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Abstract: In this paper, we investigate the stability of pullback random attractors for non-
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multiplicative white noise. Under appropriate conditions, we first prove the existence and uniqueness
of these pullback random attractors and then establish their backward compactness. To ensure their
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as time approaches negative infinity.
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1. Introduction

We consider the following non-autonomous stochastic p-Laplacian lattice system driven by
multiplicative white noise:dui + ν(θtω)(Apu)idt + λuidt = fi(ui)dt + gi(t)dt + ui ◦ dW,

ui(τ) = ui,τ, τ ∈ R, i ∈ Z,
(1.1)

where λ > 0, and for i ∈ Z, ui ∈ R. The nonlinear function fi ∈ C1(R,R), and g(t) = {gi(t)}i∈Z
is the time-dependent forcing. W is a scalar Wiener process, and ν(·) is a random variable on the
classical Wiener space (Ω,F ,P, {θt}t∈R), which will be special later. The symbol ◦ indicates the system
is understood in the sense of Stratonovich’s integration. For p ≥ 2, the discrete p-Laplacian operator
Ap is defined by

(Apu)i = |ui − ui−1|
p−2(ui − ui−1) − |ui+1 − ui|

p−2(ui+1 − ui), i ∈ Z. (1.2)
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The p-Laplacian equation appears in various applications, including those involving nonlinear
wave phenomena, fluid mechanics, nonlinear diffusion, non-Newtonian fluids, population dynamics,
biological diffusion, chemotaxis, and ecological modeling [12, 16]. The existence and regularity of
attractors, whether random, pullback, or global, associated with the p-Laplacian equation have been
extensively studied in the literature. For the deterministic case, see [6, 13, 21], and for the stochastic
case, refer to [4, 7, 18].

It is well known that the unique solution of a stochastic evolution equation with time-dependent
forcing typically generates a non-autonomous random dynamical system (RDS). A central concept
in the theory of non-autonomous RDS is the pullback random attractor, which generalizes the
foundational work on both autonomous RDS and deterministic non-autonomous systems. Specifically,
a typical form of a non-autonomous random attractor is expressed asAγ = {Aγ(τ, ω) : τ ∈ R, ω ∈ Ω},
where γ represents an external parameter arising from various perturbations. It is important to
note that existing studies on the stability of Aγ(τ, ω) primarily focus on the external parameter γ,
rather than the internal time parameter τ. This approach resembles the case of autonomous systems,
which leaves the time-dependent features of non-autonomous random attractors inadequately explored.
Therefore, the main goal of this paper is to demonstrate the existence of the D-pullback attractor
AD = {AD(τ, ω) : τ ∈ R, ω ∈ Ω} for the cocycle Φ generated by the random Eq (3.2) and to establish
its asymptotic autonomous stability. Specifically, we aim to show that

dist(AD(τ, ω),A∞(ω))→ 0 in probability as τ→ −∞, (1.3)

where A∞(ω) = {A∞(ω) : ω ∈ Ω} is the random attractor for the cocycle Φ∞ generated by the
random Eq (4.2). Note that in this paper, we focus on the random Eq (3.2), which can be viewed as a
deterministic equation parameterized by ω ∈ Ω, rather than the stochastic Eq (1.1).

Here, we observe that a key step in proving Eq (1.3) is demonstrating the following backward
compactness condition: ⋃

s≤τ

AD(s, ω) is precompact in l2. (1.4)

The backward compactness of non-autonomous attractors has been recently addressed in works such
as [3, 14, 15]. In the deterministic setting, the asymptotic robustness of non-autonomous attractors has
been explored by Kloeden, Li, and their collaborators [5, 9, 10], while for the stochastic case, we refer
to recent studies like [8, 19] and their references.

A major difficulty in studying asymptotic autonomous stability is that the standard pullback
asymptotic compactness of solutions to Eq (3.2) is insufficient to prove (1.3) and (1.4). To address
this issue, we adopt techniques from [2] and introduce a backward-attracting universe B, which is
a subset of the standard-attracting universe D. We then prove the backward pullback asymptotic
compactness of solutions to (3.2) in l2. This development allows us to establish (1.3) and (1.4).
Furthermore, we must tackle the measurability of the attractor AB. As shown in [11], a union of
measurable sets indexed by a countable set is measurable. However, the measurability of the uniformly
compact attractor AB = {AB(τ, ω) : τ ∈ R, ω ∈ Ω} remains unclear, as the pullback random
absorbing set KB is constructed using the supremum of various random sets over the uncountable set
(−∞, τ]. To overcome this challenge, we aim to establish the important relationshipAB = AD, where
AD = {AD(τ, ω) : τ ∈ R, ω ∈ Ω} represents the usual random attractor of the cocycle Φ generated by
the random Eq (3.2), which is measurable.
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The structure of the paper is as follows: In the next section, we give some basic results about
the non-autonomous random dynamical systems. In Section 3, we provide suitable assumptions to
establish the existence of global solutions. In Section 4, we prove the existence and uniqueness of
pullback random attractors. The final section is dedicated to studying the asymptotically autonomous
stability of the two attractors in l2 as time τ → −∞. Throughout the paper, the letter c will denote a
generic constant, whose value may vary from line to line, even within the same line.

2. Preliminaries

Let (Ω,F ,P, {θt}t∈R) be a metric dynamical system, (X, d) a Polish space, and D be a collection of
some families of nonempty subsets of X.

Definition 2.1. (See [17]) A mapping Φ : R+ × R × Ω × X → X is called a continuous cocycle on X
over (Ω,F ,P, {θt}t∈R) if for all τ ∈ R, ω ∈ Ω and t, s ∈ R+,

(i) Φ(·, τ, ·, ·) : R+ ×Ω × X → X is (B(R+) × F × B(X),B(X))-measurable;
(ii) Φ(0, τ, ω, ·) is the identity on X;

(iii) Φ(t + s, τ, ω, ·) = Φ(t, τ + s, θsω,Φ(s, τ, ω, ·));
(iv) Φ(t, τ, ω, ·) : X → X is continuous.

