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Abstract: In this work, we study positive periodic solutions of a neutral-type host-macroparasite
equation and establish the existence results of positive periodic solutions by using topological degree
theory. Furthermore, based on the Lyapunov functional method and differential inequality analysis
strategies, the dynamic behaviors of the host-macroparasite model are obtained. Finally, we present
a numerical example to verify the effectiveness of the obtained results. It should be pointed out that
the properties of neutral operators have significant applications in the proof. Our results have extended
existing findings for host-macroparasite equation.
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1. Introduction

In general, a neutral-type functional differential equation (NFDE) is one in which the derivatives of
the past history or derivatives of functions of the past history are involved, as well as the present state
of the system. In [1], Hale and Verduyn Lunel introduced the definition and basic theories of NFDE.
NFDE has wide applications in many areas, including non-destructive transmission line systems, neural
networks, population models; see [2–12] and related papers.

In 1995, May and Anderson [13] first studied the host-macroparasite model as follows:

x′(t) = −ax(t) +
bx(t)

[1 + cx(t − τ)]N+1 , (1.1)

where x(t) denotes the number of sexually mature worms in the human community. The means of other
parameters can be found in [13]. Elabbasy et al. [14] further considered the oscillation properties of Eq
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(1.1). Saker and Alzabut [15] established the existence, global attractivity, and oscillation of a positive
periodic solution to an impulsive delay host-macroparasite model by using the continuation theorem
of coincidence degree and the Lyapunov functional method. Yao [16] studied the existence and global
exponential stability of an almost periodic solution for Eq (1.1) on time scales by using the contraction
mapping fixed point theorem, exponential dichotomy, and Gronwall inequality. Yao [17] also studied
the existence and exponential stability of almost periodic solutions for a difference host-macroparasite
equation. Due to being in a changing environment, the coefficients of a population model should
be continuously changing functions. To be more accurate, the coefficients and delays in population
models can be periodically time-varying. To the best of the authors’ knowledge, there are few results
of positive periodic solutions for the neutral-type host-macroparasite model.

Motivated by the above work, in the present paper, we study the following nonautonomous neutral-
type host-macroparasite equation with multiply time-varying delays:

(
x(t) − cx(t − τ)

)′
= −a(t)x(t) +

n∑
i=1

bi(t)x(t − γi(t))
[1 + di(t)x(t − γi(t))]Ni+1 , (1.2)

where |c| , 1 and τ,Ni > 0 are constants, a(t), bi(t), di(t), γi(t) > 0 are T -periodic functions.
We list the main innovations of this paper:

(1) We first study positive periodic stability for a neutral-type host-macroparasite equation and
generalize the existing results for host-macroparasite model. A neutral-type equation has richer
dynamic behaviors.
(2) We develop topological degree theory for studying positive periodic stability. The research method
in this article can also be used to study other types of neutral equations.
(3) We innovatively use the properties of neutral-type operators for studying host-macroparasite
models.

The remaining framework of this paper is organized as follows: We study the existence of positive
periodic solutions of Eq (1.2) in Section 2. Section 3 gives the globally asymptotic and exponential
stability of Eq (1.2). Section 4 gives a numerical example for verifying our results. We draw some
conclusions in Section 5.

In the whole paper, we use the notations:

f + = max
t∈R
| f (t)|, f −(t) = min

t∈R
| f (t)|,

where f is a bounded continuous function on R.

2. Existence of positive periodic solutions

The properties of the neutral-type operator are crucial for the proof of our main results. We give the
following lemma:
Lemma 2.1. ( [18, 19]) Define A on CT by

A : CT → CT , (Ax)(t) = x(t) − cx(t − τ),∀t ∈ R, (2.1)
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where CT = {x : x ∈ C(R,R), x(t + T ) ≡ x(t)}, c and τ > 0 are constants. If |c| , 1, then A has a unique
continuous bounded inverse A−1 satisfying

(A−1 f )(t) =


∑
j≥0

c j f (t − jτ), if |c| < 1, ∀ f ∈ CT ,

−
∑
j≥1

c− j f (t + jτ), if |c| > 1, ∀ f ∈ CT .

