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1. Introduction

The Schrödinger equation in quaternionic quantum mechanics was presented in [1]. The eigenvalue
problem of a Hermitian quaternion matrix in quantum chemistry was examined in [2]. Some algebraic
approaches for quaternion least squares problems in quaternionic quantum mechanics were analyzed
in [3]. Specific types of quaternionic linear matrix equations require further research. Let φ : H → H
be a nonstandard involution [4]. If S ∈ Hm×n, then (S )φ is an n ×m matrix, which is found by applying
φ entrywise to the transpose S . S ∈ Hn×n is called a φ-Hermitian matrix if (S )φ = S . Took et al.
investigated an instance of a φ-Hermitian matrix, namely the η-Hermitian matrix [5]. S is called η-
Hermitian if S η∗ := −ηS ∗η = S , where η ∈ {i, j,k}. η-Hermitian matrices have applications in linear
modeling and statistical signal processing [5–8]. In this paper, we established the solvability conditions
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and η-Hermitian solution for the system

A1X1Aη∗

1 + C1Y1C
η∗

1 + F1Z1Fη∗

1 + H1WHη∗

1 = E1,

A2X2Aη∗

2 + C2Y2C
η∗

2 + F2Z2Fη∗

2 + H2WHη∗

2 = E2,

X1 = Xη∗

1 , X2 = Xη∗

2 , Y1 = Yη∗

1 , Y2 = Yη∗

2 , Z1 = Zη∗

1 , Z2 = Zη∗

2 , W = Wη∗ .

(1.1)

As a special case of the system (1.1), we construct an η-Hermitian solution to the two-sided quaternion
matrix equation

A1X1Aη∗

1 + C1Y1C
η∗

1 + F1Z1Fη∗

1 + H1WHη∗

1 = E1,

X1 = Xη∗

1 , Y1 = Yη∗

1 , Z1 = Zη∗

1 , W = Wη∗ .
(1.2)

In 1844, William Hamilton scouted the quaternions [9]. Quaternions have implementations
in assorted domains of mathematics analogous with computation, geometry, and algebra (see,
e.g., [10–13]). The study and analysis of Sylvester’s matrix equations and their generalizations have
many applications in graph theory [14], output feedback control [15], neural networks [16], and robust
control [17].

In order to achieve (1.1) and (1.2), we present the following two-sided quaternionic matrix equations
and establish the necessary and sufficient conditions for being solvable:

À1X̀1B̀1 + C̀1X̀2D̀1 + A1X1B1 + C1X2D1 = E1, (1.3)

where À1 ∈ H
m1×n1
r1 , B̀1 ∈ H

p1×q1
q1 , C̀1 ∈ H

m1×s1
m1 , D̀1 ∈ H

l1×q1
r2 , A1 ∈ H

m1×n2
r3 , B1 ∈ H

p2×q1
r4 , C1 ∈ H

m1×s2
r5 ,

D1 ∈ H
l2×q1
s3 , and E1 ∈ H

m1×q1
s4 are given matrices and X̀1 ∈ H

n1×p1
s5 , X̀2 ∈ H

s1×l1
s6 , X1 ∈ H

n2×p2
r6 , and

X2 ∈ H
s2×l2
r7 are unknowns. Thus, we utilize (1.3) to examine the solvability conditions for the two-

sided system of matrix equations, emphasizing matrix rank equalities and Moore-Penrose inverses of
matrix coefficients, which are essential for deriving (1.1):

AiXiBi + CiYiDi + FiZiGi + HiWJi = Ei, (i = 1, 2). (1.4)

A variety of established results on the consistency conditions and general solutions of linear matrix
equations in the literature, particularly the discoveries related to the Sylvester-type matrix problem,
enhance this work, especially the matrix equation

A1X1B1 + C1X2D1 = E1, (1.5)

which was first studied by Baksalary and Kala (1980) in [18]. In 1991, Özgüler gave us its analysis over
a principal ideal domain [19]. Tian (2000) drove its necessary and sufficient conditions to be solvable in
matrix rank equalities over an arbitrary field [20]. Wang (2004) presented the consistency conditions
and the general solution in terms of the Moore-Penrose inverses over an arbitrary regular ring [21].
He (2019) [22] investigated a proper generalization of the Sylvester-type matrix equation (1.5), namely:

AiXi + YiDi + FiZiGi + HiWJi = Ei, (i = 1, 2), (1.6)

which is solvable if and only if the following system is solvable:

AiXiBi + CiXi+1Di = Ei, (i = 1, 2). (1.7)
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The necessary and sufficient conditions for the system (1.1) to be solvable are carried out. An
expression of the general solution indication of the Moore-Penrose inverses terms is given, in the
case where the solvability conditions are met. If we choose the quaternion matrix coefficients, so that
Ci = Bi = I, (i = 1, 2), where I represents the identity matrices with feasible size, it generates the
proper special case (1.6) of (1.1) and hence its equivalent system (1.7).

Sylvester [23] investigated the classical Sylvester matrix equation. Since then, the generalizations of
Sylvester systems of matrix equations overR, C, andH are established, whereR, C, andH represent the
real number field, complex number field, and quaternion skew-field, respectively. For instance, Mehany
et al. [24–26], Xie et al. [27], Liu et al. [28,29], Xu et al. [30], He et al. [31,32], Kyrchei et al. [33,34],
Rehman et al. [35], Bayoumi [36], and Mitra [37] have studied some generalized Sylvester systems of
matrix equations that include some special cases of (1.4).

This article structures the subsequent sections as follows: Section 2 presents the initial and
fundamental background findings. In Section 3, we employ the Moore-Penrose inverses and rank
equalities of the quaternion matrices to satisfy the necessary and sufficient conditions for the
system (1.3) to be solvable. Furthermore, we present a formula for the general solution of the
system when it is solvable. In Section 4, we achieve our main goal by obtaining the necessary
and sufficient conditions and the φ−Hermitian solution to (1.1). Section 5 includes algorithms and
numerical examples that illustrate the principal findings. This paper concludes with succinct findings
in Section 6.

2. Preliminaries

We denote the real quaternion algebra by

H = {t0 + t1i + t2j + t3k | i2 = j2 = k2 = ijk = −1, t0, t1, t2, t3 ∈ R}.

Hm×n
r is the set of all matrices of size m×n with rank r over H. S ∗ represents the conjugate transpose of

S . The Moore-Penrose inverse of a given matrix S overH is denoted by S † and defined to be the unique
solution Y of the system S YS = S , YS Y = Y, (YS )∗ = YS , and (S Y)∗ = S Y. Moreover, LS = I − S †S
and RS = I − S S † stand for the two projectors along S . Furthermore, LS = (LS )∗ = (LS )2 = L†S ,
RS = (RS )2 = (RS )∗ = R†S .