Definition 2.2. A family K = {K(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is said to be a D-pullback absorbing set
for Φ if for all τ ∈ R, ω ∈ Ω, and D ∈ D, there exists T = T (D, τ, ω) > 0 such that

Φ(t, τ − t, θ−tω,D(τ − t, θ−tω)) ⊆ K(τ, ω), ∀t ≥ T.

If, in addition, for all τ ∈ R and ω ∈ Ω,K(τ, ω) is a closed nonempty subset of X and K is measurable
in ω with respect to F , then we say K is a closed measurableD-pullback absorbing set for Φ.

Definition 2.3. A cocyle Φ is said to be D-pullback asymptotically compact in X if for all τ ∈ R and
ω ∈ Ω, the sequence {Φ(tn, τ− tn, θ−tnω, xn)}∞n=1 has a convergent subsequence in X whenever tn → +∞,
and xn ∈ B(τ − tn, θ−tnω) with {B(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D.

Definition 2.4. A family A = {A(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is called a D-pullback random attractor
for Φ if for every τ ∈ R and ω ∈ Ω,

(i) A is measurable in ω with respect to F andA(τ, ω) is compact in X;
(ii) A is invariant; that is, Φ(t, τ, ω,A(τ, ω)) = A(τ + t, θtω), ∀t ≥ 0;

(iii) A attracts every set inD; i.e., for every B ∈ D,

lim
t→+∞

dX(Φ(t, τ − t, θ−tω, B(τ − t, θ−tω)),A(τ, ω)) = 0,

where dX is the Hausdorff semi-distance in X.

Proposition 2.1. Let Φ is a continuous cocycle that has a closed measurable pullback absorbing set
K inD. If Φ is pullback asymptotically compact in X, then Φ has a pullback attractorA = {A(τ, ω) :
τ ∈ R, ω ∈ Ω} ∈ D, which is given by

A(τ, ω) = Ω(K, τ, ω) =
⋃
D∈D

Ω(D, τ, ω),

where Ω(K) and Ω(D) are the omega-limit sets of K and D, respectively.
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3. Existence of solutions and random dynamical systems

For p ≥ 2, the discrete p-Laplacian operator Ap in (1.2) has the following abstract version:

Ap(u) = B∗(|Bu|p−2Bu), ∀u = (ui)i∈Z ∈ l2,

where |u|s = (|ui|
s)i∈Z, uv = ((uivi))i∈Z and

(Bu)i = ui+1 − ui and (B∗u)i = ui−1 − ui, ∀i ∈ Z.

We consider the canonical probability space (Ω,F ,P), where

Ω = {ω ∈ C(R,R) : ω(0) = 0},

F is the Borel σ-algebra on Ω induced by the compact-open topology, and P denotes the Wiener
measure. The Wiener shift {θt}t∈R is defined on this probability space as

θtω(·) = ω(t + ·) − ω(t), t ∈ R.

It is well-established that P serves as an ergodic invariant measure for the shift family {θt}t∈R.
Consequently, the quadruple (Ω,F ,P, {θt}t∈R) constitutes a metric dynamical system (see [1]).

We now introduce an Ornstein-Uhlenbeck process on the metric dynamical system (Ω,F ,P, {θt}t∈R),
generated by the Wiener process. Specifically, we define

z(θtω) := −γ
∫ 0

−∞

eγrθtω(r)dr.

This integral is well-defined for any path ω exhibiting sub-exponential growth. It is well known that z
satisfies the stochastic differential equation

dz + γzdt = dW(t),

and t → z(θtω) is a θt invariant stationary solution, commonly referred to as the Ornstein-Uhlenbeck
process. Furthermore, there exists a θ-invariant, full-measure subspace (still denoted by Ω below) of Ω

such that, for ω ∈ Ω, |z(ω)| is tempered, the mapping t → z(θtω) is continuous in t, and

lim
t→±∞

1
t

∫ t

0
|z(θsω)|ds = E[|z(ω)|] =

1
√
πγ
. (3.1)

By considering the change of variables v(t) = e−γz(θtω)u(t), problem (1.1) is transformed into: dv
dt + ν(θtω)e(p−2)γz(θtω)(Apv) + (λ − γz(θtω))v = e−γz(θtω) f (eγz(θtω)v) + e−γz(θtω)g(t),
v(τ) = vτ = e−γz(θτω)uτ, τ ∈ R,

(3.2)

where v = (vi)i∈Z ∈ l2, vτ = (vi,τ)i∈Z ∈ l2, f (v) = ( fi(vi))i∈Z, g(t) = (gi(t))i∈Z, and λ, γ > 0, we then
impose the following conditions:

(H1) The viscosity ν(·) is a positive random variable satisfying:
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t → ν(θtω) is continuous and lim
t→±∞

ν(θtω)
t

= 0, ω ∈ Ω.

(H2) For each i ∈ Z, fi ∈ C1(R,R), and there exist constants q ≥ 2, α1,2,3 > 0, and β = (βi)i∈Z ∈ l2

such that

fi(s)s ≤ −α1(|s|p + |s|q) + β2
i , | fi(s)| ≤ α2|s|q−1 + |βi|,

d fi

ds
(s) ≤ α3,

for all s ∈ R, i ∈ Z, where p is the same as the p in the p-Laplacian operator.
(H3) The time-dependent forcing g ∈ C(R, l2), and there exists g∞ := (g∞,i)i∈Z ∈ l2 such that

lim
τ→−∞

∫ τ

−∞

‖g(s) − g∞‖2ds = 0. (3.3)

From [20], one can see that the hypothesis (3.3) leads to the following conditions:
(i) Backward temperedness of g:

sup
r≤τ

∫ r

−∞

ea(s−r)‖g(s)‖2ds < ∞, ∀a > 0, τ ∈ R; (3.4)

(ii) Backward asymptotic smallness of g:

lim
k→+∞

sup
r≤τ

∫ τ

−∞

ea(s−r)
∑
|i|≥k

ξi|gi(r)|2dr = 0, ∀a > 0, τ ∈ R. (3.5)

Lemma 3.1. Assume H1–H3 hold. Then, for any τ ∈ R and vτ ∈ l2, there exists Tmax > 0 such that
Eq (3.2) admits a unique local solution

v(·, τ, ω, vτ) ∈ C([τ, τ + Tmax], l2)

with the initial condition v(τ, τ, ω, vτ) = vτ. Furthermore, the solution v(t, τ, vτ) depends continuously
on the initial data (τ, vτ).