Obviously, we have
(1) ||A−1|| ≤ 1

|1−|c|| ;

(2)
∫ T

0
|(A−1 f )(t)|dt ≤ 1

|1−|c||

∫ T

0
| f (t)|dt,∀ f ∈ CT ;

(3)
∫ T

0
|(A−1 f )(t)|2dt ≤ 1

|1−|c||

∫ T

0
| f (t)|2dt,∀ f ∈ CT .

Based on Lemma 2.1, Eq (1.2) can be written by the following equation:

(Ax)′(t) = −a(t)(Ax)(t) − a(t)cx(t − τ) +
n∑

i=1

bi(t)x(t − γi(t))
[1 + di(t)x(t − γi(t))]Ni+1 , (2.2)

Obviously, Eq (1.2) is equivalent to Eq (2.2). The existence of periodic solutions of Eq (2.2) will be
proved as a consequence of a generalized continuation theorem; see Theorem 6.3 in [20]. In our case,
we consider
Lemma 2.2. Suppose that there exists an open bounded set Ω ⊂ CT such that
(i) The equation

(Ax)′(t) = λ
[
− a(t)(Ax)(t) − a(t)cx(t − τ) +

n∑
i=1

bi(t)x(t − γi(t))
[1 + di(t)x(t − γi(t))]Ni+1

]
(2.3)

has no solutions on ∂Ω, where λ ∈ (0, 1);
(ii) For Ax ∈ ∂Ω ∩ R,

g(Ax) =
1
T

∫ T

0

[
− a(t)Ax − a(t)cx +

n∑
i=1

bi(t)x
[1 + di(t)x]Ni+1

]
dt , 0;

(iii) degB(g,Ω ∩ R, 0) , 0.
Then, Eq (2.2) has at least one periodic solution Ax on Ω.
Remark 2.1. If Ax is a periodic solution of Eq (2.2), let Ax = y; by Lemma 2.1, then x = A−1y is a
periodic solution of Eq (2.2).

For obtaining the existence of a positive periodic solution of Eq (2.2) by using the topological degree
theory, we need to find an priori bound for any periodic solution of Eq (2.2).

We need the following assumption:

(H1) 1
a+
∑n

i=1

b−i
1

Nid
+
i

[1+ 1
Ni

]Ni+1 −
cR0
1−c > 0, where R0 is defined by Lemma 2.3.

Lemma 2.3. If c ∈ [0, 1), then every non-negative T -periodic solution (Ax)(t) of Eq (2.3) is bounded
above for each λ ∈ (0, 1).
Proof: Let (Ax)(t) be an non-negative T -periodic solution of Eq (2.3) and (Ax)+ = (Ax)(ξ) = R, where
ξ ∈ [0,T ]. If (Ax)(t) ≥ 0, by Lemma 2.1 and c ∈ [0, 1), then

x(t) = A−1Ax(t) =
∑
j≥0

c jAx(t − jτ) ≥ 0. (2.4)
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It follows by (Ax)′(ξ) = 0 that

0 = −a(ξ)(Ax)(ξ) − a(ξ)cx(ξ − τ) +
n∑

i=1

bi(ξ)x(ξ − γi(ξ))
[1 + di(ξ)x(ξ − γi(ξ))]Ni+1 .

In view of (2.4), then

0 ≤ −a(ξ)R +
n∑

i=1

bi(ξ)x(ξ − γi(ξ))
[1 + di(ξ)x(ξ − γi(ξ))]Ni+1

< −a−R +
n∑

i=1

b+i x(ξ − γi(ξ))
[1 + d−i x(ξ − γi(ξ))]Ni+1 .