Here, we define involutions, analyze their matrix representations, and categorize them as standard
or nonstandard. In addition, we present certain algebraic features of the quaternion matrix nonstandard
involution Aφ.

Definition 2.1. [4] A map φ: H→ H is said to be an antiendomorphism if φ(xy) = φ(y)φ(x) for all x,
y ∈ H, and φ(x + y) = φ(x) + φ(y) for all x, y ∈ H. An antiendomorphism φ is called an involution if
φ(φ(x)) = x for every x ∈ H.

Lemma 2.1. [4] Let φ be a nonzero antiendomorphism of H. Then φ is a bijection on H; thus, φ is
an antiautomorphism. Additionally, φ is real linear, which can be expressed as a 4 × 4 real matrix

with respect to {1, i, j,k}. Then φ is an involution if and only if φ =

(
1 0
0 T

)
where either T = −I3 or

T is a 3 × 3 real orthogonal symmetric matrix with eigenvalues 1, 1,−1. Moreover, an involution φ
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is standard if φ =

(
1 0
0 −I3

)
. An involution φ is nonstandard if φ =

(
1 0
0 T

)
where T is a 3 × 3 real

orthogonal symmetric matrix with eigenvalues 1, 1,−1.

Lemma 2.2. [4] Let A, B ∈ Hm×n, C ∈ Hn×p, α, β ∈ H, and φ be a nonstandard involution over H.
Then 

(1) (αA + βB)φ = Aφφ(α) + Bφφ(β),
(2) (Aα + Bβ)φ = φ(α)Aφ + φ(β)Bφ,

(3) (AC)φ = CφAφ,


(4) (Aφ)φ = A,
(5) r(A) = r(Aφ),
(6) Iφ = I, 0φ = 0,


(7) (Aφ)† = (A†)φ,
(8) (RA)φ = LAφ ,

(9) (LA)φ = RAφ .

Lemma 2.3. [38] Let S ∈ Hm×n, B ∈ Hm×k, and C ∈ Hl×n be given. Then

(1) r(S ) + r(RS B) = r(B) + r(RBS ) = r
(
S B

)
,

(2) r(S ) + r(CLS ) = r(C) + r(S LC) = r
(
S
C

)
.

Lemma 2.4. [18–21] Let A1, B1, C1,D1, and E1 be given. Set

M1 = RA1C1, N1 = D1LB1 , S = C1LM1 .

Then the following are equivalent:

1) (1.5) is solvable.
2)

RM1RA1 E1 = 0, E1LB1 LN1 = 0, RA1 E1LD1 = 0, RC1 E1LB1 = 0.

3)

r
(
A1 E1 C1

)
= r

(
A1 C1

)
, r


B1

E1

D1

 = r
(
B1

D1

)
,

r
(
A1 E1

0 D1

)
= r

(
A1

)
+ r

(
D1

)
, r

(
B1 0
E1 C1

)
= r

(
B1

)
+ r

(
C1

)
.

In that case, the general solution of (1.5) can be expressed as

X1 =A†1E1B†1 − A†1C1M†

1 E1B†1 − A†1S 1C
†

1E1N†1 D1B†1 − A†1S 1Y1RN1 D1B†1
+ LA1Y2 + Y3RB1 ,

X2 =M†

1 E1D†1 + S †1S 1C
†

1E1N†1 + LM1 LS 1Y4 + LM1Y1RN1 + Y5RD1 ,

where Y1,Y2, ...,Y5 are arbitrary matrices with fitting sizes.
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3. The solvability conditions and the general solution to (1.3) and (1.4)

Let A1, À1, B1, B̀1, C1, C̀1, D1, D̀1, and E1 be given matrices in (1.3). Set

Â1 = RÀ1
A1, B̂1 = B1LD̀1

, Ĉ1 = RÀ1
C1, D̂1 = D1LD̀1

, M̀1 = RÀ1
C̀1, (3.1)

S̀ 1 = C̀1LM̀1
, M̂1 = RÂ1

Ĉ1, N̂1 = D̂1LB̂1
, Ŝ 1 = Ĉ1LM̂1

, Ê1 = RÀ1
E1LD̀1

, (3.2)

È1 = E1 − A1X1B1 −C1X2D1. (3.3)

Proposition 3.1. The following statements are equivalent:
(1) (1.3) is solvable.
(2)

RM̀1
RÀ1

E1 = 0, E1LB̀1
LǸ1

= 0, RC̀1
E1LB̀1

= 0,

RM̂1
RÂ1

Ê1 = 0, Ê1LB̂1
LN̂1

= 0, RÂ1
Ê1LD̂1

= 0, RĈ1
Ê1LB̂1

= 0.

(3)

r
(
À1 E1 C̀1

)
= r

(
À1 C̀1

)
, (3.4)

r


B̀1

E1

D̀1

 = r
(
B̀1

D̀1

)
, (3.5)

r
(
B̀1 0
E1 C̀1

)
= r

(
B̀1

)
+ r

(
C̀1

)
, (3.6)

r
(
A1 E1 C1 À1

0 D̀1 0 0

)
= r

(
A1 C1 À1

)
+ r

(
D̀1

)
, (3.7)

r


B1 0
E1 À1

D1 0
D̀1 0

 = r


B1

D1

D̀1

 + r
(
À1

)
, (3.8)

r


A1 E1 À1

0 D1 0
0 D̀1 0

 = r
(
A1 À1

)
+ r

(
D1

D̀1

)
, (3.9)

r


B1 0 0
E1 C1 À1

D̀1 0 0

 = r
(
C1 À1

)
+ r

(
B1

D̀1

)
. (3.10)
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In this case, the general solution can be expressed as

X̀1 =À1
†
È1B̀1

†
− À1

†
C̀1M̀1

†
È1B̀1

†
− À1

†
S̀ 1C̀1

†
È1Ǹ1

†
D̀1B̀1

†

− À1
†
S̀ 1Ỳ1RǸ1

D̀1B̀1
†

+ LÀ1
Ỳ2 + Ỳ3RB̀1

,

X̀2 =M̀1
†
È1D̀1

†
+ S̀ 1

†
S̀ 1C̀1

†
È1Ǹ1

†
+ LM̀1

LS̀ 1
Ỳ4 + LM̀1

Ỳ1RǸ1
+ Ỳ5RD̀1

,

X1 =Â1
†

Ê1B̂1
†

− Â1
†

Ĉ1M̂1
†

Ê1B̂1
†

− Â1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

D̂1B̂1
†

− Â1
†

Ŝ 1Ŷ1RN̂1
D̂1B̂1

†

+ LÂ1
Ŷ2 + Ŷ3RB̂1

,

X2 =M̂1
†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

+ LM̂1
LŜ 1

Ŷ4 + LM̂1
Ŷ1RN̂1

+ Ŷ5RD̂1
.

