 in the latent-to-infectious transition and o in the quarantine-to-disability
transition are key features of this model, capturing the natural course of TB and its progression. The
model parameters are defined as follows: The recruitment rate (A), the death rate (u), and the
transmission rate (8) of TB from infectious individuals to susceptibles. The vaccination rate is
denoted by (p), while the recovery rate for vaccinated individuals is given by (¢). The waning
immunity rate for both recovered and vaccinated individuals is described by (g). The rate at which
latent infections clear is indicated by (0), and the delay between the latent and infectious stages of TB
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is represented by (7), while the rate of progression from latency to infectiousness after the delay is
given by (). The natural clearance of latent infection is represented by (6). Infectious individuals
may move to quarantine at a rate of (@), recover at a rate of (17;), or become disabled due to severe
complications at a rate of (w). Upon leaving the quarantined class, individuals may recover at a rate of
(172) but could also migrate to the disabled class at a rate of («), following a delay (o) that reflects the
development of delayed complications. The mortality rate for individuals in the infected or
quarantined classes is denoted by (d,), and the recovery rate from disability is given by (y). This
model provides a structured approach to analyze TB transmission dynamics, the effects of
vaccination, and time delays in both latency and treatment, as well as the potential for severe
complications leading to disability. The model offers a realistic framework for understanding the
progression of TB and the impacts of interventions within a population.

3. Positivity of solutions

System (2.1) models the dynamics of a human population across different health states. To
guarantee that the state variables S (¢), V(¢), L(t), I(t), Q(t), R(t), D(¢) remain non-negative for all # > 0,
it is essential to establish their positivity throughout the time domain.

Lemma 3.1. Let U C R" be an open set, and consider a solution x = (xi,...,x,) € C'((0,T); U) N
C([0,T); U) to the ordinary differential equation:

{xm = f(t,x(1),

x(0) = xo,

where the initial condition xo = (X1, ...,X,0) € U satisfies x;o > 0 forall i € {1,...,n}, and f =
(fi,eos fr) 1 (0,T) x U — R". Suppose that whenever y; = 0 and all other y;, > 0 for k # i, it holds
that fi(t,y) > O fort € (0,T). Then, the solution x remains positive for all t € [0, T), meaning x;(t) > 0
foreachie{l,...,n}andt € [0,T)[27].

Proof. Assume that x is not strictly positive at all times. By continuity, there exists a time s € (0, 7") and
an index j € {1,...,n} such that x;(s) = 0. Thus, the set of times at which any x; reaches zero, denoted
as U?lel.‘l({O}), forms a closed, non-empty subset that has a lower bound, indicating a minimum zero

at T € (0, T). Consequently, x;(7) > 0, while x;(#) > O for ¢ € (0,7) foralli € {1,...,n}.
Now, evaluating x at t = T:

o If xi(f) = 0, then by assumption, fi(f,x(#)) > 0 when evaluated at x;(f) = 0 and
(0(™T),...,x,(T)elUn R’g)l.
e Consequently, x(T) = fi(t, x(¢)) > 0.

Since X, is continuous, there exists a small interval (7 — &, T + £) where x,(¢) > 0, leading to:
7
xl(f—é):xl(‘?)—f )'Cl(l‘)dl‘<0,
7-2

which contradicts the assumption that x;(¢) > 0 for ¢ € (0, 7). Thus, x;(7) > 0.
For indices i = 2,...,n, assume (x1(7),...,x_1(F)) € UNRT and (x;(7), ..., x,(7)) € U N R,

>0 >0
If x;,(7) = 0, then by a similar argument, f(z, x(¢)) > 0, which results in a contradiction. By induction,
it follows that x;(7) > O for all i, proving that the solution x remains positive for all ¢. O
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Theorem 3.1. The solutions S (1), V(t), L(t), I(t), Q(¢), R(t), D(t) of system (2.1) exist for all time and
are always positive, smooth, and unique for all t > 0, subject to the initial conditions Sy > 0,Vy >
O,LO > O,I() > 0, QO > O,R() > O,D() > 0.

Proof. Consider the ODE system with delay terms.

X1 S S()
X2 \% V()
X3 L Lo
X=| X4 | = 1 |, Xo = IO
X5 0 Qo
X6 R Ry
X7 D DO
and
fi AN-=BSI—(u+p)S +¢R+eV
e} pS —(u+eV
f BST—(u+06)L—-6L(t—1)
f=| i |=|OLt-1)—(u+dr+m +a)] —wI
fs al —(u+dy +m + )0t — 0)
Je ml+m0 - (u+¢eR
fa wl +kQ(t—0o)— (u+vy)D

This defines the state vector x with initial values x, and the functional vector f, where each component
f; characterizes the rate of change of the corresponding state variable.

