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1. Introduction

In 1741, Euler [1] laid the foundations of graph theory in solving the famous Konigsberg Seven
Bridges problem. A series of studies on graphs laid the foundation for the development of tree theory,
in which trees are acyclic connected graphs. In 1857, Cayley [2] introduced the concept of trees
while studying saturated hydrocarbon isomers and the counting problems of acyclic graphs. In the
20th century, trees were gradually applied to fields such as signal processing and image analysis, as
referenced in [3,4].

In recent decades, the theory of function spaces and operators in harmonic analysis based on
trees has attracted considerable attention. In 1986, Kordnyi and Picardello [5] investigated the
Laplace operator on homogeneous trees and the boundary behavior of its eigenfunctions. The spectral
properties of Schrodinger operators on homogeneous root metric trees were studied in 2002 by Sobolev
and Solomyak [6].

The metric measure spaces (V, d, u) grow exponentially and do not satisfy the doubling condition.
Therefore, the classical Calderon-Zygmund decomposition theory is not applicable in this setting. In
2003, Hebisch and Steger [7] presented an abstract Calder6n-Zygmund decomposition theory, which
applied to spaces (V,d,u). They applied this theory to obtain the weak (1, 1) boundedness of the
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maximal operator related to admissible trapezoids, as well as the properties of multipliers and singular
integrals. In 2020, Arditti, Tabacco, and Vallarino [8] introduced the atomic Hardy space H' based on
space (V,d,u). In 2021, Arditti, Tabacco, and Vallarino [9] studied the BMO space defined on space
(V,d, u) and proved that BMO is the dual space of H I

In 1938, the classical Morrey spaces were introduced by Morrey [10] during his study of the
regularity of solutions to second order elliptic partial differential equations. They can be regarded as
a significant and natural extension of Lebesgue spaces. For more work related to the classical Morrey
spaces 1in this paper, see references [11-13]. In 1997, Arai and Mizuhara [14] defined Morrey spaces
on spaces of homogeneous type, which are metric measure spaces (X, d, i) that satisfy the doubling
condition. That is, there exists a constant C such that

u(B(x,2r)) < Cu(B(x,r)), VxeX, r>0.

Moreover, Morrey spaces have also been investigated in the setting of metric measure spaces [15—-18]
that do not satisfy the doubling condition.

Due to the important significance of Morrey spaces, many scholars have begun to extend them to
discrete metric spaces in recent years. In 2019, Gunawan and Schwanke [19] proved the boundedness
of the Hardy-Littlewood maximal operator on discrete Morrey spaces by using a discrete Fefferman-
Stein inequality. In 2021, Zhang, Liu, and Zhang [20] presented the Morrey spaces on infinite
connected graphs and established the boundedness of the Hardy-Littlewood maximal operators and
their fractional variations on these spaces.

Let us discuss several open problems related to the theory of maximal operators on weighted
homogeneous trees, which can guide further research. One significant direction involves investigating
the Fefferman-Stein inequality on such trees, as well as norm estimates related to sharp maximal
functions and maximal functions. Another research direction is to investigate the boundedness of Riesz
transforms and spectral multipliers of the flow Laplacian in Morrey spaces on weighted homogeneous
trees, where the L estimates for these operators on weighted homogeneous trees are already known.

The aim of this work is to study the Morrey spaces on (V,d, u). The structure of this paper is
as follows: In Section 2, we review the definitions of weighted homogeneous trees and admissible
trapezoids, examine their corresponding geometric properties, and introduce Morrey spaces and
fractional maximal operators associated with admissible trapezoids. In Section 3, we define the
preduals of Morrey spaces in terms of block spaces and investigate the boundedness of the maximal
operators on these block spaces. Finally, we investigate the boundedness of both the maximal operator
and the fractional maximal operator on Morrey spaces.

