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Abstract: In this paper, we investigate the stability of pullback random attractors for non-
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multiplicative white noise. Under appropriate conditions, we first prove the existence and uniqueness
of these pullback random attractors and then establish their backward compactness. To ensure their
measurability, we demonstrate the equivalence of two different classes of attractors across two distinct
universes. Finally, we examine the asymptotic stability of these pullback random attractors by
assuming that the time-dependent external forcing term converges to a time-independent external force
as time approaches negative infinity.
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1. Introduction

We consider the following non-autonomous stochastic p-Laplacian lattice system driven by
multiplicative white noise:

du; + v(O,w)(Apu)idt + Auidt = fi(u;)dt + gi(t)dt + u; o dW,
u(t) =u;;, TeR,i €7,

(1.1)

where 4 > 0, and for i € Z, u; € R. The nonlinear function f;, € C'(R,R), and g(t) = {gi()}icz
is the time-dependent forcing. W is a scalar Wiener process, and v(-) is a random variable on the
classical Wiener space (QQ, 7, P, {6,},cr ), which will be special later. The symbol o indicates the system
is understood in the sense of Stratonovich’s integration. For p > 2, the discrete p-Laplacian operator
A, is defined by

(Apu); = |u; — Wit P72y — wimy) — Wiy — wil?(uiy — uy), i € Z. (1.2)
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The p-Laplacian equation appears in various applications, including those involving nonlinear
wave phenomena, fluid mechanics, nonlinear diffusion, non-Newtonian fluids, population dynamics,
biological diffusion, chemotaxis, and ecological modeling [12, 16]. The existence and regularity of
attractors, whether random, pullback, or global, associated with the p-Laplacian equation have been
extensively studied in the literature. For the deterministic case, see [6, 13,21], and for the stochastic
case, refer to [4,7,18].

It is well known that the unique solution of a stochastic evolution equation with time-dependent
forcing typically generates a non-autonomous random dynamical system (RDS). A central concept
in the theory of non-autonomous RDS is the pullback random attractor, which generalizes the
foundational work on both autonomous RDS and deterministic non-autonomous systems. Specifically,
a typical form of a non-autonomous random attractor is expressed as A, = {A,(t,w) : T € R,w € Q},
where y represents an external parameter arising from various perturbations. It is important to
note that existing studies on the stability of A, (r, w) primarily focus on the external parameter 7,
rather than the internal time parameter 7. This approach resembles the case of autonomous systems,
which leaves the time-dependent features of non-autonomous random attractors inadequately explored.
Therefore, the main goal of this paper is to demonstrate the existence of the D-pullback attractor
Ap = {Ap(t,w) : 7 € R, w € Q} for the cocycle @ generated by the random Eq (3.2) and to establish
its asymptotic autonomous stability. Specifically, we aim to show that

dist(Ap(T, w), Ax(w)) — 0 in probability as 7 — —oo, (1.3)

where A.(w) = {As(w) : w € Q} is the random attractor for the cocycle @, generated by the
random Eq (4.2). Note that in this paper, we focus on the random Eq (3.2), which can be viewed as a
deterministic equation parameterized by w € Q, rather than the stochastic Eq (1.1).

Here, we observe that a key step in proving Eq (1.3) is demonstrating the following backward
compactness condition:

Uﬂ@(s, w) is precompact in [*. (1.4)
S<T
The backward compactness of non-autonomous attractors has been recently addressed in works such
as [3, 14, 15]. In the deterministic setting, the asymptotic robustness of non-autonomous attractors has
been explored by Kloeden, Li, and their collaborators [5,9, 10], while for the stochastic case, we refer
to recent studies like [8, 19] and their references.

A major difficulty in studying asymptotic autonomous stability is that the standard pullback
asymptotic compactness of solutions to Eq (3.2) is insufficient to prove (1.3) and (1.4). To address
this issue, we adopt techniques from [2] and introduce a backward-attracting universe 8, which is
a subset of the standard-attracting universe 9. We then prove the backward pullback asymptotic
compactness of solutions to (3.2) in /2. This development allows us to establish (1.3) and (1.4).
Furthermore, we must tackle the measurability of the attractor Ag. As shown in [11], a union of
measurable sets indexed by a countable set is measurable. However, the measurability of the uniformly
compact attractor Ag = {Ag(t,w) : T € R,w € Q} remains unclear, as the pullback random
absorbing set K is constructed using the supremum of various random sets over the uncountable set
(—o0, 7]. To overcome this challenge, we aim to establish the important relationship Ag = Ay, where
Ap = {Ap(t,w) : T € R, w € Q} represents the usual random attractor of the cocycle @ generated by
the random Eq (3.2), which is measurable.
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The structure of the paper is as follows: In the next section, we give some basic results about
the non-autonomous random dynamical systems. In Section 3, we provide suitable assumptions to
establish the existence of global solutions. In Section 4, we prove the existence and uniqueness of
pullback random attractors. The final section is dedicated to studying the asymptotically autonomous
stability of the two attractors in /> as time T — —oo. Throughout the paper, the letter ¢ will denote a
generic constant, whose value may vary from line to line, even within the same line.