Consider the open set U = By,i, where By, is a ball of radius N + 1, with N denoting the total
human population. The system remains confined within this set due to population constraints. Since
the initial state satisfies xo € U, and the function f is bounded, Lipschitz continuous, and smooth in
U, the “Picard-Lindelof theorem” [28] guarantees the existence of a unique solution
x(t) = (x1(1),...,x;(t)) € C'((0,T);U) N C([0,T);U) over a short time interval T > 0, given the
specified initial conditions. Since the system adheres to the conditions outlined in Lemma 3.1, the
state variables S(¢), V(?), L(¢), I(t), O(t), R(t), D(t) are ensured to remain positive. Additionally,
summing the compartmental variables, we obtain:

N=S®+ V(@) + L)+ 1) + Q) + R(t) + D(1),

which implies that x(f) € By € U. This guarantees that the solution remains positive, uniquely
determined, and globally well-defined for all # > 0. By applying “Corollary 17.4” from [29], we
establish the existence of a unique global positive solution.

Furthermore, utilizing a bootstrap argument, we demonstrate the smoothness of the solution over

time. Since f is smooth, the solution satisfies the integral equation:

t
x(t) = xo + f f(x(s))ds.
0
If x(7) belongs to C", then differentiating under the integral sign implies that x(f) belongs to C"*!'. By

induction, it follows that x(7) is infinitely differentiable, i.e., C*, confirming the smoothness of the
solution over time. m]
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We examine system (2.1) within the biologically relevant feasible region Dy.

Theorem 3.2. The feasible region
A
Dy = {(S (1), V@), L(t), I(t), Q(t), R(t), D)) €R] : S + V+L+I1+Q+R+D < —}
u

is positively invariant and attracting for system (2.1) for all t > O.
Proof. Define N =S +V + L+ 1+ Q+ R+ D. Taking the time derivative, we get:

dN dS dV dL dI dQ dR dD

— =t —+t—+—F+—+ —+ —.

dt dt dt dt dt dt dt dt
By substituting the respective expressions from system (2.1), we obtain:

dN
o =N -HN=0L—dl -0 -yD,

where all terms associated with mortality and progression between compartments remain bounded.
This simplifies to:

dN
— + uN < A.
a M

Using the integrating factor /; = "', we reformulate the equation as:

d
— [IN@e"] < Ae.

Integrating both sides from O to 7, we obtain:
N(t)e — N(@0) < A(e' = 1).

Rearranging, we derive:

A
N < —+
Ju)

N(@0) - é] e,
u

For all r > 0, it follows that N(#) < % whenever N(0) < % If NO) > %, then N(r) asymptotically
approaches Dy, confirming that Dy, is both positively invariant and attracts all trajectories in R’. Thus,
system (2.1) remains well-posed, both mathematically and biologically, within the feasible human
population region Dy. O

4. Reproduction number and equilibria

With the disease-free equilibrium (DFE) now defined, we can compute the basic reproduction
number R, using the next-generation matrix approach [30]. The DFE is given by:

(S,V,R,L,1,0,D) = (S°,V°,0,0,0,0,0),

where

A

0
0 _ o_ PS
ST =y V=

S ptp-iE p+e
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Several studies have estimated the basic reproduction number R, for tuberculosis in different regions.
For example, Li et al. [31] and Wu et al. [32] reported values ranging from 1.6 to 2.3 for TB in the
United States, while Zhang et al. [33] found R, ~ 1.68 for TB transmission in China. Additionally, a
systematic review by Ma et al. [34] concluded that R, for TB generally lies between 1.0 and 4.3,
depending on model structure and public health factors. The R, obtained from our model lies within
this expected range, supporting the validity of our parameter choices and the realism of our
transmission assumptions. Using the next-generation matrix technique, we define ¥ and V to
represent the new infection and transition matrices, respectively. The infection matrix ¥ evaluated at
the DFE becomes:

05%00
p+p-
u+e
F=o 0 0 ol
0 0 00
0 0 0 0

The transition matrix V', which describes the rates at which individuals move out of the infected
compartments, is:

u+o+6 0 0 0
W= -0 Uu+dry+m+a+w 0 0
B 0 -a u+dy+m+« 0
0 =0 —K u+y
The inverse of V is given by:
1
u+o+6 0 0 0
— 6 S S 0 0
(V—l _ (U+6+0)(u+dr+n +a+w) pt+dr+n+atw
B 0 - - —1 0|
(u+dr+m +a+w)(u+dr +1m2+k) pAdr+m+k
0 _ w _ K 1
(u+da+m+atw)(u+y) (H+do+m+)(uty)  pty
Multiplying ¥ by V!, we obtain:
ABO _ AB 0 0
(ut0+0) (utp— 7 Nty da+11 +w) (utp= o Natptda+1 +w)
7:(‘/—1 — 0 0 00
0 0 00
0 0 00