The symbol N denotes the set of all positive integers. The statement A < B indicates that A < CB,
where C is any independent positive constant, and A = B indicates that A < B < A. The characteristic
function of a measurable set E is denoted by y . For 1 < p < oo, p’ is the conjugate index of p, which
satisfies the relation 1_17 + ﬁ =1

2. Definitions and preliminaries

2.1. Weighted homogeneous trees

In this subsection, we first review the definition of the infinite homogeneous tree, as well as the
distance d and measure u defined in this space.
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Definition 2.1. [7] An infinite homogeneous tree of order g + 1 is a graph 7' = (V, &) that satisfies the
following properties:

(i) T is connected and acyclic;

(i1) Each vertex has exactly g + 1 neighbors, g € N,
where V denotes the set of vertices and & denotes the set of edges. The distance d(x,y) of x, y € V'is
the length of the shortest path connecting x and y.

Definition 2.2. [7] Let T = (‘V, &) be an infinite homogeneous tree, a doubly infinite geodesic g in T
is a connected subset g C V such that

(i) For any element v € g, there are precisely two neighbors of v in g;

(i1) For any two vertices u, v € g, the shortest path joining u and v is contained within g.

Definition 2.3. [7] Define a mapping F: g — Z such that
|F(x) = F(y)l = d(x,y) VYx,yeg.
The level function ¢: V — Z is defined as
{(x) = F(x") —d(x,x"),
where x’ is the only vertex in g for which
d(x,x’) = min{d(x,z) : z € g}.

This implies choosing an orientation for g and a unique origin o € g, where F(0) = 0. In this way,
a numbering system for vertices in g is established.

Definition 2.4. [7] For any x,y € V, it is said that y lies above x or x lies below y, if

t(x) = {(y) = d(x,y).

Definition 2.5. [7] T = (‘V, &) is an infinite homogeneous tree of order g + 1; Each f: V — Risa
non-negative measurable function; Let u be the measure on V such that

[ rau=3 rea.

xeV

Remark 2.1. Based on the above, u is a weighted counting measure in which a vertex’s weight is only
reliant on its level, and the weight associated with a certain level is given by q times the weight of the
level immediately below it.

Lemma 2.1. [8] Let T = (V, &) be an infinite homogeneous tree of order g + 1, xo € V, and r € N.
Consider the closed ball B,(xy) = {x € V : d(x, xy) < r}. Its measure is derived as

r+l1 +aq =2
H(B,(x0)) = "0 T—L—.

It is observed that the measures depend on the level of the center x, and increase exponentially with
the radius r.
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2.2. Admissible trapezoids and Calderon-Zygmund sets

A weighted homogeneous tree (V,d,u) does not satisfy the doubling condition, so it is useful
to introduce a suitable class of subsets of V called admissible trapezoids. Admissible trapezoids and
Calder6n-Zygmund sets are introduced in [7]. In this subsection, we review their definitions and related
properties.

Definition 2.6. [7] A subset R C V is called an admissible trapezoid if it satisfies one of the following
conditions:

(1) R consists of just one vertex, 1.e., R = {xz}, where xz € V;
(i1) There exists xz € V and A(R) € N such that

R ={x €V : xlies below xg, h < €(xg) — {(x) < 2h}.

We specify that in the first case 2(R) = 1 and in the second case h(R) = h. Here xi is referred to
as the root of the trapezoid. In both cases mentioned above, h(R) is referred to as the height of the
admissible trapezoid R and coincides with the number of levels spanned by the admissible trapezoid R.
The quantity w(R) = ¢‘*® is referred to as the width of the admissible trapezoid R. It follows that

H(R) = h(R)Gg"™ = h(R)w(R).

R is denoted as the set of all admissible trapezoids. The admissible trapezoid R of height A(R) = 2 with
xg as the root on a degree g = 2 weighted homogeneous tree, as shown in Figure 1.

o~
—

. >\ // \ /< > y }
= A

Figure 1. Representation of an admissible trapezoid with A(R) = 2 (g = 2).

Definition 2.7. [7] Let R be an admissible trapezoid. Define its envelope R as follows:
(i) If R consists of just one vertex, then R = R;
(i1) Otherwise,

h
R = {x € V : x lies below xp, 3 < f(xg) —L€(x) < 4h}.
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The envelope of an admissible trapezoid is known as a Calderon-Zygmund set. We specify that h(R) =
h(R). R is the set of all Calderon-Zygmund sets. The geometric relationship between the admissible
trapezoid R and its envelope R, as shown in Figure 2.