(2.5)

Consider the function
f (x) =

x
(1 + d−i x)Ni+1 , , i = 1, 2, · · · , n, x ≥ 0.

Since f ′(x) = 1−d−i Ni x
(1+d−i x)Ni+2 , f (x) is increasing on [0, 1

Nid−i
] and decreasing on [ 1

Nid−i
,+∞). Hence,

b+i x(ξ − γi(ξ))
[1 + d−i x(ξ − γi(ξ))]Ni+1 ≤

b+i
1

Nid−i

[1 + d−i
1

Nid−i
]Ni+1

:= Mi, i = 1, 2, · · · , n. (2.6)

From (2.5) and (2.6), we have

R <
∑n

i=1 Mi

a−
:= R0.

Remark 2.2. Using (Ax)(t) < R0 for t ∈ R and Lemma 2.1, we have

x(t) = A−1Ax(t) <
R0

1 − c
for all t ∈ R.

Lemma 2.4. If assumption (H1) holds and c ∈ [0, 1), then every non-negative T -periodic solution
(Ax)(t) of Eq. (2.3) is bounded below for each λ ∈ (0, 1).
Proof: Let (Ax)(t) be a non-negative T -periodic solution of Eq (2.3) and (Ax)− = (Ax)(η) = r, where
η ∈ [0,T ]. It follows by (Ax)′(η) = 0 that

0 = −a(η)(Ax)(η) − a(η)cx(η − τ) +
n∑

i=1

bi(η)x(η − γi(η))
[1 + di(η)x(η − γi(η))]Ni+1 .

In view of (2.4) and Remark 2.2, then

0 > −a+r − a+
cR0

1 − c
+

n∑
i=1

b−i x(η − γi(η))
[1 + d+i x(η − γi(η))]Ni+1 ,

i.e.,

a+r > −a+
cR0

1 − c
+

n∑
i=1

b−i x(η − γi(η))
[1 + d+i x(η − γi(η))]Ni+1 .
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Take the maximum value on both sides of the above inequality; by assumption (H1), then,

a+r > −a+
cR0

1 − c
+

n∑
i=1

b−i
1

Nid+i

[1 + d+i
1

Nid+i
]Ni+1
,

thus,

r >
1
a+

n∑
i=1

b−i
1

Nid+i

[1 + d+i
1

Nid+i
]Ni+1

−
cR0

1 − c
:= r0.

Remark 2.3. Since (Ax)(t) > r0 for all t ∈ R, by Lemma 2.1, we have

x(t) = A−1Ax(t) >
r0

1 − c
for all t ∈ R.

Now, we show the existence of at least one positive periodic solution of Eq (1.2).
Theorem 2.1. Assume that assumption (H1) holds and c ∈ [0, 1). Then, Eq (1.2) has at least one
positive T -periodic solution.
Proof: The proof of this result is based on Lemma 2.2. Since assumption (H1) holds, from Lemmas
2.3 and 2.4, the periodic solutions of Eq (2.3) exists lower and upper bounds for all λ ∈ (0, 1). Define
the set Ξ ⊂ CT by

Ξ = {Ax ∈ CT : r0 < (Ax)(t) < R0, t ∈ [0,T ]},

where positive constants r0 and R0 are defined by Lemmas 2.3 and 2.4, respectively. From Lemmas
2.3 and 2.4, condition (i) of Lemma 2.2 holds. Next, we prove that condition (ii) of Lemma 2.2 holds.
For Ax ∈ ∂Ξ, if Ax = r0 with r > r0, we have

g(r) =
1
T

∫ T

0

[
− a(t)r − a(t)cA−1r +

n∑
i=1

bi(t)A−1r
[1 + di(t)A−1r]Ni+1

]
dt

>
1
T

∫ T

0

[
− a+r − a+

cR0

1 − c
+

n∑
i=1

b−i
1

Ni+1−d+i

[1 + d+i
1

Ni+1−d+i
]Ni+1

]
dt.