The dominant eigenvalue (or spectral radius) of FV~! gives the basic reproduction number R, which

1S:
_ ABO
(y+6+9)(y+p—lf7"8)(a+u+d2+m+w)'

Ry

This represents the basic reproduction number Ry for the system (2.1).
At equilibrium, we set all derivatives to zero:

dS(ty dv() dL() dI() dO(r) dR(1r) _dD(r)

dt dt dt dt dt dt dt 0
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The equilibrium equations are:

O0=A-BSI-(u+p)S +9pR+ &V,
0=pS —(u+e)V,
0=B8SI-(u+d6+06)L,
0=60L—-(u+d,+m +a+w)l,
O=al-(u+dy+m,+x0,
O=ml+mQ-u+eR,
0=wl+kQ - (u+vy)D.

From the second equation of system (4.1):

_pS
Cu+e
From the third equation of system (4.1):
L= P
u+o+46
From the fourth equation of system (4.1):
6L

Cp+d+rmta+ow

Substitute L from Eq (4.3):
0 BS1

:,u+d2+n1+cx+a)',u+6+9'

Rearrange to isolate I:

I1- 2 =0
w+do+m+a+w)(u+o+0)
If1+0:
g - (/1+d2+171+a/+a))(/1+6+9).
o3
From the fifth equation of system (4.1):
al

- U+ds+1m+k
From the 6th equation of system (4.1):

:U11+T72Q
H+@

R

Substitute Q from Eq (4.5):

al
_ '711 T ptdr+n+k

Ht+e

AIMS Mathematics
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Simplify:

_mutdy+m+ L+ mal
H+eu+dr+m+k)
Factor out /:

R =
U+ H+dy+1m+k

From the last equation of system (4.1):

wl + kQ
oty
Substitute Q from Eq (4.5):
D= wl +«- ;1+d263-1772+l<.
Ht+y
Simplify:
1 Ka

D

= ot ———].
u+y u+d,+1m+k

Thus, the equilibrium is given by:

_(wtd+tmtatw)(uto+o)

S*
o3
S*
V*:p ,
u+e
N
L*: ﬁ ,
u+o+6
. OL*
I = ’
U+dy+m+a+w
0 = al”
U+ do+m K
o L mutd+m )+ ma
H+ e p+dy+m+k
. I Ka
D

= w+ ————.
H+y Ht+dy+m+k

Notes:

1 _771(/l+d2+772+l<)+7726¥

(4.6)

4.7)

(1) §*is determined independently from the system parameters and does not depend on /* or L*.

(2) L* and I are interdependent but consistent through substitution.

(3) All other variables (V*, Q*, R*, D*) depend on I* and system parameters.

5. Stability analysis

Theorem 5.1. The disease-free equilibrium of the proposed model (2.1) is locally asymptotically stable

(LAS) if Ry < 1.

AIMS Mathematics
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Proof. The Jacobian matrix of the model at the disease-free equilibrium is given by:

[—(u + p) & 0 -BS° 0 ) 0
P —(u+e) 0 0 0 0 0
0 0 —(u+8)— 0" BS° 0 0 0
J= 0 0 fe=T ~(u+d, +1 +a+w) 0 0 0
0 0 0 a —(u+dy + 1y +ke™57) 0 0
0 0 0 m m —(u+9) 0
0 0 0 w ke %7 0 —(u+7)]
The last eigenvalue of the above matrix is clearly negative, i.e., A = —(u + ), and for the rest of the
eigenvalue, we use the following reduced matrix:
[—(u+p) € 0 —-BS° 0 @
Jel —(u+¢) 0 0 0 0
| o 0  —(u+6)—0e BS° 0 0
J= 0 0 fe™¢7 —(u+dy+m +a+w) 0 0
0 0 0 a —(u+dy + 1 + ke™5) 0
0 0 0 m mn —(u+¢)]

We now systematically reduce the given 6 X 6 matrix to an upper triangular form using Gaussian
elimination (row operations).

Step 1: Eliminate p in the second row, first column. The first pivot is at a;; = —(u + p). To eliminate p
in the second row, first column, we perform the row operation:

Rz(—Rz— Rl.