[R5

I(x,)

10 =1(x)-1 (®)
/ \ 10)=11(x)-% (R)]
/ \\ I(x)-h(R)
I(x,)-2h(R) +1

I(x)-2h(R)

I(x,)-4h(R) +1
I(x,)-4h(R)

Figure 2. Representation of the envelope R (red) of the admissible trapezoid R (blue).

The measure of the set consisting of all points x € R such that £(x) = €(xg) — h; is given by

g’ = giglowhi = glow,
XERL(x)=C(xR)—h;

Therefore, the measure of each level within the trapezoid R is the same, and it is q'm. By definition,
it can also be obtained that the measure of each level of R is g*®.

Lemma 2.2. [8] Take an admissible trapezoid R. Then it holds
H(R) < 4u(R).
Lemma 2.3. [8] Take two admissible trapezoids R, and R,, if Ry N R, # 0 and w(R;) > w(R»), then
R, C E.

Lemma 2.4. [21] For any R € R and its envelope E there exist three admissible trapezoids S 1, S »,
and S5 such that R € S U S, U S5 and the following properties hold:

@ w(Sy) >wR) fork=1,2,3;

(i) u(S 1) < 2qu(R) for k = 1,2, 3.

In the following proposition, we will construct a covering of V using an increasing family of
admissible trapezoids.

Proposition 2.1. There exists a family of admissible trapezoids {R,},., such that R, C R,., and
U, R, =V.
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Proof. Consider the family {R,},", where

e R, is an admissible trapezoid with the root at x, and height 2 = 1. Here, x, represents the unique
vertex in the double undirected geodesic g such that £(o) = 0.
e For any n > 1, R, represents the admissible trapezoid with a root node x,. Here, x, serves as

the grandfather node of x,_;, positioned such that x, lies above x,_;. Additionally, it satisfies the
conditions €(x,) — €(x,-1) = 3 and height h(R,) — h(R,_) = 2. Then there is A(R,) = 2n + 1.

Firstly, we demonstrate that R, C R,,;. Take x € R,. According to the definition, if x is below x,,
then it also lies below x,,,1 by construction. Furthermore, we have €(x,.) — €(x) = €(x,) + 3 — {(x), and
it follows that

E(xp11) = €(x) < 2R(R,) + 3 < 2h(Rp41),

Cxns1) = €(x) 2 h(Ry) + 3 = h(Ry1).

Therefore, we can conclude that x € R,,,;.

To demonstrate that | J, R, = V, let us consider an element x € V. We denote by k the smallest
index such that x lies below x; (and so x lies below x; for all j > k) and set £(x;) — £(x) = d. We are
looking for an index j > k such that x € R;, which can be expressed as

2j+1 = h(R;) < £(x;) — £(x) < 2h(R;) = 4] +2.
Note that £(x;) — £(x) = £(x;) — £(x) + £(x;) — £(x) = 3(j — k) + d, which implies

j>d-3k-2

2i+1<3(j-k)+d<4j+2 =
/ =0 / {jZI—d+3k

Therefore, it is sufficient to choose j > max {k,d — 3k — 1,1 — d + 3k}.

2.3. Maximal operator and fractional maximal operator

In this subsection, we review the definition of the maximal operator and define the fractional
maximal operator associated with the family of admissible trapezoids.

Definition 2.8. [8] Given f: V — R, the maximal operator M is defined as follows:

— sup — sup )
MF = sup o [ 1) = sup = 3 £

R:xeR R:xeR ,U(R) YeR

where the supremum is taken over all admissible trapezoids R containing x.

Definition 2.9. Let 0 < @ < 1. Given f: V — R, we define the fractional maximal operator M, as
follows:

— 1 — ! 146))
Mof ) = sup —oe [ YOI dut) = sup s U,

where the supremum is taken over all admissible trapezoids R containing x.
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Lemma 2.5. [8] The maximal operator M is of weak type (1, 1). That is, for any f € L'(V) and 8 > 0,

CllfllLr v
—5

Utilizing Marcinkiewicz interpolation theorem on measure spaces [22], it can be demonstrated that
M is (p, p) bounded, where 1 < p < oo.

px € V: Mf(x) > p}) <

2.4. Morrey spaces

In this subsection, we introduced two types of Morrey spaces. One is related to admissible
trapezoids, and the other is associated with Calder6n-Zygmund sets. Subsequently, we proved the
equivalence of the norms of these two Morrey spaces. We also explored some properties of Morrey
spaces. Let Lﬁ) (V) denote the set of all functions f that satisfy fR | f(x)|” du(x) < oo for any R € R.