(3.11)

Proof. (1)⇔ (2) : Utilizing (3.3) to rewrite (1.3), we have that

À1X̀1B̀1 + C̀1X̀2D̀1 = È1. (3.12)

In the view of Lemma 2.4, we have that (3.12) is solvable if and only if

RM̀1
RÀ1

È1 = 0, È1LB̀1
LǸ1

= 0, RC̀1
È1LB̀1

= 0,

RÀ1
È1LD̀1

= 0.

Using straightforward computations, we have their equivalent conditions as

RM̀1
RÀ1

E1 = 0, E1LB̀1
LǸ1

= 0, RC̀1
E1LB̀1

= 0,

and
Â1X1B̂1 + Ĉ1X2D̂1 = Ê1, (3.13)

respectively. In that case, the general solution of (3.12) can be expressed as

X̀1 =À1
†
È1B̀1

†
− À1

†
C̀1M̀1

†
È1B̀1

†
− À1

†
S̀ 1C̀1

†
È1Ǹ1

†
D̀1B̀1

†

− À1
†
S̀ 1Ỳ1RǸ1

D̀1B̀1
†

+ LÀ1
Ỳ2 + Ỳ3RB̀1

,

X̀2 =M̀1
†
È1D̀1

†
+ S̀ 1

†
S̀ 1C̀1

†
È1Ǹ1

†
+ LM̀1

LS̀ 1
Ỳ4 + LM̀1

Ỳ1RǸ1
+ Ỳ5RD̀1

.

Finally, the quaternion matrix equation (3.13) has a solution if and only if

RM̂1
RÂ1

Ê1 = 0, Ê1LB̂1
LN̂1

= 0, RÂ1
Ê1LD̂1

= 0, RĈ1
Ê1LB̂1

= 0.

Consequently, its general solution can be given as

X1 =Â1
†

Ê1B̂1
†

− Â1
†

Ĉ1M̂1
†

Ê1B̂1
†

− Â1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

D̂1B̂1
†

− Â1
†

Ŝ 1Ŷ1RN̂1
D̂1B̂1

†

+ LÂ1
Ŷ2 + Ŷ3RB̂1

,

X2 =M̂1
†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

+ LM̂1
LŜ 1

Ŷ4 + LM̂1
Ŷ1RN̂1

+ Ŷ5RD̂1
,

where Ỳ1, Ỳ2, ..., Ỳ5, Ŷ1, Ŷ2, ..., Ŷ5 are arbitrary matrices over H with fit size.

(2)⇔ (3) : By using Lemma 2.3, we have the following seven rank equalities:

RM̀1
RÀ1

E1 = 0⇔ r
(
À1 E1 C̀1

)
= r

(
À1 C̀1

)
,
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7690

E1LB̀1
LǸ1

= 0⇔ r


B̀1

E1

D̀1

 = r
(
B̀1

D̀1

)
,

RC̀1
E1LB̀1

= 0⇔ r
(
B̀1 0
E1 C̀1

)
= r

(
À1

)
+ r

(
C̀1

)
,

RM̂1
RÂ1

Ê1 = 0⇔ r
(
A1 E1 C1 À1

0 D̀1 0 0

)
= r

(
A1 C1 À1

)
+ r

(
D̀1

)
,

Ê1LB̂1
LN̂1

= 0⇔ r


B1 0
E1 À1

D1 0
D̀1 0

 = r


B1

D1

D̀1

 + r
(
À1

)
,

RÂ1
Ê1LD̂1

= 0⇔ r


A1 E1 À1

0 D1 0
0 D̀1 0

 = r
(
A1 À1

)
+ r

(
D1

D̀1

)
,

RĈ1
Ê1LB̂1

= 0⇔ r


B1 0 0
E1 C1 À1

D̀1 0 0

 = r
(
C1 À1

)
+ r

(
B1

D̀1

)
.

�

The following corollary investigates the main result in [39].

Corollary 3.2. Let A1, B1, C3,D3, C4, D4, and E1 be given. Set

A = RA1C3, B = D3LB1 , C = RA1C4, D = D4LB1 ,

E = RA1 E1LB1 , M = RAC, N = DLB, S = CLM.

Then the following are equivalent:
(1)

A1X1 + X2B1 + C3X3D3 + C4X4D4 = E1

is solvable.
(2)

RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.

In this case, the general solution can be expressed as

X1 = A†1(E1 −C3X3D3 −C4X4D4) − T7B1 + LA1T6,

X2 = RA1(E1 −C3X3D3 −C4X4D4)B†1 + A1T7 + T8RB1 ,

X3 = A†EB† − A†CM†EB† − A†S C†EN†DB† − A†S T2RN DB† + LAT4 + T5RB,

X4 = M†ED† + S †S C†EN† + LMLS T1 + LMT2RN + T3RD,

where T1, ...,T8 are arbitrary matrices over H with fitting sizes.
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Proof. Consider that B̀1 and C̀1 are identities with suitable sizes in Proposition 3.1. �

Let Ai, Bi, Ci, Di, Fi, Gi, Hi, Ji, and Ei be given matrices in (1.4). Set

Mi = RAiCi, Ni = DiLBi , S i = CiLMi , Âi = RAi Fi, B̂i = GiLDi ,

Ĉi = RAi Hi, D̂i = JiLDi , M̂i = RÂi
Ĉi, N̂i = D̂iLB̂i

, Ŝ i = ĈiLM̂i
, Êi = RAi EiLDi ,̂̂A1 =

(
LM̂1

LŜ 1
LM̂2

LŜ 2

)
,

̂̂B1 =

(
RD̂1

−RD̂2

)
,

̂̂C3 = LM̂1
,
̂̂D3 = RN̂1

,
̂̂C4 = −LM̂2

,
̂̂D4 = RN̂2

,

W0
1 = M̂1

†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

, W0
2 = M̂2

†

Ê2D̂2
†

+ Ŝ 2
†

Ŝ 2Ĉ2
†

Ê2N̂2
†

,
̂̂E1 = W0

2 −W0
1 ,

A = R̂̂A1

̂̂C3, B =
̂̂D3L̂̂B1

, C = R̂̂A1

̂̂C4, D =
̂̂D4L̂̂B1

, E = R̂̂A1

̂̂E1L̂̂B1
,

M = RAC, N = DLB, S = CLM, Èi = Ei − FiZiGi − HiWJi.

