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1. Introduction

The Schrodinger equation in quaternionic quantum mechanics was presented in [1]. The eigenvalue
problem of a Hermitian quaternion matrix in quantum chemistry was examined in [2]. Some algebraic
approaches for quaternion least squares problems in quaternionic quantum mechanics were analyzed
in [3]. Specific types of quaternionic linear matrix equations require further research. Let ¢ : H — H
be a nonstandard involution [4]. If S € H"™", then (), is an n X m matrix, which is found by applying
¢ entrywise to the transpose S. S € H™" is called a ¢-Hermitian matrix if (S), = S. Took et al.
investigated an instance of a ¢-Hermitian matrix, namely the np-Hermitian matrix [S]. S is called n-
Hermitian if S := —nS*n = §, where n € {i, j, k}. n-Hermitian matrices have applications in linear
modeling and statistical signal processing [5—8]. In this paper, we established the solvability conditions
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and n-Hermitian solution for the system

AX AT +C Y\ CT + FIZF] + HWH! = Ej,
AzXzAg* + CZYQC;]* + Fzzng* + HZWHg* = E,, (1.1)
X = X?*,Xz = Xg*, Y| = Y;f, Y, = Yg*, 7, = Z;I*, Z, = Zg*’ W=w"

As a special case of the system (1.1), we construct an -Hermitian solution to the two-sided quaternion
matrix equation

AX AT +C Y\ CT + FIZF] + HWH! = Ej,

* : : * (1.2)
X, =X, v, =Y ,2,=2", W=w".

In 1844, William Hamilton scouted the quaternions [9]. Quaternions have implementations
in assorted domains of mathematics analogous with computation, geometry, and algebra (see,
e.g., [10-13]). The study and analysis of Sylvester’s matrix equations and their generalizations have
many applications in graph theory [14], output feedback control [15], neural networks [16], and robust
control [17].

In order to achieve (1.1) and (1.2), we present the following two-sided quaternionic matrix equations
and establish the necessary and sufficient conditions for being solvable:

A\1X131 + C]XQD] +A1X131 + C:X,D, = Eq, (13)

where A; € HIV™, By € PV, ¢y € Hp™', Dy € HIX"', A € H™, By € HIPY', C, € H™®,
D, € HZ, and E, € H,"™" are given matrices and X; € H.""', X, € HI*", X; € H/”", and
X, € Hﬁjxh are unknowns. Thus, we utilize (1.3) to examine the solvability conditions for the two-
sided system of matrix equations, emphasizing matrix rank equalities and Moore-Penrose inverses of
matrix coefficients, which are essential for deriving (1.1):

AX;B;+ C,Y.D; + F.Z,G; + HWJ; = E;, (l =1, 2) (14)

A variety of established results on the consistency conditions and general solutions of linear matrix
equations in the literature, particularly the discoveries related to the Sylvester-type matrix problem,
enhance this work, especially the matrix equation

A]XlBl + CX,D, = E4, (15)

which was first studied by Baksalary and Kala (1980) in [18]. In 1991, Ozgiiler gave us its analysis over
a principal ideal domain [19]. Tian (2000) drove its necessary and sufficient conditions to be solvable in
matrix rank equalities over an arbitrary field [20]. Wang (2004) presented the consistency conditions
and the general solution in terms of the Moore-Penrose inverses over an arbitrary regular ring [21].
He (2019) [22] investigated a proper generalization of the Sylvester-type matrix equation (1.5), namely:

AiXi + YiDl' + FiZiGi + H,'WJ,' = Eia (l = 1, 2), (16)
which is solvable if and only if the following system is solvable:

AXiB; + CiX;.\D; = E;, (i = 1,2). (L.7)

AIMS Mathematics Volume 10, Issue 4, 7684—7705.



7686

The necessary and sufficient conditions for the system (1.1) to be solvable are carried out. An
expression of the general solution indication of the Moore-Penrose inverses terms is given, in the
case where the solvability conditions are met. If we choose the quaternion matrix coefficients, so that
C;, = B, =1, (i =1,2), where I represents the identity matrices with feasible size, it generates the
proper special case (1.6) of (1.1) and hence its equivalent system (1.7).

Sylvester [23] investigated the classical Sylvester matrix equation. Since then, the generalizations of
Sylvester systems of matrix equations over R, C, and H are established, where R, C, and H represent the
real number field, complex number field, and quaternion skew-field, respectively. For instance, Mehany
et al. [24-26], Xie et al. [27], Liu et al. [28,29], Xu et al. [30], He et al. [31,32], Kyrchei et al. [33,34],
Rehman et al. [35], Bayoumi [36], and Mitra [37] have studied some generalized Sylvester systems of
matrix equations that include some special cases of (1.4).