2. Preliminaries

Let (QQ, F, P, {6,},cr) be a metric dynamical system, (X, d) a Polish space, and D be a collection of
some families of nonempty subsets of X.

Definition 2.1. (See [17]) A mapping ® : R* X R X Q X X — X is called a continuous cocycle on X

over (Q,F,P,{0,}er) if forall T e R,w € Qand t,s € R,
(i) D¢, 7,-,) :R" X QXX - Xis (BR") X F X B(X), B(X))-measurable;

(ii) ©(0, T, w, ) is the identity on X;

(iii) ®(t + 5,7, w, ) = O, 7+ 5, 0,w, D(s, T, W, -));

(iv) ®(t,7,w,") : X — X is continuous.

Definition 2.2. A family K = {K(1,w) : T € R,w € Q} € D is said to be a D-pullback absorbing set
for @ ifforallt € R, w e Q, and D € D, there exists T = T(D, 1, w) > 0 such that

O, 7—1,0_w,D(t—1,0_,w)) CK(t,w), Yt > T.
If, in addition, for all T € R and w € Q, K(t, w) is a closed nonempty subset of X and K is measurable
in w with respect to ¥, then we say K is a closed measurable D-pullback absorbing set for ©.

Definition 2.3. A cocyle @ is said to be D-pullback asymptotically compact in X if for all T € R and
w € C, the sequence {D(t,, T —1,,0_, w, x,)} " | has a convergent subsequence in X whenever t,, — +oo,
and x, € B(t — t,,0_, w) with {B(t,w) : T€e R,w € Q} € D.

Definition 2.4. A family A = {A(t,w) : T € R,w € Q} € D is called a D-pullback random attractor
for @ if for every T € R and w € Q,

(i) Ais measurable in w with respect to F and A(t, w) is compact in X;
(ii) A is invariant, that is, ©(t, T, w, A(T, w)) = A(T + 1, 6,w), Yt > 0;
(iii) A attracts every setin D; i.e., for every B € D,

tlim dx(O(t, 7 - t,0_,, B(t — t,0_,w)), A(T,w)) = 0,
—+00

where dy is the Hausdorff semi-distance in X.

Proposition 2.1. Let @ is a continuous cocycle that has a closed measurable pullback absorbing set
K in D. If © is pullback asymptotically compact in X, then ® has a pullback attractor A = {A(t, w) :
T e R, w e Q} € D, which is given by

Alr,w) = UK, 7,0) = D, 1.0),

DeD

where Q(K) and Q(D) are the omega-limit sets of K and D, respectively.
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3. Existence of solutions and random dynamical systems

For p > 2, the discrete p-Laplacian operator A, in (1.2) has the following abstract version:
Ap(u) = B*(Bul"Bu), Yu = (u)iez € I,
where [ul* = (luil)iez, uv = ((u;))icz and
(Bu); = ujy1 — u; and (B*u); = u;_y — u;, Yi € Z.
We consider the canonical probability space (Q, 7, P), where
Q={weCR,R):w() =0},

¥ is the Borel o-algebra on Q induced by the compact-open topology, and P denotes the Wiener
measure. The Wiener shift {6,};cr 1s defined on this probability space as

O,w() = w(t+-)—w(),teR.

It is well-established that P serves as an ergodic invariant measure for the shift family {6,},cr.
Consequently, the quadruple (Q2, 7, P, {6;},cr) constitutes a metric dynamical system (see [1]).

We now introduce an Ornstein-Uhlenbeck process on the metric dynamical system (Q, 7, P, {6, };cr),
generated by the Wiener process. Specifically, we define

0
72(6,w) := —y f e’ 0,w(r)dr.

This integral is well-defined for any path w exhibiting sub-exponential growth. It is well known that z
satisfies the stochastic differential equation

dz + yzdt = dW(1),

and t — z(A,w) is a 6, invariant stationary solution, commonly referred to as the Ornstein-Uhlenbeck
process. Furthermore, there exists a #-invariant, full-measure subspace (still denoted by €2 below) of Q
such that, for w € Q, |z(w)| is tempered, the mapping ¢ — z(6,w) is continuous in ¢, and

1 _ 1
Jim — fo Iz(e.vw)lds—E[lz(w)l]—\/—ﬂTy. (3.1)

By considering the change of variables v(f) = e™7*#“)y(t), problem (1.1) is transformed into:

{% +V(0,w)e PO (A v) + (A = yz(Bw))y = €7D f( @00y 4 ¢ 70w o ), 32)

W1) = v, = e 7Oy 1 eR,
where v = (v)iez € I, ve = (Vindiez € I, f(v) = (fiv))iez, (1) = (gi(D)icz, and A,y > 0, we then
impose the following conditions:

(H1) The viscosity v(+) is a positive random variable satisfying:
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0, we Q.