Proof. Let

G(t, v, ω) = −ν(θtω)e(p−2)γz(θtω)(Apv) − (λ − γz(θtω))v + e−γz(θtω) f (eγz(θtω)v) + e−γz(θtω)g(t).

By Theorem 1 in [5], the discrete Laplace operator Ap with p ≥ 2 is locally Lipschitz continuous in l2.
Fixed ω ∈ Ω, by assumptions H2 and H3, along with the continuity of ν(θ·ω) and z(θ·ω), it follows that
G(t, v, ω) is continuous in l2.

Therefore, using standard arguments, Eq (3.2) possesses a local solution v(·, ω, vτ) ∈ C([τ, τ +

Tmax), l2), where [τ, τ + Tmax) is the maximal interval of existence for the solution.
To prove uniqueness, assume v1 and v2 are two solutions of (3.2) with initial data v1,τ and v2,τ,

respectively. Define v̂ = v1 − v2. Subtracting the equations for v1 and v2, we find that v̂ satisfies:

d̂v
dt

+ ν(θtω)e(p−2)γz(θtω)(Apv1 − Apv2) + (λ − γz(θtω))̂v = e−γz(θtω)( f (eγz(θtω)v1) − f (eγz(θtω)v2)). (3.6)
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Using conditions (H1), (H2), and the monotonicity of Ap, it can be shown that for t ∈ [τ, τ + Tmax],

1
2

d
dt
‖̂v‖2 ≤ (α3 − (λ − γz(θtω)))‖̂v‖2. (3.7)

Therefore, for all t ∈ [τ, τ + Tmax], we have

‖̂v(t)‖2 ≤ ect‖v1,τ − v2,τ‖
2, (3.8)

where c > 0 is a constant depending on τ, Tmax and ω, implying that the solution is unique and depends
continuously on the initial data in l2. �

Lemma 3.2. Assume H1–H3 hold and

δ(ω) := λ − 2α3 − 2γ|z(ω)|. (3.9)

Then, for any τ ∈ R and vτ ∈ l2, Eq (3.2) admits a unique global solution v(·, τ, ω, vτ) ∈ C([τ, τ+ T ], l2)
for every T > 0 with v(τ, τ, ω, vτ) = vτ.

Proof. Take the inner product of (3.2) with v(t); it follows that
1
2

d
dt
‖v‖2 + ν(θtω)e(p−2)γz(θtω)(Apv, v) + (λ − γz(θtω)‖v‖2 = e−γz(θtω)( f (u), v) + e−γz(θtω)(g(t), v). (3.10)

Also by Theorem 1 in [5], (Apv, v) ≥ 0. By (H1), we have

e−γz(θtω)( f (u), v) ≤ −α1e−2γz(θtω)(‖u‖p
p + ‖u‖qq) + e−2γz(θtω)‖β‖2. (3.11)

By the Young inequality,

e−γz(θtω)(g(t), v) ≤
1
λ

e−2γz(θtω)‖g(t)‖2 +
λ

4
‖v‖2. (3.12)

Therefor, we have
d
dt
‖v‖2+

λ

2
‖v‖2+2α1e−2γz(θtω)(‖u‖p

p+‖u‖qq)≤ (2γz(θtω)−λ)‖v‖2+2e−2γz(θtω)‖β‖2+
2
λ

e−2γz(θtω)‖g(t)‖2. (3.13)

Multiplying (3.13) by e
∫ t
τ
δ(θsω)ds, where δ(ω) is given by (3.9), we have

d
dt

e
∫ t
τ
δ(θsω)ds‖v‖2 +

λ

2
e
∫ t
τ
δ(θsω)ds‖v‖2 + 2α1e

∫ t
τ
δ(θsω)ds−2γz(θtω)(‖u‖p

p + ‖u‖qq)

≤(2γz(θtω) − λ + δ(θtω))e
∫ t
τ
δ(θsω)ds‖v‖2 + 2e

∫ t
τ
δ(θsω)ds−2γz(θtω)‖β‖2 +

2
λ

e
∫ t
τ
δ(θsω)ds−2γz(θtω)‖g(t)‖2.

(3.14)

Integrating (3.14) on r ≥ τ, we have

‖v(r)‖2 +
λ

2

∫ r

τ

e
∫ t

r δ(θsω)ds‖v(t)‖2dt + 2α1

∫ r

τ

e
∫ t

r δ(θsω)ds−2γz(θtω)(‖u(t)‖p
p + ‖u(t)‖qq)dt

≤e
∫ τ

r δ(θsω)ds‖v(τ)‖2 +

∫ r

τ

(2γz(θtω) − λ + δ(θtω))e
∫ t

r δ(θsω)ds‖v(t)‖2dt

+ 2
∫ r

τ

e
∫ t

r δ(θsω)ds−2γz(θtω)dt‖β‖2 +
2
λ

∫ r

τ

e
∫ t

r δ(θsω)ds−2γz(θtω)‖g(t)‖2dt

≤e
∫ τ

r δ(θsω)ds‖v(τ)‖2 + 2
∫ r

τ

e
∫ t

r δ(θsω)ds−2γz(θtω)dt‖β‖2 +
2
λ

∫ r

τ

e
∫ t

r δ(θsω)ds−2γz(θtω)‖g(t)‖2dt.