Let r → r0 in the above inequality, we have g(r0) > 0. On the other hand, if Ax = R0 with R < R0,
we have

g(R) =
1
T

∫ T

0

[
− a(t)R − a(t)cA−1R +

n∑
i=1

bi(t)A−1R
[1 + di(t)A−1R]Ni+1

]
dt

<
1
T

∫ T

0

[
− a+R +

n∑
i=1

b+i
1

Ni+1−d−i

[1 + d−i
1

Ni+1−d−i
]Ni+1

]
dt.

Let R → R0 in the above inequality, we have g(R0) < 0. Hence, condition (ii) of Lemma 2.2 holds.
It remains to show that condition (iii) of Lemma 2.2 holds. Define the mapH(x, µ) : R × [0, 1] by

H(x, µ) = µx +
1 − µ

T

∫ T

0

[
− a(t)Ax − a(t)cx +

n∑
i=1

bi(t)x
[1 + di(t)x]Ni+1

]
dt , 0.

AIMS Mathematics Volume 10, Issue 3, 7449–7462.



7454

Obviously,H(x, µ) does not vanish on ∂Ξ for any µ ∈ [0, 1]. So, we have

degB {H(·, 0),Ω ∩ R, 0} = degB {H(·, 1),Ω ∩ R, 0}
= degB {x,Ω ∩ KerL, 0} , 0.

Applying Lemma 2.2, Eq (2.2) has at least one positive T -periodic solution (Ax)(t). Let (Ax)(t) =
y(t), then Eq (1.2) has at least one positive T -periodic solution (A−1y)(t).
Remark 2.4. Mawhin’s continuation and its generalizations are often used to study the existence
for periodic solutions for functional differential equations, see [21–25]. However, when studying the
existence of positive periodic solutions using the above theorem, it is very difficult to estimate the prior
bound of the solution. When proving Theorem 2.1, we used mathematical analysis methods to estimate
the range of positive periodic solutions, thereby obtaining the existence of positive periodic solutions.
Remark 2.5. The proof of Lemma 2.2 can be obtained by Mawhin’s continuation theorem.

Mawhin’s continuation theorem [26]: Suppose that X and Y are two Banach spaces, and L : D(L) ⊂
X → Y, is a Fredholm operator with index zero. Furthermore, Ω ⊂ X is an open bounded set and
N : Ω̄→ Y is L-compact on Ω̄. if all the following conditions hold:

(1) Lx , λNx,∀x ∈ ∂Ω ∩ D(L),∀λ ∈ (0, 1),
(2) Nx < ImL,∀x ∈ ∂Ω ∩ KerL,
(3) degB{QN,Ω ∩ KerL, 0} , 0.

Then, equation Lx = Nx has a solution on Ω̄ ∩ D(L).
Let

L : CT → CT , Lx = (Ax)′(t),

N : CT → CT , Nx = −a(t)(Ax)(t) − a(t)cx(t − τ) +
n∑

i=1

bi(t)x(t − γi(t))
[1 + di(t)x(t − γi(t))]Ni+1 .

Then, Lemma 2.2 is similar to Mawhin’s continuation theorem.

3. Stability of positive periodic solution

In this section, we will deal with the globally asymptotic and exponential stability of Eq (1.2). As
is general in the literature on population models, our asymptotic results are obtained by constructing
appropriate Lyapunov functionals. Particularly, we define the region of stability of the solutions of Eq
(1.2) as the following set:

Γ = {(Ax)(t) ∈ C(R,R) : 0 < (Ax)(t) < L}.

To reach our stability results, we make the following assumptions:
(H2) The delays involved in Eq (1.2) are continuously differentiable and satisfy:

γ′i (t) ≤ γ
∗
i < 1, i = 1, 2, · · · , n;

(H3) a−(1−2c)
1−c − 1

1−c

∑n
i=1

b+i
1−γ∗i
> 0.