0
t — v(0,w) is continuous and lim a ;w) =
—>+00
(H2) For each i € Z, f; € C(R,R), and there exist constants g > 2, @23 > 0, and 8 = (B,)icz € I
such that
df:

fi®)s < —ar(Isl” +Is1) + B7, 1fi(s)] < aalsl”™ + B, d—si(S) < a3,

for all s € R, i € Z, where p is the same as the p in the p-Laplacian operator.
(H3) The time-dependent forcing g € C(R, [?), and there exists go. := (ge0.)icz € [ such that

lim lg(s) — gwoll*ds = 0. (3.3)
From [20], one can see that the hypothesis (3.3) leads to the following conditions:
(1) Backward temperedness of g:

sup f e““)g(s)|Pds < 0, Ya >0, T € R; (3.4)

r<t 0

(i1) Backward asymptotic smallness of g:

lim sup f "N Elgi(rldr =0, Ya >0, T€R. (3.5)

k—+00 .o
r<r 0 liok

Lemma 3.1. Assume HI-H3 hold. Then, for any T € R and v, € %, there exists T, > 0 such that
Eq (3.2) admits a unique local solution

V(" 7w, v‘r) € C([T, T+ Tmax], lz)

with the initial condition v(t, T, w,v;) = v;. Furthermore, the solution v(t, 1, v;) depends continuously
on the initial data (1, v,).

Proof. Let
G(t,v,w) = —v(0,w)e P "M (A v) — (A — yz(Gw))v + e 7 f(e X0y 4 7D g (1),

By Theorem 1 in [5], the discrete Laplace operator A, with p > 2 is locally Lipschitz continuous in /2.
Fixed w € Q, by assumptions H2 and H3, along with the continuity of v(6.w) and z(6.w), it follows that
G(t,v, w) is continuous in /.

Therefore, using standard arguments, Eq (3.2) possesses a local solution v(-,w,v;) € C([t,T +
Tpax), 12), where [1, T + T,.4,) is the maximal interval of existence for the solution.

To prove uniqueness, assume v; and v, are two solutions of (3.2) with initial data v, and v,,
respectively. Define v = v; — v,. Subtracting the equations for v; and v,, we find that v satisfies:

dv _
VOO A Y = A) + (A= YOO = €T (FE )~ @ ). (36)
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Using conditions (H1), (H2), and the monotonicity of A,, it can be shown that for ¢ € [7, T + T4 ],

1d
EEWP < (a3 — (A= yz(Bw)IMIP. (3.7)
Therefore, for all ¢ € [1, T + T4 ], We have
IV < e”llviz = valls (3.8)

where ¢ > 0 is a constant depending on 7, 7, and w, implying that the solution is unique and depends
continuously on the initial data in /%. O

Lemma 3.2. Assume HI-H3 hold and
O(w) = A = 2a3 — 2y|z(w)|. (3.9

Then, for any T € R and v, € I?, Eq (3.2) admits a unique global solution v(-, 7, w,v;) € C([t,7 +T], %)
forevery T > 0 with v(t, T, w, Vv;) = Vi

Proof. Take the inner product of (3.2) with v(z); it follows that

1d

EZ,HVII2 + V(B,w)e” U ALy, v) + (A = yz Q)M = e (fw), v) + e (g(r),v).  (3.10)
Also by Theorem 1 in [5], (A,v,v) > 0. By (H1), we have

e (f(u),v) < e [l + [ulg) + e BIP (3.11)

By the Young inequality,
1 A
e—)’z(ﬁtw)(g(t)’ V) < /_le_ZVZ(er)”g(t)llz + Z||v||2 (312)
Therefor, we have

d A e ye( 2 b
EIIV||2+§IIVI|2+2041€ OO (u]lf +[[uall?) < (2yz(Brw) — DIV +2e 72 )||,8||2+ze PO e(n]P. (3.13)