H+p
Step 2: Eliminate e~ in the fourth row, third column. The third pivot is at as; = —(u + 6) — e 7. To
eliminate the non-zero term e " in the fourth row, third column, we perform the row operation:

Be¢T

Ry« R ——— R,
M s

Step 3: Eliminate « in the fifth row, fourth column. The fourth pivot is now at a44. To eliminate @ in
the fifth row, fourth column, we perform the row operation:

a
Rs « Rs — —R,.
asq
Step 4: Eliminate 7; in the sixth row, fourth column. To eliminate 7; in the sixth row, fourth column,

we perform the row operation:

Rg — Re — LR,
asq

Step 5: Eliminate 7, in the sixth row, fifth column. The fifth pivot is now at ass = —(u+d, +1, +ke 7).
To eliminate 7, in the sixth row, fifth column, we perform the row operation:

Rg — Re — 2R,
ass

AIMS Mathematics Volume 10, Issue 4, 7970-8001.



7982

Thus, after performing all the row operations, the final upper triangular matrix is:

[—(u +p) £ 0 —BS° 0 ¢
0 —(u+&)(u+p) +pe 0 _pBS° 0 PP
p+p P p+p
Jpr =| 0 0 —(U+0)— 0T SO 0 0
0 0 0 Du 0 0
0 0 0 0 —(u+dr+m+ke?) 0
0 0 0 0 0 —(u+ )]
where
B~ - BS°

D44:—(,u+d2+771+a/+a))—

—(u + 6) — fe=¢7

Since the determinant of an upper triangular matrix is simply the product of its diagonal elements, the
eigenvalues of the system are:

A== u+p), /12:_(#+8)(”+p)+p8, Ay =—(u+06)—0e,

ptp
=<7 - BS°

A=—Wu+dry+m +a+w)- ,
s=—(U+dr+m+a+w) B -

As == (U +dy + 1y + k™),
do=—Wu+¢), A7=-(u+vy).

The following theorem establishes the stability of the endemic equilibrium.

Theorem 5.2. The endemic equilibrium of the proposed model (2.1) is locally asymptotically stable
(LAS) if Ry > 1.

Proof. The Jacobian matrix of the system (2.1) evaluated at the endemic equilibrium is given by:

[—BI' — (u+p) & 0 -BS* 0 @ 0
ol —(u+e) 0 0 0 0 0
BI* 0  —(u+6)—fe BS* 0 0 0
J= 0 0 fe" —(U+dy +m +a+w) 0 0 0
0 0 0 a —(u+dy + 1y + ke™7) 0 0
0 0 0 m m —(u+¢) 0
0 0 0 w ke ¢ 0 —(u+7v))
The last eigenvalue of the above matrix is clearly negative, i.e., A = —(u + ), and for the rest of the
eigenvalue, we use the following reduced matrix:
[=BI" = (1 +p) 2 0 —BS” 0 ¢
0 —(u+ &) 0 0 0 0
~ BI* 0  —(u+06)—0e BS* 0 0
= 0 0 fe=¢" —(u+d)+1 +a+w) 0 0
0 0 0 a —(u+dy + 1y + ke™57) 0
0 0 0 m mn —(u+ @)
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Using elementary row operations,

Step 1: Eliminate p in row 2, column 1: R, « R, — R;.
_Br_p L.
BlI*+u+p

Step 3: Eliminate fe " in row 4, column 3: Ry < R, — l#;:,ﬁ&.
Step 4: Eliminate « in row 5, column 4: R5 < Rs5 — &RA;.

Step 5: Eliminate 7, in row 6, column 4: Rg < Rg — %R4.

Step 6: Eliminate 7, in row 6, column 5: Ry < Rg — %Rs.

ﬁl*fp+p
Step 2: Eliminate SI* in row 3, column 1: R; « R; —

Step 7: Eliminate the remaining non-zero entry in row 3, column 2: R; « R3 —
We obtained the following upper triangular matrix:

[-BI" +u+p) € 0 -BS* 0 @

0 a»n 0 R4 O Ry[6]
Jooo = 0 0 ay Ri[4] 0 Rs[6]
upper — 0 0 0 om 0 R4[6]
0 0 0 0 ass Rs[6]
0 0 0 0 0 R6ll
where
a22:_(ﬂ+3+ﬁl*fﬁ), az; = —(u + 6) — Ge™*"
PBS” Py
R 4 = = R -
2[ ] ﬁ[*+ +p, 2[6] ﬁ[*+,u+p
ZI*S* I*
Ry =pst+ LIS P gy
ﬁ]*+ﬂ+p azz(ﬁl*+’u+p)
Bl'y Bl'e
Rsl6] = - + R,[6
0e™" - Rs[4]
asg = —(U+dy +m +a/+a))+lm
Be¢" - R3[6
R4[6] = ;Tt;e[‘-f]” ass = —(u + dy + 1 + ke ™)
R ‘R ‘R
Roi6]) = -2 RO p16] = (s gy - L RalO) 2 RelOL
Qa4 a4q ass

The diagonal entries of the matrix Jypper are the corresponding eigenvalues.