(3.14)

Theorem 3.3. The following statements are equivalent:
(1) The system (1.4) is consistent.
(2)

RMiRAi Ei = 0, EiLBi LNi = 0, RCi E1LBi = 0,RM̂i
RÂi

Êi = 0, ÊiLB̂i
LN̂i

= 0, (3.15)

RÂi
ÊiLD̂i

= 0, RĈi
ÊiLB̂i

= 0,RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0. (3.16)

(3)

r
(
Ai Ei Ci

)
= r

(
Ai Ci

)
, r


Bi

Ei

Di

 = r
(
Bi

Di

)
, r

(
Bi 0
Ei Ci

)
= r

(
Bi

)
+ r

(
Ci

)
, (3.17)

r
(
Fi Ei Hi Ai

0 Di 0 0

)
= r

(
Fi Hi Ai

)
+ r

(
Di

)
, (3.18)

r


Gi 0
Ei Ai

Ji 0
Di 0

 = r


Gi

Ji

Di

 + r
(
Ai

)
, (3.19)

r


Ei Fi Ai

Ji 0 0
Di 0 0

 = r
(
Fi Ai

)
+ r

(
Ji

Di

)
, (3.20)

r


Ei Hi Ai

Gi 0 0
Di 0 0

 = r
(
Hi Ai

)
+ r

(
Gi

Di

)
, (3.21)

r


0 J1 J2 0 0 0 0

H1 −E1 0 A1 F1 0 0
H2 0 E2 0 0 A2 F2

0 D1 0 0 0 0 0
0 0 D2 0 0 0 0


= r


J1 J2

D1 0
0 D2

 + r
(
H1 A1 F1 0 0
H2 0 0 A2 F2

)
, (3.22)
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r



0 J1 J2 0 0
H1 −E1 0 A1 0
H2 0 E2 0 A2

0 G1 0 0 0
0 D1 0 0 0
0 0 G2 0 0
0 0 D2 0 0


= r


J1 J2

G1 0
D1 0
0 G2

0 D2


+ r

(
H1 A1 0
H2 0 A2

)
, (3.23)

r



0 J1 J2 0 0 0
H1 −E1 0 A1 F1 0
H2 0 E2 0 0 A2

0 D1 0 0 0 0
0 0 D2 0 0 0
0 0 G2 0 0 0


= r


J1 J2

D1 0
0 D2

0 G2

 + r
(
H1 A1 F1 0
H2 0 0 A2

)
, (3.24)

r



0 J1 J2 0 0 0
H1 −E1 0 A1 0 0
H2 0 E2 0 A2 F2

0 G1 0 0 0 0
0 D1 0 0 0 0
0 0 D2 0 0 0


= r


J1 J2

G1 0
D1 0
0 D2

 + r
(
H1 A1 0 0
H2 0 A2 F2

)
. (3.25)

In this case, the general solution can be expressed as

Xi = A†i ÈiB
†

i − A†i CiM
†

i ÈiB
†

i − A†i S iC
†

i ÈiN
†

i DiB
†

i − A†i S iTi1RNi DiB
†

i + LAiTi2 + Ti3RBi ,

Yi = M†

i ÈiD
†

i + S †i S iC
†

i ÈiN
†

i + LMi LS iTi4 + LMiTi1RNi + Ti5RDi ,

Zi = Âi
†

ÊiB̂i
†

− Âi
†

ĈiM̂i
†

ÊiB̂i
†

− Âi
†

Ŝ iĈi
†

ÊiN̂i
†

D̂iB̂i
†

− Âi
†

Ŝ iT̂i1RN̂i
D̂iB̂i

†

+ LÂi
T̂i2 + T̂i3RB̂i

,

W = W1 := M̂1
†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

+ LM̂1
LŜ 1

T̂14 + LM̂1
T̂11RN̂1

+ T̂15RD̂1
,

W = W2 := M̂2
†

Ê2D̂2
†

+ Ŝ 2
†

Ŝ 2Ĉ2
†

Ê2N̂2
†

+ LM̂2
LŜ 2

T̂24 + LM̂2
T̂21RN̂2

+ T̂25RD̂2
,

where Ti1,Ti2, ...,Ti5, T̂i1, T̂i2, ..., T̂i5 are arbitrary matrices over H with fit size, and

T̂14 =

(
Im1

0

)
( ̂̂A1

†

( ̂̂E1 −
̂̂C3T̂11

̂̂D3 −
̂̂C4T̂21

̂̂D4) − T7
̂̂B1 + L̂̂A1

T6),

T̂24 =

(
0

Im1

)
( ̂̂A1

†

( ̂̂E1 −
̂̂C3T̂11

̂̂D3 −
̂̂C4T̂21

̂̂D4) − T7
̂̂B1 + L̂̂A1

T6),

T̂15 = (R̂̂A1
( ̂̂E1 −

̂̂C3T̂11
̂̂D3 −

̂̂C4T̂21
̂̂D4) ̂̂B1

†

+
̂̂A1T7 + T8R̂̂B1

)
(
Iq1 0

)
,

T̂25 = (R̂̂A1
( ̂̂E1 −

̂̂C3T̂11
̂̂D3 −

̂̂C4T̂21
̂̂D4) ̂̂B1

†

+
̂̂A1T7 + T8R̂̂B1

)
(
0 Iq1

)
,

T̂11 = A†EB† − A†CM†EB† − A†S C†EN†DB† − A†S T2RN DB† + LAT4 + T5RB,

T̂21 = M†ED† + S †S C†EN† + LMLS T1 + LMT2RN + T3RD,

where T1, ...,T8 are arbitrary matrices over H with fitting sizes.
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Proof. (1)⇔ (2) : Split (1.4) to the two equations

A1X1B1 + C1Y1D1 + F1Z1G1 + H1W1J1 = E1, (3.26)
A2X2B2 + C2Y2D2 + F2Z2G2 + H2W2J2 = E2. (3.27)

It is clear that (1.4) is consistent if and only if (3.26) and (3.27) are consistent, respectively, and W1 =

W2. As a consequence of Proposition 3.1, we have that (3.26) and (3.27) are solvable, respectively, if
and only if

RMiRAi Ei = 0, EiLBi LNi = 0, RCi E1LBi = 0,

RM̂i
RÂi

Êi = 0, ÊiLB̂i
LN̂i

= 0,RÂi
ÊiLD̂i

= 0, RĈi
ÊiLB̂i

= 0, (i = 1, 2).