This article structures the subsequent sections as follows: Section 2 presents the initial and
fundamental background findings. In Section 3, we employ the Moore-Penrose inverses and rank
equalities of the quaternion matrices to satisfy the necessary and sufficient conditions for the
system (1.3) to be solvable. Furthermore, we present a formula for the general solution of the
system when it is solvable. In Section 4, we achieve our main goal by obtaining the necessary
and sufficient conditions and the ¢—Hermitian solution to (1.1). Section 5 includes algorithms and
numerical examples that illustrate the principal findings. This paper concludes with succinct findings
in Section 6.

2. Preliminaries
We denote the real quaternion algebra by
H={ty+ti+nj+uk|i’=j =k =ijk=—1, to,1,5,t; € R}.

H™" is the set of all matrices of size m X n with rank r over H. S~ represents the conjugate transpose of
S . The Moore-Penrose inverse of a given matrix S over H is denoted by S © and defined to be the unique
solution Y of the system SYS =S, YSY =Y, (¥YS)* = YS,and (SY)* = SY. Moreover, Ly = I - S'S
and Ry = I — SS7 stand for the two projectors along S. Furthermore, Ly = (Lg)* = (Lg)* = Lg ,
Rs = (Rs)* = (Rs)" = RY.

Here, we define involutions, analyze their matrix representations, and categorize them as standard
or nonstandard. In addition, we present certain algebraic features of the quaternion matrix nonstandard
involution Ay.

Definition 2.1. [4] A map ¢: H — H is said to be an antiendomorphism if ¢(xy) = ¢(y)d(x) for all x,
y € H, and ¢(x +y) = ¢(x) + ¢(y) for all x,y € H. An antiendomorphism ¢ is called an involution if

&(Pp(x)) = x for every x € H.

Lemma 2.1. [4] Let ¢ be a nonzero antiendomorphism of H. Then ¢ is a bijection on H; thus, ¢ is
an antiautomorphism. Additionally, ¢ is real linear, which can be expressed as a 4 X 4 real matrix

1
with respect to {1,1, j,Kk}. Then ¢ is an involution if and only if ¢ = (0

T is a 3 X 3 real orthogonal symmetric matrix with eigenvalues 1,1,—1. Moreover, an involution ¢

;)“) where either T = —Iz or
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1 0
0 -I
orthogonal symmetric matrix with eigenvalues 1,1, —1.

is standard if ¢ = ) An involution ¢ is nonstandard if ¢ = (1 0) where T is a 3 X 3 real

0T

Lemma 2.2. [4] Let A,B € H™", C € H*?, o, € H, and ¢ be a nonstandard involution over H.

Then
(1) (@A +BB)y = Agp(@) + Byp(B), | (4) (Ag)y = A, (1) (Ap)" = (AT),,
(2) (Aa+ Bp)y = p(@)Ay + p(B)By, | (5) 1(A) =r(Ay), (8) (Ra)y = La,.
(3) (AC)¢ = C¢A¢, (6) I¢ = I, 0¢ = 0, (9) (LA)¢ = RA¢.

Lemma 2.3. [38] Let S € H™", B € H™*, and C € H*" be given. Then
(1) 7(S) + r(RsB) = r(B) + r(RsS) = r(S B),

2) r(S)+r(CLs) =r(C) + r(SL¢) = r(i)

Lemma 2.4. [I8-21] Let Ay, By, C1, Dy, and E| be given. Set
M] =RA1C1, N1 = DlLBp S = ClLMl-

Then the following are equivalent:

1) (1.5) is solvable.

2)
RMIRA|E1 = 0, EILBlLM = 0, RA]E‘lLD1 = 0, RC]E']LB1 = 0
3)
B B
I"(Al E1 Cl):r(Al Cl), r E1 :I"( 1),
D, =

o p)=ra) o) (5 2)=r(m)+re).

In that case, the general solution of (1.5) can be expressed as

X, =AE\B} - A{C\M{E\B} - AlS\C{E\N|D,B! — AlS,Y,Ry,D, B}
+ LA]Y2 + Y3RB|,
X, =M[E,\D! + STS\CTE\N| + Ly, Ls, Y4 + Ly, 1Ry, + YsRp,,

where Y1, Y>, ..., Y5 are arbitrary matrices with fitting sizes.
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3. The solvability conditions and the general solution to (1.3) and (1.4)

LetA,, Ay, By, B, C1, Cy, Dy, Dy, and E, be given matrices in (1.3). Set

Ay =Ry Ay, Bl = BiLy,, Ci = Ry Cy, Dy = DiLy,, My =R, Cy,
S1=CiLy, M, = Ri:C\, Ny = DiLg;, Si = CiLy;, E\ = Ry E\ Ly,
El = El —AleBl - C1X2D1.

Proposition 3.1. The following statements are equivalent:
(1) (1.3) is solvable.

(2)

Ry R; Ei =0, E\Ly Ly =0, Re ELy, =0,
RiRyE =0,E LyLy =0, RyE\Ly =0, Re.E Lz = 0.