Definition 2.10. Let 1 < p, A < co. The Morrey spaces are

MUV) = (£ € LLV): Ifllgg < o).

loc

where

==

1llvg, = supu(R)* ( f If(x)lpd#(x))p = sup ()"~ (Z If(x)l”qf(")] :
ReR R ReR

X€ER

Remark 2.2. If p = 1 < oo, then Mf,((V) = LP(V). When p < A = oo, Mf,((V) = L*(V). Additionally,
if A < p, then Mf,((V) = {0}. Therefore, we will only consider the case where 1 < p < 1 < co.

Definition 2.11. Let I < p < A < co. The Morrey spaces are

M) ={f € L) Il < ).
where

1l = supuc®™ ( f_ e du(x))" - supu(ie‘f‘f"(z FGP q"<x>] |
. i qup

ReR ReR X€ER

Proposition 2.2. Let 1 < p<A<ooand f € L (V). Then,

loc

g ~ 1z

Proof. According to Lemma 2.2, it is clear that

1

(Z If(x)l"q“*)]

x€ER

=

H(R)

1

<4 u® ' [Z If(x)l"q“")] < Il

xeR
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For the opposite estimate, by Lemma 2.4, we obtain

1

u®' [Z If(X)I”q“”J

xeR

( > If(x)l”q“")]

XES 1USLUS 3

< u(R)

~l—
S =

; :
< QTS YT (Z If(x)l”q“")) <11/ ags

k=1 xESk
where S is the admissible trapezoid, k = 1,2, 3. m]

Lemma 2.6. Forany 1 < p; < p, <o, g €N,

1 1

1 Py 1 P2
[@Zlf(x)l’”q”")) S[@Zlf(x)lmq“")) :

X€ER X€ER

where f :V - Rand R € R.

Proof. Let1 < p; < p, < o0 and g € N. According to Holder’s inequality, we have

P1 l_ﬂ
P2 P2
Fr g s( If(x)l"zq"("’) [ q’“’“‘))
-2 ¢ %
= (R | Y 1)
X€R

P1

_ S , w|”
= u(R) (M(R)Zlf(x)l” q ] :

x€ER

Further simplification gives

1

1 1 ”
2R D IfIrg™ < (@Zlf(x)lmqm] :

X€ER X€ER
This concludes the proof. O

Proposition 2.3. If1 < p; < p, < A < 0. Then Mf,z("V) C Mf,] (V) with
1Al < Ifllage

forany f € Mf,z((V).
Lemma 2.7. Let 1 < p < A < 0. Then, for any Ry € R, we have yg, € Mf,((V).

AIMS Mathematics Volume 10, Issue 4, 7664—7683.
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Proof. For any R € R, we will consider the following two distinct cases.
If u(R) > 1, we can derive

1 1

u(R) (Z |;m0<x)|f’q"<x>) < (Z D(R()(x)wq“”]

X€ER x€ER
1

< (Z g, (01" q“’”) = u(Ro)? .

xeV

If u(R) < 1, it can be inferred that

HR)T? [Z LvRo(x)I"qM] < u(R)T [Z m(xnf’q“”] = u(R)".

X€R xeV

Our proof is complete. O
3. Main results

3.1. The predual spaces of Morrey spaces

The predual spaces of classical Morrey spaces, weighted product Morrey spaces [13], and non-
double Morrey spaces [15] are all block Spaces. In this subsection, we naturally define block spaces
that are actually the predual spaces of Mf,((V). Furthermore, it is shown that the maximal operator M
is bounded on the block spaces.