In this case, the general solution can be expressed as

Xi = A†i ÈiB
†

i − A†i CiM
†

i ÈiB
†

i − A†i S iC
†

i ÈiN
†

i DiB
†

i − A†i S iTi1RNi DiB
†

i + LAiTi2 + Ti3RBi ,

Yi = M†

i È1D†i + S †i S iC
†

i È1N†i + LMi LS iTi4 + LMiTi1RNi + Ti5RDi ,

Zi = Âi
†

ÊiB̂i
†

− Âi
†

ĈiM̂i
†

ÊiB̂i
†

− Âi
†

Ŝ iĈi
†

ÊiN̂i
†

D̂iB̂i
†

− Âi
†

Ŝ iT̂i1RN̂i
D̂iB̂i

†

+ LÂi
T̂i2 + T̂i3RB̂i

,

W1 = M̂1
†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

+ LM̂1
LŜ 1

T̂14 + LM̂1
T̂11RN̂1

+ T̂15RD̂1
,

W2 = M̂2
†

Ê2D̂2
†

+ Ŝ 2
†

Ŝ 2Ĉ2
†

Ê2N̂2
†

+ LM̂2
LŜ 2

T̂24 + LM̂2
T̂21RN̂2

+ T̂25RD̂2
.

(3.28)

By equating W1 and W2 in (3.28), we have the following matrix equation:̂̂A1
̂̂X1 +

̂̂X2
̂̂B1 +

̂̂C3
̂̂X3

̂̂D3 +
̂̂C4

̂̂X4
̂̂D4 =

̂̂E1, (3.29)

where

̂̂X1 =

(
T̂14

T̂24

)
,

̂̂X2 =

(
T̂15

T̂25

)
,

̂̂X3 = T̂11,
̂̂X4 = T̂21.

Utilizing Corollary 3.2, we have that (3.29) is solvable if and only if

RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.

In this case, the general solution can be expressed as

̂̂X1 =
̂̂A1

†

( ̂̂E1 −
̂̂C3

̂̂X3
̂̂D3 −

̂̂C4
̂̂X4

̂̂D4) − T7
̂̂B1 + L̂̂A1

T6,̂̂X2 = R̂̂A1
( ̂̂E1 −

̂̂C3
̂̂X3

̂̂D3 −
̂̂C4

̂̂X4
̂̂D4) ̂̂B1

†

+
̂̂A1T7 + T8R̂̂B1

,̂̂X3 = A†EB† − A†CM†EB† − A†S C†EN†DB† − A†S T2RN DB† + LAT4 + T5RB,̂̂X4 = M†ED† + S †S C†EN† + LMLS T1 + LMT2RN + T3RD,

respectively, where T1, ..., T8 are facultative matrices over H with fitting sizes.

(2)⇔ (3) : Utilizing Lemma 2.3, it is easy to check that

RMiRAi Ei = 0⇔ r
(
Ai Ei Ci

)
= r

(
Ai Ci

)
,
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EiLBi LNi = 0⇔ r


Bi

Ei

Di

 = r
(
Bi

Di

)
,

RCi E1LBi = 0⇔ r
(
Bi 0
Ei Ci

)
= r

(
Bi

)
+ r

(
Ci

)
,

RM̂i
RÂi

Êi = 0⇔ r
(
Fi Ei Hi A1

0 Di 0 0

)
= r

(
Fi Hi Ai

)
+ r

(
Di

)
,

ÊiLB̂i
LN̂i

= 0⇔ r


Gi 0
Ei Ai

Ji 0
Di 0

 = r


Gi

Ji

Di

 + r
(
Ai

)
,

RÂi
ÊiLD̂i

= 0⇔ r


Ei Fi Ai

Ji 0 0
Di 0 0

 = r
(
Fi Ai

)
+ r

(
Ji

Di

)
,

RĈi
ÊiLB̂i

= 0⇔ r


Ei Hi Ai

Gi 0 0
Di 0 0

 = r
(
Hi Ai

)
+ r

(
Gi

Di

)
.

Under the conditions (3.15), the system (1.4) is solvable and hence there is a special solution
(X0

i ,Y
0
i ,Z

0
i ,W

0).

RMRAE = 0 ⇔ r

 ̂̂E1
̂̂C4

̂̂C3
̂̂A1̂̂B1 0 0 0

 = r( ̂̂C4
̂̂C3

̂̂A1) + r( ̂̂B1)

⇔ r



W0
2 −W0

1 −I I 0 0
I 0 0 D̂1 0
−I 0 0 0 D̂2

0 M̂2 0 0 0
0 0 M̂1 0 0


= r


−I I
M̂2 0
0 M̂1

 + r
(

I D̂1 0
−I 0 D̂2

)

⇔ r



W0
2 −W0

1 −I I 0 0 0 0 0 0
I 0 0 J1 0 0 0 0 0
−I 0 0 0 J2 0 0 0 0
0 H2 0 0 0 F2 0 A2 0
0 0 H1 0 0 0 F1 0 A1

0 0 0 D1 0 0 0 0 0
0 0 0 0 D2 0 0 0 0


= r


−I I 0 0 0 0
H2 0 F2 0 A2 0
0 H1 0 F1 0 A1

 + r


I J1 0
−I 0 J2

0 D1 0
0 0 D2

 ⇔ (3.22).
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ELBLN = 0 ⇔ r



̂̂E1
̂̂A1̂̂D4 0̂̂D3 0̂̂B1 0


= r


̂̂D4̂̂D3̂̂B1

 + r( ̂̂A1)

⇔ r



W0
2 −W0

1 I −I 0 0
I 0 0 N̂1 0
−I 0 0 0 N̂2

0 Ĉ1 0 0 0
0 0 Ĉ2 0 0
0 M̂1 0 0 0
0 0 M̂2 0 0


= r



I −I
Ĉ1 0
0 Ĉ2

M̂1 0
0 M̂2


+ r

(
I N̂1 0
−I 0 N̂2

)

⇔ r



W0
2 −W0

1 I −I 0 0 0 0
I 0 0 J1 0 0 0
−I 0 0 0 J2 0 0
0 H1 0 0 0 A1 0
0 0 H2 0 0 0 A2

0 0 0 G1 0 0 0
0 0 0 0 G2 0 0
0 0 0 D1 0 0 0
0 0 0 0 D2 0 0



= r


I −I 0 0

H1 0 A1 0
0 H2 0 A2

 + r



I J1 0
−I 0 J2

0 G1 0
0 0 G2

0 D1 0
0 0 D2


⇔ (3.23).