(3)

£|-(2)
rlEy|=r D
D, !
B] 0 AN N
(5 Cl):r(31)+r(cl),
A E C A . X
r 0 D] 0 0 —I"(Al C, A1)+I"(D1),
B, 0O
B,
E, A _ N
r D, 0 =r gl +r(A1),
D, 0 !
A E A D
rl0 Dy 0|=r(4 A1)+r(\l),
< D,
0 D O
B 0 O B
rlE, C; A] :V(Cl Al) +I’( \1)
D, 0 0 !

AIMS Mathematics Volume 10, Issue 4,
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In this case, the general solution can be expressed as
Xi=AEB, - A EiB - A)'S\CEN DB,
—A/'S\V\Ry DiB, +L; ¥, + ViR,
Xy =M, E\Dy + 8, $1C E\Ny " + Ly Lg Va + Ly, ViRy, + YsRy5,,

X, & BB - &G BB - &S, BN DBy o
- A\llg\l ﬁRmEE? + L;q?z + ERBT,
X, =M, E\D, +5,'5,C/'EN, + Ly Ls-Ys + Lz ViR + VsRg.
Proof. (1) & (2) : Utilizing (3.3) to rewrite (1.3), we have that
AX,B, + C,X,D; = E,. (3.12)
In the view of Lemma 2.4, we have that (3.12) is solvable if and only if
Ry R;E\ =0, E\Ly Ly =0, Re E\Ly =0,
R; E\Ly, = 0.
Using straightforward computations, we have their equivalent conditions as
Ry Ry Ey =0, E\Ly Ly, =0, Re E1Ly =0,
and L
A X\B, + C\X,D, = Ej, (3.13)

respectively. In that case, the general solution of (3.12) can be expressed as
X, =A, E:B, -A'¢,m BB -A,S,¢,"E\N DB,
—A'S\V\Ry DiB, +L; ¥, + ViR,
Xy =M, E\Dy + 8, $1C E\N, " + Ly Lg Va + Ly, ViRy, + YsRy5,.
Finally, the quaternion matrix equation (3.13) has a solution if and only if
RjRyE =0, E\LzLy =0, RyE\L; =0, Re.E Ly = 0.
Consequently, its general solution can be given as
X, =A,'E\B, - A, C\M, E,B, - A, 5,C,'E\N; DiB;
- A\ITAS/'\l ERI’V‘I/DTE% + L;rlfz + ERE,
X, =M, E\D, +5,'5,C/'EIN, + Lz LYy + Lz ViR + ViRgy,
where Yl, ?2, oy Y5, f/\l, E, e )75 are arbitrary matrices over H with fit size.

(2) © (3) : By using Lemma 2.3, we have the following seven rank equalities:

RMIRA1E1:O<:>I’(A1 E1 Cl):r(Al Cl),

AIMS Mathematics Volume 10, Issue 4, 7684—7705.
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B B
EiLy Ly, =0 e r|E =r(ljl),
D, :

Rclgnglzo@r(gl g):r(A1)+r(Cl),
1

= A E Cp Ay N N
REREE]—O@I’(O Dl 0 O)—I"(Al C A1)+V(D1),
v
EILFLﬁ20®r ! ! =r|D +F(A1),
1 1 D] 0 D
D; 0 :
A E, A
_ . D,
RyE\Ly=0&r[0 Dy 0|=r(A A1)+r(\),
< D,
0 1 0
B, 0 O
— N N Bl
RaElLE:()(:}r E, C A :r(C1 Al) +F(D).
D; 0 0 !

The following corollary investigates the main result in [39].

Corollary 3.2. Let Ay, By, C3, D3, Cy, Dy, and E; be given. Set

A =Ry,C3, B=D;Lp, C =Ry Cy4, D= DyLp,
E =Ry ELp;, M=RsC, N=DLg, S =CLy.

Then the following are equivalent:

(1)
A X, + XoB; + C3X3D3 + CyXyDy = E;

is solvable.

(2)
RMRAE = 0, ELBLN = 0, RAELD = 0, RcELB =0.
In this case, the general solution can be expressed as

X = AT(El — C3X3D3 — C4XyDy) — T7By + Ly, T,

Xy = Ra,(E) — C3X3D5 — C4X4Dy)B| + A\ T; + T3Rg,,

X;=A"EB" — A'"CM'EB" — A'SC'EN'DB" — A'ST,RyDB' + L,T4 + TsRj,
Xy =M'ED" +S'TSC'EN" + LyyLsT, + LyT-Ry + T5Rp,

where T\, ..., Tg are arbitrary matrices over H with fitting sizes.