Definition 3.1. Suppose 1 < A’ < p’ < co; A measurable function b is classified as a (1, p’)-block if it
holds that supp b C R, R € R, and

1_1
bl < u(R)” 7.
Define the block space 23;’, (V) as

BL(V) = {Z Aibg 2 Y 1Al < o0, each byisa (X, p') - block}.
k=1 k

=1
/l/ . . . . .
The block space B/, (V) is equipped with the following norm:
I fllgr = inf {Z Wl s f = Ay, each byisa (4, p') - block}.
: k=1 k=1
We call %;’, (V) the block space associated with L (V) .

Theorem 3.1. Suppose 1 < p < A < oo, % + — =1, then we have

1

P
(B (V)" = My(V).

This indicates that 58;: (V) represents the predual space of Mf,((V).

AIMS Mathematics Volume 10, Issue 4, 7664—7683.
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Proof. Let b be a (1', p’)-block, supported on an admissible trapezoid R. For any f € Mf,((V), the
Holder’s inequality of weighted homogeneous tree yields

Dbl g < [Z If(x)lpq“"’) (Z |b<x)|1”q“x>]

xeV X€R Xx€R
11 x ’ 1_1 ! px v’
= u(R)" ﬂ(Z f()IPg" >) H(R)? *[Z el )]
X€ER X€ER
< fllyg-

Therefore, for any g = .2, Akby € 23;',((1/), we derive the following inequality:

2 M @e@1a"™ 5 3 I 3 1F @bl 4" 5 ligllsg 11y (3.1)
xeV k=1 xeV
Consequently, it follows that Mf,((V) — (23;'/ (V).
To prove the embedding in the reverse case, we only need to show that any element in (%f,', (V)
can be regarded as a function of Mf,((V ).
First, we prove that any bounded linear functional on ?Bg', (V) can be represented by a function from

(V). For g € L (V),

loc

14
Lloc

8XR

lgx &Il (R)P 4
Then G is a (1, p’)-block. According to the definition of block space, for any (', p’)-block b, we have
||b||%,1; < 1, as aresult

G =

IGllgy < 1. (3.2)

That means,

1_
18 vellsy < lgxRllr u(R)? . (3.3)

In accordance with formula (3.3), L € (%f;/ (V)),

=

1_
L)l < Il I8 alls, < lgxmlloy (R (3.4)

For R € R, consider the set X = {g,, : g € L” (V)}, which defines X as a subspace of L? (V). For
ReRand L € (%;Z(W))*, we can define a linear functional / : X — C by

I(h) = L(gy)

where i = g, is an element of X and g belongs to L” (V).

In accordance with (3.4), it is established that / is bounded on X. The Hahn-Banach theorem
guarantees the extension of [ as a member of (L”(V))". The duality (L7 (V))* = LP(V) yields a
function fz € LP(V) such that

lg) =) fa0ex) ", VgeL (V).
xeV
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Without loss of generality, we assume that supp fz € R. Based on Proposition 2.1, let | J, R, = V',
such that R C R; C R, define f(x) = fg,(x) if x € R;, which makes sense since

DUl g™ = l0cw) = D U1 g™
X€R x€R

Consequently, for x € R C R; C Ry, it follows that fg, = fg,.,. Furthermore, there exists a unique
measurable function f = fz defined on any set R.

Next, we continue to prove that f € Mf,((V). Let’s consider a set R and an index j, such that R C R;.
For h € LV (V),

h
H= X R —
x rllLr e (R) 7~
is a (A, p’)-block. In the light of (3.2), we have |H II%;; < 1, which implies:

1.1
xRl < Nl p(R)?™

We obtain
1_1 1_1 ;
R | fxrllr = p(RYT sup | F(0h(x) g
Ihll =1 |55
h(XOXR(X)  4x
= sup | fel) =2 g
Wallzpr =11 xeR; H(R)»~1
hx
< LIy sup Al < WLl g
7 =1 || (R) P T || g ’
4
We can conclude that Ly = L and (%Z: V) — Mf,((V ). That completes the proof. O

Corollary 3.1. Let 1 < p<A<oo. Then f € Mf,((V) if and only if for all g € %;ﬁ((V), it holds that
> Fx)g(x) ¢ < .
xeV

Moreover, for all f € Mf,((V),

1/llg; ~ sup {Z f@g(0 4" : g € BLV), lgllyy < 1} :

xeV
Proposition 3.1. Let 1 < U <p' <oo. If f € %;ﬁ(qf) and |h| < |f), then h € QS;’,((V).