Similarly, it can carry out that RAELD = 0 ⇔ (3.24) and RCELB = 0 ⇔ (3.25). �

4. Main results

Let Ai, Ci, Fi, Hi, and Ei = Eη∗

i be given matrices of feasible dimensions over H in (1.1). Set

Mi = RAiCi, S i = CiLMi , Âi = RAi Fi, B̂i = (RCi Fi)η
∗

, Ĉi = RAi Hi,

D̂i = (RCi Hi)η
∗

, M̂i = RÂi
Ĉi, N̂i = D̂iLB̂i

, Ŝ i = ĈiLM̂i
, Êi = RAi Ei(RCi)

η∗ ,̂̂A1 =
(
LM̂1

LŜ 1
LM̂2

LŜ 2

)
,

̂̂B1 =

(
RD̂1

−RD̂2

)
,

̂̂C3 = LM̂1
,
̂̂D3 = RN̂1

,
̂̂C4 = −LM̂2

,
̂̂D4 = RN̂2

,

W0
1 = M̂1

†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

, W0
2 = M̂2

†

Ê2D̂2
†

+ Ŝ 2
†

Ŝ 2Ĉ2
†

Ê2N̂2
†

,
̂̂E1 = W0

2 −W0
1 ,

A = R̂̂A1

̂̂C3, B =
̂̂D3L̂̂B1

, C = R̂̂A1

̂̂C4, D =
̂̂D4L̂̂B1

, E = R̂̂A1

̂̂E1L̂̂B1
,

M = RAC, N = DLB, S = CLM, Èi = Ei − FiZiF
η∗

i − HiWHη∗

i (i = 1, 2).
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Theorem 4.1. The following statements are equivalent:
(1) (1.1) is consistent.
(2) The following Moore-Penrose inverse conditions are satisfied:

RMiRAi Ei = 0, RCi E1(RAi)
η∗ = 0,RM̂i

RÂi
Êi = 0, ÊiLB̂i

LN̂i
= 0, RÂi

ÊiLD̂i
= 0,

RĈi
ÊiLB̂i

= 0,RMRAE = 0, ELBLN = 0, RAELD = 0, RCELB = 0.

(3)

r
(
Ai Ei Ci

)
= r

(
Ai Ci

)
, r

(
Aη∗

i 0
Ei Ci

)
= r

(
Ai

)
+ r

(
Ci

)
,

r
(
Fi Ei Hi Ai

0 Cη∗

i 0 0

)
= r

(
Fi Hi Ai

)
+ r

(
Ci

)
,

r
(
Fi Ei Hi Ci

0 Aη∗

i 0 0

)
= r

(
Fi Hi Ci

)
+ r

(
Ai

)
,

r


Ei Fi Ai

Hη∗

i 0 0
Cη∗

i 0 0

 = r
(
Fi Ai

)
+ r

(
Hi Ci

)
,

r


Ei Hi Ai

Fη∗

i 0 0
Cη∗

i 0 0

 = r
(
Hi Ai

)
+ r

(
Fi Ci

)
,

r


0 Hη∗

1 Hη∗

2 0 0 0 0
H1 −E1 0 A1 F1 0 0
H2 0 E2 0 0 A2 F2

0 Cη∗

1 0 0 0 0 0
0 0 Cη∗

2 0 0 0 0


= r

(
H1 C1 0
H2 0 C2

)
+ r

(
H1 A1 F1 0 0
H2 0 0 A2 F2

)
,

r



0 Hη∗

1 Hη∗

2 0 0
H1 −E1 0 A1 0
H2 0 E2 0 A2

0 Fη∗

1 0 0 0
0 Cη∗

1 0 0 0
0 0 Fη∗

2 0 0
0 0 Cη∗

2 0 0


= r

(
H1 F1 C1 0 0
H2 0 0 F2 C2

)
+ r

(
H1 A1 0
H2 0 A2

)
,

r



0 Hη∗

1 Hη∗

2 0 0 0
H1 −E1 0 A1 F1 0
H2 0 E2 0 0 A2

0 Cη∗

1 0 0 0 0
0 0 Cη∗

2 0 0 0
0 0 Fη∗

2 0 0 0


= r

(
H1 C1 0 0
H2 0 C2 F2

)
+ r

(
H1 A1 F1 0
H2 0 0 A2

)
,
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r



0 Hη∗

1 Hη∗

2 0 0 0
H1 −E1 0 A1 0 0
H2 0 E2 0 A2 F2

0 Fη∗

1 0 0 0 0
0 Cη∗

1 0 0 0 0
0 0 Cη∗

2 0 0 0


= r

(
H1 F1 C1 0
H2 0 0 C2

)
+ r

(
H1 A1 0 0
H2 0 A2 F2

)
.

In this case, the general solution can be expressed as

Xi =
1
2

[X̀i + (X̀i)η
∗

], Yi =
1
2

[Ỳi + (Ỳi)η
∗

],

Zi =
1
2

[Z̀i + (Z̀i)η
∗

], W =
1
2

[Ẁ + (Ẁ)η
∗

],

where

X̀i =A†i Èi(A
η∗

i )† − A†i CiM
†

i Èi(A
η∗

i )† − A†i S iC
†

i ÈiN
†

i Di(A
η∗

i )†

− A†i S iTi1RNi Di(A
η∗

i )† + LAiTi2 + Ti3RAη
∗

i
,

Ỳi =M†

i È1(Cη∗

i )† + S †i S iC
†

i È1(Mη∗

i )† + LMi LS iTi4 + LMiTi1(LMi)
η∗ + Ti5RDi ,

Z̀i =Âi
†

ÊiB̂i
†

− Âi
†

ĈiM̂i
†

ÊiB̂i
†

− Âi
†

Ŝ iĈi
†

ÊiN̂i
†

D̂iB̂i
†

− Âi
†

Ŝ iT̂i1RN̂i
D̂iB̂i

†

+ LÂi
T̂i2 + T̂i3RB̂i

,

Ẁ =Ẁ1 := M̂1
†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

+ LM̂1
LŜ 1

T̂14 + LM̂1
T̂11RN̂1

+ T̂15RD̂1
,

or Ẁ =Ẁ2 := M̂2
†

Ê2D̂2
†

+ Ŝ 2
†

Ŝ 2Ĉ2
†

Ê2N̂2
†

+ LM̂2
LŜ 2

T̂24 + LM̂2
T̂21RN̂2

+ T̂25RD̂2
,

where Ti1,Ti2, ...,Ti5, T̂i1, T̂i2, ..., T̂i5, are arbitrary matrices over H with fit size.