6. Parameter estimation

Precise parameter estimation is fundamental in epidemiological modeling, as it underpins the
model’s ability to replicate real-world data with high accuracy. Among various methods, the Least
Squares Curve Fitting technique is widely utilized to refine model parameters, ensuring the alignment
of model outputs with empirical data. The text is clear and well-structured but could be refined
slightly for clarity and conciseness. The computational efficiency and reliability of this technique rely
on the assumptions that residuals are normally distributed with constant variance, making it
well-suited for obtaining accurate parameter estimates under these conditions. We analyze data on
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confirmed cases in Saudi Arabia from 2000 to 2023 to study tuberculosis using the Least Squares
Curve Fitting approach. Specifically, the Ordinary Least Squares (OLS) method is applied to
minimize discrepancies in the daily reported cases. The model’s accuracy is assessed using a relative
error metric, as shown below:

. Z:l:] (IL - iL)Z
I
In this expression, /, denotes the model-derived cumulative count of infected individuals, based on
daily transitions from infection to recovery. Moreover, 1, represents the observed cumulative infections
reported. This distinction between model-simulated data and real-world data enables a more nuanced
analysis of disease dynamics, enhancing predictions of disease spread and informing more effective
disease control strategies.

In the following section, we describe the application of the least squares curve-fitting method in our
epidemiological model to ensure its compatibility with empirical data. Population normalization across
compartments relative to the total population, N(7), is applied for this analysis. By employing the least
squares method, we accurately estimate biological parameters, as shown in Figure 2. This process
minimizes the mean absolute relative error, aligning the model’s forecasts with the actual incidence
rates of tuberculosis. Real case data are represented by red solid circles, while the optimally fitted
model curve is depicted in blue. Table 1 provides a detailed account of these optimized biological
parameter estimates obtained through the least squares approach. This methodological rigor enhances
the predictive precision of the model, offering a robust basis for understanding tuberculosis epidemic
dynamics.

Table 1. Notation and values of parameters in the tuberculosis model.

Parameters Description Values Source
A Recruitment rate of susceptible individuals 1000/year ~ Assumed
7 Natural death rate 0.05/year  Literature
B Transmission rate from infectious individuals to susceptibles 1‘413),7e+10_04 Estimated
Jol Vaccination rate of susceptible individuals 0.65/year Fitted
& Rate of waning immunity for vaccinated individuals 0.55/year  Estimated
@ Rate of waning immunity for recovered individuals 0.05/year Assumed
0 Rate of latent infection clearance 0.001/year  Estimated
0 Progression rate from latent to infectious TB (with delay 7) 0.45/year Estimated
o' Rate at which infectious individuals enter quarantine or treatment 0.1/year Estimated
m Recovery rate for infectious individuals 0.35/year  Literature
w Rate of progression from infectious to disabled due to complications 0.1/year Estimated
d, Disease-induced death rate for infectious and quarantined individuals  0.035/year  Estimated
m Recovery rate for quarantined individuals 0.07/year  Literature
K Rate of progression from quarantine to disability (with delay o) 0.01/year  Estimated
y Recovery rate for disabled individuals 0.1/year Estimated
T Delay in progression from latent to infectious TB [0 — 15]/day Fitted
o Delay in progression from quarantine to disability [0 - 12]/day Fitted
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Figure 2. Temporal evolution of yearly tuberculosis cases and reported deaths in the Saudi
Arabia from 2000 to 2023 [35], along with the best-fitted curve derived from the proposed
model.