Proof. Given f € %;’, (V), for any € > 0, there exists a family of (1, p’)-blocks {b;}?, and a family of
scalars {4;}:°, such that f = > .7, A;b; and

(9]

21U < A+l

i=1

AIMS Mathematics Volume 10, Issue 4, 7664—7683.
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We express g = Y., A;c;, where

(o) - {j%bi(z), if () # 0;

0, if f(z) =0.
Under the condition that |A| < |f], the sequence {c;};7, is a set of (1, p’)-blocks. Consequently, it
can be inferred that i € QS;}: (V). Since € is arbitrary, we can conclude that ||h||%y,((v) <|If ||%,1; @) O

Theorem 3.2. Let 1 < A’ < p’ < 0. Then, EB;', (V) € Li,e(V) and %;’, (‘V)is a Banach space.

Proof. By utilizing Lemma 2.7, it follows that yx € Mf,((V) for all R € R. Furthermore, Theorem 3.1
ensures that y € (EB;', (V))*. According to the norm conjugate formula (3.1), it yields

22N < el Al (3.5)

x€ER

for any h € QS;’, (V). This means that QS;’, (V) = Lioe(V).
To prove B7,(V) is a banach space, take /; € B7,(V), i € N satisfying

(o)
D Wil < .
P’

i=1

For any € > 0, there exists a positive integer N such that for all integers n > N, it holds that

2 il <e. (3.6)

In light of (3.5), for any R € R, it follows that

D (16" < Il (Z ||hl~||%;;] .
i=1

X€R i=1

Consequently, the function & = )}, h; is well-defined as a Lebesgue measurable function and belongs
to Lloc((V)-
Our next demonstration illustrates that 2 = };, h; belongs to 23;1 (V). Based on the definition of
23;', (‘V), for any € > 0, we have that
h; = Z A il is

k=1
where h;; with i, k € N are (A, p’)-blocks, along with

2kl < (1 + il

k=1
In addition, for any 1 <i < N, there exists a N; € N such that

Ni
hi — kzz; Ap il

< D il < 27 (3.7)

BY k=Nt

AIMS Mathematics Volume 10, Issue 4, 7664—7683.
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As aresult, for any R € R, we can deduce that

N N
PNLCEDIPITICNE
xeR i=1 k=1
N N
< Z h(x) — Zh @] ¢ + Z Z hi(x) — Z Aot 0| ¢
xeR xeR | i=1 i=1 k=1
< Z Z hi(x)] ¢ + Z Z hi(x) — Z Aeihi(0)] ™.
X€ER i=N+1 i=1 xeR

Combining (3.5) and (3.6) with (3.7) yields that

2,

X€ER

i

N N;
) = > ) Al q

i=1 k=1

{(x)

< liellyg Z Wil

i=N+1

Z/lkzhkz

N
< lixallyg | € + Zz-le) < lixellpg €.
i=1

/l'
P,

Thus, >72; Y Akl converges to hin Lo (V). As aresult, 3.0, 72, Axih; converges to h in the
sense of local measures. Therefore, there exists a subsequence {Z?Ll > /lk’ihk’i}NM which converges
to & a.e. Furthermore, A;; with i, k € N satisfies ’

[Se]

i i il < Z(l + €)||hi||%;§.

i=1 k=1 i=1
.oy hi converges to h in EBI{,((V). As aresult, EB;’,((V) is a Banach space. O

Theorem 3.3. Let 1 < I’ < p’ < oo and R € R. Then, the maximal operator M is bounded on the
space 58;',((1/').

In order to prove Theorem 3.3, it is only necessary to prove the following.

Lemma 3.1. Suppose b is a (A, p’)-block and R, S € R. Then, there exists a sequence S, € R
wherel € Nandm = 1,2,--- , N, along with a sequence of measurable functions h;,, that possess the
following properties.

(i) The pointwise estimate Mb(x) < Y Zﬁ: L hum(x), x € V\ R holds.
(11) u (glm) ~ 2" (R) , where the implicit constants do not depend on R and /.
(iif) 0 < /() < Firizxs,, (x) for x € V.