Multiplying (3.13) by ek @) \where §(w) is given by (3.9), we have

d U ﬁ t t
_ej; 6(93w)ds”v”2 + _ej; 6(93w)ds”v”2 + 2(11€f7 6(95w)ds—2)/z(9,w)(”u”p + ”u”q)
dt 2 N (3.14)
t t 2 t ’
S(Z')/Z(et(l)) . 5(9t(1)))€f7 6(9sw)ds”v”2 + 2€f7 6(9,rw)ds—2yz(9,w)”ﬁ”2 + zefr 6(9Sw)ds—2)’z(9,w)”g(t)”2.
Integrating (3.14) on r > 7, we have
A " t " t )
I + 5 f el 30| (PPt + 2a, f el 2020 [P+ lu(H)|9)dr
<el MOL )P + f (2y2(60) = A+ 60,0l v
T (3.15)

T T
1 2 1
+2 f ef’ 6(E)Sw)dx—2yz(9,w)dt”ﬁ”2 + z f ej; 6(95w)ds—2yz(9;w)||g(l_)||2dt
T T

T r T 2 T 't
Sef’ 6(9Sa))ds”v(7_)”2 + zf efr 6(9Sw)ds—27z(9,w)dtllﬁ||2 + /_l f ef’ 6(9Sw)ds—2yz(9,w)||g(t)||2dt.

The right-hand side of this inequality is bounded for r € [r,7 + T](VT > 0), due to the continuity of
0(0.w), z(6.w), and g(-). Thus, the solution extends globally, implying 7},,, = +oo. O
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Let ® : R* x R X Q X [> — I? be a mapping given by, for every t € R*, 7 € R, w € Q and v, € 2,
O, 1T,w,v) =Vt +T,7T,0_w, V). (3.16)

Then, by Lemma 3.2, ® is a continuous cocycle on /> over the metric dynamical system
(Qafa P’ {HI}I‘ER)'

4. Existence of pullback random attractors

In this section, we establish the existence of pullback random attractors for the cocycle @ associated
with the random Eq (3.2). To achieve this, we first construct attractors within two distinct universes
and then demonstrate the equivalence between the two types of attractors defined in these universes.

From (3.1) and (3.9), the expectation of §(-) is given by

2y
Eé =1 -2a3 —2yElzl = 1 - 2a3 Noa 4.1)
We consider two types of attracting universes:
(1) The universe D:
This consists of families D = {D(1,w) : T € R, w € Q}, where each D(t, w) is a nonempty bounded

subset of /2, and

lim e ®||D(t — t,0_,w)|* = 0. (4.2)

t—+o00

(2) The universe 8:
This consists of families B = {B(1,w) : T € R, w € Q}, where each B(r, w) is a nonempty bounded
subset of /2, and

lim e ™sup||B(s — t, 60_,w)||* = 0. 4.3)
t—+00

S<T

Note B is a subset of D.

4.1. Backward-pullback absorption
Lemma 4.1. Let (HI)—(H3) and (3.9) be satisfied and
Eo > 0. 4.4)

Then, for any (t,w,B,D) € R X Q X B X D, there exist constants Tg = Tg(t,w) > 0 and Ty =
To(t,w) > 0 such that,

sup|lv(l,l —t,0_,w, vl < 2MsupR(l, w), 4.5
I<t I<t
and
Iv(t, T = 1,0_w,v._ I’ < 2MR(t, w), (4.6)

where M > 0 is a constant independent of 7, w, B, and D, v;.; € B(l — t,0_,w) for | < 1, v,_, €
D(t —t,0_,w), and R(l, w) is given by

0
R w) = f el 00s=2200) (| 4 |\o(r + D|P)dr. 4.7)

(o)
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Proof. Using [ — t instead of 7 and 6_,w instead of w in (3.15), we have

A , -
||V(l)||2 + 5 f efl 5(95—lw)d5||v(r)”2dr + 201 f efl 6(9;—1(0)(1‘?—272(@'—/(0)('|u(r)||g + ”M(r)”(;)dr
/ I

—t —t

! !
-t . r . 2 r )
<eh 01|y — p)|2 + 2]‘ o 96 10)ds=2y2(6,-1) drlBI? + /_1 f o 001)ds=2v36,-19) | o (1) |Pdr (4.8)
!

-t —t

—t 0 r
Sej(; 6(9Sw)dxllv(l _ t)||2 + Mf ej(; 6(st)ds—27z(0rw)(1 + ”g(r + l)||2)dr
In particular, let / = 7, we obtain
=t 0 T
VT, 7 = 1,0, v IP < eb OOz — ) + M f eh ABDB2RGD (| 4 \lo(r + T)|P)dr. (4.9)
By the property of |z(6,w)|, there exists a bounded random variable c(w) > 0 such that, for all # > 0,
—(A—=2a3)t =2y |z(O;w)lds < —(A — 2a3 — —=)t + c(w) = —Eot + c(w). (4.10)
0 \y

We take the supremum of (4.8) with respect to [ € (oo, 7], then we infer from (4.10) that

supllv(l, 1 = 1, 0y, vi_ )| < 42002 b RODMsgupy (g — |2 + M supR(l, w)
I<t I<t I<t (41 1)