7. Sensitivity analysis

Identifying key parameters that influence the transmission dynamics of infectious diseases is
crucial for devising effective control strategies. This is achieved through sensitivity analysis, which
quantifies how variations in model parameters impact disease spread. Among various approaches,
forward sensitivity analysis plays a pivotal role in epidemiological modeling. —However, its
computation can become increasingly complex for intricate biological systems. The sensitivity
analysis of the basic reproduction number R, has garnered significant attention from both ecologists
and epidemiologists. To assess the impact of various parameters on R,, we conducted a sensitivity
analysis using the direct differentiation method. The sensitivity index Tg" of a parameter Q is
given by:

ORy, Q
YR = —. 2,
2 9Q R
The influence of these parameters on the basic reproduction number Ry is illustrated graphically in

Figure 3.
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Figure 3. 3D sensitivity analysis profiles showing the impact of various parameter pairs (u,
B, w, €, a, 11, p) on the basic reproduction number R, for the proposed model. Each subplot
illustrates how R responds to changes in two parameters simultaneously.
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8. Numerical scheme

In this section, we apply the Adams-Bashforth-Moulton (ABM) predictor-corrector method to
solve the system of delay differential equations (DDEs) [36—40]. The process consists of two steps:
First, predicting the values at the next time step using an explicit Adams-Bashforth (AB) predictor,
and second, correcting these predictions with the implicit Adams-Moulton (AM) corrector. While we
employ the ABM predictor-corrector method for solving the system of DDEs, alternative numerical
methods are also available. These include the Runge-Kutta methods for DDEs, Backward
Differentiation Formulas (BDF), and spectral collocation methods, which are commonly used for
solving both stiff and non-stiff DDEs. The choice of the ABM method in this study is based on its
balance between computational efficiency and accuracy. It provides an explicit predictor step
followed by an implicit corrector step, which enhances stability while maintaining a relatively low
computational cost. This makes it particularly suitable for our TB model, where delay terms play a
crucial role in capturing disease progression dynamics. Future work may explore more advanced
adaptive-step solvers for improved precision.

Given the model equations:
dX(t)
_ = X,t y 8.1
R fX,0) (8.1)
where

X(1) = [S (1), V1), L(1), I(1), Q(1), R(), D))",

and each derivative is represented by the functions on the right-hand side of each corresponding
equation. Here is the step-by-step ABM scheme in mathematical form for each equation.

Step 1: Adams-Bashforth Predictor (Explicit)
(1) Predict: The values X, (#,.1) at the next time step #,,; = t, + h using the Adams-Bashforth formula.
For simplicity, we’ll use a two-step AB formula:

h
Xp(tns1) = X (1) + 3 QfX (), 1) = f(X(tp-1), 1a-1)) - (8.2)

This gives a predicted value X,(f,.;) for each component in X(r). We substitute each function f;
corresponding to the derivatives given in the model equations.

Step 2: Adams-Moulton Corrector (Implicit)
(2) Correct: The predicted values X,(#,+1) using the Adams-Moulton corrector formula:

h
X(ty1) = X(1) + 35 (SS K1) tasr) + 8FX(1). 1) = X (tm1). 1m0)) (8.3)

This corrects each component of X(#,,) using the predicted value X, (7,.1) and the previous function
evaluations at ¢, and 7,,_;.
Let’s apply this ABM scheme to each equation. For simplicity, denote:

e S, ~S8(,),V,~ V(,)), and so on.
o fs(t) =A—BS.0,— (+p)S,+¢R, + €V, (for B2) etc.

dt
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Thus, we have:
Js(t) = A =BSuly — (U+P)Sy+ @Ry + Vi,
(ty) =pSn — U+ )V,
Ji(tn) = BSul, — (u + )L, — OL(t, — 1),
fity) = 0L(t, —7) — (U + da + 1 + @), — W,
fo(tn) = al, — (+ do + 2 + K)Q(t, — 0),
Jr(t) = mly + M0y — (U + @)R,,
fo(ty) = wl, + kQ(t, — o) — (U +¥)D,.
Predictor Step

h
Sp,n+1 = Sn + 5 (SfS(tn) - fS(ln—l)) P

h
Vp,n+1 =V, + 5 (3fV(tn) - fV(tn—l)) >

h
Lp,n+1 =L, + (3fL(tn) - fL(tn—l)) s

2
h
IPJH'l = In + E (3ﬁ(ln) - f[(tn—l)) >
h
Qp,n+1 = Qn + 5 (3fQ(tn) - fQ(tn—l)) >

h
Rp,n+l =R, + E (3fR(tn) - fR(tn—l)) >

h
Dp,n+l =D, + 5 (3fD(tn) - fD(tn—l)) .

Corrector Step
h
Su1 =8, + I (5fs (tns1) + 8fs(tn) — fs(ta-1)),

Vot = Vit 2 (5 ) + 806  ft ).
Luot = Lt 5 (5 iltua) + 8.0~ fult ).
oot = o+ 75 (5 it + 816 = filta 1),
Qs = 0u+ 15 (5 oltnn) + 870t ~ foltn).
Rus = Ryt 10 (S fitun) + 84l0) ~ f ).

h
Dn+1 = Dn + E (SfD(th) + SfD(tn) - fD(tn—l)) .