Proof. First, we prove that the system (1.1) is consistent if and only if the system

A1X̀1Aη∗

1 + C1Ỳ1C
η∗

1 + F1Z̀1Fη∗

1 + H1ẀHη∗

1 = E1,

A2X̀2Aη∗

2 + C2Ỳ2C
η∗

2 + F2Z̀2Fη∗

2 + H2ẀHη∗

2 = E2

(4.1)

is consistent. If the system (1.1) has a solution, then it is clear that the system (4.1) is solvable.
On the contrary, suppose that the system (4.1) is consistent with the solution (X̀i, Ỳi, Z̀i, Ẁ). Claim

that Xi := 1
2 [X̀i + (X̀i)η

∗

], Yi := 1
2 [Ỳi + (Ỳi)η

∗

], Zi := 1
2 [Z̀i + (Z̀i)η

∗

], W := 1
2 [Ẁ + (Ẁ)η

∗

] are solutions
of (1.1). It is clear that Xi, Yi, Zi, W are η∗-Hermitian matrices. Second, we apply Theorem 3.3 to
obtain the solvability conditions and the general solution to (1.1). �

Let A1, C1, F1, H1, and E1 = Eη∗

1 be given matrices over H in (1.2). Set

M1 = RA1C1, S 1 = C1LM1 , Â1 = RA1 F1, B̂1 = (RC1 F1)η
∗

, Ĉ1 = RA1 H1,

D̂1 = (RC1 H1)η
∗

, M̂1 = RÂ1
Ĉ1, N̂1 = D̂1LB̂1

, Ŝ 1 = Ĉ1LM̂1
, Ê1 = RA1 E1(RC1)

η∗ .

AIMS Mathematics Volume 10, Issue 4, 7684–7705.



7698

Corollary 4.2. The following statements are equivalent:
(1) (1.2) is solvable.
(2)

RM1RA1 E1 = 0, RC1 E1(RA1)
η∗ = 0,RM̂1

RÂi
Ê1 = 0,

RÂ1
Ê1LD̂1

= 0,RĈ1
Ê1LB̂1

= 0, Ê1LB̂1
LN̂1

= 0.

(3)

r
(
A1 E1 C1

)
= r

(
A1 C1

)
, r

(
Aη∗

1 0
E1 C1

)
= r

(
A1

)
+ r

(
C1

)
,

r
(
F1 E1 H1 A1

0 Cη∗

1 0 0

)
= r

(
F1 H1 A1

)
+ r

(
C1

)
,

r
(
F1 E1 H1 C1

0 Aη∗

1 0 0

)
= r

(
F1 H1 C1

)
+ r

(
A1

)
,

r


E1 F1 A1

Hη∗

1 0 0
Cη∗

1 0 0

 = r
(
F1 A1

)
+ r

(
H1 C1

)
,

r


E1 H1 A1

Fη∗

1 0 0
Cη∗

1 0 0

 = r
(
H1 A1

)
+ r

(
F1 C1

)
.

In this case, the general solution to the system can be expressed as

X1 =
1
2

[X̀1 + (X̀1)η
∗

], Y1 =
1
2

[Ỳ1 + (Ỳ1)η
∗

], Z1 =
1
2

[Z̀1 + (Z̀1)η
∗

], W =
1
2

[Ẁ + (Ẁ)η
∗

],

where

X̀1 =A†1È1(Aη∗

1 )† − A†1C1M†

1 È1(Aη∗

1 )† − A†1S 1C
†

1È1N†1 D1(Aη∗

1 )†

− A†1S 1T11RN1 D1(Aη∗

1 )† + LA1T12 + T13RAη
∗

1
,

Ỳ1 =M†

1 È1(Cη∗

1 )† + S †1S 1C
†

1È1(Mη∗

1 )† + LM1 LS 1T14 + LM1T11(LM1)
η∗ + T15RD1 ,

Z̀1 =Â1
†

Ê1B̂1
†

− Â1
†

Ĉ1M̂1
†

Ê1B̂1
†

− Â1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

D̂1B̂1
†

− Â1
†

Ŝ 1T̂11RN̂1
D̂1B̂1

†

+ LÂ1
T̂12 + T̂13RB̂1

,

Ẁ =Ẁ1 := M̂1
†

Ê1D̂1
†

+ Ŝ 1
†

Ŝ 1Ĉ1
†

Ê1N̂1
†

+ LM̂1
LŜ 1

T̂14 + LM̂1
T̂11RN̂1

+ T̂15RD̂1
.

Proof. Apply Theorem 4.1 whenever A2 = 0, C2 = 0, F2 = 0, H2 = 0, E2 = 0. �

5. Algorithms and numerical examples

Algorithm 5.1. Calculate the general solution to the system (1.4).
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1) Input the system (1.4) with coefficients Ak, Bk, Ck, Dk, Fk, Gk, Hk, Jk (k = 1, 2) with viable
dimensions over H.

2) Compute all matrices, which appeared in (3.1)–(3.3).
3) Check whether the generalized inverses conditions in Theorem 3.3 and the ranks

conditions (3.17)–(3.25) are satisfied or not. If not, return to “The system (1.4) is inconsistent”.
4) Else compute Xk, Yk, Zk, W by Theorem 3.3.
5) Output the general solution of the system (1.4) is Xk, Yk, Zk, W.

Example 5.1. Let

A1 =

(
i 0
0 −2k

)
, A2 =

(
0 3 − i
0 0

)
, B1 =

(
i 0
0 0

)
, B2 =

(
k 0
0 0

)
,

C1 =

(
0 0
0 k

)
, C2 =

(
j 0
0 0

)
, D1 =

(
j 2
0 1

)
, D2 =

(
1 3k
−1 0

)
,

F1 =

(
0 0
j 1

)
, F2 =

(
i 1
0 0

)
, G1 =

(
0 0
j 0

)
, G2 =

(
0 0

1 + i 0

)
,

H1 =

(
0 0
0 j

)
, H2 =

(
1 j
0 0

)
, J1 =

(
0 0
k 0

)
, J2 =

(
0 0

−1 + j 0

)
,

E1 =

(
−i 0

i + 2k 0

)
, E2 =

(
2 + 2i + j + k 0

0 0

)
.

By straight calculations using the quaternion package on MATLAB software, we can find

r
(
Ai Ei Ci

)
= r

(
Ai Ci

)
=

{
2, i f i = 1,
1, i f i = 2,

r


Bi

Ei

Di

 = r
(
Bi

Di

)
= 2, r

(
Bi 0
Ei Ci

)
= r

(
Bi

)
+ r

(
Ci

)
= 2,

r
(
Fi Ei Hi A1

0 Di 0 0

)
= r

(
Fi Hi Ai

)
+ r

(
Di

)
=

{
4, i f i = 1,
3, i f i = 2,

r


Gi 0
Ei Ai

Ji 0
Di 0

 = r


Gi

Ji

Di

 + r
(
Ai

)
=

{
4, i f i = 1,
3, i f i = 2,

r


Ei Fi Ai

Ji 0 0
Di 0 0

 = r
(
Fi Ai

)
+ r

(
Ji

Di

)
=

{
4, i f i = 1,
3, i f i = 2,

r


Ei Hi Ai

Gi 0 0
Di 0 0

 = r
(
Hi Ai

)
+ r

(
Gi

Di

)
=

{
4, i f i = 1,
3, i f i = 2,
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r