(3.15)

The right-hand side of this inequality is bounded for r ∈ [τ, τ + T ](∀T > 0), due to the continuity of
δ(θ·ω), z(θ·ω), and g(·). Thus, the solution extends globally, implying Tmax = +∞. �
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Let Φ : R+ × R ×Ω × l2 → l2 be a mapping given by, for every t ∈ R+, τ ∈ R, ω ∈ Ω and vτ ∈ l2,

Φ(t, τ, ω, vτ) = v(t + τ, τ, θ−τω, vτ). (3.16)

Then, by Lemma 3.2, Φ is a continuous cocycle on l2 over the metric dynamical system
(Ω,F ,P, {θt}t∈R).

4. Existence of pullback random attractors

In this section, we establish the existence of pullback random attractors for the cocycle Φ associated
with the random Eq (3.2). To achieve this, we first construct attractors within two distinct universes
and then demonstrate the equivalence between the two types of attractors defined in these universes.

From (3.1) and (3.9), the expectation of δ(·) is given by

Eδ = λ − 2α3 − 2γE|z| = λ − 2α3 −
2γ
√
πγ
. (4.1)

We consider two types of attracting universes:
(1) The universeD:

This consists of families D = {D(τ, ω) : τ ∈ R, ω ∈ Ω}, where each D(τ, ω) is a nonempty bounded
subset of l2, and

lim
t→+∞

e−Eδt‖D(τ − t, θ−tω)‖2 = 0. (4.2)

(2) The universe B:
This consists of families B = {B(τ, ω) : τ ∈ R, ω ∈ Ω}, where each B(τ, ω) is a nonempty bounded

subset of l2, and

lim
t→+∞

e−Eδtsup
s≤τ
‖B(s − t, θ−tω)‖2 = 0. (4.3)

Note B is a subset ofD.

4.1. Backward-pullback absorption

Lemma 4.1. Let (H1)–(H3) and (3.9) be satisfied and

Eδ > 0. (4.4)

Then, for any (τ, ω, B,D) ∈ R × Ω × B × D, there exist constants TB = TB(τ, ω) > 0 and TD =

TD(τ, ω) > 0 such that,

sup
l≤τ
‖v(l, l − t, θ−lω, vl−t)‖2 ≤ 2Msup

l≤τ
R(l, ω), (4.5)

and

‖v(τ, τ − t, θ−τω, vτ−t)‖2 ≤ 2MR(τ, ω), (4.6)

where M > 0 is a constant independent of τ, ω, B, and D, vl−t ∈ B(l − t, θ−tω) for l ≤ τ, vτ−t ∈

D(τ − t, θ−tω), and R(l, ω) is given by

R(l, ω) =

∫ 0

−∞

e
∫ r

0 δ(θsω)ds−2γz(θrω)(1 + ‖g(r + l)‖2)dr. (4.7)
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Proof. Using l − t instead of τ and θ−lω instead of ω in (3.15), we have

‖v(l)‖2 +
λ

2

∫ l

l−t
e
∫ r

l δ(θs−lω)ds‖v(r)‖2dr + 2α1

∫ l

l−t
e
∫ r

l δ(θs−lω)ds−2γz(θr−lω)(‖u(r)‖p
p + ‖u(r)‖qq)dr

≤e
∫ l−t

l δ(θs−lω)ds‖v(l − t)‖2 + 2
∫ l

l−t
e
∫ r

l δ(θs−lω)ds−2γz(θr−lω)dr‖β‖2 +
2
λ

∫ l

l−t
e
∫ r

l δ(θs−lω)ds−2γz(θr−lω)‖g(r)‖2dr

≤e
∫ −t

0 δ(θsω)ds‖v(l − t)‖2 + M
∫ 0

−∞

e
∫ r

0 δ(θsω)ds−2γz(θrω)(1 + ‖g(r + l)‖2)dr.

(4.8)

In particular, let l = τ, we obtain

‖v(τ, τ − t, θ−τω, vτ−t)‖2 ≤ e
∫ −t

0 δ(θsω)ds‖v(τ − t)‖2 + M
∫ 0

−∞

e
∫ r

0 δ(θsω)ds−2γz(θrω)(1 + ‖g(r + τ)‖2)dr. (4.9)

By the property of |z(θtω)|, there exists a bounded random variable c(ω) > 0 such that, for all t ≥ 0,

−(λ − 2α3)t − 2γ
∫ −t

0
|z(θsω)|ds ≤ −(λ − 2α3 −

2γ
√
πγ

)t + c(ω) = −Eδt + c(ω). (4.10)

We take the supremum of (4.8) with respect to l ∈ (−∞, τ], then we infer from (4.10) that

sup
l≤τ
‖v(l, l − t, θ−lω, vl−t)‖2 ≤ e−(λ−2α3)t−2γ

∫ −t
0 |z(θsω)|dssup

l≤τ
‖v(l − t)‖2 + M sup

l≤τ
R(l, ω)

≤ e−Eδt+c(ω)sup
l≤τ
‖v(l − t)‖2 + M sup

l≤τ
R(l, ω).

(4.11)

Since vl−t ∈ B(l − t, θ−tω) for all l ≤ τ is tempered. we have

e−Eδt+c(ω)sup
l≤τ
‖v(l − t)‖2 ≤ e−Eδt+c(ω)sup

l≤τ
‖B(l − t, θ−tω)‖2 → 0 (t → +∞). (4.12)

Therefore, there exists TB = TB(τ, ω) > 0 such that for all t ≥ TB,

e−Eδt+c(ω)sup
l≤τ
‖v(l − t)‖2 ≤ M

∫ 0

−∞

e
∫ r

0 δ(θsω)ds−2γz(θrω)(1 + ‖g(r + l)‖2)dr, (4.13)

thus (4.5) is proved. On the other hand, if vτ−t ∈ D(τ − t, θ−tω), we obtain

‖v(τ, τ − t, θ−τω, vτ−t)‖2 ≤ e−(λ−2α3)t−2γ
∫ −t

0 |z(θsω)|ds‖D(τ − t, θ−tω)‖2 + MR(τ, ω)
≤ e−Eδt+C(ω)‖D(τ − t, θ−tω)‖2 + MR(τ, ω)
→ MR(τ, ω) as t → +∞.