AIMS Mathematics Volume 10, Issue 4, 7684—7705.
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Proof. Consider that B, and C; are identities with suitable sizes in Proposition 3.1. O

Let A;, B;, Cy, D;, F;, G;, H;, J;, and E; be given matrices in (1.4). Set

M;=RuCi, Ni= DiLg, S; = CiLy,, A; = Ry F:, B; = GiLp,,

Ci = RyH;, D; = JiLp,M; = RzC:, N; = DiLg, S; = CiLy;, E; = Ry EiLp,
= _ = _ Rb\l = _ - _ = _ - _
A = (LipLs; Ligls;). B = _a ] G =Ly, Dy =Ry, Ci=~Lg, Di = Ry,
D, _ (3.14)
e e ] ~F o~~~ ——t et~ — e~ F o — —t =
WO = M, E\Dy +S5, 8.CL ExNy, W2 = My EaDs + 53 8:Cs ExNa', Ey = W2 — WP,
A=R=Cy, B=D3l=, C=R=C,, D=D,L—, E = R—=E,L—,
Ay B Ay B Ay By
M=R,C, N=DLy, S =CLy, E; = E; - F,ZG; — HWJ,.
Theorem 3.3. The following statements are equivalent:
(1) The system (1.4) is consistent.
(2)
RyRyE; =0, EiLgLy, =0, Re,E\Ly, = 0,RjzR7E; = 0,E.Lz Ly = 0, (3.15)
RyEL5 =0, RzELz = 0,RyRAE = 0, ELygLy =0, RyELp = 0, RcELy = 0. (3.16)
(3)
Bi B; B; 0
r(Al- Ei C,-):r(A,- Ci)’ r E,’ :r(Di), V(Ei Ci):r(B,-)+r(C,-), (317)
D;
F; E; H; A _
r(o b 0 0] r(Fi Hi A;) +r(Dy), (3.18)
AE AL +r(A,~), (3.19)
Ji 0 b
D; 0 l
Ei Fi Ai
Ji
Pl 0 0f= r(F, Ai) +r( ) (3.20)
D, 0 0 :
Ei Hi A,‘ G
rlGi 0 0|=r(H A) +r( ) (3.21)
D;
D 0 0
0O J, J», 0 0 0 0
H -E, 0 A F, 0 0 A
H, A F
rlH, 0 E, 0 0 A, F|=r|D;, 0 +r(H1 01 01 : P(,), (3.22)
0O D, 0 0 0 0 0 0 D, 2 2 2
0 0 D, 0 0 0 O
AIMS Mathematics Volume 10, Issue 4, 7684—7705.
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o J; L 0 0
Hl —E1 0 A1 0 Jl J2
H 0 E 0 A G, 0
rl0 G, 0 0 0 |=r|D O +r(gl %1 :),
0 Db 0 0 0 0 G, 2 2
0 0 G, 0 0 0 D,
0 0 D, 0 0
o J, L 0 0 0
H -E, 0 A, F, 0 Ji )
er 0 E2 0 O A2 :}"Dl O +r(H] A] F] 0)
0O Db 0 0 0 0 0 D, H, 0 0 A
0 0 D, 0 0 0 0 G,
0 0 G, 0 0 0
o J J 0 0 0
H -E, 0 A 0 0 Ji )
ng 0 E, 0 A F, :rGl 0 +r(H1 A O 0)
0 G, 0 0 0 0 D, 0 H 0 A, F
0O D, 0 0 0 0 0 D,
0 0 D, 0 0 0

In this case, the general solution can be expressed as

X, =A'EB - AIC;ME:B! — AlS,C/E:N!D,B] — ATS T:yRy,D;B] + Ly, Tj» + TisR3,,
Yi=MED] +S!S.CIEN/ + Ly,Ls,Tis + Ly, Ta Ry, + T,SRD,
Z =A, EB, —A CM EB, - ZTSAETEJVTDB — A, STaRgD:B; +L; Ty + TaRz,
W=W, := M1 E1D1 + S] S1C1 E1N1 + L]T/[\ngTTM + LM‘[T]]RI’\,T + T15RZ)‘1,
et i et — — —
W=W,:.=M, E;D, + S2 S2C2 E,N, + L]T/[QLSTM + LM\ZTHRI’\}E + T25R5;,
where T;, Th, ..., Ts, Ti\], Ti\z, - T; are arbitrary matrices over H with fit size, and
— I\ =T= = —= =_-—-= =
Ty = ( 1)(Al (Ey = C3T1\D3 — C4Ty Dy) — T7 B, + L;flT6),
o\ =t= = ——= =__—= =
Toy = (I )(Al (E, = C3T\D3 — C4T1Dy) — T+B, + LflTs),
my
— = == ===t =
Tys = (R;":I(El — C3T11D3 — CyTy Dy)By + A\T7 + TSREAT) (Iq1 0) ,
— = == =__—= =t =
Tps = (Re=(Ey = CiT1Ds ~ CyTa DBy + ATy + TsR=) (0 1)
T =ATEB' — A'"CM'EB' - A'SC'EN'DB' — A'ST,RyDB' + LT, + TsRj,
Toy = MTED" + STSCTEN' + LyLsT) + Ly T>Ry + T5Rp,
where T\, ..., Tg are arbitrary matrices over H with fitting sizes.