< e B @Ogup|lv(l = D)|I* + M supR(l, w).
I<t I<t
Since v;_, € B(l — t,0_,w) for all | < 7 is tempered. we have
e_E(SHC(w)SupHV(l _ t)||2 < e—EéHc(m)sup”B(Z -1, Q—Iw)llz — 0 (t > +00). (4.12)
I<t I<t
Therefore, there exists Tg = Tg(1, w) > 0 such that for all 7 > T'g,
0 T
e @suplv(l - I < M f eh 002260 1 |o(r + D|P)dr, (4.13)
I<t —00
thus (4.5) is proved. On the other hand, if v._, € D(t — t,6_,w), we obtain
(T, 7= 1,0, v, I < 2V 2L DT — 1 )P + MR(7, )

< e CONID(T - 1,6_,w)II° + MR(t, w) (4.14)
— MR(t,w) as t — +oo.

This completes the proof. O

Corollary 4.1. Assume (HI)—(H3), (3.9), and (4.4) hold. Then, the cocycle ® generated by (3.2)
possesses two types of pullback random absorbing sets:
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(i) © has a B-pullback random absorbing set Kg = {Kg(t,w) : T € R,w € Q} € B, which is given
by, for any (t,w) € R X Q,

Ka(t,w) = {v el : |V|* < 2MsupR(l, w)}. (4.15)

I<t

(ii) © has a D-pullback random absorbing set, Ky = {Kp(1,w) : T € R,w € Q} € D, which is given
by, for any (1,w) € R X Q,

Ko(r,w) = {v el : |VI* < 2MR(z, w)}. (4.16)
Here, the constant M > 0 and the function R are the same as those defined in Lemma 4.1.

Proof. (i) By Lemma 4.1, for each (1, w) € R x Q, there exists a time Tg = Tg(7, w) > 0 such that
Uty User O, s — 1,0_,w0)B(s — 1, 0_,w) C Kg(t, w).

Next, it remains to verify that Kg € B.
By (3.9), there exists T'(w) > 0 such that

" Eo Eo
If (6(6,) — Ed)ds| < 7|r| and |z(6,w)| < 8—|r|, Y|r| = T(w). “4.17)
0 Y
This implies that for all r < —¢ < —T'(w), we have

f r 0(0,w)ds — 2yz(0,w)

t

0 r
= f (0(0;,w) —Eo)ds + f (0(8,w) —Ed)ds + (r — HEO — 2yz(6,w)
—t 0

(4.18)
ES E6 ES
S7f+ Tll"l + (r—1nEo + erl
ES - E6
= - — —V7.
2 4
Thus, as t — +oo0, we have
2Me ®'supR(l - t, 0_,w)
I<t
O T
=2Me ®'sup f el 00ds=2260-0) (1 1| o(r + 1 = 1) P)dr
i<t —c0
—t
M Frsup f ol TOD2OD (| 1 Ylo(r 4+ D) .19)
<t —00

—r
<aMeFisup f (1 + lg(r + DIP)dr

I<t &)

0
<2Me™ *'sup f e (1 + |lg(r + DIP)dr — 0.

I<t

Therefore, Kg € B.
(ii) Since R(r, w) < supR(l, w), it follows that K C Kg € B C D. Hence, we find that Ky serves

I<t
as a D-pullback random absorbing set for ©. O
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4.2. Backward tail-estimates

Lemma 4.2. Suppose that (Hl)—(H3), (3.9), and (4.4) hold true. Then, for each T € R and w € Q, we
have that, for all vi_, € B(l - t,0_,w),

lim sup Y &fvill, L 1,0, vir- ) =0, (4.20)
t,k—+oo <t =
and for all v._, € D(t — t,0_,w),
. 2 _
I,I}Lngw;;am(n T —1,6_w,vie ) = 0. 4.21)
11>

Proof. For a smooth function £ : [0,00) — [0, 1] with é(s) = 0for 0 < s < 1 and &é(s) = 1 for s > 2,
define

/i

& = (Eipiez = (S(E)),’ez, Yk e N.