(4.14)

This completes the proof. �

Corollary 4.1. Assume (H1)–(H3), (3.9), and (4.4) hold. Then, the cocycle Φ generated by (3.2)
possesses two types of pullback random absorbing sets:
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(i) Φ has a B-pullback random absorbing set KB = {KB(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ B, which is given
by, for any (τ, ω) ∈ R ×Ω,

KB(τ, ω) = {v ∈ l2 : ‖v‖2 ≤ 2Msup
l≤τ

R(l, ω)}. (4.15)

(ii) Φ has aD-pullback random absorbing set, KD = {KD(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D, which is given
by, for any (τ, ω) ∈ R ×Ω,

KD(τ, ω) = {v ∈ l2 : ‖v‖2 ≤ 2MR(τ, ω)}. (4.16)

Here, the constant M > 0 and the function R are the same as those defined in Lemma 4.1.

Proof. (i) By Lemma 4.1, for each (τ, ω) ∈ R ×Ω, there exists a time TB = TB(τ, ω) > 0 such that

∪t≥TB ∪s≤τ Φ(t, s − t, θ−tω)B(s − t, θ−tω) ⊂ KB(τ, ω).

Next, it remains to verify that KB ∈ B.
By (3.9), there exists T (ω) > 0 such that

|

∫ r

0
(δ(θsω) − Eδ)ds| ≤

Eδ

2
|r| and |z(θrω)| ≤

Eδ

8γ
|r|, ∀|r| ≥ T (ω). (4.17)

This implies that for all r ≤ −t ≤ −T (ω), we have∫ r

−t
δ(θsω)ds − 2γz(θrω)

=

∫ 0

−t
(δ(θsω) − Eδ)ds +

∫ r

0
(δ(θsω) − Eδ)ds + (r − t)Eδ − 2γz(θrω)

≤
Eδ

2
t +
Eδ

2
|r| + (r − t)Eδ +

Eδ

4
|r|

= −
Eδ

2
t +
Eδ

4
r.

(4.18)

Thus, as t → +∞, we have

2Me−Eδtsup
l≤τ

R(l − t, θ−tω)

=2Me−Eδtsup
l≤τ

∫ 0

−∞

e
∫ r

0 δ(θs−tω)ds−2γz(θr−tω)(1 + ‖g(r + l − t)‖2)dr

=2Me−Eδtsup
l≤τ

∫ −t

−∞

e
∫ r
−t δ(θsω)ds−2γz(θrω)(1 + ‖g(r + l)‖2)dr

≤2Me−
Eδ
2 tsup

l≤τ

∫ −t

−∞

e
Eδ
4 r(1 + ‖g(r + l)‖2)dr

≤2Me−
Eδ
2 tsup

l≤τ

∫ 0

−∞

e
Eδ
4 r(1 + ‖g(r + l)‖2)dr → 0.

(4.19)

Therefore, KB ∈ B.
(ii) Since R(τ, ω) ≤ sup

l≤τ
R(l, ω), it follows that KD ⊆ KB ∈ B ⊆ D. Hence, we find that KD serves

as aD-pullback random absorbing set for Φ. �
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4.2. Backward tail-estimates

Lemma 4.2. Suppose that (H1)–(H3), (3.9), and (4.4) hold true. Then, for each τ ∈ R and ω ∈ Ω, we
have that, for all vl−t ∈ B(l − t, θ−tω),

lim
t,k→+∞

sup
l≤τ

∑
|i|≥k

ξi|vi(l, l − t, θ−lω, vi,l−t)|2 = 0, (4.20)

and for all vτ−t ∈ D(τ − t, θ−tω),

lim
t,k→+∞

∑
|i|≥k

ξi|vi(τ, τ − t, θ−τω, vi,τ−t)|2 = 0. (4.21)

Proof. For a smooth function ξ : [0,∞) → [0, 1] with ξ(s) = 0 for 0 ≤ s ≤ 1 and ξ(s) = 1 for s ≥ 2,
define

ξk = (ξi,k)i∈Z = (ξ(
|i|
k

))i∈Z, ∀k ∈ N.

Taking the inner product of (3.2) with ξkv,

1
2

d
dt

∑
i∈Z

ξi,k|vi|
2 + ν(θtω)e(p−2)γz(θtω)(Apv, ξkv) + (λ − γz(θtω))(v, ξkv)

=e−γz(θtω)( f (u), ξkv) + e−γz(θtω)(g(t), ξkv).
(4.22)

By Lemma 2 in [5], we have

(Apv, ξkv) = (|Bv|p−2(Bv), B(ξkv)) ≥ −
c
k
‖v‖p

p. (4.23)

For the first term on the right side of (4.22), we have

e−γz(θtω)( f (u), ξkv) = e−2γz(θtω)
∑
i∈Z

ξi,k( fi(ui), ui) ≤ e−2γz(θtω)(−α1

∑
i∈Z

ξi,k(|ui|
p + |ui|

q) +
∑
i∈Z

ξi,k|βi|
2). (4.24)

Using Youngs inequality, we obtain

e−γz(θtω)(g(t), ξkv) ≤
λ

2

∑
i∈Z

ξi,k|vi|
2 +

1
2λ

e−2γz(θtω)
∑
i∈Z

ξi,k|gi(t)|2. (4.25)

Therefore, we have

d
dt

∑
i∈Z

ξi,k|vi|
2 + (λ − 2γz(θtω))

∑
i∈Z

ξi,k|vi|
2 + 2α1e−2γz(θtω)

∑
i∈Z

ξi,k(|ui|
p + |ui|

q)

≤
c
k
ν(θtω)e−2γz(θtω)‖u‖p

p + 2e−2γz(θtω)
∑
i∈Z

ξi,k|βi|
2 +

1
λ

e−2γz(θtω)
∑
i∈Z

ξi,k|gi(t)|2.
(4.26)