AIMS Mathematics
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Proof. (1) & (2) : Split (1.4) to the two equations

A]XlBl +C1Y1D1 +F121G1 + HWJ, = Eq, (326)
A XoBy + Co Yo Dy + K2 Z,Gy + HyW,J, = Es. (327)
It is clear that (1.4) is consistent if and only if (3.26) and (3.27) are consistent, respectively, and W; =
W,. As a consequence of Proposition 3.1, we have that (3.26) and (3.27) are solvable, respectively, if
and only if
RM,-RA,-Ei = 0, EiLBiLNi = 0, RC’.ElLB[. = O,
RzR7E =0,ELzLy = 0,R;EiL; =0, ReELz =0, (i = 1,2).
In this case, the general solution can be expressed as
X, = AjElBj- - AjCleElBj - AZ‘S,CITE,NJ‘DLBT - Aj‘SiTilRN,-DiBj— + LA,-TiZ + Ti3RB,~’
Yi= M E\D! +S!S,CIE\N] + Ly, L5, Tia + Ly, Ti Ry, + TisRp,,
Z =A EB, - A CM, EB, - A S,C, EN; D:B; —A; S;TaRy;D;B; +L;Tp+ TRy,

W, = M] E1D1 +S S C1 E]N] +L L T14+L T11R +T15RD,

(3.28)
W, = M2 E2D2 + Sz S2C2 E2N2 + LM\stsz“ + LIT[ZTMRJ/V\Z + T25R5;.
By equating W, and W, in (3.28), we have the following matrix equation:
AXi + X,B, + C3X;D5 + CuX,Dy = E, (3.29)

where
= T\ = (T = __ = _
X = (/E), X; = (7’;1\5), X3 =Ty, X4 =Ty.

Utilizing Corollary 3.2, we have that (3.29) is solvable if and only if
RMRAE = 0, ELBLN = O, RAELD = O, RcELB = 0

In this case, the general solution can be expressed as

X, = Ay (E, - C3X;D5 — C4X,Dy) - T7§1 + L=Ts,
5(\2 = RA:(EI C3X3D3 - C4X4D4)B] + A T; + TgRA
1

—

X;=A"EB" —A"CM'EB' — A'SC'EN'DB" — A'ST,RyDB' + L,T, + TsR3,
X, = M'ED' + STSCYEN' + Ly LsT, + Ly ToRy + T5Rp,

respectively, where 71, ..., Ty are facultative matrices over H with fitting sizes.

(2) & (3) : Utilizing Lemma 2.3, it is easy to check that

RyR\Ei=0&r(A E C)=r(A C),

AIMS Mathematics Volume 10, Issue 4, 7684-7705.



7694

EiLB,-LN,- =0or

>

£|- (P
l_rDl',

RC;EILB; =0or

———
Loy
O o
N —

Il
~N
o
+
~N
—~
0
N—

= F; E; H; A\ _
RygRgE=0er(" o 0)—r(Fi H; Aj) +r(D))
)
— g A, Gi
EZL’B:LI’V‘IZOC)}’ Jl Ol =r Jl‘ +r(A,-),
D; 0 bi
Ei Fi Ai J
RiELy=0r|J; 0 0|=r(F A) +r(D’),
D, 0 0 l
E; H; A,
— Gl
RzEL; =0er|G 0 0|=r(H A) +r(D)
D, 0 0 ’

Under the conditions (3.15), the system (1.4) is solvable and hence there is a special solution
X?,Y2, 20, WO).

—_— e~~~

RyR4zE =0 @r[E:‘ GG A G G A+ B
B, O 0 0
WO-WO -1 I 0 0
I 0 0 D 0 -1 1 —
& -0 0 0 D, :r@g +r(_11 1?)1130‘)
0 M, 0 0 0 0 M, 2
0 0 M, 0 0
WO-W" -1 I 0 0 0 0 0 0
1 0 0 J, 0 0 0 0 0
-1 0 0 0 J, 0 0 0 0
&7 0 H 0 0 0 F, 0 A, 0
0 0 H 0 0 0 F, 0 A
0 0 0 D, 0O 0 0 0 O
0 0 0 0 D, 0 0 0O O
I J, 0

-1 I 0 0 0 O

=r|lH, 0 F, 0 A 0 |+r _OIDO {)2 & (3.22).
1
0 H 0 F, 0 A 0o 0 D,

AIMS Mathematics Volume 10, Issue 4, 7684—7705.
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ElLglLy =0 ©r

Similarly, it can carry out that RA\ELp =0 < (3.24) and RcELg =0 & (3.25).