In particular, there exists C = C, , so that, for every (A’, p’)-block b,

IMbllge < C.
P
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Indeed, upon accepting Lemma 3.1, we can establish Theorem 3.3 through the following approach.
First, assume that f € 58;’, (V). Consequently, we can identify a sequence of (', p’)-block denoted as
{b;} jen and a corresponding sequence of coeflicients {4} e, such that

(5]

£= 204k DI <2l

J=1 Jj=1

By Lemma 3.1, the function g = 372, |1;|Mb; satisfies

G < g(x) and ligllgy < € ) 14,1 < Cllf -

J=1

According to Proposition 3.1, we conclude that
1Ml < gy < Cllf T

Proof of Lemma 3.1.

Proof. First construct the desired admissible trapezoid and functions. Let x € V \~§ and S,R € R
such that w(§) > w(R), with the condition that supp » C R. If S "R # 0, then R C §. Therefore, the

following can be obtained:

b 4||b
Mb(x) < sup LI < sup ”—Jl
xes M(S)  xes uS)

where x € V'\ R. Set
S;:={S eR: RS, 27 u(R) < u(S) < 2'u(R)|

for I € N. Since supg.g, pu(s) < oo, we can apply [23, Lemma 4] to get the existence of sets

Sits---.8 .8 €5, such that
N
U S C U:S'V[’m
m=1

SeS;

holds, where N is independent of /. We define
hl,m = )(glim\ﬁMb.

Then we obtain HBl
0 < Ap(x) € s,
< Hinf2) 25 (R)

for x € V. Consequently, the decomposition stated in Lemma 3.1 is obtained.
We decomposed Mb into two parts by R, thatis, Mb = B,+B,, where By = yzpMb and B, = x.,,gMD.
This means that the estimate is divided into ||B;||gv and ||B;||uv estimates. Based on Lemma 2.5, we
4 r

know that the operator M is bounded on L (V). This implies that
1 _ 1
1Billyy < IMBll,y < Collbll,y < Copu(R)” .
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Here, the operator norm is defined as Cy := |[M||;»_,;». Then we see that 2_(1) is a (A, p’)-block.

Therefore, the estimate of ||Bi||lgv is deemed valid. By utilizing Holder’s inequality, we can discern
4
that

- L <~ L 1 = L,_AL,
HS 1) S )" RS )" T

hill,y < Cllb < <
-1
Thus, we deduce that % constitutes a (A’, p’)-block. Given the pointwise estimate |B,(x)| <
Sien 2N (%), it follows that B, belongs to the space %f’: (V), with its norm defined by an absolute
constant. O

3.2. Boundedness of maximal operator and fractional maximal operator on Morrey spaces

In this subsection, we focus primarily on the maximal operator M and the fractional maximal
operator M,. We present proof of the boundedness of these operators in Morrey spaces. We select
an addmissible trapezoid R and decompose the function space based on its envelope R.

Theorem 3.4. Let 1 < p < A < oo, for all f € M(V), it holds that Mf € M,(V), and there exists a
constant C > 0 independent of f such that

1M fllygs < [1f Ly

Proof. We just need to demonstrate that
1

p(R)T? (Z M f(ol cﬂx)] <lfllag  (RER),

X€ER

according to the definition. Write f(x) = fi(x)+ f2(x), where f| = fxzand fo = fxq,z We deduce that

1 1

p(R)T? (Z M q‘(x>) < R (Z IMA P q“*))

XER XER
1

+ PR [Z M (0l qu]

X€R

= I+1I
For the first part /, by expanding the integral domain and taking advantage of the boundedness of
M on LP(“V), we can infer that

1 1

15 uR) 7 [Z M AP q“’“) < a7 | 1A

xeV xeV

<=

<=

DA ¢

xeR
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Based on Lemmas 2.2 and 2.4, we obtain

Isu(R)H( Z |f(x)|Pq"<X>]

xeS 1USLUS 3
1

sﬁﬂﬁﬁ% > vmmm]

XeS 1USHLUS 3
1
3
1_1 X
sz:)PMS*{Zwam]ﬂmw
xESk

and the proof of the first part is now complete.
For the second part /1, we estimate

Mfr(x) = Ssueps ﬁ f |20 du(y).