We first state and prove the globally asymptotic theorem.
Theorem 3.1. Assume that assumptions (H1)–(H3) hold and c ∈ [0, 1). Then, Eq (1.2) has a unique
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asymptotically stable T -periodic solution.
Proof: Let (Ax)(t), (Ay)(t) ∈ Γ be two solutions of Eq (2.2). Consider the following functional:

V(t) = |(Ax)(t) − (Ay)(t)| + a−c
∫ t

t−τ
|x(s) − y(s)|ds +

n∑
i=1

b+i
1 − γ∗i

∫ t

t−γi(t)
|x(s) − y(s)|ds.

Calculating the upper right Dini derivative of V(t) along the solutions of Eq (2.2), we have

D+V(t) ≤ −a(t)|(Ax)(t) − (Ay)(t)| − a(t)c|x(t − τ) − y(t − τ)|

+

n∑
i=1

bi(t)
∣∣∣∣∣ x(t − γi(t))
[1 + di(t)x(t − γi(t))]Ni+1 −

y(t − γi(t))
[1 + di(t)y(t − γi(t))]Ni+1

∣∣∣∣∣
+ a−c|x(t) − y(t)| − a−c|x(t − τ) − y(t − τ)|

+

n∑
i=1

b+i
1 − γ∗i

|x(t) − y(t)| −
n∑

i=1

b+i
1 − γ∗i

|x(t − γi(t)) − y(t − γi(t))|(1 − γ′i (t)).

(3.1)

Consider the function
f̃ (x) =

x
[1 + di(t)x]Ni+1 , i = 1, 2, · · · , n, x ≥ 0.

Since f̃ ′(x) = 1−di(t)Ni x
(1+di(t)x)Ni+2 , then | f̃ ′(x)| ≤ 1. From mean value theorem, we have∣∣∣∣∣ x(t − γi(t))

[1 + di(t)x(t − γi(t))]Ni+1 −
y(t − γi(t))

[1 + di(t)y(t − γi(t))]Ni+1

∣∣∣∣∣ ≤ |x(t − γi(t)) − y(t − γi(t))|. (3.2)

By assumption (H2), we have
1 − γi(t)
1 − γ∗i

> 1. (3.3)

In view of (3.1)–(3.3) and Lemma 2.1, we have

D+V(t) ≤ −a−|(Ax)(t) − (Ay)(t)| − a−c|x(t − τ) − y(t − τ)|

+

n∑
i=1

b+i

∣∣∣∣∣x(t − γi(t)) − y(t − γi(t))
∣∣∣∣∣

+ a−c|x(t) − y(t)| − a−c|x(t − τ) − y(t − τ)|

+

n∑
i=1

b+i
1 − γ∗i

|x(t) − y(t)| −
n∑

i=1

b+i

∣∣∣∣∣x(t − γi(t)) − y(t − γi(t))
∣∣∣∣∣

= −a−|(Ax)(t) − (Ay)(t)| +
(
a−c +

n∑
i=1

b+i
1 − γ∗i

)
|x(t) − y(t)|

≤ −a−|(Ax)(t) − (Ay)(t)| +
1

1 − c

(
a−c +

n∑
i=1

b+i
1 − γ∗i

)
|(Ax)(t) − (Ay)(t)|

= −

(a−(1 − 2c)
1 − c

−
1

1 − c

n∑
i=1

b+i
1 − γ∗i

)
|(Ax)(t) − (Ay)(t)|.

(3.4)
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It follows by assumption (H3) and (3.4) that there exists a positive constant α such that

D+V(t) ≤ −α|(Ax)(t) − (Ay)(t)| for t ≥ 0,

then,

V(t) + α
∫ t

0
|(Ax)(s) − (Ay)(s)|ds ≤ V(0) < +∞ for t ≥ 0,

and ∫ t

0
|(Ax)(s) − (Ay)(s)|ds ≤

V(0)
α
< +∞ for t ≥ 0.