4. Main results

=r

El Al ==
p— D, .
Do 00| B [+ rd)
D3 =
= B
B
WO-Wo I -1 0 0
I 0 0 N, O I -
SR I R R
0 C; 0 0 O |=r] 0 G +r( ‘A)
0 0 C, 0 0 M, 0 L 0N
0 M, 0 0 0 0 M,
0 0 M, 0 O
Wo-w? 1 -1 0 0 0 O
I 0 0 J 0 0 0
~1 0 0 0 J, 0 0
0 H 0 0 0 A 0
0 0 H 0 0 0 A,
0 0 0 GG 0 0 0
0 0 0 0 G, 0 O
0 0 0 D, 0 0 O
0 0 0 0 D, 0 O
I J, 0
I -1 0 0 —01((;) {)2
Ho 0 A 0 |+rf o 01 G | ©623.
0 H, 0 A, 2
0 D, 0
0 0 D,

LetA;, C;, F;, H,and E; = E:7 be given matrices of feasible dimensions over H in (1.1). Set

M; = RoCi, S; = CiLy,, A; = Ry F:, B = (Re,F)", C; = R H,,
D; = (Re,H)" .M; = RzC;, N; = DiLg, S; = CiLy;, E; = Ry ERc)"

—_
—

A,

= (LEL;I L@Lg), B,

_ ( R,
_RBE

),@:LM\I,E:RN\I,E‘:—L@,E:RE’

et o~ T~ J e e N =
W’ =M, E\D, +8,8,C, E\N, , W =M, E;D, +5, §,C, E;N,', E; = W) — WY,

A =R=C;, B=D3L—, C = R=Cy4, D = DyL—, E = R—=E,L—,
Al B, Al B Ay By

M =R,C, N =DLy, S = CLy, E; = E;— F,ZF' — HWH! (i = 1,2).
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Theorem 4.1. The following statements are equivalent:
(1) (1.1) is consistent.
(2) The following Moore-Penrose inverse conditions are satisfied:

RyRAE; =0, R,E\(Rs)" = 0,RzR7E; = 0,ELz Ly =0, Ry E;L5 =0,
RaELE = O, RMRAE = O, ELBLN = 0, RAELD = 0, RcELB = O

(3)
AT 0\
(A EC)=r(A c,),r(El o) =r(a)+r(c).
Fi E, H A)\_
o & o O)_r(Fi H, A) +r(C)
F, E H C
o o O):r(F,. H, C) +r(4)
Ei. Fi Ai
r Hl” 0 O =r(F,- Ai) +V(Hi Ci)’
c’ 0 0
E; H; A
r F:]* 0O O :l"(Hl' A,) +V(Fi Ci),
c’ 0 0
0O H H' 0 0 0 0
H -E, 0 A F 0 0
S bl H C 0 H A F 0 0
}’Hz 0* E200A2F2:}’H0C }"HOOAF,
o ¢’ 0 0 0 0 0 ? ? ? 20
0 0 Cc/ 0 0 0 0
0 H' H' 0 0
H -E, 0 A 0
H 0 E 0 A
r 02 F7 o2 0 02 —r(Hl Fr 60 O)+r(H1 Al 0)
0 C,:f o 0 o H, 0 0 F, G H, 0 A)
0 0 FI' 0 0
0 0 C' 0 0
0O H H/ 0 0 0
H -E 0 A F 0
AH 0 Ex 00 A (H € 0 0\ (H A F 0
o ¢’ 0o 0 0 of H» 0 G F, H, 0 0 A)
0 0 C' 0 0 0
0 0 F' 0 0 0
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0O H H/ 0 0 0
H -E, 0 A 0 0

H 0 B 0 A B :r(H1 F, C 0)+r(H1 A 0 0)
0O F' 0 0 0 0 H 0 0 G Hy 0 A, F)
0o ¢’ 0 0 0 0
0 0 C' 0 0 0

In this case, the general solution can be expressed as

1 . N 1 . N
Xi= E[Xi +(X)"], Y = E[Yi + )",
| N N 1 . N
Zi = E[Zi +(Z)"], W= E[W +(W)"],
where
X, =ATE(ATY" — ATCME(AT)Y — ATS . CTENT DAY
- AjSiTilRN,-Di(A?*)T + La T + TR ,r,
; =M E\(CT)" + STS.CTE, (M) + Ly Ls, Tia + Ly, Tt (Lyg,)" + TisRp,,
2,-3EB -7/CHEB -7'5C EN DB,

e e — o~ —_— —
- Ai SiTilRﬁl.DiBi + LA:_TIQ + TBRE\I_,
sy P B S P — — —
W=w, =M, EiD, +S; §,C; E;N; + LM‘ILE‘ITM + LM‘IT“RNI + T15Rb‘l,
NN e T~ — — —
orW =W, :=M, E;D, +§5, $,C, E;N, + LM;L@‘;T%; + L}l'/_l\szlR[/V\z + T25R'D‘;,
where Ty, Th, ..., T;s, T;, TE, s i}, are arbitrary matrices over H with fit size.
Proof. First, we prove that the system (1.1) is consistent if and only if the system

AX AT +C VN CT + FIZiFT + HWHT = E|,

N * ~ * ~ * ~ * (4.1)
A XoAY + CoYsCl + Fy2oF) + HOWHD = E

is consistent. If the system (1.1) has a solution, then it is clear that the system (4.1) is solvable.