Taking the inner product of (3.2) with &v,

1d
5 7 D Gl + V()P ALY E) + (A= v B) (0, E)
iz (4.22)

:e—VZ(Gtw)(f(u), gkv) + e—)’Z(wa)(g(t), ka)-

By Lemma 2 in [5], we have
_ C
(Apv,&v) = (IBVIP2(Bv), B(&)) > —%Ilvllﬁ. (4.23)
For the first term on the right side of (4.22), we have

e OI(f (), ) = DN £ (i), wi) < e =y Y Erul” + ) + Y ExlBiP). (4.24)

i€Z i€Z i€Z

Using Youngs inequality, we obtain

o b T
e 7 (g(n), &) < §Z§i,k|vi|2 *57¢ e )Z-fi,k|gi(t)|2- (4.25)

i€Z i€Z

Therefore, we have

d
= D Gl + (A= 2y2(0.0) ) fulvi + 201 ) (il + )

i€Z i€Z i€Z ( 4 26)
¢ ~2yz(6 ~2yz(6 2 b o 2 '
<V O)e OOl + 2670 ) 8B + —e OOy g
i€Z i€Z

Multiplying (4.26) by er*@“)4" and then integrating on [I — ki, [J(h > 0), replacing w by 6_,w, we get
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[
D EulviDP + f (A = 2y2(0 1) = 5O )l 2N & ()Pt
I-h

i€Z i€Z

/
" 5(0r_1w)dr-2yz(6;
+ 2 f el 2020 N g () + (1))t
i

—h icZ

/
I-h C !
<l 0N g vl = )P+ p f W(Opw)e O 2|y 1) | iy

icZ I=h

!
" 80, w)dr—=2yz(0, 2 2
+cf e 0rmiw)dr=2yx( ’w)E Ex(1Bil + |gi(0))dt.
!

~h i€z
By taking the supremum of (4.27) over [ € (—o0, 7), we have
sup ) &lvi()P

=T sk
[
I~h c !
<supel 2¢O N (1~ B + L sup f V(O yw)el OOy 1)
I<t i~k k I<t JI-h

3

[
+ csup f el 220 N g (1B + g ()P)de = Y .
, > >

fst Ji-h lil>k =1
Since v;_;, € B(I — h, 6_,w), it follows from (4.10) that
Ji < b’ 5(9’“’)d’sup2|v,~(l — h))?
Izt ez

= eb " suput -

I<t

< e B @ sunlIB(I — b, 0_pw)|? — 0 as h — +oo,

I<t

By (4.8), we obtain

[

c t

Jr = %Supf V(Qz_lw)efl 5(9r—lw)dr—272(9:-1w)||u(t)||§dt
<t JI-h

0

C 1

= Zsup [ v(@pe e+ i
It J-h

< cR(l,w) — 0 as h — +oo.
By (4.17), we have

f 5(8,w)dr — 2yz(6,w)
0
0

Eo6
§7|t| + Eot + 2y|z(6,w)|

_Es,
==t
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which, along with (3.5), we obtain

I
Jz = csup f el ‘5(9"’“)"’_2ﬂ(€"’“’)Zfi(lﬁi|2 + |ginP)dt
I

I<t —h |l|>k
0 1
=c supf eb 6(9’“’)dr_2ﬂ(9’w)Zfi(|,3i|2 + |git + DIP)d1 (4.32)
I<t —h |l|>k
0 Eo
< csup f eT’Zg,.(w,.F +|gi(t + DIP)dt = 0 as k, h — +oo.
IST —h |l|>k
This result, along with (4.29) and (4.30), implies (4.20). Similar to the steps above, we can prove (4.21).
O
4.3. Existence of pullback random attractors
Theorem 4.1. Assume (HI)—(H3), (3.9), and (4.4) hold. Let ® be the RDS generated by (3.2), then
(i) ® has a B-pullback random attractor Ag € B, given by
An(r,w) = O, 7 - 1,0.)Kn(t - 1,0_00). (4.33)

s>0 1>

(ii) Ag is backward compact in P, meaning that the union | J,., Ag(l, w) is pre-compact in I*> for each
TeER weQ;
(iii) ® has a D-pullback random attractor Agp € D, given by

Ap(T, W) = ﬂUcD(r, 7 —1,0_,0)Kp(T — 1,0_,0). (4.34)
>0 t>5

(iv) Ag = Ap € D, that is, Ag is a unique D-pullback random attractor of the cocycle ® and is
backward compact in I,

Proof. (i) We first show that ® is B-pullback asymptotically compact in I>. Let B € B, T € R, and
w € Q, and consider a sequence v, _, € B(l, — t,,0_, w) where [, < T and ¢, — +oco. Define V' =
Oy, 1, — 1y, 0, w)v;,—,,. We need to show {v"} is pre-compact in 2. By Lemma 4.1, we know that there
exists Ny = Ni(t, w, B) such that for all n > Ny,

IV'I? < 2MsupR(l, w). (4.35)

I<t
By Lemma 4.2, we obtain that there exist / > k and N, = N,(g) > N; such that for all n > N,