Since |(Ax)(s) − (Ay)(s)| ∈ L1([0,∞)), by Barbalat’s Lemma [27], we have

lim
t→+∞
|(Ax)(t) − (Ay)(t)| = 0.

Using |x(t) − y(t)| ≤ 1
1−c |(Ax)(t) − (Ay)(t)|, we also have

lim
t→+∞
|x(t) − y(t)| = 0.

Hence, all solutions of the Eq (1.2) in Γ converge to a T -periodic solution and there exists a unique
periodic solution of Eq (1.2) in Γ.

Now, we show the globally exponential stability of Eq (1.2). Let

F(ε) =
a−(1 − 2c)

1 − c
− ε −

1
1 − c

n∑
i=1

b+i
1 − γ∗i

eεγ
+
i , i = 1, 2, · · · , n. (3.5)

By assumption (H3), we have F(0) > 0. From the continuity of F, there exists a constant λ0 such
that

F(ε) > 0 for 0 ≤ ε ≤ λ0. (3.6)

Theorem 3.2. Assume that assumptions (H1)–(H3) hold and c ∈ [0, 1). Then, each T -periodic solution
of Eq (1.2) is globally exponentially stable.
Proof: Let (Ax)(t), (Ay)(t) ∈ Γ be two solutions of Eq (2.2). Consider the following Lyapunov
functional:

Φ(t) = |(Ax)(t) − (Ay)(t)|eλt + a−c
∫ t

t−τ
|x(s) − y(s)|eλ(s+τ)ds +

n∑
i=1

b+i
1 − γ∗i

∫ t

t−γi(t)
|x(s) − y(s)|eλ(s+γ+i )ds.

Calculating the upper right Dini derivative of Φ(t) along the solutions of Eq (2.2), we have

D+Φ(t) = |(Ax)(t) − (Ay)(t)|λeλt +
[
(Ax)′(t) − (Ay)′(t)

]
sgn{(Ax)(t) − (Ay)(t)}eλt

+ a−c|x(t) − y(t)|eλ(t+τ) − a−c|x(t − τ) − y(t − τ)|eλt

+

n∑
i=1

b+i
1 − γ∗i

|x(t) − y(t)|eλ(t+γ
+
i ) −

n∑
i=1

b+i
1 − γ∗i

|x(t − γi(t)) − y(t − γi(t))|(1 − γ′i (t))e
λ(t−γi(t)+γ+i ).

(3.7)
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From (3.5), (3.7), assumptions (H1)–(H3), and Lemma 2.1, we have

D+Φ(t) ≤ eλt
[
|(Ax)(t) − (Ay)(t)|λ

− a−|(Ax)(t) − (Ay)(t)| − a−c|x(t − τ) − y(t − τ)|

+

n∑
i=1

b+i

∣∣∣∣∣x(t − γi(t)) − y(t − γi(t))
∣∣∣∣∣

+ a−c|x(t) − y(t)|eλτ − a−c|x(t − τ) − y(t − τ)|

+

n∑
i=1

b+i
1 − γ∗i

|x(t) − y(t)|eλγ
+
i −

n∑
i=1

b+i |x(t − γi(t)) − y(t − γi(t))|
]

= eλt
[
|(Ax)(t) − (Ay)(t)|(λ − a−)

+

(
a−c +

n∑
i=1

b+i
1 − γ∗i

eλγ
+
i

)
|x(t) − y(t)|

]
≤ −eλt

[
− λ + a− −

1
1 − c

(
a−c +

n∑
i=1

b+i
1 − γ∗i

eλγ
+
i

)]
|(Ax)(t) − (Ay)(t)|

= −eλt
[
− λ +

a−(1 − 2c)
1 − c

−
1

1 − c

n∑
i=1

b+i
1 − γ∗i

eλγ
+
i

]
|(Ax)(t) − (Ay)(t)|.