Multiplying (4.26) by e
∫ t

l−h δ(θrω)dr and then integrating on [l − h, l](h > 0), replacing ω by θ−lω, we get
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∑
i∈Z

ξi,k|vi(l)|2 +

∫ l

l−h
(λ − 2γz(θt−lω) − δ(θt−lω))e

∫ t
l δ(θr−lω)dr

∑
i∈Z

ξi,k|vi(t)|2dt

+ 2α1

∫ l

l−h
e
∫ t

l δ(θr−lω)dr−2γz(θt−lω)
∑
i∈Z

ξi,k(|ui(t)|p + |ui(t)|q)dt

≤e
∫ l−h

l δ(θr−lω)dr
∑
i∈Z

ξi,k|vi(l − h)|2 +
c
k

∫ l

l−h
ν(θt−lω)e

∫ t
l δ(θr−lω)dr−2γz(θt−lω)‖u(t)‖p

pdt

+ c
∫ l

l−h
e
∫ t

l δ(θr−lω)dr−2γz(θt−lω)
∑
i∈Z

ξi,k(|βi|
2 + |gi(t)|2)dt.

(4.27)

By taking the supremum of (4.27) over l ∈ (−∞, τ), we have

sup
l≤τ

∑
|i|>k

ξi|vi(l)|2

≤sup
l≤τ

e
∫ l−h

l δ(θr−lω)dr
∑
|i|>k

ξi|vi(l − h)|2 +
c
k

sup
l≤τ

∫ l

l−h
ν(θt−lω)e

∫ t
l δ(θr−lω)dr−2γz(θt−lω)‖u(t)‖p

pdt

+ c sup
l≤τ

∫ l

l−h
e
∫ t

l δ(θr−lω)dr−2γz(θt−lω)
∑
|i|>k

ξi(|βi|
2 + |gi(t)|2)dt =:

3∑
j=1

J j.

(4.28)

Since vl−h ∈ B(l − h, θ−hω), it follows from (4.10) that

J1 ≤ e
∫ −h

0 δ(θrω)drsup
l≤τ

∑
i∈Z

|vi(l − h)|2

= e
∫ −h

0 δ(θrω)drsup
l≤τ
‖v(l − h)‖2

≤ e−Eδh+c(ω)sup
l≤τ
‖B(l − h, θ−hω)‖2 → 0 as h→ +∞.

(4.29)

By (4.8), we obtain

J2 =
c
k

sup
l≤τ

∫ l

l−h
ν(θt−lω)e

∫ t
l δ(θr−lω)dr−2γz(θt−lω)‖u(t)‖p

pdt

=
c
k

sup
l≤τ

∫ 0

−h
ν(θtω)e

∫ t
0 δ(θrω)dr−2γz(θtω)‖u(t + l)‖p

pdt

≤ cR(l, ω)→ 0 as h→ +∞.

(4.30)

By (4.17), we have ∫ t

0
δ(θrω)dr − 2γz(θtω)

=

∫ t

0
(δ(θrω) − Eδ)dr + Eδt − 2γz(θtω)

≤
Eδ

2
|t| + Eδt + 2γ|z(θtω)|

=
Eδ

4
t.

(4.31)
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which, along with (3.5), we obtain

J3 = c sup
l≤τ

∫ l

l−h
e
∫ t

l δ(θr−lω)dr−2γz(θt−lω)
∑
|i|>k

ξi(|βi|
2 + |gi(t)|2)dt

= c sup
l≤τ

∫ 0

−h
e
∫ t

0 δ(θrω)dr−2γz(θtω)
∑
|i|>k

ξi(|βi|
2 + |gi(t + l)|2)dt

≤ c sup
l≤τ

∫ 0

−h
e
Eδ
4 t
∑
|i|>k

ξi(|βi|
2 + |gi(t + l)|2)dt → 0 as k, h→ +∞.

(4.32)

This result, along with (4.29) and (4.30), implies (4.20). Similar to the steps above, we can prove (4.21).
�

4.3. Existence of pullback random attractors

Theorem 4.1. Assume (H1)–(H3), (3.9), and (4.4) hold. Let Φ be the RDS generated by (3.2), then

(i) Φ has a B-pullback random attractorAB ∈ B, given by

AB(τ, ω) =
⋂
s>0

⋃
t≥s

Φ(t, τ − t, θ−tω)KB(τ − t, θ−tω). (4.33)

(ii) AB is backward compact in l2, meaning that the union
⋃

l≤τAB(l, ω) is pre-compact in l2 for each
τ ∈ R, ω ∈ Ω;

(iii) Φ has aD-pullback random attractorAD ∈ D, given by

AD(τ, ω) =
⋂
s>0

⋃
t≥s

Φ(t, τ − t, θ−tω)KD(τ − t, θ−tω). (4.34)

(iv) AB = AD ∈ D, that is, AB is a unique D-pullback random attractor of the cocycle Φ and is
backward compact in l2.

Proof. (i) We first show that Φ is B-pullback asymptotically compact in l2. Let B ∈ B, τ ∈ R, and
ω ∈ Ω, and consider a sequence vln−tn ∈ B(ln − tn, θ−tnω) where ln ≤ τ and tn → +∞. Define vn =

Φ(tn, ln − tn, θ−tnω)vln−tn . We need to show {vn} is pre-compact in l2. By Lemma 4.1, we know that there
exists N1 = N1(τ, ω, B) such that for all n ≥ N1,

‖vn‖2 ≤ 2Msup
l≤τ

R(l, ω). (4.35)

By Lemma 4.2, we obtain that there exist I > k and N2 = N2(ε) > N1 such that for all n ≥ N2,∑
|i|>I

ξi|vn
i |

2 ≤ ε. (4.36)