For delayed terms like L(t — 7) and Q(f — 0):

e Interpolation: If 1 — 7 or t — o lies between two time points, use interpolation (e.g., linear
interpolation) to approximate the delayed values.
e Direct Use: If r — 7 or r — o coincides with a previous time step, use the stored values directly.
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9. Results and discussion

Figure 4 presents simulation results of the model, illustrating the time evolution of each state
variable over a span of 1200 days. The dynamics exhibit oscillatory behavior, with each state variable
converging to equilibrium levels. Specifically, the plots depict the temporal progression of different
groups of the population as seen in the figure. These results were generated using parameter values
7 = 13.75 and o = 10, which reveal periodic fluctuations before reaching stability. Each trajectory
highlights the transient dynamics and steady-state approach of the model. Similarly, Figure 5 displays
the simulation results for the temporal dynamics of each state variable over 1200 days with parameter
settings 7 = 14.5 and o = 10. Compared to the previous configuration, these results show prolonged
oscillations before stabilizing. The figure captures the system’s response and adaptive transition to
steady-state levels across the population groups. This comparative analysis underscores the model’s
sensitivity to parameter changes in achieving equilibrium.

Figure 6 is also the dynamics of each compartment as a function of varying delay 7 with fixed
delay o = 10 in a similar fashion. The time evolution of a specific compartment in the tuberculosis
(TB) model is shown in each subplot over 1200 days for the delay parameter values of 7 = 12.25,
12.5, 12.75, and 13.0 while a constant delay value of o = 10 is maintained. The trajectories show
oscillatory behavior due to the model’s transient dynamics and the oscillations grow in amplitude
and frequency as 7 increases before they reach equilibrium. In our results, we show that the time
evolution of the stabilization within each compartment is sensitive to variations in the delay of the latent
period. As in Figure 7, dynamics of all compartments are shown by varying delay o with a fixed delay
7 = 13.5. The time evolution of each compartment in the TB model over 1200 days is shown in each
subplot using the same latent period delay T = 13.5 but with varying lapse of time before moxifloxacin
delivery (o = 10, 12, 14, 16). Patterns of oscillations in the trajectory of each compartment’s oscillatory
pattern are noted, demonstrating the transient dynamics dependent on changes in o, where oscillation
amplitude and frequency alternate and settle toward an equilibrium. These results stress how changes
to the quarantine-to-disability delay parameter affect the stabilization of each compartment over time.

In Figure 8, the three-dimensional dynamics of the TB compartments over time are depicted,
highlighting the effect of varying the delay parameter o~. This parameter represents the time required
for quarantined individuals to potentially develop disabilities. The figure illustrates how changes in o
influence the progression within each compartment under a fixed delay 7. This figure keeps the latent
period delay 7 constant, enabling us to isolate the effect of o on population compartments. Figure 8a
shows that as o increases, there is a slower progression of individuals from the quarantined (Q) to the
disabled (D) compartment. This change preserves more individuals in the infectious compartment
longer, since fewer individuals transition into quarantine. As a result, the susceptible population
declines more rapidly due to the prolonged infectious contact in the population. The vaccinated group
in Figure 8b shows minimal fluctuation, as vaccination primarily affects the susceptible compartment.
However, with increased o, a minor reduction in the vaccinated group suggests that the burden on
health resources may slightly increase, as more individuals remain infectious or require quarantine.
The latent population in the figure 8c remains relatively unaffected by variations in o, given that this
delay primarily influences the infectious-to-quarantine transition rather than the latent-to-infectious
progression. Similarly, the dynomic of infected compartment in Figure 8d shows the higher values of
o lead to an increase in the infectious population as individuals delay their progression to quarantine,
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thus maintaining the infection potential in the population. This dynamic illustrates the physical
significance of the quarantine delay, as slower movement out of the infectious state prolongs the
period individuals can contribute to the infection rate. As o increases, the quarantine compartment’s
8e growth slows, resulting in fewer individuals moving to the disabled state (D). This trend highlights
how adjusting the delay in quarantine impacts both the infectious duration and the accumulation of
disabilities from severe TB. The recovered compartments 8f show a delay in recovery and disability
onset, respectively, with higher o values, which implies that greater quarantine delays allow for
prolonged infectious stages, indirectly impacting the number of individuals progressing to recovery or
disability. In subplot Figure 10e, the impact of varying the delay o on the disabled population is
illustrated. A longer delay o results in a slower transition of individuals into the disabled state, which
subsequently reduces the peak and overall number of disabled individuals. This suggests that
prolonging the delay o could potentially lessen the burden of disability by preventing rapid
progression to a disabled state. The results emphasize the importance of controlling o (representing
quarantine or isolation delays) to mitigate long-term disability impacts.