Thus,

D+Φ(t) ≤ −eλtF(λ)|(Ax)(t) − (Ay)(t)|.

Let λ = λ0, in view of (3.6), we have

D+Φ(t) ≤ −eλ0tF(λ0)|(Ax)(t) − (Ay)(t)| < 0 for t ≥ 0.

Hence, Φ(t) is decreasing for all t ≥ 0 along the solutions of Eq (2.2); consequently, we get

|(Ax)(t) − (Ay)(t)|eλ0t ≤ Φ(t) ≤ Φ(0),

and

|(Ax)(t) − (Ay)(t)| ≤ Φ(0)e−λ0t.

Using Lemma 2.1, we have

|x(t) − y(t)| ≤
Φ(0)
1 − c

e−λ0t.

Hence, each T -periodic solution of Eq (1.2) is globally exponentially stable.
Remark 3.1. The proofs of Theorems 3.1 and 3.2 are based on proper Lyapunov functions and the
properties of neutral-type operators. It should be pointed out that the Lyapunov functions of this paper
are different from those of the related papers; see [7, 15–17].
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4. An example

For Eq (1.2), let

c = 10−3, n = 2, τ = 0.2, γ1(t) =
1
3

sin t, γ2(t) =
2
3

cos t,

a(t) = 6 − 2 sin t, b1(t) = 3 − 2 sin t, b2(t) = 3 − 2 cos t,

d1(t) = 2 − sin t, d2(t) = 2 − cos t, N1 = N2 = 3.

Regard the scalar neutral-type host-macroparasite equation as follows:

(
x(t) − 10−3x(t − 0.2)

)′
= −(6 − 2 sin t)x(t) +

(3 − 2 sin t)x(t − 1
3 sin t)

[1 + (2 − sin t)x(t − 1
3 sin t)]2

+
(3 − 2 cos t)x(t − 2

3 cos t)

[1 + (2 − cos t)x(t − 2
3 cos t)]2

.

(4.1)

After simper computations, we obtain

a+ = 8, a− = 4, b+1 = 5, b−1 = 1, b+2 = 5, b−2 = 1,

d+1 = 3, d−1 = 1, d+2 = 3, d−2 = 1, γ∗1 =
1
3
, γ∗2 =

2
3
,

M1 =
b+1

1
N1d−1

[1 + 1
N1

]N1+1
=

135
256
, M2 =

b+2
1

N2d−2

[1 + 1
N2

]N2+1
=

135
256
,

R0 =

∑2
i=1 Mi

a−
=

135
512
.

Then, we have

1
a+

2∑
i=1

b−i
1

Nid+i

[1 + 1
Ni

]Ni+1
−

cR0

1 − c
≈ 8.52 × 10−3 > 0.

Hence, Eq (4.1) satisfies all assumptions in Theorem 2.1, and then it follows that Eq (4.1) has at
least one positive periodic solution. In Figure 1, we give the numerical simulations of positive periodic
solutions to Eq (4.1) with different initial conditions x(0) = 1.615, x(0) = 1.421, and x(0) = 1.171.
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Figure 1. Positive periodic solutions of Eq (4.1).

5. Conclusions

Neutral-type functional differential equations are more complex equations compared to functional
differential equations, which contain rich dynamical behaviors. In this paper, we deal with positive
periodic solutions of a neutral-type host-macroparasite equation. First, based on a generalized
continuation theorem, some sufficient conditions have been proposed to ensure the existence of a
positive periodic solution. Then, by the Lyapunov-Krasovskii functional method and some inequality
techniques, the asymptotic properties of the positive periodic solution are addressed. Finally, we give
a numerical example for verifying the correctness of the results obtained.

Among the projections of this work, we will concentrate on the possible extension of the present
study to a neutral-type host-macroparasite equation on time scales, which can unify discrete and
continuous equations.
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