By (4.35), {(|vn
i |)|i|≤I : n ≥ N2} is bounded in R2I+1 and thus pre-compact in R2I+1. Hence, {(|vn

i |)|i|≤I :
n ≥ N2} has a finite ε-net in R2I+1, which together with (4.36) implies that {(|vn

i |)i∈Z : n ≥ N2} has a
finite 2ε-net in l2. On the other hand, the finite set {(|vn

i |)i∈Z : n ≤ N2} has a 2ε-net, thus {vn : n ∈ N} is
pre-compact in l2.
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(ii) Let {vn : n ∈ N} be any sequence in
⋃

l≤τAB(l, ω); then, there exists ln ≤ τ such that
vn ∈ AB(ln, ω) for each n ∈ N. Let tn → +∞, by the invariance of AB, we obtain vn =

Φ(tn, ln − tn, θ−tnω)AB(ln − tn, θ−tnω), which implies that there exists vln−tn ∈ AB(ln − tn, θ−tnω) such
that

vn = Φ(tn, ln − tn, θ−tnω, vln−tn). (4.37)

Since vln−tn ∈ AB(ln − tn, θ−tnω) when ln ≤ τ, which along with the pre-compact of the sequence
{vn : n ∈ N} implies that

⋃
l≤τAB(l, ω) is pre-compact in l2.

(iii) By Corollary 4.1(ii), KD = {KD(τ, ω) : τ ∈ R, ω ∈ Ω} ∈ D is a D-pullback random absorbing
set for Φ. Following a similar proof (i), Φ is D-pullback asymptotically compact in l2. Therefore, Φ

admits aD-pullback random attractorAD.
(iv) By the definition of KD and KB, we obtain that KD ⊆ KB; together with the definition of AD

and AB, we obtain that AD ⊆ AB. On the other hand, since AB ∈ B ⊆ D, AB is attracted by AD.
Using invariance ofAB, we obtain

distl2(AB(τ, ω),AD(τ, ω)) = distl2(Φ(t, τ − t, θ−tω)AB(τ − t, θ−tω),AD(τ, ω))→ 0.

Thus,AB(τ, ω) = AD(τ, ω), and Φ has the uniqueD-pullback random attractorAB, which is backward
compact in l2. �

5. Asymptotically autonomous stability of pullback random attractors

In this section, we explore the asymptotic autonomous stability of the time section AB(τ, ω) of the
pullback random attractorAB = {AB(τ, ω) : τ ∈ R, ω ∈ Ω} in l2 as τ approaches negative infinity.

Consider the autonomous version of (1.1): dui
dt + ν(θtω)(Apu)i + λui = fi(ui) + g∞,i + ui

dW
dt ,

ui(τ) = ui,τ, τ ∈ R, i ∈ Z.
(5.1)

Using the variables v(t) = e−γz(θtω)u(t), we obtain the following random equation: dv
dt + ν(θtω)e(p−2)γz(θtω)(Apv) + (λ − γz(θtω))v = e−γz(θtω) f (eγz(θtω)v) + e−γz(θtω)g∞,

v(τ) = vτ = e−γz(θτω)uτ, τ ∈ R,
(5.2)

where v = (vi)i∈Z ∈ l2, vτ = (vi,τ)i∈Z ∈ l2, f (v) = ( fi(vi))i∈Z, g∞ = {g∞,i}i∈Z ∈ l2 and λ, γ > 0.
Using a method similar to that outlined in Section 3, it can be demonstrated that if assumptions

(H1)–(H3) and (3.9) are satisfied, then for every v0 ∈ l2 and ω ∈ Ω, the autonomous random Eq (5.2)
has a unique solution v∞(·, ω, v0) : [0,∞) → l2. Consequently, we can define an autonomous RDS as
follows:

Φ∞ : R+ ×Ω × l2 → l2,

given by, for every t ≥ 0 and ω ∈ Ω,

Φ∞(t, ω, v0) = v∞(t, ω, v0). (5.3)
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Let D∞ = {D∞(ω) : ω ∈ Ω} be a family of bounded, nonempty subsets of l2. This family is termed
tempered if, for every ω ∈ Ω,

lim
t→−∞

e−Eδt‖D∞(θ−tω)‖ = 0. (5.4)

Let D∞ be the universe of all families of bounded, nonempty random subsets of l2 satisfying (5.4). It
is straightforward to prove that Φ∞ has a unique D∞-pullback random attractor A∞ = {A∞(ω) : ω ∈
Ω} ∈ D∞. The primary objective of this section is to establish that the time section AB(τ, ω) of AB is
upper semi-continuous with respect toA∞(ω) as τ → −∞ in the sense of the Hausdorff semi-distance
of l2.

Next, we analyze the asymptotically autonomous convergence of solutions to Eqs (3.2) and (5.2).

Lemma 5.1. Suppose that the assumptions (H1)–(H3) and (3.9) hold. Then the solution of problem
(3.2) convergences to the solution of (5.2), that is,

lim
τ→−∞

‖Φ(t, τ, ω, vτ) − Φ∞(t, ω, v0)‖ = 0, ∀t ≥ 0, ω ∈ Ω,

whenever ‖vτ − v0‖ → 0 as τ→ −∞.

Proof. Let τ ∈ R, ω ∈ Ω, and T > 0. For any t ∈ [0,T ], denote

ṽ(t) = v(t + τ, τ, θ−τω, vτ) − v∞(t, ω, v0). (5.5)

By (3.2) and (5.2), we have

dṽ(t)
dt

+ν(θtω)e(p−2)γz(θtω)Ap̃v+(λ−γz(θtω))̃v=e−γz(θtω)( f (u(t+τ))− f (u∞(t)))+e−γz(θtω)(g(t+τ)−g∞). (5.6)

Taking the inner product of (5.6) with ṽ(t), we have

1
2

d
dt
‖̃v(t)‖2 + ν(θtω)e(p−2)γz(θtω)(Ap̃v, ṽ) + (λ − γz(θtω))‖̃v‖2

=e−γz(θtω)( f (u(t + τ)) − f (u∞(t)), ṽ) + e−γz(θtω)(g(t + τ) − g∞, ṽ).
(5.7)

We now estimate all the terms on the right-hand side of (5.7). For the first term, we obtain from (H1)
that

e−γz(θtω)( f (u(t + τ)) − f (u∞(t), ṽ) ≤ α3‖̃v‖2. (5.8)