On the contrary, suppose that the system (4.1) is consistent with the solution (X:, Yi, Z;, W). Claim
that X; := 1[X; + G071, Yi == 4V + V)7, Zi = HZ+ (Z)7], W := LW + (W)"'] are solutions
of (1.1). It is clear that X;, Y;, Z;, W are n*-Hermitian matrices. Second, we apply Theorem 3.3 to
obtain the solvability conditions and the general solution to (1.1). O

LetA,,C,, F\,H,and E| = E'l7 be given matrices over H in (1.2). Set

M, =Ra,Ci, S1 = CiLy,, A = Ry, F1, B = (Re, F1)", C\ = Ry H,
Dy = (Re,H))" .My = R-C\, Ny = DiLg, S| = CiLi;, E, = Ry, E\(Re,)" .
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Corollary 4.2. The following statements are equivalent:
(1) (1.2) is solvable.

(2)
Ry,RaE1 =0, Re,Ei(Ry))" = 0,RzR7E; =0,
RyE\Ly =0,RzE Lz = 0,E, Ly Ly = 0.

(3)

e Bc)=ra a)or(f 2] =) ()

Fo £ H Al) I’(Fl H, A]) +I"(C1),

"o ¢ 0 o)

I’Fol 57171* Iél C(j)l):r(F] H] C1)+V(A1),
E, F, A

rH?* 0 O :r(F1 A1)+I’(H1 Cl),
c’ 0 0
E, H A1

I"F;]* 0 0 :I"(Hl A1)+I"(F1 Cl)
cr 0 0

In this case, the general solution to the system can be expressed as

1 .. 1 . . 1 . . 1 . .
X = E[Xl +XD"], Y = E[Yl +YD)"], Z, = E[Zl +(Z)"], W= E[W+(W)’7 1,

where
X, =ATE((AT) -~ AIC,MIE\ (AT — AlS \CTE\N[D\(AT)'
- z‘qs17“111'31\71131(14717*)T +La T + T13RAY*,
Y, :MIEl (C?*)T + SISICIEl(MT)% + Ly Ls, T14 + Ly, T11 (L, )n* + T15Rp,,
20 =A E:B, -A,'C\M, E\B, - 4,'8.C'EN, D,B,
- &'ﬁﬁRﬁlb\Jﬂ + L;qi\z + 711\313@7,
W =W, := M, E\D; +5,'$,C\'E\N; + Ly Lg-Tra + Lig TRy + TisRp5
Proof. Apply Theorem 4.1 whenever A, =0,C, =0, F, =0,H, =0, E, =0. |

5. Algorithms and numerical examples
Algorithm 5.1. Calculate the general solution to the system (1.4).

AIMS Mathematics Volume 10, Issue 4, 7684—7705.
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1) Input the system (1.4) with coefficients Ay, By, Cy, Dy, Fy, Gy, Hy, Ji (kK = 1,2) with viable
dimensions over H.
2) Compute all matrices, which appeared in (3.1)—(3.3).

3) Check whether the generalized inverses conditions

in Theorem 3.3 and the ranks

conditions (3.17)—(3.25) are satisfied or not. If not, return to “The system (1.4) is inconsistent”.
4) Else compute Xy, Yy, Z;, W by Theorem 3.3.
5) Output the general solution of the system (1.4) is Xy, Yy, Zi, W.

Example 5.1. Let

A,

G

F

H,

E,

i o 0 3-i io k 0
“\o —2k)’A2‘(0 0 )’Bl‘(o 0)’32 (0 0)’
(00 (i o (i 2 (1 3k
“\o k)’CZ‘(o 0)’D1‘(0 1)’D2‘(—1 0)’

00 i1 00 0 0
i 1)’F2‘(0 0)’G“(j 0)’62_(1+i 0)’

00 (1 (00 (0 0
(o5 melo ) nelin) (L w)
[ -1 0 £ = 2+2i+j+k 0
“\li+2k 0 ) T 0 0/

By straight calculations using the quaternion package on MATLAB software, we can find