DEiP <e. (4.36)

li|>1

By (4.35), {(V'Dy<s : n = N,} is bounded in R**! and thus pre-compact in R**!. Hence, {(V/])j<s :
n > N} has a finite &-net in R**', which together with (4.36) implies that {(V/);cz : n > N>} has a
finite 2e-net in 2. On the other hand, the finite set {(V!Diez : n < N»} has a 2e-net, thus {V" : n € N} is
pre-compact in /2.
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(i) Let {" : n € N} be any sequence in |J,., Ags(l, w); then, there exists /, < 7 such that
V' e Ag(l,,w) for each n € N. Let t, — +o0o, by the invariance of Ag, we obtain V' =
o, 1, — t,,0-,w)As(l, — t,,0_,,w), which implies that there exists v, _,, € Ag(l, — t,,0_,,w) such
that

V= (D(tn, ln = Iy, g—tnw’ vly,—tn)' (437)

Since v, _, € Ag(l, — t,,0_,w) when [, < 7, which along with the pre-compact of the sequence
{v" : n € N} implies that | J,., Ag(l, w) is pre-compact in /2.

(iii) By Corollary 4.1(ii), Kp = {Kp(t,w) : T € R,w € Q} € D is a D-pullback random absorbing
set for ®. Following a similar proof (i), ® is D-pullback asymptotically compact in /2. Therefore, ®
admits a D-pullback random attractor Ay.

(iv) By the definition of Kp and Kg, we obtain that Ky C Kg; together with the definition of Ay
and Ag, we obtain that Ap C Ag. On the other hand, since Ag € B C D, Ag is attracted by Ayp.
Using invariance of Ag, we obtain

distp(Ag(t, w), Ap(T, w)) = distp(O(t, T — t,0_,w)Ag(t — t,0_,w), Ap(T, w)) — 0.

Thus, Ag(T, w) = Ap(t, w), and © has the unique D-pullback random attractor Ag, which is backward
compact in /2. o

5. Asymptotically autonomous stability of pullback random attractors
In this section, we explore the asymptotic autonomous stability of the time section Ag(7, w) of the

pullback random attractor Ag = {Ag(t,w) : T € R, w € Q} in I as T approaches negative infinity.
Consider the autonomous version of (1.1):

% + V(O w)(Apu); + Au; = fi(u;) + 8oy + ui%, 5.1)
M,'(T) = Uiz, TE R,i € Z.
Using the variables v(¢) = e77*%“)y(t), we obtain the following random equation:
% + v(6,w)eP~ 27w Apv) + (A — yz(Bw))v = V0 f(erH00)y) 4 ey O g 5.2
V(1) = v, = e 7Oy T e R, '

where v = (v;)iez € 2, v, = (Vir)iez € P, f) = (i(v)iez, 8o = {gw.iticz € I>and A,y > 0.

Using a method similar to that outlined in Section 3, it can be demonstrated that if assumptions
(H1)-(H3) and (3.9) are satisfied, then for every v, € I? and w € €, the autonomous random Eq (5.2)
has a unique solution v, (-, w, vy) : [0, 00) — [>. Consequently, we can define an autonomous RDS as
follows:

O, R XQx P - P,
given by, for every t > 0 and w € Q,

D (1, w, Vo) = Voo(t, W, V). (5.3)
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Let Dy, = {Do(w) : w € Q} be a family of bounded, nonempty subsets of /2. This family is termed
tempered if, for every w € Q,

lim ¢ 2| Do (6_,w)|| = O. (5.4)

t——00

Let D,, be the universe of all families of bounded, nonempty random subsets of /> satisfying (5.4). It
is straightforward to prove that @, has a unique D-pullback random attractor A, = {A.(w) : w €
Q} € D.. The primary objective of this section is to establish that the time section Ag(t, w) of Ag is
upper semi-continuous with respect to A, (w) as T — —oo in the sense of the Hausdorff semi-distance
of I%.

Next, we analyze the asymptotically autonomous convergence of solutions to Eqgs (3.2) and (5.2).

Lemma 5.1. Suppose that the assumptions (HI)—(H3) and (3.9) hold. Then the solution of problem
(3.2) convergences to the solution of (5.2), that is,

TEer||®(t, T,Ww, V) — Qoo (t,w, V)| =0, YVt >0, weQ,
whenever ||[v; — vl = 0 as T — —o0.
Proof. Lett e R, w € Q,and T > 0. For any ¢ € [0, T], denote
V() = vt + 1,7, 0w, vy) — Voo, W, Vo). (5.5
By (3.2) and (5.2), we have

dv(t)
dt

FV(Ow)e " INA T (A=y2 (0,07 =T (Flult+T)) ~ flus () +e 7 g1+ T)=geo). (5.6)
Taking the inner product of (5.6) with v(¢), we have

1 —~

E%IWU)IIZ + V(Gw)e”PIN(ATT) + (A - y2(B )PP

= 7 (F(u(t + 1)) — fUeo(0)), V) + e 4 (g(t + T) — g, V).