For the second term, we obtain from Young’s inequality that

e−γz(θtω)(g(t + τ) − g∞, ṽ) ≤
1
λ

e−2γz(θtω)‖g(t + τ) − g∞‖2 +
λ

4
‖̃v‖2. (5.9)

Therefore, we have

d
dt
‖̃v(t)‖2 + 2ν(θtω)e(p−2)γz(θtω)(A p̃v, ṽ) +

λ

2
‖̃v‖2

≤(2γz(θtω) − λ + 2α3)‖̃v‖2 +
2
λ

e−2γz(θtω)‖g(t + τ) − g∞‖2.
(5.10)
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Multiplying (5.10) by e
∫ t

0 δ(θsω)ds, and then integrating on [0, r], r ∈ [0,T ], we have

‖̃v(r)‖2 ≤e
∫ 0

r δ(θsω)ds‖̃v(0)‖2 +

∫ r

0
(2γz(θtω) − λ + 2α3 + δ(θtω))e

∫ t
r δ(θsω)ds‖̃v(t)‖2dt

+
2
λ

∫ r

0
e
∫ t

r δ(θsω)ds−2γz(θtω)‖g(t + τ) − g∞‖2dt

≤e
∫ 0

r δ(θsω)ds‖̃v(0)‖2 +
2
λ

∫ r

0
e
∫ t

r δ(θsω)ds−2γz(θtω)‖g(t + τ) − g∞‖2dt.

(5.11)

By the property of δ(θsω) and z(θtω), we have∫ r

0
e
∫ t

r δ(θsω)ds−2γz(θtω)‖g(t + τ) − g∞‖2dt

≤cT (ω)
∫ T

0
‖g(t + τ) − g∞‖2dt

≤cT (ω)
∫ τ+T

−∞

‖g(t) − g∞‖2dt → 0 as τ→ −∞.

(5.12)

Note that ‖̃v(0)‖2 = ‖vτ − v0‖
2 → 0 as τ→ −∞, so we obtain ‖̃v(t)‖2 → 0 as τ→ −∞. Hence, the proof

is completed. �

Next, we establish the asymptotically autonomous stability of the time section of the pullback
random attractorAB = {AB(τ, ω) : τ ∈ R, ω ∈ Ω} in l2 as time τ→ −∞.

Theorem 5.1. Assume (H1)–(H3), (3.9), and (4.4) hold. Let AB be the B-pullback random attractor
of non-autonomous RDS Φ, and letA∞ be theD∞-pullback random attractor of autonomous RDS Φ∞.
ThenAB is asymptotically autonomous toA∞ in probability, that is, ∀ε > 0,

lim
τ→−∞
P{ω ∈ Ω : dist(AB(τ, ω),A∞(ω)) > ε} = 0. (5.13)

Proof. Define the set

Ω1 = {ω ∈ Ω : lim
τ→−∞

dist(AB(τ, ω),A∞(ω)) = 0}. (5.14)

We aim to show that P(Ω1) = 1. Suppose instead that P(Ω1) < 1, which implies Ω2 = Ω\Ω1 , ∅. Then,
there exists ω0 ∈ Ω2, meaning ω0 < Ω1. Consequently, there exist ε0 > 0 and and a sequence {τn}n∈N

with τn → −∞ as n→ ∞ such that

dist(AB(τn, ω0),A∞(ω0)) ≥ 3ε0, ∀n ∈ N. (5.15)

We further take a sequence {xn}
∞
n=1 fromAB(τn, ω0) such that

dist(xn,A∞(ω0)) ≥ 3ε0. (5.16)

Define

AB(τ0, ω) =
⋃
τ≤τ0

AB(τ, ω) ⊂
⋃
τ≤τ0

KB(τ, ω), (5.17)
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where, by the monotonicity of KB(τ, ω), we have

∪τ≤τ0KB(τ, ω) = KB(τ0, ω).

From Corollary 4.1, it follows that AB(τ0, ω) ∈ D∞, meaning AB(τ0, ω) can be attracted by the
attractorA∞. Thus, there exists n0 ∈ N such that

dist(Φ∞(|τn0 |, θτn0
ω0)AB(τ0, ω0),A∞(ω0)) ≤ ε0.

By the continuity of Φ∞, we obtain

dist(Φ∞(|τn0 |, θτn0
ω0)AB(τ0, ω0),A∞(ω0)) ≤ ε0. (5.18)

On the other hand, by the invariance ofAB, we have

AB(τn, ω0) = Φ(|τn0 |, τn − |τn0 |, θτn0
ω0)AB(τn − |τn0 |, θτn0

ω0).

Therefore, xn ∈ AB(τn, ω0) can be written as

xn = Φ(|τn0 |, τn − |τn0 |, θτn0
ω0)yn, (5.19)

where yn ∈ AB(τn − |τn0 |, θτn0
ω0). Since {yn : n ≥ n0} ⊂ AB(τ0, θτn0

ω0), the backward compactness
of AB ensures that AB(τ0, θτn0

ω0) is precompact in l2. Hence, {yn}
∞
n=1 has a convergence subsequence

such that, for some y0 ∈ AB(τ0, θτn0
ω0),

ynk → y0 as k → ∞.

Applying the asymptotically autonomous convergence for Φ, we find, for sufficiently large k,

‖xnk − Φ∞(|τn0 |, θτn0
ω0)y0‖ = ‖Φ(|τn0 |, τnk − |τn0 |, θτn0

ω0)ynk − Φ∞(|τn0 |, θτn0
ω0)y0‖ ≤ ε0.

This, along with (5.18) implies

dist(xnk ,A∞(ω0)) ≤ ‖xnk − Φ∞(|τn0 |, θτn0
ω0)y0‖ + dist(Φ∞(|τn0 |, θτn0

ω0)y0,A∞(ω0)) ≤ 2ε0,

which indeed is a contradiction to (5.15), and thus (5.13) is proved. �
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