>

d

SRS s
N—

~&=HQ o

Ss= 5

SRS

AIMS Mathematics

E; C)=r(A ci):{

2, ifi=1,
1, ifi=2,

:r(gﬁ):z, r(? g):r(Bi)+r(C,-):2,
E; Hz‘ A o ‘:1,
Di 0 01 :r(Fi Hi Al) +r(Di):{3’ i;z:z,
0
G.
Al [© (4 ifi=1,
8 —r[};‘i ”(Af)‘{3, ifi=2,
F; A
. A, ) Ji\_ [ 4 ifi=1,
8 8 _r(Fl Ai)+r(Di)_{3’ ifi=2,
H,' Ai fi
et
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o J, - 0 0 0 0
H -E, 0 A, F, 0 0 5 )
rlH, 0 E, 0 0 A, F, :r[Dl 0 +r(gl %1 P(;l f £)=7,
0O D, 0 0 0 0 O 0 D, 2 2 02
0 D, 0 0 0 O
o J; J 0 0
Hl —E1 0 A1 0 J1 J2
H 0 E 0 A G, 0
rl0 G, 0 0 0 |=r|D O +r(Z1 “(‘)1 2):7,
0 Db 0 0 0 0 G, 2 2
0 0 G, 0 0 0 D,
0 0 D, 0 0
o J, J, 0 0 0
H -E, 0 A, F, 0 5
ng 0 Ez 0 0 A2 :rDl O +F(H] A] F] 0):7
0O D, 0 0 0 0 0 D, H 0 0 A) 7
0 0 D, 0 0 0 0 G,
0 G, 0 0 0
Ji J, 0 0 0
H -E, 0 A 0 0 L)
H2 0 E2 0 A2 F2 _ Gl 0 (Hl A1 F] 0)_
r =r +r =17.
0 G, 0 0 0 0 D, 0 H 0 0 A
0O D, 0 0 0 0 0 D,
0 0 D, 0 0 0

Consequently, the system (1.4) is consistent. Moreover, it is easy to check that

i1 0 0 12 0 0
A R P R P

-2k (0 (12
PR P R P

Algorithm 5.2. Calculate the general solution to the system (1.1).

1) Input the system (1.1) with coefficients Ay, Cy, Fr, Hy, E; (k = 1,2) with viable dimensions over
H.

2) Compute all matrices coefficients in (1.1) by Theorem 4.1.

3) Check whether the generalized inverses conditions and the ranks conditions in Theorem 4.1 are
satisfied or not. If not, return to “The system (1.1) is inconsistent”.

4) Else compute Xy, Yy, Zy, W by Theorem 4.1 whenever n = k.

5) Output the general solution of the system (1.4), which is X; = XZ*, Y, = YZ*, 7, = ZZ*, W =Wr.

Example 5.2. Consider the system (1.1), whenever n = Kk, where

00 00 0 0 0 o0
(b S)aes(3 hre( 8)e(2 %)
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0
Hl_(j—l 2

0 0 0
)’Hz_(k—l -1

0 0
)’El‘(o 2 +9j

ool

00
0 i)’

By straight calculations using the quaternion package on MATLAB software, we can find

r(A E C)=r(A C,-):l,r(A?* O):r(A,-)+r(Ci):2,

Ei Ci
Fi E, H A)\_ ~
r 0 C:]* 0 O)—V(F,' H; Al) +F(C,')—2,
Fi E. H C\_ ~
r 0 A:] 0 O)—V(Fi H; C,) +I’(Al')—2,
Ei Fi Ai
rlHY 0 0|=r(Fi A)+r(H C)=2,
c’ 0 0
E. H A
A :r(Hi A,-) +r(F,- C,-):z,
cr 0 0
0O H H/ 0 0 0 0
H -E, 0 A F 0 0 g o .
rlHp 0 E, 0 0 A F, _r(Hl 01 c) r(H1 01 01
0 ¢’ 0 0 0 0 0 ? ? ?
0o o cr 0 0 0
0O H H 0 0
H -E 0 A 0
H 0 E 0 A
r 02 FT o2 0 02 —r(H‘ Fr G 0 O)+r(H1 4
0 C’i’* o 0 o H 0 0 F G H, 0 A
0 0 F' 0 0
0 0 CcI 0 0
0O H H/ 0 0 0
H -E, 0 A F 0
r H2 0 E2 0 O A2 — Hl Cl 0 0 +r Hl Al Fl
o c’ o 0 0 ol "\Hb 0 G F, H, 0 0
0 0 ¢/ 0 0 0
0O F/' 0 0 0
0O H H/ 0 0 0
H -E, 0 A 0 0
AH 0 By 0 Ay R\ (H Fi G 0\ (H A 0
o F' 0 0 o0 of Hh 0 0 G H, 0 4
0 C' 0 0 0 0
0 0 ¢ 0 0 0
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Il
e

0 O
Ay F

Il
e

|

Il
>

0
A,

I
>

0
F
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Consequently, the system (1.1) is consistent. Moreover, we have the general solution as

* i 0 * i j
X, = xk :(J i),Xzzxg :(j J.),

0 —i
. -4j —6j . 0 0
_ vk' _ _ vk* _
o= e =0 )
_ ke _[(10 [0 0 k(30
Z, =2 _(0 0),22_22 ‘(0 i),W_W _(0 0 |

6. Conclusions

The motivation for this work stems from established literature on the consistency conditions and
general solutions of linear matrix equations, particularly the Sylvester-type matrix equation (1.5). We
have established the solvability conditions for the quaternion matrix equations (1.3), and hence the
necessary and sufficient condition of (1.4) to be solvable. The general solution form of the two-sided
Sylvester-type quaternion system of matrix equation (1.1) of seven p-Hermitian variables has been
investigated, when the solvability conditions are met. Finally, algorithms and numerical examples
have been used to check the validity of the main results.
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