We now estimate all the terms on the right-hand side of (5.7). For the first term, we obtain from (HI)
that

(5.7)

eI fut + 1) = flus(),7) < aslMP. (5-8)
For the second term, we obtain from Young’s inequality that
—vz2(6,w) | Ow) 2 A=
e (gt + 1) — 8o, V) < 7€ TN + 1) — gll” + ZIW]I : (5.9)

Therefore, we have
d 2 (P-2y260)( 4 ~ A
EIW@)II + 2v(O,w)e (A, V) + EIMI

5 (5.10)
<(2yz(,w) — A+ 2a3)|VI* + ze—”z(@f”)ng(t +7) - goll®.
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Multiplying (5.10) by b 9045 and then integrating on [0, 7], r € [0, T], we have
V(I <el’ e [ (0] s f 2yz(0w) — 1+ 2a3 + S(Bw))elk OB Pdr
0
2 (M ¢
+ /_l f ej; (5(9S(u)ds—2’)’Z(9rw)||g(t + T) _ goo”zdt (5.1 1)
0

el OIP + 3 [ el g4 ) - g
0

By the property of 6(6,w) and z(6,w), we have

,
f el 202 g(s 1 7) — g )Pt
0

T
SCT(w)f llg(t + 7) = goollPdr (5.12)
0

T+T
SCT(w)f llg(t) — geollPdt = 0 as T — —co.

Note that [V(0)||> = [[v. —vo||*> — 0 as T — —oo, so we obtain |[(£)]|> — 0 as T — —oco. Hence, the proof
is completed. O

Next, we establish the asymptotically autonomous stability of the time section of the pullback
random attractor Ag = {Ag(T,w) : T € R,w € Q} in I as time T — —o0.

Theorem 5.1. Assume (HI)—(H3), (3.9), and (4.4) hold. Let Ag be the B-pullback random attractor
of non-autonomous RDS ®, and let A, be the D,-pullback random attractor of autonomous RDS D.
Then Ag is asymptotically autonomous to A, in probability, that is, Ve > 0,

lir_n Plw € Q : dist(Ag(T, w), Asu(w)) > &} = 0. (5.13)
Proof. Define the set
Q ={we: lir_n dist(Ag(T, W), A(w)) = 0}. (5.14)

We aim to show that P(2,) = 1. Suppose instead that P(Q2;) < 1, which implies Q, = Q\Q; # 0. Then,
there exists wy € €2, meaning wy ¢ ;. Consequently, there exist £y > 0 and and a sequence {7, },cn
with 7, —» —oo0 as n — oo such that

dist(Ag(T,, wy), Ac(wp)) = 35y, ¥n € N, (5.15)

We further take a sequence {x,}>", from Ag(,, wy) such that

dist(x,, Ax(wp)) = 3&p. (5.16)
Define
An(to, ) = |_JAs(r,w) ¢ | JKs(r,w), (5.17)
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where, by the monotonicity of Kg(7, w), we have
UTSTOWB(T’ CL)) = «B(TO’ CL))

From Corollary 4.1, it follows that Ag(1y, w) € Do, meaning Ag(Ty, w) can be attracted by the
attractor A.. Thus, there exists ng € N such that

dist(Puo (|7, 07, W0)As(To, W), Ac(Wp)) < &p.

o

By the continuity of @, we obtain

dist( oo [Ty, Or,,, o) Ap(To, o), Acs (o)) < &. (5.18)

no

On the other hand, by the invariance of Ag, we have

ﬂB(T}’H Cl)()) = (D(lTl’l()L Tn - |Tn()|a QT,,O wo)ﬂB(TI’l - |TI1()|7 97',,0 ('UO)'

Therefore, x,, € Ag(t,, W) can be written as

Xn = (D(lTn()la Tn — |Tno|, anowo))’m (519)

where y, € Ag(t, — [Ty, br,,
of Ag ensures that Ag(7o, 6% wy) is precompact in /2. Hence, {yx};7, has a convergence subsequence

wp). Since {y, : n > ng} C ﬂB(To,QT,,Owo), the backward compactness

such that, for some y, € m,
Y = Yo a8 k — oo.
Applying the asymptotically autonomous convergence for @, we find, for sufficiently large k,
1%, = Poo(ITno, Oz, wo)yoll = [1@UTugs Ty = |Tigl, Oz, 0DV, = Poo|Tngl, 07, wo)yoll < &o.
This, along with (5.18) implies

dist(x,,k, ﬂm(wo» < ”xnk - q)oo(|7'n0|,97,10w0))’0|| + diSl((DOO(lTnolaeT wo))’o, ﬂoo((.l)())) < 280,

no

which indeed is a contradiction to (5.15), and thus (5.13) is proved. O
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