When (V \ﬁ) NS =0or RNS = 0, the norm result naturally holds. Let’s discuss the alternative case
in which (V \ﬁ) NS #0and RNS # (. Since the measure of every level on R and R is the same as that
of g"“®, we have g‘™s) > ¢/® that is, w(S) > w(R). With the help of Lemma 2.3, it can be deduced
that RC S. Therefore,

MpHx) S sup —— Y 1ADIg™Y
? S:xesme u(S) ; 2 7
w(S)>w(R) y
< sip —— g
saesnr M(S) &
w(S)>w(R) y
s s — D IFONg",
RcS ( ) yes
w(S)>w(R)

it follows that
1_1 1
I < p(R)Pu(R)?  sup DI

RCg‘ ( ) yeS
w(S)>w(R)

By utilizing Holder’s inequality and Lemma 2.2, we obtain

1
I < pu(R)T sup [ S Do “”]
RCS ( ) yes
w(S)>w(R)

1

:sng%Mm%vaw@J

RCS
W(S)Sm(R) yes

<wwwmw{2vwww)<mw

yeSs

and all the proofs have been completed. O
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Remark 3.1. In [19], H. Gunawan and C. Schwanke investigated the boundedness of maximal
operators on Morrey spaces over the set of 74 (d = 1,2,...). However, it is noteworthy that in the
context of our discrete tree, when the degree of the tree is 2, it corresponds to their case of Z, i.e., the
results for d = 1. Therefore, our results are more general in the one-dimensional setting.

Lemma3.2. I[fl<p<Ad<o,0<a<landa< é, then
M, f(x) < ||f||M;,Mf(X)1_M,

for every f € MIA,((V).

Proof. For each x € V, we denote ¢, = || f ”jwl /M f(x)*. We divide the estimate into two parts, namely
D

M.f() 5 sup (R)l - > If0IgY + sup (R)l S g = L+ LL

u(R)<t, yeR (Rt yeR

For L, we have that

L £(y) a 1- /la
L<(S;p £ (R);f(ynw < EMF(0) = 1l Mf ()

For LL, if u(R) > tx, there exists i € N such that 2"~'7, < u(R) < 2't,. Applying Holder’s inequality, we
obtain

1

1L sup (27'5)7 Y If 0l s sup (271 o) u(R)l—é(Z |f(y)|Pq"<y>] .

R:x€eR -
u(R)>1 yeR b YR

Accordingto 1 < Aand A < é, it can be inferred that

1

LL < sup (2i-1tx)“_lﬂ(1e% ’ Z|f(y)|p f@} u(R)' -7

R:xeR
u(R)> 1, yer

=

< il sup (270)" (@)
1 1

Sl sup (2) 277 < Al M)
ieN

The proof of the lemma is completed. O

Theorem 3.5. If 1 < s <r<oo, 1 < p<A<oo a=
bounded from Mf,("V) to M(V).

_1 P _ s ;
p and 1= then the operator M, is

~|=

Proof. We write

1Mo fllag = sup p(R)~ A[Z M, f()I°g f<x>) ,

ReR “eR
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by Lemma 3.2, we obtain

1 1 s
IM, fllae S NS sup R) 75 | > IMp(x)|1 -0 g" ™
' M ReR Z !

XER
1-Aa

1
s(I-2a)
2 1 (1_1 1-a £
< ||f| /\[/:} Sup#(R)(l—/la)(r 5) [Z IMf(x)I( a)sq (x)]
” | ReR

X€ER
< 1 llag-

since@ =1 -1and 2 =3, ]

NTE
(LS

4. Conclusions

This paper defines the Morrey space Mf,((V) associated with admissible trapezoids on weighted
homogeneous trees and investigates the properties of these spaces. We also study the boundedness of
the maximal operator and fractional maximal operator on the Morrey space Mf,((V). By constructing
the predual space of Morrey space Mf,((V), we reveal their structure and analyze their applications
in function spaces and operator theory. Our study extends the theory of classical Morrey spaces and
applies it to metric measure spaces that do not satisfy the doubling condition.
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