Figure 9 illustrates the impact of varying the latent period delay 7 on the TB compartments, with a
fixed quarantine-to-disability delay o. This figure illustrates the influence of the incubation period,
showing how delayed progression from latent to infectious states affects the overall dynamics of TB
transmission. As 7 increases, the susceptible population in the Figure 9a decreases more gradually. A
longer latent period implies that fewer individuals transition quickly to an infectious state, reducing
the rate of infection spread. Similarly the vaccinated compartment 9b sees limited changes, indicating
that the primary dynamics of interest are among the susceptible, latent, and infectious groups. A
longer latent period 7 significantly raises the latent population 9c, as individuals spend more time
incubating the TB bacterium. This change physically signifies a delay in active TB emergence,
reflecting the incubation period’s buffering effect on the immediate spread of infection. The infectious
population in the Figure 9d decreases as 7 increases, due to the slower transition from the latent to
infectious stages. This effect highlights how prolonged incubation periods can serve as a natural
intervention, reducing the immediate infectious burden within a population. The Quarantined and
Recovered in Figures 9e and 9f with an extended incubation period T show that the delayed onset of
infectious cases reduces the influx into quarantine and subsequently impacts the recovered and
disabled compartments. This effect is critical in understanding TB dynamics, as a prolonged latent
phase could ease the strain on quarantine resources and reduce disability rates. In subplot 10f, the
delay 7 is varied while keeping o~ constant. Similar to the effects observed with o, increasing the
delay 7 also reduces the accumulation of disabled individuals over time. Since 7 relates to the
progression of infection, a longer delay implies a slower transition from infection to disability. This
observation underscores the importance of intervention measures that manage the
infection-to-disability progression timeline, as longer delays in disease progression correlate with a
lower ultimate disability burden. Together, subplots 10e and 10f highlight how both o and 7
significantly influence the disabled population’s dynamics, providing insights into effective
delay-based interventions to reduce the long-term disability impact of TB.
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Figure 8. Three-dimensional representations of state variables over time, demonstrating the
effect of varying delay o on each compartment while holding 7 constant at 13.5. Each plot
highlights the temporal dynamics under the influence of delay o, with a fixed delay parameter
7, providing insights into the time-delay effects on population compartments within the
model.
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3D Plot of Susceptible over Time and Delay (1) foro = 8 3D Plot of Latent over Time and Delay (7) for o = 8
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Figure 9. Three-dimensional representations of state variables over time, demonstrating the
effect of varying delay 7 on each compartment while holding o constant at 8. Each plot
illustrates the temporal dynamics under the influence of delay 7, with a fixed delay parameter
o, providing insights into the time-delay effects on population compartments within the
model.
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10. Conclusions

In this study, we present a comprehensive mathematical model for TB transmission in Saudi
Arabia, incorporating key epidemiological factors such as vaccination, latency delays, and disability
progression. The findings offer significant insights into optimizing TB control strategies. The results
highlight that an extended latency period (1) reduces the infectious population, effectively slowing the
transmission rate. This suggests that early detection and treatment of latent TB cases should be a
priority to prevent disease progression. Additionally, the inclusion of a disability compartment in the
model underscores the long-term impact of TB on public health, emphasizing the need for timely
quarantine and treatment interventions. From a public health perspective, the model provides
actionable recommendations for TB control programs in Saudi Arabia. First, optimizing quarantine
measures can mitigate not only the spread of TB but also the risk of long-term disability among
affected individuals.  Implementing timely treatment protocols, particularly for individuals
transitioning from quarantine to disability, can significantly reduce the socioeconomic burden
associated with TB-related disabilities. Second, the findings advocate for enhanced TB surveillance
systems that integrate real-time data collection and predictive modeling to improve decision-making
for intervention strategies. Third, given that vaccination plays a role in controlling TB incidence,
policies should focus on increasing vaccination coverage, particularly in high-risk populations, to
achieve long-term disease reduction. This research provides policymakers with a quantitative
framework for assessing intervention strategies and improving TB control efforts in Saudi Arabia. By
translating mathematical insights into actionable public health measures, this model contributes to the
development of targeted policies that enhance disease management, reduce transmission rates, and
minimize TB-related disabilities. Researchers should integrate additional socio-economic and
demographic factors, along with a bifurcation study and optimal control analysis, to further refine
intervention strategies and support the country’s efforts toward TB eradication.
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