0 J1 J2 0 0 0 0

H1 −E1 0 A1 F1 0 0
H2 0 E2 0 0 A2 F2

0 D1 0 0 0 0 0
0 0 D2 0 0 0 0


= r


J1 J2

D1 0
0 D2

 + r
(
H1 A1 F1 0 0
H2 0 0 A2 F2

)
= 7,

r



0 J1 J2 0 0
H1 −E1 0 A1 0
H2 0 E2 0 A2

0 G1 0 0 0
0 D1 0 0 0
0 0 G2 0 0
0 0 D2 0 0


= r


J1 J2

G1 0
D1 0
0 G2

0 D2


+ r

(
H1 A1 0
H2 0 A2

)
= 7,

r



0 J1 J2 0 0 0
H1 −E1 0 A1 F1 0
H2 0 E2 0 0 A2

0 D1 0 0 0 0
0 0 D2 0 0 0
0 0 G2 0 0 0


= r


J1 J2

D1 0
0 D2

0 G2

 + r
(
H1 A1 F1 0
H2 0 0 A2

)
= 7,

r



0 J1 J2 0 0 0
H1 −E1 0 A1 0 0
H2 0 E2 0 A2 F2

0 G1 0 0 0 0
0 D1 0 0 0 0
0 0 D2 0 0 0


= r


J1 J2

G1 0
D1 0
0 D2

 + r
(
H1 A1 F1 0
H2 0 0 A2

)
= 7.

Consequently, the system (1.4) is consistent. Moreover, it is easy to check that

X1 =

(
i 1
0 j

)
, X2 =

(
0 0
0 k

)
, Y1 =

(
−1 2
0 0

)
, Y2 =

(
0 0

2 − i 0

)
,

Z1 =

(
−i 2k
j 0

)
, Z2 =

(
0 j
0 k

)
, W =

(
1 2
0 i

)
.

Algorithm 5.2. Calculate the general solution to the system (1.1).

1) Input the system (1.1) with coefficients Ak, Ck, Fk, Hk, Ek (k = 1, 2) with viable dimensions over
H.

2) Compute all matrices coefficients in (1.1) by Theorem 4.1.
3) Check whether the generalized inverses conditions and the ranks conditions in Theorem 4.1 are

satisfied or not. If not, return to “The system (1.1) is inconsistent”.
4) Else compute Xk, Yk, Zk, W by Theorem 4.1 whenever η = k.
5) Output the general solution of the system (1.4), which is Xk = Xη∗

k , Yk = Yη∗

k , Zk = Zη∗

k , W = Wη∗ .

Example 5.2. Consider the system (1.1), whenever η = k, where

A1 = C1 =

(
0 0
0 j

)
, A2 = C2 =

(
0 0
0 i

)
, F1 =

(
0 0
k −2

)
, F2 =

(
0 0
1 −i

)
,
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H1 =

(
0 0

j − 1 2

)
, H2 =

(
0 0

k − 1 −1

)
, E1 =

(
0 0
0 2 + 9j

)
, E2 =

(
0 0
0 i

)
.

By straight calculations using the quaternion package on MATLAB software, we can find

r
(
Ai Ei Ci

)
= r

(
Ai Ci

)
= 1, r

(
Aη∗

i 0
Ei Ci

)
= r

(
Ai

)
+ r

(
Ci

)
= 2,

r
(
Fi Ei Hi Ai

0 Cη∗

i 0 0

)
= r

(
Fi Hi Ai

)
+ r

(
Ci

)
= 2,

r
(
Fi Ei Hi Ci

0 Aη∗

i 0 0

)
= r

(
Fi Hi Ci

)
+ r

(
Ai

)
= 2,

r


Ei Fi Ai

Hη∗

i 0 0
Cη∗

i 0 0

 = r
(
Fi Ai

)
+ r

(
Hi Ci

)
= 2,

r


Ei Hi Ai

Fη∗

i 0 0
Cη∗

i 0 0

 = r
(
Hi Ai

)
+ r

(
Fi Ci

)
= 2,

r


0 Hη∗

1 Hη∗

2 0 0 0 0
H1 −E1 0 A1 F1 0 0
H2 0 E2 0 0 A2 F2

0 Cη∗

1 0 0 0 0 0
0 0 Cη∗

2 0 0 0 0


= r

(
H1 C1 0
H2 0 C2

)
+ r

(
H1 A1 F1 0 0
H2 0 0 A2 F2

)
= 4,

r



0 Hη∗

1 Hη∗

2 0 0
H1 −E1 0 A1 0
H2 0 E2 0 A2

0 Fη∗

1 0 0 0
0 Cη∗

1 0 0 0
0 0 Fη∗

2 0 0
0 0 Cη∗

2 0 0


= r

(
H1 F1 C1 0 0
H2 0 0 F2 C2

)
+ r

(
H1 A1 0
H2 0 A2

)
= 4,

r



0 Hη∗

1 Hη∗

2 0 0 0
H1 −E1 0 A1 F1 0
H2 0 E2 0 0 A2

0 Cη∗

1 0 0 0 0
0 0 Cη∗

2 0 0 0
0 0 Fη∗

2 0 0 0


= r

(
H1 C1 0 0
H2 0 C2 F2

)
+ r

(
H1 A1 F1 0
H2 0 0 A2

)
= 4,

r



0 Hη∗

1 Hη∗

2 0 0 0
H1 −E1 0 A1 0 0
H2 0 E2 0 A2 F2

0 Fη∗

1 0 0 0 0
0 Cη∗

1 0 0 0 0
0 0 Cη∗

2 0 0 0


= r

(
H1 F1 C1 0
H2 0 0 C2

)
+ r

(
H1 A1 0 0
H2 0 A2 F2

)
= 4.
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Consequently, the system (1.1) is consistent. Moreover, we have the general solution as

X1 = Xk∗
1 =

(
j 0
0 i

)
, X2 = Xk∗

2 =

(
i j
j −i

)
,

Y1 = Yk∗
1 =

(
−4j −6j
−6j −9j

)
, Y2 = Yk∗

2 =

(
0 0
0 −j

)
,

Z1 = Zk∗
1 =

(
i 0
0 0

)
, Z2 = Zk∗

2 =

(
0 0
0 i

)
, W = Wk∗ =

(
j 0
0 0

)
.

6. Conclusions

The motivation for this work stems from established literature on the consistency conditions and
general solutions of linear matrix equations, particularly the Sylvester-type matrix equation (1.5). We
have established the solvability conditions for the quaternion matrix equations (1.3), and hence the
necessary and sufficient condition of (1.4) to be solvable. The general solution form of the two-sided
Sylvester-type quaternion system of matrix equation (1.1) of seven η-Hermitian variables has been
investigated, when the solvability conditions are met. Finally, algorithms and numerical examples
have been used to check the validity of the main results.
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